
A Uni�ed Theory of Shared Memory Consisten
yROBERT C. STEINKE and GARY J. NUTTUniversity of Colorado at BoulderThe traditional assumption about memory is that a read returns the value written by the mostre
ent write. However, in a shared memory multipro
essor several pro
esses independently andsimultaneously submit reads and writes resulting in a partial order of memory operations. Inthis partial order, the de�nition of most re
ent write may be ambiguous. Memory 
onsisten
ymodels have been developed to spe
ify what values may be returned by a read given that memoryoperations may only be partially ordered. Before this work, 
onsisten
y models were de�nedindependently. Ea
h model followed a set of rules whi
h was separate from the rules of everyother model. In our work we have de�ned a set of four 
onsisten
y properties. Any subset of thefour properties yields a set of rules whi
h 
onstitute a 
onsisten
y model. Every 
onsisten
y modelpreviously des
ribed in the literature 
an be de�ned based on our four properties. Therefore, wepresent these properties as a un�ed theory of shared memory 
onsisten
y.Our uni�ed theory provides several bene�ts. First, we 
laim that these four properties 
apturethe underlying stru
ture of memory 
onsisten
y. That is, the goal of memory 
onsisten
y is toensure 
ertain de
larative properties whi
h 
an be intuitively understood by a programmer, andhen
e allow him or her to write a 
orre
t program. Our uni�ed theory provides a uniform, formalde�nition of all previously des
ribed 
onsisten
y models, and in addition some 
ombinations ofproperties produ
e new models that have not yet been des
ribed. We believe these new models willprove to be useful be
ause they are based on de
larative properties whi
h programmers desire tobe enfor
ed. Finally, we introdu
e the idea of sele
ting a 
onsisten
y model as an on-line a
tivity.Before our work, a shared memory program would run start to �nish under a single 
onsisten
ymodel. Our uni�ed theory allows the 
onsisten
y model to 
hange as the program runs whilemaintaining a 
onsistent de�nition of what values may be returned by ea
h read.Categories and Subje
t Des
riptors: [℄:General Terms: TheoryAdditional Key Words and Phrases:1. INTRODUCTIONShared memory is a powerful abstra
tion for interpro
ess 
ommuni
ation. The
on
ept of shared memory originated from multiprogramming on unipro
essors andbus-based multipro
essors. In these environments there is a simple model of thememory system enfor
ed in hardware. The model 
an be stated as:|There is a physi
al memory 
ell that represents ea
h variable. The state of thismemory 
ell is the state of the variable.|Memory operations take pla
e sequentially. They are atomi
 and there is a totalorder on all memory operations. Read operations return the 
urrent state of thephysi
al memory 
ell. Write operations 
hange the 
urrent state of the physi
alPermission to make digital/hard 
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2 � R. Steinke and G. Nuttmemory 
ell and the 
hange be
omes observable to all pro
esses simultaneously.|The operations of ea
h pro
ess take pla
e in the order spe
i�ed by its program.These 
onditions are enfor
ed by the hardware ar
hite
ture. In a multipro-grammed unipro
essor there really is only one pro
ess submitting memory opera-tions at a time. In a bus-based multipro
essor with no 
a
he, the bus serves as aserialization me
hanism that allows operations to rea
h memory sequentially.For many years these assumptions were impli
it and any 
omputer s
ientistwould tell you, \That's just how memory works." Then two things happened.The �rst is that memory systems in multipro
essors got more and more 
ompli-
ated [Dubois and S
heuri
h 1990; Dubois et al. 1986; Ghara
horloo et al. 1990;Lenoski et al. 1990℄. The se
ond is the invention of distributed shared memory(DSM) for the message-passing multi
omputer [Amza et al. 1996; Bennett et al.1990; 1995; Bershad et al. 1993; Bershad and Zekauskas 1991; Li 1986; Li andHudak 1989℄. Ca
hing and out-of-order instru
tion dispat
hing 
an pose a problemfor multipro
essors. The hardware of ea
h pro
essor enfor
es the restri
tion thatthe pro
essor sees its own memory operations in the order spe
i�ed by its program,but this does not automati
ally prote
t pro
essors from seeing ea
h other's oper-ations out of order. DSM provides the illusion of a shared address spa
e on topof hardware that only supports message passing. In DSM systems, asyn
hronousmessages and repli
ated 
opies of data 
an 
ause the same problems.These problems led to the 
on
ept of 
onsisten
y models. A 
onsisten
y modelis a spe
i�
ation of the allowable behavior of memory. It 
an be seen as a 
ontra
tbetween the memory implementation and the program utilizing memory [Tanen-baum 1995℄. The input to memory is a set of memory operations (reads and writes)partially ordered by program order. The output of memory is the 
olle
tion of val-ues returned by all read operations. A 
onsisten
y model is a fun
tion that mapsea
h input to a set of allowable outputs. The memory implementation guaranteesthat for any input it will produ
e some output from the set of allowable outputsspe
i�ed by the 
onsisten
y model. The program must be written to work 
or-re
tly for any output allowed by the 
onsisten
y model. This idea was originallydes
ribed by Lamport when he de�ned sequential 
onsisten
y [Lamport 1979℄. Asequentially 
onsistent multipro
essor allows 
onventional reasoning about the 
or-re
tness of programs. Essentially, it allows the programmer to treat the ma
hineas a multiprogrammed unipro
essor. Enfor
ing sequential 
onsisten
y 
an be very
ostly. Soon weaker 
onsisten
y models were dis
overed that were less expensive interms of 
ommuni
ation. Multipro
essors were generally used for large numeri
alprograms that were already programmed with a 
onstrained programming style toavoid data ra
e 
onditions. With slight modi�
ations to the programming style,algorithms 
ould still be written to exe
ute 
orre
tly for non-sequentially 
onsistentmemory systems.With 
onsisten
y models, the 
on
ept of shared memory is no longer tied to thephysi
al implementation of memory 
ells. A programmer 
an write a 
orre
t pro-gram using the abstra
tions of 
on
urrent pro
esses and shared memory with littleknowledge about the underlying implementation that will eventually exe
ute theprogram. All that the programmer needs to know is the 
onsisten
y model enfor
edby memory. To give the memory implementor more 
exibility for optimization, theJournal of the ACM, Vol. V, No. N, Month 20YY.



A Uni�ed Theory of Shared Memory Consisten
y � 3Appli
ation ProgramConsisten
y Model6? Read and WriteOperations? 6Values Returnedby ReadsShared Memory APIMemory Implementation (Bla
k Box)Fig. 1. Shared Memory as an APImemory might enfor
e fewer guarantees. Or to make the programmer's job eas-ier the memory might enfor
e more guarantees. Many 
hoi
es have been madealong this ease of use to eÆ
ient implementation 
ontinuum. The results are the
onsisten
y models des
ribed in the literature [Ahamad et al. 1991; Bershad andZekauskas 1991; Dubois et al. 1986; Gao and Sarkar 2000; Ghara
horloo et al.1990; Goodman 1989; Herlihy and Wing 1990; Hutto and Ahamad 1990; Iftodeet al. 1996; Keleher et al. 1992; Lamport 1979; Lipton and Sandberg 1988℄This leads to the idea of shared memory as an appli
ation programming inter-fa
e (API) as shown in Figure 1. The program and memory agree on a 
onsisten
ymodel. Then the program exe
utes using the shared memory API, and the pro-gram's pro
esses share information in a 
ommon address spa
e. No knowledge isneeded of the memory implementation.The hypothesis of our work is that every 
onsisten
y model 
an be des
ribed asdi�erent 
ombinations of a set orthogonal properties with ea
h property de�ned asa 
onstraint on per-pro
ess views of memory operations. If all of the 
onstraints fora parti
ular 
onsisten
y model are satis�ed in the views of all pro
esses then thatexe
ution satis�es that 
onsisten
y model. In fa
t, we have found just su
h a setof four orthogonal properties whi
h des
ribe all previously dis
overed 
onsisten
ymodels. One of the major 
ontributions of this work is that 
a
he 
onsisten
y andsequential 
onsisten
y 
an now be des
ribed and 
he
ked against per-pro
ess views.This provides a uniform framework and notation for all 
onsisten
y models. Anadditional 
ontribution is that enumerating all 
ombinations of these four propertiesprodu
es a latti
e of 
onsisten
y models. With this latti
e relationships amongdi�erent 
onsisten
y models 
an easily be seen, and there are 
ombinations in thelatti
e whi
h 
orrespond to 
onsisten
y models whi
h have not yet been dis
overed.A �nal 
ontribution is the des
ription of syn
hronized 
onsisten
y models as
onsisten
y transitions. Certain 
onsisten
y models have spe
ial memory syn
hro-nization operations. We have dis
overed that these 
an be a

urately modeled astransitioning to a stronger 
onsisten
y model, issuing ordinary read and write op-erations whi
h obey the stronger model, and then transitioning ba
k to a weaker
onsisten
y model. Rather than having two independent 
lasses of 
onsisten
ymodels both syn
hronized and non-syn
hronized models 
an now be des
ribed inthe same framework with non-syn
hronized models as merely a spe
ial 
ase wherethe program never initiates a 
onsisten
y transition. This may open up avenuesfor new syn
hronized 
onsisten
y models by examining di�erent possible transition
ombinations in the 
onsisten
y latti
e. It also suggests the idea of 
onsisten
yJournal of the ACM, Vol. V, No. N, Month 20YY.



4 � R. Steinke and G. Nuttmodel sele
tion as an on-line a
tivity where a program might be written requiringdi�erent 
onsisten
y guarantees at di�erent times.Se
tion 2 dis
usses related work. Se
tion 3 presents the formalism we use todes
ribe 
onsisten
y models. Se
tion 4 presents the four 
onsisten
y propertiesand the latti
e of 
onsisten
y models. Se
tion 5 presents our model of 
onsisten
ytransitions and shows its equivalen
e to syn
hronized 
onsisten
y models. Se
tion 6dis
usses our 
on
lusions and future work.2. RELATED WORK2.1 Shared MemoryA 
ommon trend in the literature is the development of uniform frameworks andnotation to represent several previously de�ned 
onsisten
y models [Adve and Hill1993; Adve and Ghara
horloo 1996; Bataller and Bernabeu 1997; Mosberger 1993℄.Our uni�ed theory is an improvement over these methods be
ause we expose theunderlying stru
ture of de
larative properties enfor
ed by various models, and wepredi
t new models that have not yet been dis
overed. There are 
urrently two
ommon methods of 
hara
terizing 
onsisten
y models. One method is to des
riberestri
tions on the way in whi
h pro
esses are allowed to issue memory operationswhi
h we will 
all the \issue" method (e.g. see [Adve and Ghara
horloo 1996℄.)Another method is to des
ribe restri
tions on the apparent order of events visibleto pro
esses whi
h we will 
all the \view" method (e.g. see [Bataller and Bernabeu1997℄.) Adve and Ghara
horloo [Adve and Ghara
horloo 1996℄ use the \issue"method of de�ning 
onsisten
y models. They identify two 
onditions that togetherwill enfor
e sequential 
onsisten
y. They 
all these the pro
ess order property, andthe write atomi
ity property.Pro
ess order property. Program order must be maintained among operationsfrom individual pro
esses.Write atomi
ity property. In 
a
he based systems with multiple 
opies of a mem-ory lo
ation, writes must be atomi
.The �rst 
ondition 
an be enfor
ed by having a pro
ess not issue an operationuntil all previous operations are 
omplete. Complete means that a read has returnedits value, or a write has been applied and a
knowledged. The se
ond 
ondition
an be enfor
ed by a 
a
he 
oheren
e proto
ol. Adve and Ghara
horloo use thisimplementation of sequential 
onsisten
y as a basis for their de�nitions of other
onsisten
y models. Every other model is allowed to violate some of the restri
tionsrequired for sequential 
onsisten
y. Violating a restri
tion allows for optimizationin the implementation. They identify �ve optimizations that may be allowed.|Allow a read to be issued before a previous write is 
omplete.|Allow a write to be issued before a previous write is 
omplete.|Allow a read or write to be issued before a previous read is 
omplete.|Allow a read to view another pro
ess' write before the write is applied everywhere.|Allow a read to view one's own write before the write is applied everywhere.Journal of the ACM, Vol. V, No. N, Month 20YY.



A Uni�ed Theory of Shared Memory Consisten
y � 5The �rst optimization 
ombined with the last two result in pro
essor 
onsisten
yas it was de�ned for the DASH multipro
essor [Lenoski et al. 1990℄. All �ve opti-mizations 
ombined result in slow 
onsisten
y [Hutto and Ahamad 1990℄ whi
h isused for non-syn
hronizing operations in syn
hronized 
onsisten
y models su
h asrelease and weak 
onsisten
y. For ea
h 
onsisten
y model, Adve and Ghara
horloodes
ribe a \safety net" whi
h would enfor
e sequential 
onsisten
y on top of thatmodel. A safety net 
onsists of a programming paradigm where 
ertain operationsare repla
ed with spe
ial purpose syn
hronization operations su
h as test and setor a
quire/release. They also des
ribe the 
on
ept of a programmer 
entri
 frame-work. In this framework, for any 
onsisten
y model, a programmer 
an determinewhat syn
hronizations must be performed for a program to simulate sequential
onsisten
y on top of that model.The goal of 
onsisten
y models in this view is to simulate sequential 
onsisten
ywith an eÆ
ient implementation. The trade o� is speed versus the 
omplexityexposed to the programmer. This work does not attempt to 
hara
terize the orderof events as seen by any parti
ular pro
ess in a non-sequential exe
ution. Instead,they 
hara
terize what 
hanges a programmer must make to a program to simulatesequential 
onsisten
y. Other work taking this view has been done to present aneÆ
ient, sequentially 
onsistent interfa
e to the programmer through instru
tionlevel parallelism and spe
ulative exe
ution [Gniady et al. 1999; Ranganathan et al.1997; Ranganathan et al. 1997℄.We believe that using weaker 
onsisten
y models solely to simulate sequential
onsisten
y with an eÆ
ient implementation should not be the only goal of sharedmemory resear
h. Our work is based on the idea of de
larative 
onsisten
y proper-ties weaker than sequential 
onsisten
y, but still intuitively useful to programmers.Therefore, we �nd the formalisms of the \issue" method less useful to us.An alternative to the \issue" method is the \view" method where ea
h pro
ess hasa view of the order of events in the system. For example, PRAM 
onsisten
y [Liptonand Sandberg 1988℄ states that ea
h pro
ess must see all operations to o

ur inan order that respe
ts program order, but di�erent pro
esses may see di�erentorders. This essentially pla
es restri
tions on when operations may be
ome visibleto other pro
esses, and not on when they may be issued. For our purposes, theview method of de�ning 
onsisten
y models is most appropriate. What mattersis the possible orders of events from the pro
ess' (programmer's) point of view.The programmer does not 
are how the shared memory is implemented. In thisview, optimizations su
h as lo
al bypassing, write atomi
ity, et
. are memoryimplementation issues, and not part of the 
onsisten
y model. If two di�erentimplementations produ
e the same set of possible views they should be 
onsideredequivalent. For this reason, our work uses view based de�nitions of 
onsisten
ymodels. We believe they are more independent of implementation details. Severalsurveys of view based de�nitions have been presented in the literature [Bataller andBernabeu 1997; Mosberger 1993; Tanenbaum 1995℄. We review these view basedde�nitions in Subse
tions 2.2 and 2.3.The only prior 
omparison in the literature of the issue and view methods isby Mustaque Ahamad, et. al. [Ahamad et al. 1993℄. In their paper they 
om-pare Goodman's de�nition of pro
essor 
onsisten
y (whi
h is view based) to theJournal of the ACM, Vol. V, No. N, Month 20YY.



6 � R. Steinke and G. NuttDASH de�nition (whi
h is issue based.) Their 
on
lusion was that both de�nitionsare weaker than sequential 
onsisten
y, and stronger than both PRAM and 
a
he
onsisten
y. This is the strength relationship 
ommonly understood for pro
essor
onsisten
y, and the two models have often been 
onsidered equivalent. However,Ahamad, et. al. showed that the two de�nitions are not equivalent, and are infa
t in
omparable. This showed that it is not trivial to 
ompare 
onsisten
y mod-els de�ned under the two formalisms. More work relating the two formalisms isneeded. This paper 
on
entrates on view based de�nitions. Generally, issue basedde�nitions have a view based de�nition that is analogous.The most 
losely related work to this paper is the Mume proje
t [Bataller andBernabeu-Auban 1998℄ whi
h spe
i�es three 
onsisten
y properties (orderings): to-tal order, total order with mutual ex
lusion, and 
ausal order. The Mume proje
tshowed that these orderings 
an be used to provide an alternative and equivalentspe
i�
ation of existing 
onsisten
y models. However, unlike our work, there is nonotion of 
ombining properties in arbitrary ways to produ
e a latti
e of 
onsisten
ymodels, or of 
onsisten
y transitions within that latti
e.2.2 Consisten
y Model De�nitionsLeslie Lamport de�ned sequential 
onsisten
y [Lamport 1979℄:De�nition 2.1. A multipro
essor is Sequentially Consistent if the result of anyexe
ution is the same as if the operations of all the pro
essors were exe
uted insome sequential order, and the operations of ea
h individual pro
essor appear inthis sequen
e in the order spe
i�ed by its program.Lamport also gave two implementation requirements whi
h, if met, would enfor
esequential 
onsisten
y.R1. Ea
h pro
essor issues memory requests in the order spe
i�ed by its program.R2. Memory requests from all pro
essors issued to an individual memory moduleare servi
ed from a single FIFO queue. Issuing a memory request 
onsists of enteringthe request on this queue.Linearizability [Herlihy and Wing 1990℄ also 
alled atomi
 memory [Lamport1986℄ is essentially sequential 
onsisten
y with a real-time 
onstraint. Ea
h opera-tion is given a begin time and end time in referen
e to a global Newtonian 
lo
k.For an exe
ution to be linearizable, it must be sequentially 
onsistent, and thesequential total order must 
orrespond to an order realizable by pla
ing ea
h oper-ation at a single point in time between its begin and end times. Essentially, if twooperations' time spans do not overlap they 
annot be re-ordered even in the absen
eof any other dependen
y. Even though linearizability is stronger, sequential 
onsis-ten
y is the strongest 
onsisten
y model used in pra
ti
e [Adve and Ghara
horloo1996; Tanenbaum 1995℄. Sequential 
onsisten
y is 
onsidered strong enough for
onventional reasoning about the 
orre
tness of shared memory programs.Lipton and Sandberg de�ned PRAM (Pipelined RAM) 
onsisten
y [Lipton andSandberg 1988℄, and Goodman de�ned 
a
he 
onsisten
y [Goodman 1989℄:De�nition 2.2. A multipro
essor is PRAM Consistent if writes performed by asingle pro
ess are seen by all other pro
esses in the order in whi
h they were issued,Journal of the ACM, Vol. V, No. N, Month 20YY.



A Uni�ed Theory of Shared Memory Consisten
y � 7p1 (w; p1; x; 1) (r; p1; y;?)p2 (w; p2; y; 2) (r; p2; x;?)Fig. 2. An exe
ution that is pro
essor, but not sequentially 
onsistent.but writes from di�erent pro
esses may be seen in di�erent orders by di�erentpro
esses.De�nition 2.3. A multipro
essor is Ca
he Consistent if all writes to the samememory lo
ation are performed in some sequential order.In the same paper Goodman de�ned pro
essor 
onsisten
y.De�nition 2.4. A multipro
essor is Pro
essor Consistent if it is PRAM 
onsis-tent and writes to the same memory lo
ation are seen in the same sequential orderby all pro
esses.One 
onsisten
y model is said to be stronger than another if every 
ondition re-quired by the weaker model is also required by the stronger one. Thus, a stronger
onsisten
y model has a more highly 
onstrained behavior than a weaker one. Se-quential 
onsisten
y is stri
tly stronger than pro
essor 
onsisten
y whi
h is stri
tlystronger than both PRAM and 
a
he 
onsisten
y. PRAM and 
a
he 
onsisten
yare in
omparable. PRAM and 
a
he 
onsisten
y are very similar to Lamport's
onditions R1 and R2, enfor
ing R1 and R2 enfor
es sequential 
onsisten
y, pro
es-sor 
onsisten
y enfor
es PRAM 
onsisten
y and 
a
he 
onsisten
y, but pro
essor
onsisten
y is weaker than sequential 
onsisten
y. How 
an this be?Consider Figure 2. In this �gure time pro
eeds from left to right, and variablesare assumed to have an initial value of ?. Pro
ess p1 writes to x, and then readsfrom y. Likewise, pro
ess p2 writes to y, and then reads from x. Both pro
essesread the initial value of the variable instead of ea
h other's write. Both pro
essesper
eive that their write went �rst so the exe
ution is not sequential. However, itis pro
essor 
onsistent. There is only one write by p1 and one by p2 so it is triviallyPRAM 
onsistent. There is only one write to x and one write to y so it is trivially
a
he 
onsistent. This example demonstrates how pro
essor 
onsisten
y is weakerthan sequential 
onsisten
y. Writes by di�erent pro
esses to di�erent variables maybe seen to o

ur in di�erent orders.The question remains, does the exe
ution in Figure 2 satisfy R1 and R2? Theanswer is no be
ause R2 requires that read operations be pla
ed in the queue alongwith write operations. Neither pro
ess 
an pla
e its read operation in the queueuntil its write operation has been pla
ed in the queue so at least one of the pro
essesmust read the other's write. On the other hand, pro
essor 
onsisten
y only requiresthat write operations be
ome visible in the 
orre
t order. The write operations 
anbe pending while ea
h pro
ess does its read, and then the write operations areapplied in the 
orre
t order.Causal memory [Ahamad et al. 1991℄ is a 
onsisten
y model drawn from Lam-port's 
on
ept of potential 
ausality [Lamport 1978℄. Causal memory is weakerthan sequential 
onsisten
y, stronger than PRAM, and in
omparable to pro
essorJournal of the ACM, Vol. V, No. N, Month 20YY.



8 � R. Steinke and G. Nuttand 
a
he 
onsisten
y. It was de�ned by Ahamad, et. al. as:De�nition 2.5. A multipro
essor is Causally Consistent if for ea
h pro
ess theoperations of that pro
ess plus all writes known to that pro
ess appear to thatpro
ess to o

ur in a total order that respe
ts potential 
ausality. Potential 
ausalityis as de�ned by Lamport [Lamport 1978℄ with writes interpreted as sends and readsinterpreted as re
eives.Slow 
onsisten
y [Hutto and Ahamad 1990℄ is weaker than both PRAM and 
a
he
onsisten
y.De�nition 2.6. A multipro
essor is slow 
onsistent if reads must return somevalue that has been previously written to the lo
ation being read. On
e a value hasbeen read, no earlier writes to that lo
ation (by the pro
essor that wrote the valueread) 
an be returned. Writes by a pro
ess must be immediately visible to itself.Lo
al 
onsisten
y [Bataller and Bernabeu 1997℄ refers to the weakest 
onsisten
ymodel for shared memory.De�nition 2.7. A multipro
essor is Lo
ally Consistent if ea
h pro
ess' own oper-ations appear to o

ur in the order spe
i�ed by its program. There is no restri
tionon the order in whi
h writes by other pro
esses appear to o

ur, and di�erentpro
esses may see di�erent orders.It is important to note that every 
onsisten
y model is stronger than lo
al 
on-sisten
y and weaker than sequential 
onsisten
y whi
h is weaker than linearizabil-ity [Herlihy and Wing 1990℄. This fa
t implies that 
onsisten
y models 
ould bepla
ed in a latti
e.2.3 Syn
hronized Consisten
y ModelsSome 
onsisten
y models in
lude expli
it syn
hronization a
tions whi
h are treateddi�erently than ordinary memory operations. Syn
hronization operations are pro-
essed at a high level of 
onsisten
y, usually sequential 
onsisten
y. Ordinary op-erations are pro
essed at a low level of 
onsisten
y, usually slow 
onsisten
y, butthe presen
e of syn
hronization operations pla
es additional ordering restri
tionson ordinary operations. Dubois, et. al. de�ned weak 
onsisten
y [Dubois et al.1986℄.De�nition 2.8. A multipro
essor is Weak Consistent if:(1) A

esses to global syn
hronizing variables are strongly ordered [sequentially
onsistent℄.(2) No a

ess to a syn
hronizing variable is issued in a pro
essor before all previousglobal data a

esses have been performed.(3) No a

ess to global data is issued by a pro
essor before a previous a

ess to asyn
hronizing variable has been performed.An ordinary operation is issued either before or after a syn
hronization operation.All pro
esses must see the ordinary operation o

ur in this order with respe
t to thesyn
hronization operation. This provides a suÆ
ient programming environment for
onstru
ts su
h as 
riti
al se
tions and barriers. For example, a barrier is de�nedJournal of the ACM, Vol. V, No. N, Month 20YY.



A Uni�ed Theory of Shared Memory Consisten
y � 9p1 (w; p1; x; 1)p2 (w; p2; x; 2) (r; p2; x; 1) (r; p2; x; 2)Fig. 3. An exe
ution that is lo
ation, but not entry 
onsistent.to be a syn
hronization operation, and all operations issued before the barrier mustappear to o

ur before the barrier. However, this 
ondition is sometimes strongerthan ne
essary. Syn
hronizing operations 
an be used just to import information,as with the a
quiring of a lo
k, or just to export information, as with the releaseof a lo
k. Taking advantage of this as an opportunity for optimization leads to adi�erent 
onsisten
y model 
alled release 
onsisten
y [Ghara
horloo et al. 1990℄.De�nition 2.9. A multipro
essor is Release Consistent if:(1) Before an ordinary LOAD or STORE a

ess is allowed to perform with respe
tto any other pro
essor, all previous a
quire a

esses must be performed.(2) Before a release a

ess is allowed to perform with respe
t to any other pro
essor,all previous ordinary LOAD and STORE a

esses must be performed.(3) Spe
ial a

esses [in
luding a
quire and release℄ are sequentially 
onsistent withrespe
t to one another.A pro
ess performs an a
quire to get up to date information. Only that pro-
ess is guaranteed to be up to date, and then only up to the point of the latestrelease on every other pro
ess. A di�erent implementation 
alled lazy release 
onsis-ten
y [Keleher et al. 1992℄ enfor
es the same 
onsisten
y model, but sends updatesas late as possible. The distin
tion between release and weak 
onsisten
y is thatrelease for
es the program to give more detailed instru
tions on what must be up todate at a syn
hronization. This trend is 
ontinued with entry 
onsisten
y [Bershadand Zekauskas 1991℄ and s
ope 
onsisten
y [Iftode et al. 1996℄. In entry 
onsis-ten
y [Bershad and Zekauskas 1991℄ ea
h syn
hronization variable is asso
iatedwith one or more ordinary variables. A
quires and releases only bring up to datethose ordinary variables asso
iated with a parti
ular syn
hronization variable. TheJava Memory Model [Gosling et al. 1996; Roy
houdbury and Mitra 2002℄ is equiv-alent to entry 
onsisten
y be
ause lo
ks are asso
iated with obje
ts, and lo
ally
a
hed values are only required to be read from or 
ushed to a global main mem-ory when a lo
k is a
quired or released. In s
ope 
onsisten
y [Iftode et al. 1996℄ thisset of variables is not stati
, but rather any ordinary variables a

essed betweenan a
quire and release of a syn
hronization variable must be brought up to dateto the point of the release on all subsequent a
quires of the same syn
hronizationvariable.A �nal syn
hronized model 
alled lo
ation 
onsisten
y [Gao and Sarkar 2000℄ issigni�
antly di�erent. lo
ation 
onsisten
y is similar to entry 
onsisten
y in thatea
h ordinary variable is asso
iated with a syn
hronization variable, and a releaseor a
quire is ordered with an ordinary operation if their variables are asso
iated.However, lo
ation 
onsisten
y is di�erent in that it allows the state of a variable tobe a partial order, and not a total order. Journal of the ACM, Vol. V, No. N, Month 20YY.



10 � R. Steinke and G. NuttFor example, in Figure 3 two pro
esses both write to the variable x. In entry
onsisten
y, the order of these two writes is unde�ned. They 
ould be seen too

ur in either order, and two di�erent pro
esses do not have to agree on the order.However, there is an impli
it assumption that for a single pro
ess the two operationso

ur in some order, and the se
ond one overwrites the �rst. So, when p2 reads 1from x one 
an dedu
e that the order seen by p2 is:(w; p2; x; 2) < (w; p1; x; 1) < (r; p2; x; 1)Therefore, p2 will never again read from (w; p2; x; 2) be
ause it has been overwrit-ten. The operation (r; p2; x; 2) violates entry 
onsisten
y, but not lo
ation 
onsis-ten
y. Lo
ation 
onsisten
y assumes that ea
h pro
ess sees a partial order of writes,and any read 
an return the value of any write that is not dominated by anotherwrite. Writes are only ordered when they are by the same pro
ess, or when theyare separated by a release-a
quire pair. Therefore, under lo
ation 
onsisten
y p2
an 
ontinue forever alternately reading the values 1 and 2 from x (barring furtherwrite, a
quire, or release operations). The purpose of lo
ation 
onsisten
y is thatif a program separates every pair of 
ompeting writes with a release-a
quire pair(
alled a data-ra
e-free program) then it is equivalent to entry 
onsisten
y, but stillmight be able to take advantage of the lo
ation model for eÆ
ien
y optimizations.Dag 
onsisten
y [Blumofe et al. 1996℄ was developed to eliminate the unboundednature of this non-determinism in lo
ation 
onsisten
y. In his thesis [Frigo 1997℄,Frigo proved that this 
ould not be done without strengthening the model all theway to 
a
he 
onsisten
y, and he argued for 
a
he 
onsisten
y as the weakest rea-sonable memory model. This is interesting be
ause models like PRAM and slow
onsisten
y whi
h are in
omparable to and weaker than 
a
he 
onsisten
y respe
-tively have proved very useful in pra
ti
e. For example, under PRAM 
onsisten
yif pro
ess 1 writes to x, and pro
ess 2 writes a di�erent value to x, then pro
essesmight disagree on whi
h went �rst, and thus have di�erent �nal values of x. Thissituation where di�erent pro
esses disagree on the value of a variable may 
ontinueinde�nitely. In this sense, PRAM does not have the \
on�nes nondeterminism"property de�ned by Frigo.However, a simple solution to this problem exists: don't in
lude these dangeroussituations in your programs when using these memory models. When using PRAM
onsisten
y don't have two pro
esses write to the same variable without some other
ontrol 
ow dependen
e in pla
e to determine the order. For example, the 
ommons
ienti�
 
omputing paradigm of 
ompute-barrier-
ommuni
ate 
an easily be im-plemented under PRAM 
onsisten
y. To implement the barrier have one variableper pro
ess with an initial value of zero. When a pro
ess arrives at its barrier it setsits variable to one. When all variables are one everyone has rea
hed the barrier.Then PRAM 
onsisten
y enfor
es the requirement that all variables written to inthe 
ompute phase will be available in the 
ommuni
ation phase. Likewise, slow
onsisten
y has mostly been useful for ordinary operations in syn
hronized 
onsis-ten
y models where the syn
hronization operations provide the ne
essary 
ontroland data dependen
ies. So these 
onsisten
y models are still useful if programmed
orre
tly.Journal of the ACM, Vol. V, No. N, Month 20YY.



A Uni�ed Theory of Shared Memory Consisten
y � 113. A FORMALISM FOR SHARED MEMORY CONSISTENCY MODELSThis se
tion presents formal, de
larative de�nitions of the well known 
onsisten
ymodels introdu
ed in Se
tion 2. When a shared memory implementation satis�esa parti
ular 
onsisten
y model it must produ
e only exe
utions a

eptable to thatmodel. In this way, a 
onsisten
y model 
an be thought of as a 
riteria to a

eptor reje
t program exe
utions. Therefore, a model 
an be de�ned by spe
ifying itsset of a

epted exe
utions [Collier 1992℄. This is the te
hnique we will use in therest of the paper.In \view" based de�nitions of 
onsisten
y models, memory operations must ap-pear to be pro
essed in a 
ertain order. For example, under sequential 
onsisten
y,there must appear to be a single total order on all operations. Under Ca
he 
on-sisten
y, there must appear to be a total order on the operations to ea
h variable.Ea
h pro
ess sees, through its read operations, a parti
ular order of events in thememory system. However, ea
h pro
ess has limited information be
ause it maynot read every write. Therefore, there 
ould be many orders of events that wouldbe 
onsistent with the values returned by a pro
ess' reads. If any of these orderssatis�es a 
onsisten
y model then the pro
ess 
annot prove that the memory sys-tem violated that model. If some a

eptable order exists for every pro
ess then theexe
ution must be a

epted.Our formalism is de�ned in Appendix A. It is taken from [Ahamad et al. 1993;Bataller and Bernabeu 1997℄, and is very similar to [Collier 1992℄. Basi
ally, anexe
ution 
onsists of a set of read and write operations, and two orders on thoseoperations. Pro
ess order, <PO, is the order in whi
h operations are submittedby ea
h pro
ess. Writes-to order, 7!, de�nes whi
h write is read by ea
h read.Figure 4 de�nes two example exe
utions by giving the operation tuples (read orwrite, pro
ess id, variable, value) and the pro
ess order and writes-to links betweenthose operations.A 
onsisten
y model is de�ned based on serial views. A serial view is a total orderon a subset of the operations in an exe
ution whi
h represents one pro
ess' viewof the order in whi
h those operations took pla
e in memory. In a serial view ea
hread must read from the most re
ent write to the same variable. Ea
h 
onsisten
ymodel de�nes a view or set of views that must exist for the 
onsisten
y model to besatis�ed. If the given views 
an be 
onstru
ted for an exe
ution then that exe
utionis a

epted by that 
onsisten
y model, otherwise the exe
ution is reje
ted. The setof exe
utions a

epted by this test provides the de�nition of the 
onsisten
y model.Theorem 3.1. An exe
ution is Sequentially Consistent i�9 SerialView(<PO)Proof: This is merely a restatement of the de�nition of sequential 
on-sisten
y using our formalism. It states that for an exe
ution to be se-quentially 
onsistent there must exist a serial view (a total order inwhi
h ea
h read reads from the most re
ent write) on all operationsthat respe
ts pro
ess order (<PO).The a
tual exe
ution may not have o

urred in this order, but the values returnedby the reads are exa
tly the same as the values that would have been returnedhad this been the exe
ution order. Therefore, no pro
ess external to the memoryJournal of the ACM, Vol. V, No. N, Month 20YY.



12 � R. Steinke and G. Nutt(w; p1; x; 1) <PO (r; p1; x; 2) (w; p1; x; 1) <PO (w; p1; y; 2)(w; p2; x; 2) <PO (r; p2; x; 1) (r; p2; y; 2) <PO (r; p2; x;?)(w; p1; x; 1) 7! (r; p2; x; 1) (w; p1; y; 2) 7! (r; p2; y; 2)(w; p2; x; 2) 7! (r; p1; x; 2) (w; �; x;?) 7! (r; p2; x;?)(a) (b)Fig. 4. Examples for PRAM and Ca
he Consisten
ysystem 
an prove that the exe
ution did not a
tually happen in this order. InFigure 21(a) the given total order quali�es as the serial view proving that theexe
ution is sequentially 
onsistent. In Figure 21(b) it is easy to see that no su
hview 
ould be 
onstru
ted.Theorem 3.2. An exe
ution is PRAM Consistent i�8i2P9 SerialView(<PO j(�; i; �; �) [ (w; �; �; �))Proof: This is a restatement of the de�nition of PRAM 
onsisten
y.PRAM 
onsisten
y requires that ea
h pro
ess see a view where the writesof all pro
ess o

ur in the order in whi
h they were issued (pro
essorder), but writes by di�erent pro
esses may be seen in any order. Theoperations visible to ea
h pro
ess are its own reads and all writes. Forthis reason the view of pro
ess i is restri
ted to (�; i; �; �), all of its ownoperations, and (w; �; �; �), all writes. If a serial view respe
ting pro
essorder 
an be 
onstru
ted for this subset of operations then this pro
ess
annot argue that the memory system has violated PRAM. If su
h aview 
an be 
onstru
ted for every pro
ess then no external observer 
anargue that the memory system has violated PRAM.Theorem 3.3. An exe
ution is Ca
he Consistent i�8x2V 9 SerialView(<PO j(�; �; x; �))Proof: On
e again, this a restatement of 
a
he 
onsisten
y. Ca
he
onsisten
y requires that the operations on ea
h variable, x, must beseen to o

ur in a total order that respe
ts pro
ess order. The viewsthat must be 
onstru
ted to satisfy the above de�nition are exa
tly thetotal orders required for the original de�nition of 
a
he 
onsisten
y.Consider Figure 4. The sets P , V , and O and the initial writes 
an usually bededu
ed from the des
riptions of pro
ess order and writes-to order. For this reasonthey will be omitted in this and further examples unless required for 
larity. InFigure 4(a), both pro
esses write and then read x, and both read the other's write.This exe
ution 
an be shown to be PRAM 
onsistent by the following views.p1 : (w; p1; x; 1) <p1 (w; p2; x; 2) <p1 (r; p1; x; 2)p2 : (w; p2; x; 2) <p2 (w; p1; x; 1) <p2 (r; p2; x; 1)This exe
ution is not sequential. One would have to add (r; p2; x; 1) to <p1 , or(r; p1; x; 2) to <p2 . In <p1 , (r; p2; x; 1) 
annot 
ome before (w; p2; x; 2) be
ause thatwould violate pro
ess order. It also 
annot 
ome after (w; p2; x; 2) be
ause then itJournal of the ACM, Vol. V, No. N, Month 20YY.



A Uni�ed Theory of Shared Memory Consisten
y � 13would be after, but not reading from, (w; p2; x; 2) whi
h would violate the serialproperty. A similar argument 
an be made for <p2 . No single view 
an satisfy bothpro
esses so the exe
ution is not sequentially 
onsistent.In Figure 4(b) pro
ess 1 writes to both x and y while pro
ess 2 reads both x andy. Pro
ess 2 reads pro
ess 1's se
ond write to y and the initial value of x. Thisexe
ution 
an be shown to be Ca
he 
onsistent by the following views. Note, theinitial writes must be a

ounted for in all views, but are omitted in examples wheretheir pla
ement is trivial. (w; �; x;?) is shown in <x be
ause it's value is later read.x : (w; �; x;?) <x (r; p2; x;?) <x (w; p1; x; 1)y : (w; p1; y; 2) <y (r; p2; y; 2)Figure 4(b) is not sequentially 
onsistent. In a view with every operation,(w; p1; x; 1) would have to 
ome before (w; p1; y; 2) by pro
ess order. (w; p1; y; 2)would have to 
ome before (r; p2; y; 2) for the view to be serial. (r; p2; y; 2) wouldhave to 
ome before (r; p2; x;?) by pro
ess order. This implies (r; p2; x;?) would
ome after (w; p1; x; 1) but read from the initial write so the view 
ould not beserial.Also, 4(a) is not Ca
he 
onsistent, and 4(b) is not PRAM 
onsistent. In 4(a)all operations are on the same variable so there would need to be a serial viewon all operations. In disproving sequential 
onsisten
y we have already shown thisis impossible. For 4(b) to be PRAM 
onsistent the view <p2 would need to be
onstru
ted 
ontaining all of p1's writes, and all of p2's operations. This wouldin
lude all of the operations whi
h have likewise been shown to be impossible.Theorem 3.4. An exe
ution is Pro
essor Consistent i�8x2V 9 <x=SerialView(<PO j(�; �; x; �)), and8i2P9 SerialView(([x2V <x)S <PO j(�; i; �; �) [ (w; �; �; �))Proof: This is a restatement of pro
essor 
onsisten
y whi
h says thatthe exe
ution must be 
a
he 
onsistent, PRAM 
onsistent, and thePRAM serial views must respe
t the order of operations in the 
a
heserial views. This is equivalent to Goodman's de�nition of pro
essor
onsisten
y.De�nition 3.5. The Causal Relation, <CR,8oi;oj2O oi <CR oj i�oi <PO oj ; oroi 7! oj ; or9 ok 2 O su
h that oi <CR ok <CR ojTheorem 3.6. An exe
ution is Causally Consistent i�8i2P9 SerialView(<CR j(�; i; �; �) [ (w; �; �; �))Proof: This is a restatement of 
ausal 
onsisten
y whi
h says that ea
hpro
essor must see a serial view whi
h respe
ts the 
ausal relation.Theorem 3.7. An exe
ution is Slow Consistent i�8i2P;x2V 9 SerialView(<PO j(�; i; x; �) [ (w; �; x; �))Journal of the ACM, Vol. V, No. N, Month 20YY.



14 � R. Steinke and G. NuttProof: This is a restatement of slow 
onsisten
y whi
h says that theset of operations on a single variable must be PRAM 
onsistent.Theorem 3.8. An exe
ution is Lo
ally Consistent i�8i2P9 SerialView(<i j(�; i; �; �) [ (w; �; �; �))Proof: This is a restatement of lo
al 
onsisten
y whi
h says that ea
hpro
essor must see a view whi
h respe
ts its own lo
al order.3.1 Syn
hronized Consisten
y ModelsSyn
hronized 
onsisten
y models require additional de�nitions. First of all, opera-tions are divided into two types, ordinary and syn
hronization operations. In somemodels su
h as weak 
onsisten
y, reads and writes are designated as syn
hronizationoperations. In other models su
h as release 
onsisten
y, syn
hronization operationsare new types of operations, a
quire and release. In either 
ase, the operation type sis used to designate syn
hronization operations. For example, (s; �; �; �) designatesthe set of all syn
hronization operations whether those are read, write, a
quire, orrelease. Also, we need to expli
itly state that the writes-to relation is de�ned onsyn
hronization operations. For this purpose, a
quires are treated as reads, and re-leases are treated as writes. Essentially, syn
hronization operations must be awareof whi
h a
quire 
orresponds to whi
h release. De�ning the writes-to relation inthis way allows the existing de�nition of serial view to be used for this purpose.Finally, for ea
h syn
hronized 
onsisten
y model, 
ertain ordinary operations must
ome before or after 
ertain syn
hronization operations.De�nition 3.9. D�(s) denotes the set of ordinary operations that must 
omebefore syn
hronization operation s. D+(s) denotes the set of ordinary operationsthat must 
ome after syn
hronization operation s. <D denotes the relation:8o2D�(s)o <D s [ 8o2D+(s)s <D oSyn
hronized 
onsisten
y models support di�erent 
onsisten
y for ordinary oper-ations than syn
hronization operations. For some models, ordinary operations arepro
essed under slow 
onsisten
y, and for some models under 
a
he 
onsisten
y.The authors of [Bataller and Bernabeu 1997℄ argue that this distin
tion is not asigni�
ant design feature, but rather was primarily an artifa
t of the implementa-tion for whi
h ea
h model was originally de�ned. They present formal de�nitions ofall models assuming that ordinary operations are pro
essed under slow 
onsisten
y.Syn
hronization operations are generally pro
essed under sequential 
onsisten
y,although a variation of release 
onsisten
y was presented where syn
hronizationoperations were pro
essed under pro
essor 
onsisten
y. Below, we assume syn
hro-nization operations obey sequential 
onsisten
y and ordinary operations obey slow
onsisten
y. Variations will be dealt with in the se
tion on 
onsisten
y transitions(see Se
tion 5.)Every syn
hronized 
onsisten
y model obeys the following 
ondition. The onlydi�eren
e between models is in the de�nition of D�(s) and D+(s).De�nition 3.10. For a given de�nition of <D, an exe
ution is syn
hronized model
onsistent i�Journal of the ACM, Vol. V, No. N, Month 20YY.



A Uni�ed Theory of Shared Memory Consisten
y � 159 <seq=SerialView(<PO j(s; �; �; �)), and<S=the transitive 
losure of <D [ <seq , and8i2P;x2V 9 SerialView(<S [ <PO j(�; i; x; �) [ (w; �; x; �))De�nition 3.10 says that a sequential order exists on all syn
hronization opera-tions. The per-pro
ess, per-variable views required by slow 
onsisten
y exist. Andthe slow 
onsistent views respe
t the transitive 
losure of the ordering <D and thesequential order of syn
hronization operations. We will now dis
uss the di�eren
esbetween various syn
hronized 
onsisten
y models.In weak 
onsisten
y [Dubois et al. 1986℄ there is only one syn
hronizing variable,and there is no distin
tion between a
quire and release types of syn
hronizing oper-ations. D+(s) orders after s any operation ordered after it by pro
ess order. D�(s)orders before s any operation ordered before it by pro
ess order.For release 
onsisten
y [Ghara
horloo et al. 1990℄ there is only one syn
hronizingvariable, but the distin
tion is made between a
quire and release types of syn
hro-nizing operations. D+(a
quire) orders after a
quire any operation ordered after itby pro
ess order. D�(release) orders before release any operation ordered beforeit by pro
ess order.Lazy release 
onsisten
y [Keleher et al. 1992℄ does not for
e operations beforea release to be ordered before that release, but they must be ordered before anysubsequent a
quire. There is only one syn
hronizing variable. D+(a
quire) ordersafter a
quire any operation ordered after it by pro
ess order. D�(a
quire) ordersbefore a
quire any ordinary operation where there exists release <S a
quire su
hthat the ordinary operation is ordered before release by pro
ess order. No ordinaryoperations are dire
tly ordered with any release by <D.In entry 
onsisten
y [Bershad and Zekauskas 1991℄ there 
an be more than onesyn
hronization variable. Rather than syn
hronizing all of memory with ea
h syn-
hronization operation, ea
h syn
hronization variable is asso
iated with one or moreordinary variables, and only those variables are syn
hronized. An ordinary opera-tion is ordered with a syn
hronization operation in the same way it would be byrelease 
onsisten
y if and only if their variables are asso
iated.S
ope 
onsisten
y [Iftode et al. 1996℄ is similar to entry 
onsisten
y in that notall of memory is syn
hronized by ea
h syn
hronization operation. But there is nostati
 mapping between ordinary and syn
hronization variables. Instead, whateverordinary operations are performed between an a
quire and a release are asso
iatedwith those syn
hronization operations. An ordinary operation is ordered with asyn
hronization operation in the same way it would be by release 
onsisten
y ifand only if there is no other syn
hronization operation to the same variable orderedbetween them by pro
ess order. Essentially, ordinary operations are only orderedwith respe
t to the most re
ent a
quire and the next release to ea
h syn
hronizationvariable.Lo
ation 
onsisten
y [Gao and Sarkar 2000℄ is di�erent, but we will present it ina formalism as 
lose as possible to that used for the other models. One importantdi�eren
e is that in lo
ation 
onsisten
y syn
hronization operations are de�ned toprovide a mutual ex
lusion fun
tion. If one pro
ess performs an a
quire, then noother pro
ess may su

essfully perform an a
quire until the �rst pro
ess performs arelease. All subsequent a
quires are ordered after that release. This provides 
ontrolJournal of the ACM, Vol. V, No. N, Month 20YY.
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ies in addition to the data dependen
ies enfor
ed by the 
onsisten
ymodel. This exposes a fundamental di�eren
e of opinion about what the job ofa 
onsisten
y model should be. For example, under release 
onsisten
y there isnothing to prevent two pro
esses from both performing a
quires and 
on
urrentlywriting to the same variable. Release 
onsisten
y spe
i�es formally what datadependen
ies must be preserved by the memory system in that situation, i.e. thewrites are unordered and 
an be seen in di�erent orders by di�erent pro
esses. Ifthe program truly needs mutual ex
lusion it 
an be in
luded in the program 
ode asa lo
king algorithm that works 
orre
tly under release 
onsisten
y [Ghara
horlooet al. 1990℄.Most syn
hronized 
onsisten
y models were written in two parts, the 
onsisten
ymodel itself, and a programming paradigm su
h as properly labeled [Ghara
horlooet al. 1990℄ or data-ra
e-free [Adve and Hill 1993℄ programs. The guarantee pro-vided is that a program that obeys the programming paradigm exe
uted on the
onsisten
y model will simulate sequential 
onsisten
y. The authors of release 
on-sisten
y expe
ted that it would be used in 
onjun
tion with 
ontrol 
ow 
onstru
tsin the program to simulate sequential 
onsisten
y, but they did not dire
tly embedthe 
ontrol 
ow into the 
onsisten
y model. Instead they allowed the programmerto 
hoose the appropriate 
ontrol 
ow 
onstru
ts. They also a
knowledged thatsome programmers may not want to simulate sequential 
onsisten
y, but ratherdeal dire
tly with the semanti
s of release 
onsisten
y. We take the approa
h that
ontrol dependen
ies should be dealt with in a programming paradigm, and not inthe de�nition of the 
onsisten
y model itself. Therefore, our de�nition of lo
ation
onsisten
y does not require mutual ex
lusion between a
quires and releases. If aprogram obeys the mutual ex
lusion paradigm then our de�nition is equivalent tolo
ation 
onsisten
y. Our de�nition is also valid in 
ases where the program doesnot obey mutual ex
lusion, and we believe it is a good extrapolation. But it is notequivalent be
ause lo
ation 
onsisten
y expli
itly forbids these 
asesSyn
hronization operations in lo
ation 
onsisten
y are similar to entry 
onsis-ten
y in that they are tagged with a variable, and only enfor
e dependen
ies withordinary operations to that variable. The mutual ex
lusion assumption statedabove requires that there is a total order on all syn
hronization operations to ea
hvariable so lo
ation 
onsisten
y enfor
es at least 
a
he 
onsisten
y on syn
hroniza-tion operations. However, the des
ription of lo
ation 
onsisten
y [Gao and Sarkar2000℄ does not spe
i�
ally say that syn
hronization operations must obey sequen-tial 
onsisten
y. There is no example in the paper with syn
hronization operationsto more than one variable so it is diÆ
ult to say whether the authors intended syn-
hronization operations to be sequentially 
onsistent, or merely 
a
he 
onsistent.For similarity with previous models sequential 
onsisten
y is assumed.We will now give the de�nition of the data dependen
ies implied by lo
ation
onsisten
y assuming syn
hronization operations are sequentially 
onsistent with-out requiring the 
ontrol dependen
ies of the mutual ex
lusion paradigm. In theoriginal de�nition of lo
ation 
onsisten
y, due to the mutual ex
lusion requirementthere is an alternating order on the syn
hronization operations to ea
h variable:a
quire, release, a
quire, release, et
. Ea
h a
quire is immediately after a releasewhi
h is 
alled its most re
ent release, and immediately before a release by theJournal of the ACM, Vol. V, No. N, Month 20YY.
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y � 17same pro
ess. The state of a variable, x, is de�ned to be a partial order, � whi
his the union of <PO j(s; �; x; �) [ (w; �; x; �) and the 
ondition that all a
quires tox are ordered after their most re
ent release.Be
ause � is a partial order there may be many writes that 
ould be 
onsidered\most re
ent" in that there is no other write ordered after them. A read is allowedto return a value written by any one of these most re
ent writes. More formally,� is augmented with any pro
ess order edges between the read and any operationin (s; �; x; �) [ (w; �; x; �) to produ
e �0. Then, the read, r, may return the valueof any write, w, to the variable x su
h that 6 9w0 where w �0 w0 �0 x. To put thisin a similar notation as the other syn
hronized models, the �rst requirement is thesame that syn
hronization operations must be sequentially 
onsistent.9 <seq=SerialView(<PO j(s; �; �; �)), and<S=the transitive 
losure of <D [ <seq where <D is de�ned the sameas entry 
onsisten
yFor programs that obey mutual ex
lusion there is already a total order, <seq ,on the syn
hronization operations to ea
h variable. So <S is merely the transi-tive 
losure of pro
ess order and most re
ent release order. Therefore, <S is anequivalent de�nition of �. For programs that do not obey mutual ex
lusion Thisis a sensible extension of the de�nition of � that maintains similarity with othersyn
hronized models. Now, lo
ation 
onsisten
y de�nes the set of values that maybe returned by any read. To 
apture this, we will add to the formalism the notionof a partial-ordered view.De�nition 3.11. There exists a serial partial view on a set of operations, subset,respe
ting a partial order, <, denoted SerialPartialView(< jsubset) i�8w 7!r2O 6 9w0 su
h that w < w0 < rA serial partial view is a minimal order, that is it doesn't add any edges to <,it just 
he
ks if ea
h read reads from a non dominated write. This is unlike aserial view that must add edges to 
reate a total order out of any partial order itrespe
ts. The order, <, must still be a partial order. For example, there 
annotexist a serial partial view respe
ting a 
y
li
 relation. Now, lo
ation 
onsisten
y wasde�ned where ea
h read had its own serial partial view. However, if a serial partialview exists separately for two reads over the same set of writes and syn
hronizationoperations, then those two reads 
an be added to the same partial order, and itwill still be a serial partial view. There is no intera
tion between the two reads.Therefore, the 
ondition that all reads read a permissible value 
an be stated likethis. 8i2P;x2V 9 SerialPartialView(<S [ <PO j(�; i; x; �) [ (w; �; x; �))Every pro
ess has multiple SerialPartialViews, one for ea
h variable. Ea
h ofthese views in
ludes all of the operations by that pro
ess on that variable, andall of the writes by any pro
ess on that variable. These views must respe
t thesyn
hronization order, <S , and pro
ess order, <PO, and be serial. That is, ea
hread must read from a non-dominated write. Therefore, the de�nition of lo
ation
onsisten
y is identi
al to to the de�nition of entry 
onsisten
y with SerialViewrepla
ed by SerialPartialView. Journal of the ACM, Vol. V, No. N, Month 20YY.



18 � R. Steinke and G. Nutt SequentialLo
alFig. 5. An initial 
onsisten
y model latti
e4. CONSISTENCY PROPERTIESSome existing 
onsisten
y models have been viewed as a 
ombination of other mod-els. For example, pro
essor 
onsisten
y [Goodman 1989℄ is the 
ombination ofPRAM and Ca
he 
onsisten
y. Causal ordering [Ahamad et al. 1991℄ is the tran-sitive 
losure of pro
ess order and writes-to order. Lamport's original de�nitionof sequential 
onsisten
y [Lamport 1979℄ in
luded a pair of properties whi
h, ifindependently enfor
ed, would enfor
e sequential 
onsisten
y. This suggests thatperhaps many existing 
onsisten
y models 
ould be viewed as di�erent 
ombina-tions of a few primitive 
onsisten
y properties. In this se
tion we de�ne four su
hproperties. Global Pro
ess Order (GPO) is the 
ondition that there is global agree-ment on the order of operations from ea
h pro
ess. Global Data Order (GDO) isthe 
ondition that there is global agreement on the order of operations to ea
h vari-able. Global Write-read-write Order (GWO) is the 
ondition that there is globalagreement on the order of potentially 
ausally related writes. Global Anti Order(GAO) is the 
ondition that there is global agreement on the order of any two writeswhen a pro
ess 
an prove it has read one before the other. Any 
ombination ofthese properties results in a 
onsisten
y model. Enumerating these models resultsin the latti
e shown in Figure 13.For pedagogi
al purposes, we will start with the latti
e shown in Figure 5 andexpand the latti
e as properties are developed. The top of the latti
e is de�nedto be sequential 
onsisten
y, and the bottom is de�ned to be lo
al 
onsisten
y asthese are the strongest and weakest properties in the literature (see Se
tion 2.)4.1 Pro
essor Consisten
y as a Combination of PropertiesPro
essor Consisten
y is de�ned to be a 
ombination of PRAM and 
a
he 
onsis-ten
y (see Theorem 3.4.) The given de�nition of pro
essor 
onsisten
y requires 
on-stru
ting per-variable views to satisfy 
a
he 
onsisten
y in addition to per-pro
essviews to satisfy PRAM 
onsisten
y. To remove this in
onvenien
e, we will de�netwo properties, one equivalent to PRAM 
onsisten
y, and one equivalent to 
a
he
onsisten
y su
h that both properties 
an be 
ombined in the same per-pro
essviews.De�nition 4.1. An exe
ution is Global Pro
ess Order (GPO) i�8i2P9 SerialView(<i [ <PO j(�; i; �; �) [ (w; �; �; �))Theorem 4.2. GPO is equivalent to PRAM 
onsisten
y.Proof: The de�nitions of GPO and PRAM are identi
al. The views forGPO are required to respe
t lo
al order for similarity with the propertiesJournal of the ACM, Vol. V, No. N, Month 20YY.



A Uni�ed Theory of Shared Memory Consisten
y � 19to follow. However, this requirement is redundant be
ause pro
ess orderis a superset of lo
al order for any pro
ess.De�nition 4.3. Two operations are ordered by data order, o1 <DO o2, i�variable(o1) = variable(o2), and either(1) o1 <PO o2, or(2) o1 7! o2, or(3) 9r2(r;�;�;�)variable(r) = variable(o1) ^ value(r) 6= value(o1) ^o1 <PO r ^ o2 7! r, or(4) There exists an operation, o, su
h that o1 <DO o <DO o2.Data order 
aptures the restri
tions involved in 
onstru
ting the required viewsfor 
a
he 
onsisten
y. The operations o1 and o2 
an be either reads or writes, butmust be to the same variable. The per-variable views for 
a
he 
onsisten
y must beserial and respe
t pro
ess order so data order 
ontains writes-to order and pro
essorder restri
ted to pairs of operations to the same variable. For the third 
ondition,a parti
ular pro
ess reads or writes a value, o1, and then at a later time reads adi�erent value from the same variable, r. That pro
ess 
an dedu
e that a write, o2,must have o

urred between those two operations and so the restri
tion is in
ludedin data order. The fourth 
ondition requires that data order is a transitive 
losure.De�nition 4.4. An exe
ution is Global Data Order (GDO) i�8i2P9 SerialView(<i [ <DO j(�; i; �; �) [ (w; �; �; �))GDO is equivalent to 
a
he 
onsisten
y, and an exe
ution is 
a
he 
onsistentif and only if data order is a
y
li
. Proof of this is in Appendix B. This is animportant result be
ause it provides two new ways to de�ne 
a
he 
onsisten
y. One
an determine whether an exe
ution is 
a
he 
onsistent by the original method of
onstru
ting per-variable serial views, or now by 
onstru
ting per-pro
ess serialviews, or even by testing the 
y
li
ity of the data order relation. Now that 
a
he
onsisten
y is de�ned over per-pro
ess views we 
an 
ombine GPO and GDO moreeasily.De�nition 4.5. An exe
ution is GPO+GDO i�8i2P9 SerialView(<i [ <PO [ <DO j(�; i; �; �) [ (w; �; �; �))However, GPO+GDO is not quite equivalent to Goodman's de�nition of pro
es-sor 
onsisten
y. Pro
essor 
onsisten
y requires that all pro
esses agree on a totalorder of operations to ea
h variable. In Figure 6, the pro
esses 
annot agree on theorder of the writes to z. If (w; p1; z; 2) was �rst, then p2 should have read 1 fromx. Likewise, if (w; p2; z; 4) was �rst, then p1 should have read 3 from y. However,the two writes to z are not ordered by pro
ess order or data order. Under pro-
essor 
onsisten
y they are allowed to o

ur in either order, but they are requiredto be seen in the same order by all pro
esses. GPO+GDO does not enfor
e this.The problem 
an be solved by 
reating augmented data order, <DO0 . Augmenteddata order is any superset of data order that enfor
es a total order on all opera-tions to ea
h variable. By Theorem A.19, any GDO exe
ution respe
ts at least oneaugmented data order. The problem is that there may be more than one, and aJournal of the ACM, Vol. V, No. N, Month 20YY.



20 � R. Steinke and G. Nutt(w; p1; x; 1) <PO (w; p1; z; 2) <PO (r; p1; y;?)(w; p2; y; 3) <PO (w; p2; z; 4) <PO (r; p2; x;?)(w; �; x;?) 7! (r; p2; x;?)(w; �; y;?) 7! (r; p1; y;?)Fig. 6. A GPO+GDO, but not pro
essor 
onsistent exe
ution.single augmented data order may not be 
onsistent with pro
ess order at all sites.GPO+GDO' is de�ned similarly to GPO+GDO.Theorem 4.6. Goodman's de�nition of pro
essor 
onsisten
y (as given in Sub-se
tion 2.2) is equivalent to GPO+GDO'.Proof: Augmented data order is equivalent to the per-variable 
a
he
onsisten
y views required for pro
essor 
onsisten
y. The per-pro
essviews for GPO+GDO' respe
t pro
ess order and augmented data order.The per-pro
ess views for pro
essor 
onsisten
y respe
t pro
ess order,and the per-variable 
a
he 
onsistent views. Therefore, the two requiredsets of views are equivalent.Augmented data order solves the problem of equivalen
e to Goodman's de�nitionof pro
essor 
onsisten
y. However, we feel that even without augmented data orderGPO+GDO is in line with the intended purpose of pro
ess order. In Figure 6 thewrites to z are unordered. Inserting reads to z to dete
t the order of the writeswould 
reate data order dependen
ies and eliminate the need for augmented dataorder.Alternatively, GPO+GDO is equivalent to the following modi�ed de�nition ofpro
essor 
onsisten
y where the 8i2P is moved outside of the 8x2V , and ea
h pro
essrespe
ts a set of 
a
he 
onsistent views, but all pro
esses do not have to respe
tthe same set of views.8i2P8x2V 9 <x=SerialView(<PO j(�; �; x; �)), and9 SerialView(([x2V <x)S <PO j(�; i; �; �) [ (w; �; �; �))Also, the exe
ution in Figure 6 was taken from [Ahamad et al. 1993℄ as anexample of an exe
ution a

epted by the DASH de�nition of pro
essor 
onsisten
y,and reje
ted by Goodman's de�nition. We believe that GPO+GDO is a usefulde�nition of pro
essor 
onsisten
y.This issue is dis
ussed in more detail in Se
tion 5. The same issue 
omes upwhen de�ning syn
hronized 
onsisten
y models as 
onsisten
y transitions. Thesyn
hronization operations must be sequentially 
onsistent, but there may be morethan one total order that would satisfy sequential 
onsisten
y. The ordinary op-erations are not required to be sequentially 
onsistent, and may demonstrate thatdi�erent pro
esses saw di�erent sequential orders even though the syn
hronizationoperations in isolation are sequentially 
onsistent.GPO+GDO begins a framework for de�ning 
onsisten
y properties (see Fig-ure 7.) Any property that 
an be de�ned as a relation whi
h must be respe
tedby per-pro
ess views 
an be 
ombined with pro
ess order and data order to 
reatenew 
onsisten
y models.Journal of the ACM, Vol. V, No. N, Month 20YY.



A Uni�ed Theory of Shared Memory Consisten
y � 21Sequential��������GPO+GDOPro
essorXXXXXXXXGPOPRAM GDOCa
heXXXXXXXX;Lo
alFig. 7. A 
onsisten
y model latti
e in
luding pro
essor 
onsisten
y(w; p1; x; 1) <PO (w; p1; y; 2)(r; p2; y; 2) <PO (w; p2; x; 3)(r; p3; x; 3) <PO (r; p3; x; 1)(w; p1; x; 1) 7! (r; p3; x; 1)(w; p1; y; 2) 7! (r; p2; y; 2)(w; p2; x; 3) 7! (r; p3; x; 3)Fig. 8. A PRAM and 
a
he, but not GPO+GDO 
onsistent exe
ution.There 
an also be exe
utions that are GPO and GDO, but not GPO+GDO.Ahamad, et. al. [Ahamad et al. 1993℄ provide the exe
ution in Figure 8 whi
h isPRAM and 
a
he 
onsistent, but not pro
essor 
onsistent. The exe
ution is GPObe
ause of the following views.p1 : (w; p2; x; 3) <p1 (w; p1; x; 1) <p1 (w; p1; y; 2)p2 : (w; p1; x; 1) <p2 (w; p1; y; 2) <p2 (r; p2; y; 2) <p2 (w; p2; x; 3)p3 : (w; p2; x; 3) <p3 (r; p3; x; 3) <p3 (w; p1; x; 1) <p3 (r; p3; x; 1) <p3(w; p1; y; 2)Data order is as follows.(w; p2; x; 3) <DO (r; p3; x; 3) <DO (w; p1; x; 1) <DO (r; p3; x; 1)(w; p1; y; 2) <DO (r; p2; y; 2)The exe
ution is GDO be
ause of the following views.p1 : (w; p2; x; 3) <p1 (w; p1; x; 1) <p1 (w; p1; y; 2)p2 : (w; p1; y; 2) <p2 (r; p2; y; 2) <p2 (w; p2; x; 3) <p2 (w; p1; x; 1)p3 : (w; p2; x; 3) <p3 (r; p3; x; 3) <p3 (w; p1; x; 1) <p3 (r; p3; x; 1) <p3(w; p1; y; 2)However, in <p2 the position of (w; p1; x; 1) is di�erent between the GPO andGDO views. There is no view <p2 that 
onform to both <PO and <DO.Journal of the ACM, Vol. V, No. N, Month 20YY.



22 � R. Steinke and G. Nutt(w; p1; x; 1) <PO (r; p1; y; 3) <PO (r; p1; x; 1)(r; p2; x; 1) <PO (w; p2; x; 2) <PO (w; p2; y; 3)(w; p1; x; 1) 7! (r; p1; x; 1)(w; p1; x; 1) 7! (r; p2; x; 1)(w; p2; y; 3) 7! (r; p1; y; 3)Fig. 9. An Exe
ution That Violates Causal Consisten
y(w; p1; x; 1) <PO (w; p1; y; 2) <DO (r; p2; y; 2) <PO (w; p2; x; 3) <DO(w; p1; x; 1)so <DO [ <PO has a 
y
le. <p2 must 
ontain all of these operations and thus
annot be 
onstru
ted. This leads to the de�nition of another 
onsisten
y model.De�nition 4.7. An exe
ution is GPO\GDO i�8i2P9 SerialView(<i [ <PO j(�; i; �; �) [ (w; �; �; �))V8i2P9 SerialView(<i [ <DO j(�; i; �; �) [ (w; �; �; �))Any pair of properties 
an be 
ombined in this way 
reating a new 
onsisten
ymodel. The meaning of these models has not been explored previously in theliterature, and we have not explored them in our work. They are mentioned herefor 
ompleteness.4.2 Causal Consisten
y as a Combination of PropertiesCausal 
onsisten
y is stronger than GPO, but in
omparable to GPO+GDO. There-fore, there should be a property that enfor
es that part of 
ausal not already 
overedby GPO. Causal 
onsisten
y depends on the 
ausal relation whi
h is the transitive
losure of pro
ess order and writes-to order. The 
ausal relation is made up of threetypes of edges: edges in pro
ess order, edges in writes-to order, and edges not ineither order, but in the transitive 
losure. Pro
ess order has already been identi�edas a primitive property, and any serial view respe
ts writes-to order. Therefore,we now de�ne another property whi
h 
ontains the edges in the transitive 
losure.This new property 
an be used with pro
ess order to de�ne 
ausal 
onsisten
y.For example, Figure 9 
ontains an exe
ution that is not 
ausally 
onsistent eventhough the following serial views respe
t both pro
ess order and writes-to order.p1 : (w; p2; x; 2) <p1 (w; p2; y; 3) <p1 (w; p1; x; 1) <p1 (r; p1; y; 3) <p1(r; p1; x; 1)p2 : (w; p1; x; 1) <p2 (r; p2; x; 1) <p2 (w; p2; x; 2) <p2 (w; p2; y; 3)There is a 
ausal dependen
y from (w; p1; x; 1) to (w; p2; x; 2) be
ause(w; p1; x; 1) 7! (r; p2; x; 1) <PO (w; p2; x; 2).However, <p1 pla
es them in the opposite order be
ause <p1 does not 
ontainthe operation (r; p2; x; 1) whi
h is a read operation by p2. Therefore, it violatesneither pro
ess order nor writes-to order among the operations in its view. To be
ausally 
onsistent the view for ea
h pro
ess must respe
t:(the transitive 
losure of <PO [ 7!)j(�; i; �; �) [ (w; �; �; �)The de�nition for GPO already respe
ts:Journal of the ACM, Vol. V, No. N, Month 20YY.



A Uni�ed Theory of Shared Memory Consisten
y � 231. o1 7! r1 <PO r2 7! o22. o1 7! r1 7! o23. o1 <PO r1 <PO r2 7! o24. o1 <PO r1 7! o25. o1 <PO r1 <PO r2 <PO o26. o1 <PO r1 <PO o27. o1 7! r1 <PO r2 <PO o28. o1 7! r1 <PO o2Fig. 10. Enumerated Possibilities for a Causal Transitive Chainthe transitive 
losure of (<PO [ 7! j(�; i; �; �) [ (w; �; �; �))Note the di�erent parentheses. The new property 
an be found in the set dif-feren
e of these two relations. For an edge to be in the �rst relation and not these
ond, two operations in (�; i; �; �) [ (w; �; �; �) must be transitively ordered by a
hain of operation not in (�; i; �; �) [ (w; �; �; �). The only operations not in thatset are reads by a pro
ess other than i. Reads 
annot be ordered with ea
h otherby writes-to order, and if a 
hain of reads is ordered by pro
ess order they must allbe by the same pro
ess, and the �rst and last reads in the 
hain will be ordered.So, any transitive 
hains of the sort we are interested in must have an operation, o1ordered by pro
ess order or writes-to order before a read, r1, possibly ordered bypro
ess order before another read, r2, ordered by pro
ess order or writes-to orderbefore an operation, o2. All possibilities are summarized in Figure 10:Cases 1, 2, 3, and 4 are impossible be
ause a read 
annot be on the left hand sideof a writes-to relation. In 
ases 5 and 6, the two operations, o1 and o2, are alreadyordered by pro
ess order. In 
ase 7, r1 and o2 are ordered by pro
ess order so itredu
es to 
ase 8. Therefore, the only 
ase that must be 
onsidered is 
ase 8.In 
ase 8, o1 must be a write be
ause it writes to r1. o2 is in the set (�; i; �; �)[(w; �; �; �). r1 is not in this set and so is not by pro
ess i. o2 is by the samepro
ess as r1 so it must be a write by another pro
ess. Therefore, only 
ausal
hains between two writes must be 
onsidered.De�nition 4.8. Two writes are ordered by write-read-write order, w1 <WO w2,i� there exists a read, r su
h that w1 7! r <PO w2.De�nition 4.9. An exe
ution is Global Write-read-write Order (GWO) i�8i2P9 SerialView(<i [ <WO j(�; i; �; �)[ (w; �; �; �))Theorem 4.10. GPO+GWO is equivalent to 
ausal 
onsisten
y.Proof: By the logi
 above, the transitive 
losure of <PO [ <WO [ 7!j(�; i; �; �)[ (w; �; �; �) is equivalent to <CR j(�; i; �; �)[ (w; �; �; �). Anyserial view respe
ts 7!, and a view is a total order so if it respe
ts a rela-tion it respe
ts the transitive 
losure of that relation. Also, any view thatrespe
ts <PO respe
ts <i. So a serial view respe
ts <i [ <PO [ <WOj(�; i; �; �) [ (w; �; �; �) i� it respe
ts <CR j(�; i; �; �) [ (w; �; �; �). The�rst is the requirement for GPO+GWO. The se
ond is the requirementfor 
ausal 
onsisten
y. Journal of the ACM, Vol. V, No. N, Month 20YY.



24 � R. Steinke and G. Nutt SequentialGPO+GDO+GWODe�ned in [Ahamad et al. 1993℄�������� XXXXXXXXGPO+GDOPro
essor GPO+GWOCausal GDO+GWOXXXXXXXX�������� XXXXXXXX��������GPOPRAM GDOCa
he GWOXXXXXXXX ��������;Lo
alFig. 11. A 
onsisten
y model latti
e in
luding 
ausal 
onsisten
y(w; p1; x; 1) <PO (r; p1; y;?) <PO (r; p1; y; 2)(w; p2; y; 2) <PO (r; p2; x;?) <PO (r; p2; x; 1)(w; �; y;?) 7! (r; p1; y;?)(w; p2; y; 2) 7! (r; p1; y; 2)(w; �; x;?) 7! (r; p2; x;?)(w; p1; x; 1) 7! (r; p2; x; 1)Fig. 12. An Exe
ution that Violates Sequential Consisten
y.Adding GWO to the evolving latti
e of 
onsisten
y models results in Figure 11.The model GPO+GDO+GWO has been previously dis
overed. In [Ahamad et al.1993℄ the authors noti
ed that the de�nition of pro
essor 
onsisten
y allows exe-
utions that violate 
ausality, and they developed an extension to pro
essor 
on-sisten
y to prevent this. At this point the latti
e 
ontains two new 
onsisten
ymodels: GWO, and GDO+GWO.4.3 Sequential Consisten
y as a Combination of PropertiesGPO+GDO+GWO is weaker than sequential 
onsisten
y. Consider the exe
utionin Figure 12. The two writes are not by the same pro
essor, nor to the samevariable, and they are not 
ausally related. These two writes 
ould be seen to o

urin either order, but to be sequentially 
onsistent every pro
ess must see them inthe same order. In this exe
ution the following 
y
le exists:(w; p1; x; 1) <PO (r; p1; y;?) <DO (w; p2; y; 2) <PO (r; p2; x;?) <DO(w; p1; x; 1)Journal of the ACM, Vol. V, No. N, Month 20YY.



A Uni�ed Theory of Shared Memory Consisten
y � 25But GPO+GDO+GWO requires separate views for pro
esses p1 and p2, and ea
hview in
ludes only its own read operations. So the following views are a

eptable:p1 : (w; p1; x; 1) <p1 (r; p1; y;?) <p1 (w; p2; y; 2) <p1 (r; p1; y; 2)p2 : (w; p2; y; 2) <p2 (r; p2; x;?) <p2 (w; p1; x; 1) <p2 (r; p2; x; 1)For this exe
ution to be prohibited there must be another order that takes a 
y
lewhi
h in
ludes read operations and 
reates a 
y
le among only write operations.In Figure 10 there were eight 
ases of a 
ausal transitive 
hain. Four of them weredeemed impossible be
ause a read 
ould not be on the left hand side of a writes-toorder. These 
ases are made possible by using data order as a generalization ofwrites-to order. A read may not be able to write to another operation, but it maybe able to prove that it happened �rst. These four 
ases are the basis of a new
onsisten
y property 
alled anti order. The name anti order 
omes from parallel
ompiler optimization. When a program 
ontains a read and later a write to thesame variable their orders 
annot be reversed. This is 
alled an anti dependen
y,and is similar to this situation where a read 
an prove, through data order, that awrite happened after it. It is at least similar enough to borrow the name.The purpose of Global Anti Order (GAO) is to 
omplete the set of 
onsisten
yproperties so that, together, they simulate sequential 
onsisten
y. To do this, antiorder must take 
y
les involving read operations, and short 
ir
uit them to pro-du
e 
y
les involving only write operations. Therefore, anti order is limited tothe 
ase where o1 and o2 (in Figure 10) are writes. This weakens anti order,and our desire is to produ
e the weakest relation that supports the assertion thatGPO+GDO+GWO+GAO is equivalent to sequential 
onsisten
y. From Figure 10,
ase 1 seems ne
essary be
ause the writes may only be ordered through the reads.Case 2 seems unne
essary be
ause the writes are already ordered by data order,but it will be needed as explained later. Case 3 redu
es to 
ase 4, and 
ase 4 solvesthe problem of Figure 12 sin
e(w; p1; x; 1) <PO (r; p1; y;?) <DO (w; p2; y; 2), and(w; p2; y; 2) <PO (r; p2; x;?) <DO (w; p1; x; 1), so(w; p1; x; 1) <AO (w; p2; y; 2) <AO (w; p1; x; 1)So, an initial idea is to base anti order on only 
ases 1 and 4. However, thissolution is not 
omplete. The exe
ution in Figure 12 
an be modi�ed by removingthe �nal read of ea
h pro
ess. This means that 
ondition 3 of data order no longerapplies and the writes are not data ordered after (r; p1; y;?) and (r; p2; x;?). Thereis no anti order 
y
le, and the exe
ution is no longer reje
ted by anti order eventhough it still violates sequential 
onsisten
y. The problem is with a limitation ofdata order. If a read does not read from a write to the same variable this is notenough to dedu
e that the write happened after the read. It 
ould have happenedvery early and been overwritten. However, it 
ould not have happened between theread and the write that wrote-to the read. This ordering restri
tion is not presentin data order. Capturing this restri
tion requires a non-deterministi
 order 
alledserial order. One 
an think of serial order as \pseudo data order" that 
an repla
ewrites-to order in the 
ases given in Figure 10. We now need to in
lude 
ase 2be
ause w1 7! r1 <SO w2 does not guarantee that the writes are data ordered.Journal of the ACM, Vol. V, No. N, Month 20YY.



26 � R. Steinke and G. NuttDe�nition 4.11. A Serial Order, <SO, is a minimal set of edges that enfor
esthe following 
ondition:8w;r2O su
h that w and r are to the same variable and do not have thesame value either w <SO w0 7! r or r <SO wSo the �nal de�nition of anti order is as follows.De�nition 4.12. Anti-Order, <AO(<SO),Given a serial order, <SO,8w1;w22O w1 <AO w2 i�9r1; r2 su
h thatw1 7! r1 <PO r2 <DO w2, orw1 7! r1 <PO r2 <SO w2, orw1 7! r1 <SO w2, orw1 <PO r1 <DO w2, orw1 <PO r1 <SO w2To de�ne global anti order there must be serial views that respe
t anti order forsome de�nition of serial order. However, this is still not enough. In the example ofFigure 12 with the �nal reads removed serial order 
ould be de�ned as:(w; p1; x; 1) <SO (w; �; x;?)(w; p2; y; 2) <SO (w; �; y;?)There would be no anti order links. The views 
ould then be written:p1 : (w; p1; x; 1) <p1 (r; p1; y;?) <p1 (w; p2; y; 2)p2 : (w; p2; y; 2) <p2 (r; p2; x;?) <p2 (w; p1; x; 1)These views respe
t pro
ess order, data order, write-read-write order, and evenanti order for some de�nition of serial order. They also respe
t some de�nition ofserial order, but not the same de�nition that was used to 
onstru
t anti order. Thisis the 
ru
ial last pie
e of the puzzle. The views must respe
t the same de�nitionof serial order that was used to 
onstru
t anti order.De�nition 4.13. An exe
ution is Global Anti Order (GAO) i� 9 <SO su
h that8i2P9 SerialView(<i [ <SO [ <AO(<SO) j(�; i; �; �) [ (w; �; �; �))Serial order is a non-deterministi
 order in the sense that it may have manypossible de�nitions, and if any one of the de�nitions a

epts the exe
ution then theexe
ution is a

epted. The number of possible serial orders for any exe
ution isnot in�nite. In fa
t, for ea
h pair of a read and a write with the same variable anda di�erent value there is exa
tly one edge in serial order, and this edge is 
hosenfrom two 
hoi
es. Therefore, the number of serial orders for an exe
ution is exa
tly2x where x is the number of su
h read-write pairs. When a

epting exe
utions, animplementation of anti-order 
ould be 
onservative, and only 
onsider a subset ofpossible serial orders. It 
ould even deterministi
ally 
hose a single serial order onwhi
h to a

ept exe
utions. This way, the implementation 
ould be more eÆ
ientwithout a

epting any una

eptable exe
utions. However, it might reje
t somea

eptable exe
utions. From now on, for purposes of brevity we will use serialJournal of the ACM, Vol. V, No. N, Month 20YY.



A Uni�ed Theory of Shared Memory Consisten
y � 27order as if it were a single order. Any de�nition using serial order 
an be read\There exists a serial order su
h that. . . "It would be desirable if all four properties were orthogonal, but this is not the 
ase.GAO is stri
tly stronger than GDO whi
h is proved in Appendix C. One goal ofthis work was to develop GAO to be as weak as possible while still supporting theassertion that GPO+GDO+GWO+GAO is equivalent to sequential 
onsisten
y.Every 
andidate de�nition of GAO that we tried that was not stronger that GDOdid not support equivalen
e to sequential 
onsisten
y. This may reveal some fun-damental aspe
t of 
onsisten
y models, or it may merely require further resear
hto develop su
h a de�nition. As a result, GDO+GAO is equivalent to just GAO.All that remains is to show that the four properties together make up sequential
onsisten
y. Sin
e GAO is stronger than GDO we will leave it out and prove thatGPO+GWO+GAO is equivalent to sequential 
onsisten
y.Lemma 4.14. Every sequentially 
onsistent exe
ution is GPO+GWO+GAO.Proof: A sequentially 
onsistent exe
ution has a single, serial view onall operations that respe
ts <PO. Call this view <seq . By de�nition,<seq respe
ts <PO. If w1 <WO w2 then 9r su
h that w1 7! r <PO w2.<seq respe
ts <PO and is serial so it respe
ts 7! and therefore it respe
ts<WO .Now we will show that a sequentially 
onsistent exe
ution respe
ts<DO. This is not stri
tly required by the theorem, but will make iteasier to prove that the exe
ution satis�es <AO. <seq respe
ts <POand is serial, and so respe
ts the <PO and 7! 
onditions of <DO . Ifo1 <PO r, and o2 7! r, and o1 has a di�erent value than r then o1 must
ome before o2 in <seq , or the view will not be serial. If this were notso then o1 must 
ome between o2 and r be
ause o1 <PO r and <seqrespe
ts <PO . There are two 
ases, o1 is either a write or a read. If o1is a write then r does not read from the most re
ent write and <seq isnot serial. If o1 is a read then either o1 does not read from the mostre
ent write, or there is a write to the same variable with the same valueas o1 between o2 and o1 in whi
h 
ase r does not read from the mostre
ent write and <seq is not serial. Therefore, <seq respe
ts 
ondition 3of <DO. <seq is a total order. Sin
e it respe
ts the �rst three 
onditionsof <DO it will respe
t the transitive 
losure 
ondition.To prove that a sequentially 
onsistent exe
ution is GAO, de�ne aserial order, <SO, with edges in the same order as <seq . This is possiblebe
ause if 9w;w0; r su
h that w0 7! r and w 6= w0 then it 
annot be thatw0 <seq w <seq r be
ause then <seq would not be serial. w must beordered either before w0 or after r. If 9w1; w2 su
h that w1 <AO w2then 9r1; r2 su
h that w1 7! r1 <PO r2 <DO w2, or w1 7! r1 <POr2 <SO w2, or w1 7! r1 <SO w2, or w1 <PO r1 <DO w2, or w1 <POr1 <SO w2. <seq respe
ts 7!, <PO, <DO, and <SO so therefore respe
ts<AO(<SO).So <seq respe
ts <PO, <WO, <SO, <AO(<SO), is serial, and 
ontainsall operations so it 
an be used to 
onstru
t the required per-pro
essviews for all pro
esses: Journal of the ACM, Vol. V, No. N, Month 20YY.



28 � R. Steinke and G. Nutt8i2P9SerialView(<i [ <PO [ <WO [ <SO [ <AO(<SO)j(�; i; �; �)[ (w; �; �; �))so the exe
ution is GPO+GWO+GAO.Lemma 4.15. For any GPO+GWO+GAO exe
ution the per-pro
ess views 
anbe 
onstru
ted where all write operations o

ur in the same order in all views.Proof: Be
ause <i is a subset of <PO we will ignore it and just showthat the 
onstru
ted views respe
t <PO, <WO, <SO, <AO(<SO), and areserial. There must be an initial de�nition of serial order for whi
h theexe
ution satis�es GPO+GWO+GAO. This de�nition of serial order isnot 
hanged throughout this proof. That is, the �nal 
onstru
ted viewssatisfy GPO+GWO+GAO for the same de�nition of serial order as theinitial views. All initial writes must be ordered �rst in all views be
auseall initial writes are ordered before any other operation by <PO. Theseinitial writes 
an 
ome in any order be
ause they are not ordered withrespe
t to ea
h other, and there are no reads between them, so pla
ethem in the same order in all views. For any two views <i and <j , the�rst write that is not an initial write in <i 
an be pla
ed �rst in <j .Then the next write in <i 
an be pla
ed se
ond in <j , and so on. Wewill use an indu
tive proof to show that this reordering 
an be done andthe resulting views will still respe
t <PO, <WO, <SO, <AO(<SO), and beserial. The indu
tive proof uses the following de�nitions and invariants:(1) The order < is de�ned as <PO [ <WO [ <SO [ <AO(<SO).(2) The views <i and <j respe
t < and are serial.(3) The write operation being moved is 
alled w1.(4) Point A is the pla
e in <j where w1 will be moved to.(5) Point B is the pla
e in <j where w1 is being moved from.(6) Point B is after point A in <j .(7) All write operations ordered before w1 in <i are before point A in<j .(8) Corollary: All write operations ordered before w1 by < are beforepoint A in <j be
ause <i respe
ts <.The exe
ution is GPO+GWO+GAO so there must exist initial views<i and <j that respe
t < and are serial. In the initial 
ase, point Ais just after the initial writes of <j . w1 is the �rst non-initial write in<i so only the initial writes are ordered before it in <i and they are allbefore point A in <j . W1 is after the initial writes in <j so point B isafter point A in <j .Consider all the operations between A and B. These must all be eitherread operations by pro
ess j, or write operations not ordered before w1by <. Constru
t the set of prior reads as follows. The variable thatw1 operates on will be referred to as x. Any read between A and B tovariable x is a prior read. Also, any read between A and B ordered bypro
ess order before w1 or a prior read is a prior read. Then 
onstru
tthe set of remaining operations as all reads between A and B that arenot prior reads plus all writes between A and B. Now, we will show thatw1 or any prior read 
an not be ordered after any remaining operation.Journal of the ACM, Vol. V, No. N, Month 20YY.



A Uni�ed Theory of Shared Memory Consisten
y � 29Case 1: w1 was submitted by pro
ess j. Every read between A and Bis a prior read. The remaining operations are all writes and 
annot beordered by < before w1 by the invariant. The remaining operationsalso 
annot be ordered before any prior read by <. They 
annot beordered by <PO be
ause the write would be by pro
ess j and so wouldbe ordered before w1 whi
h is a 
ontradi
tion. A read and a write 
annotbe ordered by <WO or <AO(<SO) be
ause those two orders only o

urbetween pairs of write operations. Also, a read 
annot be ordered aftera write by <SO.Case 2: w1 was not submitted by pro
ess j. If a remaining operation isa read it is by pro
ess j so it 
annot be ordered before w1 by <PO. Theremaining read also 
annot be ordered before w1 by <WO or <AO(<SO)be
ause those orders only o

ur between pairs of write operations. Theremaining read 
annot be ordered before w1 by <SO be
ause the readwould be to the same variable as w1, and so would be a prior read.The remaining read 
annot be ordered before any prior read be
ause allreads are by pro
ess j so it would be ordered before a prior read by <POmaking it a prior read.If the remaining operation is a write it 
annot be ordered by < beforew1 by the invariant. It 
annot be ordered before a prior read by <WO or<AO(<SO) be
ause those only order pairs of writes. It 
annot be orderedbefore a prior read by <SO be
ause a read 
annot be ordered after awrite by <SO. All that remains is to show that a remaining operationwhi
h is a write 
annot be ordered before a prior read by <PO. Anyprior read, r, 
omes before w1 in <j . The write, w2, whi
h wrote to rmust also 
ome before w1 be
ause <j is serial. If r is to the same variableas w1 then either, w1 <SO w2, or r <SO w1. Sin
e <j respe
ts <SO itmust be the 
ase that r <SO w1. If a remaining operation w3 is orderedbefore a prior read, r1, by <PO then either r1 is to the same variable asw1 in whi
h 
ase r1 <SO w1, or r1 is ordered by <PO before r2 whi
his to the same variable as w1 in whi
h 
ase r2 <SO w1. Therefore,w3 <PO (r1 <PO)r2 <SO w1 so w3 <AO w1 whi
h is a 
ontradi
tion ofthe invariant.In either 
ase, w1 and all prior reads are not ordered after any remainingoperations by<. Now<j is 
hanged as follows: All prior reads are pla
edimmediately before point A preserving their order followed by w1. Allother operations preserve their order. For all pairs of operations that
hange their relative position one must be w1 or a prior read. The othermust be a remaining operation. These pairs 
annot be ordered by < sothe view still respe
ts <.Before the move, <j was serial so ea
h prior read must have read fromthe most re
ent write to that variable. That write must have been beforepoint A be
ause it is anti ordered before w1. The write must still be themost re
ent write to the same variable be
ause the moved read is afterall writes before point A, and every write between the two was therebefore the move when <j was serial. Remaining reads maintained theirJournal of the ACM, Vol. V, No. N, Month 20YY.



30 � R. Steinke and G. Nuttrelative position with all writes ex
ept w1. Remaining reads 
annot beto variable x, and so they too must still read from the most re
ent write.No other pairs of reads and writes 
hanged relative position so <j muststill be serial.Now, move point A to immediately after w1. The next write in <ibe
omes the new w1. This write has not been moved to before point Ain <j so point B is still after point A. The set of writes before w1 in<i have all been moved to before point A in <j , so the invariants aresatis�ed. Therefore, by indu
tion one 
an 
reate views for all pro
essesthat respe
t < and have the write operations in the same order in allviews.Lemma 4.16. For any GPO+GWO+GAO exe
ution it is possible to 
onstru
ta single view 
ontaining all operations that respe
ts pro
ess order and is serial.Proof: From lemma 4.15 
reate views whi
h all have the write opera-tions in the same order. These orders respe
t <PO and are serial. Thentake one of these views and add the read operations of all other pro
essesin the same relative position to the writes as they o

ur in their ownview. The read operations must all be ordered by <PO 
orre
tly withrespe
t to all writes be
ause the writes o

ur in the same order in everyview. Reads ordered with respe
t to ea
h other by <PO 
ome from thesame view, and so they are pla
ed in that order in the new view. Theserial property is not a�e
ted by the relative position of pairs of reads,and every read operation is in the same position relative to all writes,so the view must be serial.Theorem 4.17. GPO+GWO+GAO is equivalent to sequential 
onsisten
y.Proof: Follows dire
tly from lemmas 4.14 and 4.16.Adding GAO almost 
ompletes the latti
e as shown in Figure 13. Sin
e GAOis stronger than GDO any box labeled with GAO will also enfor
e GDO, but thatis not shown for brevity. The latti
e now has three additional new 
onsisten
ymodels: GAO, GPO+GAO, and GWO+GAO. The latti
e is almost 
omplete, butit does not yet 
ontain slow 
onsisten
y. Slow 
onsisten
y would be lo
ated belowboth PRAM and 
a
he, and above lo
al.4.4 Slow Consisten
y as a Combination of PropertiesIn slow 
onsisten
y [Hutto and Ahamad 1990℄, two operations must maintain theirorder only if they are by the same pro
ess and to the same variable. This leads tothe following de�nitions.De�nition 4.18. Two operations are ordered by pro
ess-data order, o1 <PDO o2,i� o1 <PO o2, and o1 <DO o2.De�nition 4.19. An exe
ution is Global Pro
ess-Data Order (GPDO) i�8i2P9 SerialView(<i [ <PDO j(�; i; �; �) [ (w; �; �; �))Theorem 4.20. GPDO is equivalent to slow 
onsisten
y.Journal of the ACM, Vol. V, No. N, Month 20YY.



A Uni�ed Theory of Shared Memory Consisten
y � 31Proof: For any GPDO exe
ution, take the view for a single pro
essor.Divide this view into separate views, one for ea
h variable by restri
tingthe set of operations to operations on a single variable, but maintainingtheir relative order. Pro
ess-data order 
ontains all edges in pro
essorder between operations to the same variable. These views respe
tpro
ess-data order, and 
ontain only operations to a single variable sothey respe
t pro
ess order. These views are exa
tly what is required tosatisfy slow 
onsisten
y.For any slow 
onsistent exe
ution, gather together the views over allvariables for a parti
ular pro
essor. By similar logi
 to Lemma A.16, theunion of these views and<i must be a
y
li
. The union of the views must
ontain every edge in pro
ess-data order. Therefore, any topologi
al sortof the union of the views and <i must respe
t <i [ <PDO. Also, ea
hview is serial. In the topologi
al sort, every pair of operations to thesame variable must preserve their relative position so the topologi
alsort must be serial. The topologi
al sort is exa
tly what is required tosatisfy GPDO.GPDO is more than just a new statement of slow 
onsisten
y. It represents a newway of 
ombining 
onsisten
y properties. We have already seen GPO+GDO as away to 
ombine two models to produ
e a stronger model. Now, GPDO 
ombines twomodels to produ
e a weaker model. This 
ould be done for any pair of properties.For example, pro
ess-anti order orders only operations that are ordered by bothpro
ess order and anti order. GPAO would be weaker than both GPO and GAO.However, it is questionable how useful models this weak would be. Slow 
onsisten
yis essentially only valuable in de�ning syn
hronized models. Perhaps these modelswould be usable with a transition theory, and higher 
onsisten
y operations betweenthem for syn
hronization.4.5 A Latti
e of Consisten
y ModelsThe result of these 
omposable 
onsisten
y properties is the latti
e of 
onsisten
ymodels shown in Figure 13. Every possible 
ombination of properties produ
esa model represented by a box in the latti
e. The top of the latti
e is sequential
onsisten
y, and the bottom is lo
al 
onsisten
y. Every pair of models has a uniqueleast upper bound and greatest lower bound. There are other 
ombinations ofproperties demonstrated in this work su
h as GPO\GDO, and GPAO. These arenot shown in the latti
e for brevity, and be
ause their utility is unknown. GPDOis shown in the latti
e be
ause slow 
onsisten
y is a well known and widely usedmodel.One 
an think of every box in the latti
e as representing a set of exe
utions thatsatis�es that model, and no stronger model in the latti
e. To show that everybox of the latti
e is non-empty we provide example exe
utions that violate ea
h ofthe four 
onsisten
y properties. To derive an example exe
ution for a parti
ularbox, 
ombine the exe
utions violating all the properties not 
ontained in that box.Figure 12 given when de�ning anti-order in Subse
tion 4.3 provides an exe
utionthat violates GAO without violating any of the other three properties.Figure 14 provides an exe
ution that violates GDO (and thus GAO), but doesJournal of the ACM, Vol. V, No. N, Month 20YY.



32 � R. Steinke and G. Nutt GPO+GWO+GAOSequential�������� HHHHHHHHGPO+GAO GPO+GDO+GWODe�ned in [Ahamad et al. 1993℄GWO+GAO��������
��������
����������������GPO+GDOPro
essor GPO+GWOCausal GDO+GWO������
��������
��������������GAOGPOPRAM GDOCa
he GWOHHHH ���� ��������GPDOSlowXXXX;Lo
alFig. 13. The Complete Latti
e of Consisten
y Models

p5 (w; p5; a; 1) (r; p5; a; 2)p6 (w; p6; a; 2) (r; p6; a; 1)Fig. 14. An Exe
ution That Violates GDOJournal of the ACM, Vol. V, No. N, Month 20YY.



A Uni�ed Theory of Shared Memory Consisten
y � 33p7 (r; p7; b; 2) (w; p7; 
; 1)p8 (r; p8; 
; 1) (w; p8; b; 2)Fig. 15. An Exe
ution That Violates GWOp9 (w; p9; d; 1) (w; p9; e; 2)p10 (r; p10; e; 2) (w; p10; d; 3) (r; p10; d; 1)Fig. 16. An Exe
ution That Violates GPOnot violate GPO or GWO. From 
ondition 3 of data order:(w; p5; a; 1) <DO (w; p6; a; 2) <DO (w; p5; a; 1)Therefore, there is a 
y
le in <DO so the exe
ution is not GDO. However, write-read-write order is empty. The following views satisfy <PO and <WO, and areserial.p5 : (w; p5; a; 1) <5 (w; p6; a; 2) <5 (r; p5; a; 2)p6 : (w; p6; a; 2) <6 (w; p5; a; 1) <6 (r; p6; a; 1)Figure 15 provides an exe
ution that violates GWO, but does not violate GPO,GDO, or GAO. The following 
y
le exists.(w; p7; 
; 1) <WO (w; p8; b; 2) <WO (w; p7; 
; 1)These two writes must be present in all views, so no view 
an respe
t <WO. Ea
hwrite is data ordered before the read it writes-to. Serial order and anti order areempty. The following views satisfy <PO, <DO, <AO(<SO), <SO, and are serial.p7 : (w; p8; b; 2) <7 (r; p7; b; 2) <7 (w; p7; 
; 1)p8 : (w; p7; 
; 1) <8 (r; p8; 
; 1) <8 (w; p8; b; 2)To produ
e an exe
ution that satis�es only GPO and no stronger model in thelatti
e, de�ne an exe
ution 
ontaining p5 and p6 from Figure 14 and p7 and p8 fromFigure 15. Likewise, to 
reate an exe
ution satisfying only GPO+GDO 
ombineFigure 12 with Figure 15, and so forth.Figure 16 provides an exe
ution that violates GPO, but does not violate GDO,GWO, or GAO. In order for the view for p10 to be serial, (w; p9; e; 2) must 
omebefore (r; p10; e; 2), and (w; p9; d; 1) must 
ome after (w; p10; d; 3). In order to respe
tlo
al order, (r; p10; e; 2) must 
ome before (w; p10; d; 3). Therefore, (w; p9; e; 2) must
ome before (w; p9; d; 1) whi
h does not respe
t <PO.The following are the de�nitions of <DO and <WO for this exe
ution.(w; p10; d; 3) <DO (w; p9; d; 1) <DO (r; p10; d; 1)(w; p9; e; 2) <DO (r; p10; e; 2)(w; p9; e; 2) <WO (w; p10; d; 3)With the following de�nition of serial order, anti order is empty.Journal of the ACM, Vol. V, No. N, Month 20YY.



34 � R. Steinke and G. Nuttp11 (w; p11; f; 1) (w; p11; g; 4) (r; p11; g; 3)p12 (w; p12; g; 3) (w; p12; f; 2) (r; p12; f; 1)Fig. 17. An Exe
ution That Satis�es GWO+GAO(w; p10; d; 3) <SO (w; p9; d; 1)The following view for p10 satis�es <DO, <WO, <AO(<SO), <SO, <p10Lo
al, andis serial.p10 : (w; p9; e; 2) <10 (r; p10; e; 2) <10 (w; p10; d; 3) <10 (w; p9; d; 1) <10(r; p10; d; 1)However, the view for p9 is not as simple. The following 
y
le exists.(w; p10; d; 3) <SO (w; p9; d; 1) <p9Lo
al (w; p9; e; 2) <WO (w; p10; d; 3)No view 
an be written for p9 that satis�es GWO+GAO. However, separateviews 
an be written, one that satis�es GWO, and one that satis�es GAO.p9(GWO) : (w; p9; d; 1) <9 (w; p9; e; 2) <9 (w; p10; d; 3)p9(GAO) : (w; p10; d; 3) <9 (w; p9; d; 1) <9 (w; p9; e; 2)Therefore, this exe
ution satis�es GAO, and no stronger model in the latti
e.It also satis�es GWO, and no stronger model in the latti
e. By 
ombining thisexe
ution with Figure 12 we a
hieve an exe
ution that satis�es only GDO. All thatremains is to �nd exe
utions that satisfy GWO+GAO and GDO+GWO.Figure 17 satis�es GWO+GAO, but not GPO+GWO+GAO. Below is the de�-nition of <DO.(w; p12; f; 2) <DO (w; p11; f; 1) <DO (r; p12; f; 1)(w; p11; g; 4) <DO (w; p12; g; 3) <DO (r; p11; g; 3)The following de�nition of serial order must be 
hosen.(w; p11; g; 4) <SO (w; p12; g; 3)If not then (w; p11; g; 4) must be ordered after (r; p11; g; 3) whi
h violates theorder <p11Lo
al. Likewise for (w; p12; f; 2) and (r; p12; f; 1). <WO and <AO(<SO)are empty. The following 
y
le exists.(w; p11; g; 4) <SO (w; p12; g; 3) <PO (w; p12; f; 2) <SO (w; p11; f; 1) <PO(w; p11; g; 4)Therefore, it is impossible for any view to respe
t both <PO and <SO. So theexe
ution is not GPO+GAO, and hen
e it is not GPO+GWO+GAO. However,this exe
ution is GWO+GAO as the following views demonstrate.p11 : (w; p12; f; 2) <11 (w; p11; f; 1) <11 (w; p11; g; 4) <11(w; p12; g; 3) <11 (r; p11; g; 3)p12 : (w; p11; g; 4) <12 (w; p12; g; 3) <12 (w; p12; f; 2) <12(w; p11; f; 1) <12 (r; p12; f; 1)Journal of the ACM, Vol. V, No. N, Month 20YY.



A Uni�ed Theory of Shared Memory Consisten
y � 35To 
reate an exe
ution that satis�es GDO+GWO and no stronger model 
om-bine this exe
ution with Figure 12. The 
omplete latti
e as shown in Figure 13is a powerful new way to des
ribe and organize 
onsisten
y models. Every non-syn
hronized model des
ribed in Se
tion 2 is en
ompassed by the latti
e model.In addition, �ve new 
onsisten
y models are un
overed by the symmetry of thelatti
e. Every model in the latti
e has a non-empty set of exe
utions whi
h satisfythat model and no stronger model in the latti
e. Finally, new 
onsisten
y proper-ties would be easy to integrate into the latti
e if they are dis
overed. Syn
hronizedmodels are not 
overed dire
tly by the latti
e. Instead, syn
hronized models 
anbe viewed as pro
esses submitting some operations under one 
onsisten
y model,and some operations under another 
onsisten
y model, i.e. a 
onsisten
y transi-tion. Syn
hronized models will 
overed in Se
tion 5 on 
onsisten
y transitions. Thelatti
e model fa
ilitates the de�nition of 
onsisten
y transitions be
ause any twomodels are easily 
ompared by the properties they enfor
e.5. CONSISTENCY TRANSITIONSOur �nal generalization of 
onsisten
y models is the idea of 
onsisten
y transitions.In syn
hronized 
onsisten
y models, a program exe
utes ordinary operations witha relaxed 
onsisten
y model, usually slow 
onsisten
y. O

asionally, the programexe
utes syn
hronization operations with a stronger 
onsisten
y model, usually se-quential 
onsisten
y. These syn
hronization operations enfor
e additional orderingrestri
tions between ordinary operations. This 
an be viewed as a 
onsisten
y tran-sition where the pro
ess exe
uting a syn
hronization operation temporarily requestsa stronger level of 
onsisten
y. Our goal is to develop a general theory of 
onsis-ten
y transitions between any two 
onsisten
y models, not just slow and sequential.Syn
hronized models require the following.(1) All syn
hronization operations must be sequentially 
onsistent.(2) All ordinary operations must be slow 
onsistent.(3) The order <D must be respe
ted between syn
hronization and ordinary oper-ationsSequential 
onsisten
y is equivalent to GPO+GWO+GAO. So the �rst 
ondition
an be satis�ed with serial views on syn
hronization operations.8i2P9 SerialView(<i [ <PO [ <WO [ <SO [ <AO(<SO) j(sr; i; �; �) [ (sw; �; �; �))Weak 
onsisten
y does not in
lude a
quire and release operations. Instead, syn-
hronization operations are spe
ial read and write operations. To distinguish themwe use the operation types sr for syn
hronized read and sw for syn
hronized write.Remember that for other syn
hronized models the writes-to relation is de�ned witha
quire operations treated as reads, and release operations treated as writes. If ana
quire is de�ned as an sr and a release as an sw this de�nition is equally valid forevery syn
hronized model.Slow 
onsisten
y is equivalent to GPDO. So the se
ond 
ondition 
an be satis�edby serial views on ordinary operations.8i2P9 SerialView(<i [ <PDO j(or; i; �; �) [ (ow; �; �; �))Journal of the ACM, Vol. V, No. N, Month 20YY.



36 � R. Steinke and G. Nuttp1 (r; p1; y; 2) (sw; p1; z; 3) (w; p1; x; 1)p2 (r; p2; x; 1) (sw; p2; z; 4) (w; p2; y; 2)Fig. 18. An Exe
ution that violates weak 
onsisten
yThe operation type or is used for ordinary read, and ow for ordinary write. Theviews for syn
hronization and ordinary operations are very similar. They ea
h haveone view per pro
essor, and ea
h view 
ontains the reads of that pro
essor plus allwrites. It would be ni
e to 
ombine these views into a single view for ea
h pro
essor
ontaining both syn
hronization and ordinary operations. The view would have torespe
t the ordering among syn
hronization operations, <syn
h,<syn
h�<PO [ <WO [ <SO [ <AO(<SO) j(sr; i; �; �) [ (sw; �; �; �)and the ordering among ordinary operations, <ord,<ord�<PDO j(r; i; �; �) [ (w; �; �; �)and it would have to respe
t <i and <D. However, this straightforward approa
hhas some problems.Figure 18 satis�es all of these properties and still does not satisfy weak 
onsis-ten
y as the following views demonstrate.p1 : (sw; p2; z; 4) <1 (w; p2; y; 2) <1 (r; p1; y; 2) <1 (sw; p1; z; 3) <1(w; p1; x; 1)p2 : (sw; p1; z; 3) <2 (w; p1; x; 1) <2 (r; p2; x; 1) <2 (sw; p2; z; 4) <2(w; p2; y; 2)Noti
e that the syn
hronized writes are unordered by <syn
h. They may o

urin either order, but in this exe
ution they are seen to o

ur in di�erent orders bydi�erent pro
esses. Does this violate the assertion that syn
hronization operationsmust be sequentially 
onsistent? After all, the syn
hronization operations by them-selves, ignoring ordinary operations, are sequentially 
onsistent. The reason for this
onundrum 
omes from a slight dis
repan
y between the intuitive de�nition and theformal de�nition of sequential 
onsisten
y. The intuitive de�nition 
an be statedlike this.There is a single total order of events, and all pro
esses agree that theevents happened in that order.However, the formal de�nition requires that there exist at least one order ofevents that every pro
ess 
an agree on. There may be more than one order ofevents that would satisfy every pro
ess, and there is no way to distinguish a single
orre
t order from the sequentially 
onsistent operations alone. This problem isnot an artifa
t of our de�nition of GPO+GWO+GAO. It 
an still o

ur with theoriginal de�nition of sequential 
onsisten
y. Below is a restatement of the de�nitiongiven previously for syn
hronized 
onsisten
y models ex
ept that the positions of8i2P;x2V and 9 <seq= : : : have been reversed.Journal of the ACM, Vol. V, No. N, Month 20YY.



A Uni�ed Theory of Shared Memory Consisten
y � 378i2P;x2V 9 <seq=SerialView(<PO j(s; �; �; �)), and<S=the transitive 
losure of <D [ <seq , and9 SerialView(<S [ <PO j(�; i; x; �) [ (w; �; x; �))The syn
hronized operations are sequentially 
onsistent, but ea
h pro
ess getsto 
hoose it's own de�nition of <seq . This 
auses the same problem. The originalde�nition resolved this problem by requiring that the de�nition of <S for everypro
ess be based on a single de�nition of <seq . This same strategy 
an be usedwith GPO+GWO+GAO to generate the de�nition given below. Note that allsyn
hronized reads must be in
luded in every view. This will be addressed later.Theorem 5.1. The following de�nition is equivalent to syn
hronized model 
on-sisten
y8i2P9 SerialView(<i [ <syn
h [ <ord [ <D j(or; i; �; �)[(ow; �; �; �)[(sr; �; �; �)[(sw; �; �; �)) and all syn
hronization operationsappear in the same order in every view.Proof: For an exe
ution that satis�es the above views, 
onstru
t theoriginal de�nition syn
hronized 
onsistent views as follows. The view<seq is the total order on syn
hronization operations that o

urs in everyview. Any two ordinary operations ordered by <S must be ordered bya transitive 
hain 
ontaining only syn
hronization operations. The per-pro
ess views 
ontain all syn
hronization operations and respe
t <Dand <seq so they must also respe
t <S. Constru
t the per-pro
ess per-variable slow 
onsistent views required by weak 
onsisten
y from theper-pro
ess GPDO 
onsistent views as shown in Theorem 4.20. Thenew views will respe
t the old views so they will respe
t <S.For an exe
ution that satis�es the original de�nition of syn
hronized
onsisten
y, 
onstru
t the above views as follows. Begin with all thesyn
hronization operations in the order spe
i�ed by <seq . This is theorder in whi
h they will appear in every per-pro
ess view. The syn
hro-nization operations must respe
t <syn
h be
ause by Lemma 4.14 everysequentially 
onsistent view respe
ts pro
ess order, write-read-write or-der, serial order, and anti order. Any single per-pro
ess, per-variableslow 
onsistent view 
an always be 
ombined with with the syn
hroniza-tion operations in a way that respe
ts <D be
ause the view respe
ts <Swhi
h is the transitive 
losure of <seq and <D. Combine all slow 
onsis-tent views with the syn
hronization operations in this way ignoring, fornow, the order between operations from di�erent slow 
onsistent views.The resulting view will respe
t <syn
h, <ord, and <D. All that remainsis to show that it respe
ts <i.Between two syn
hronization operations, the ordinary operations 
analways be rearranged as a topologi
al sort of <ord [ <i whi
h is a
y
li
by Lemma A.16. Two ordinary operations separated by syn
hronizationoperations 
annot be out of order with respe
t to <i be
auseo1 <D s1 <seq s2 <D o2 <i o1This implies that s2 is pro
ess ordered before s1, but appears after itin <seq whi
h is a 
ontradi
tion. Journal of the ACM, Vol. V, No. N, Month 20YY.



38 � R. Steinke and G. Nuttp1 (r; p1; y; 2) (sw; p1; z; 3) (w; p1; x; 1)p2 (r; p2; x; 1) (sw; p2; z; 4) (w; p2; y; 2)Fig. 19. Linearizability for Syn
hronization OperationsShould all pro
esses be required to see the same total order of syn
hronizationoperations, or is it suÆ
ient that the syn
hronization operations are sequentially
onsistent? We argue that sequentially 
onsisten
y of syn
hronization operationsshould be suÆ
ient even if this allows di�erent pro
esses see di�erent total orders.First, we feel that the intuitive de�nition is in fa
t enfor
ing a 
onsisten
y modelstronger than sequential. For example, linearizability [Herlihy and Wing 1990℄assumes the existen
e of a global Newtonian 
lo
k. The pro
esses may not havea

ess to this 
lo
k, but it does exist. Ea
h operation spans a 
ertain period oftime. A linearizable exe
ution must be sequential, and in addition if two operationshave non-overlapping time spans they must appear in the sequential view in thatorder. Perhaps this problem would be solved if syn
hronization operations werelinearizable, and ordinary operations had de�ned time spans and were for
ed torespe
t 
ertain linearizable restri
tions with syn
hronization operations.For example, Figure 19 shows how linearizability 
ould solve this problem forFigure 18. Even if the time spans for (sw; p1; z; 3) and (sw; p2; z; 4) overlap, i.e.they 
an be seen in either order, there is no way that (r; p1; y; 2) and (w; p2; y; 2)
an overlap while (r; p2; x; 1) and (w; p1; x; 1) also overlap. The de�nitions given forsyn
hronized 
onsisten
y models expli
itly state that syn
hronization operationsmust be sequentially 
onsistent. However, the implementations given with thosede�nitions impli
itly enfor
e linearizability over syn
hronization operations. Theauthors of the various models did not appre
iate the e�e
t of this slight distin
tion.Another reason not to require every pro
ess to see the same total order is on
eagain the argument over the distin
tion between memory model and programmingmodel. The reader may have noti
ed that Figure 18 does not implement any kindof mutual ex
lusion or barrier behavior. The program does not know in whi
h orderthe syn
hronized writes o

urred, but is relying on the fa
t that they o

urred inthe same order at all pro
esses. If the program knows that two syn
hronizationoperations o

urred in a parti
ular order the problem disappears. If the operationsare ordered by <syn
h then they must appear in that order in all views. In ouropinion, if the programmer needs two operations to o

ur in the same order in allviews then the 
ontrol and data 
ow of the program must be able to dete
t in whatorder they o

urred. This is part of the programming model, not the 
onsisten
ymodel. In parti
ular, this problem does not o

ur for data-ra
e-free programs be-
ause every pair of 
on
i
ting ordinary operations is separated by syn
hronizationoperations with 
ontrol or data dependen
ies. I.e. the syn
hronization operationsmust be ordered by <syn
h. We propose to re-de�ne <S for syn
hronized 
onsis-ten
y models. Rather than being the transitive 
losure of <D [ <seq it should bethe transitive 
losure of <D [ <syn
h. Essentially, the syn
hronization operationsmust be sequentially 
onsistent, and if the program 
an tell that two syn
hroniza-tion operations happened in a parti
ular order then they must be pla
ed in thatJournal of the ACM, Vol. V, No. N, Month 20YY.



A Uni�ed Theory of Shared Memory Consisten
y � 39order in all pro
ess' views. This leads to a revised de�nition of syn
hronized model
onsisten
y.De�nition 5.2. For a given de�nition of <D, an exe
ution is syn
hronized model
onsistent with the new de�nition <S i�9 <seq=SerialView(<PO j(s; �; �; �)), and<S=the transitive 
losure of <D [ <syn
h, and8i2P;x2V 9 SerialView(<S [ <PO j(�; i; x; �) [ (w; �; x; �))Theorem 5.3. The following de�nition is equivalent to syn
hronized model 
on-sisten
y with the new de�nition <S8i2P9 SerialView(<i [ <syn
h [ <ord [ <D j(or; i; �; �)[(ow; �; �; �) [ (sr; �; �; �) [ (sw; �; �; �))Proof: For an exe
ution that satis�es the above views, 
onstru
t thesyn
hronized 
onsistent views as follows. The order <seq is taken fromany of the views as they all 
ontain all syn
hronization operations. Anytwo ordinary operations ordered by <S must be ordered by a transi-tive 
hain 
ontaining only syn
hronization operations. The per-pro
essviews 
ontain all syn
hronization operations and respe
t <D and <syn
hso they must also respe
t <S. Constru
t the per-pro
ess per-variableslow 
onsistent views required by weak 
onsisten
y from the per-pro
essGPDO 
onsistent views as shown in Theorem 4.20. The new views willrespe
t the old views so they will respe
t <S .For an exe
ution that satis�es the new de�nition of syn
hronized 
on-sisten
y, 
onstru
t the above views as follows. There must be at leastone order of syn
hronization operations that respe
ts <syn
h be
ause<seq exists. Furthermore, ea
h per-pro
ess, per-variable slow 
onsistentview respe
ts <S so it 
an always be 
ombined with an ordering of syn-
hronization operations that respe
ts <syn
h and <D. By similar logi
as above, 
ombine all operations for a single pro
ess into a single view,and the view will respe
t <i.Now we will deal with the fa
t that every syn
hronized read must be pla
ed inevery view. The proof above relies on the fa
t that if o1 <S o2 then o1 and o2 mustbe pla
ed in that order in every view in whi
h they both o

ur. This is enfor
ed bythe fa
t that every view 
ontains all syn
hronization operations and respe
ts <Dand <syn
h. If some view were not to 
ontain some syn
hronized reads this mightnot hold. There are two 
ases in whi
h ordinary operations 
an be ordered by <S .Case 1, o1 and o2 are linked by a transitive 
hain 
ontaining at least one sw. Inthis 
ase, the sw will be in every view so we 
an just link the ordinary operationsto the syn
hronized write instead of any possible syn
hronized reads in the 
hain.Case 2, o1 and o2 are linked by a transitive 
hain 
ontaining only syn
hronizedreads. In this 
ase, we 
an link the ordinary operations to ea
h other. This willbe 
alled transitive order, <T . In De�nition 5.4, <+syn
h refers to traversing one ormore edges of <syn
h.De�nition 5.4. Transitive order, <T , is de�ned asJournal of the ACM, Vol. V, No. N, Month 20YY.



40 � R. Steinke and G. Nuttif o <D sr <+syn
h sw then o <T swif sw <+syn
h sr <D o then sw <T oif o1 <D sr <D o2 then o1 <T o2if o1 <D sr1 <+syn
h sr2 <D o2 then o1 <T o2Now we have another equivalent de�nition of syn
hronized model 
onsisten
ywhere ea
h per-pro
ess view 
ontains only it's own reads whether ordinary or syn-
hronized.Theorem 5.5. The following de�nition is equivalent to syn
hronized model 
on-sisten
y with the new de�nition <S8i2P9 SerialView(<i [ <syn
h [ <ord [ <D [ <T j(or; i; �; �) [(ow; �; �; �) [ (sr; i; �; �) [ (sw; �; �; �))Proof: By Lemma 4.16 it must still be possible to 
onstru
t the view<seq . Also, the views must still respe
t <S be
ause any transitive 
hainin <D and <syn
h must be re
e
ted in the operations present in ea
hview through <D, <syn
h, and <T .Now this de�nition 
an be generalized. The de�nition says that sequential 
on-sisten
y operations must be sequentially 
onsistent with ea
h other, slow 
onsistentoperations must be slow 
onsistent with ea
h other, and operations of di�erent
onsisten
y levels must respe
t <D and <T between them. There is no reason thisde�nition has to be limited to sequential and slow 
onsisten
y, or limited to justtwo 
onsisten
y levels. Ea
h operation 
an be submitted under a di�erent 
onsis-ten
y model; any model within the latti
e. This leads to a generalized de�nitionof memory 
onsisten
y. Ea
h operation is 
onsidered to be labeled with a subsetof the 
onsisten
y properties, and two operations must respe
t an order su
h aspro
ess order if they are both labeled with the global pro
ess order property.De�nition 5.6. Two operations are ordered by syn
hronization order o1 <syn
ho2 i� both are labeled GPO and o1 <PO o2, orboth are labeled GDO and o1 <DO o2, orboth are labeled GWO and o1 <WO o2, orboth are labeled GAO and o1 <SO o2 or o1 <AO(<SO) o2, orboth are labeled GPDO and o1 <PDO o2. . .De�nition 5.7. For a given de�nition of <D, an exe
ution satis�es generalizedmemory 
onsisten
y i�8i2P9 SerialView(<i [ <syn
h [ <D [ <T j(r; i; �; �) [ (w; �; �; �))So a 
onsisten
y model is de�ned by spe
ifying <D and labeling operations with
onsisten
y properties. To simulate the non-syn
hronized models, <D is empty andall operations are labeled with the 
onsisten
y properties of that model. <syn
hredu
es to the union of the orders representing the labeled properties. For exam-ple, if all operations are labeled GPO+GWO, this de�nition redu
es to the originalde�nition of 
ausal 
onsisten
y. To simulate the syn
hronized 
onsisten
y mod-els, use <D given for that model. Syn
hronization operations are labeled withJournal of the ACM, Vol. V, No. N, Month 20YY.



A Uni�ed Theory of Shared Memory Consisten
y � 41Pro
ess p1 Pro
ess p2The initial value of x is 0;y = f(input);x = 1; syn
h while(x==0) wait; syn
hread(y);Fig. 20. A Data-Ra
e-Free ProgramGPO+GWO+GAO, and ordinary operations are labeled with GPDO. This de�ni-tion 
an also a

ommodate the variant of release 
onsisten
y where syn
hronizationoperations respe
t pro
essor 
onsisten
y. To simulate lo
ation 
onsisten
y all thatis needed is to repla
e SerialView with SerialPartialView as given in De�nition 3.11.These new de�nitions also allow new ideas about what it means for a programto be data-ra
e-free [Adve and Hill 1993℄. A data-ra
e-free program is one thatwill only produ
e sequential exe
utions even when the memory system supportsa parti
ular 
onsisten
y model weaker than sequential 
onsisten
y. For example,Figure 20 
ontains a program that will only produ
e sequential exe
utions when it isrun under weak 
onsisten
y. This program is said to be weak-sequential data-ra
e-free. A program may be data-ra
e-free for some non-sequential 
onsisten
y models,and not data-ra
e-free for others [Ghara
horloo et al. 1990℄. The operations on xare syn
hronization operations. In order to exit the loop, p2 must read 1 from x.Therefore, the following ordering restri
tions exist.(w; p1; y; f(input)) <D (w; p1; x; 1) 7! (r; p2; x; 1) <D (r; p2; y; ?)The view for p2 must 
ontain all of these operations. If weak 
onsisten
y isenfor
ed, then <D must be respe
ted, and 7! must be respe
ted be
ause the viewis serial. There are no other writes to y, so (r; p2; y; ?) must return the valuewritten by (w; p1; y; f(input)). If this value is returned then the exe
ution is alsosequentially 
onsistent. One goal of syn
hronized 
onsisten
y models is to simulatesequential 
onsisten
y in this manner. This work provides a new, formal de�nitionof what it means to be a data-ra
e-free program. A program is data-ra
e-free ifand only if, for any exe
ution produ
ed by the program,Given the de�nition of <D and labeling of operations required for weak
onsisten
y:9 <SO 8i9SerialView(<i [ <syn
h [ <D [ <T j(�; i; �; �)[(w; �; �; �))implies9 <SO 8i9SerialView(<PO [ <WO [ <AO(<SO) [ <SO j(�; i; �; �) [(w; �; �; �))This literally says that if the program produ
es a weak 
onsistent exe
ution,then that same exe
ution is also sequentially 
onsistent. If the program is run inan environment that only produ
es weak 
onsistent exe
utions, then the programwill only produ
e sequentially 
onsistent exe
utions. This de�nition of data-ra
e-free is very general, but may not be too helpful to programmers. It does notgive insight on how to write a program that satis�es the 
ondition, and it may beJournal of the ACM, Vol. V, No. N, Month 20YY.



42 � R. Steinke and G. Nutthard to prove that a parti
ular program satis�es the 
ondition. For example, itdoes not even require that the same de�nition of serial order be used to produ
ethe weak 
onsistent views as the sequentially 
onsistent views. One 
ould providesimpler, 
onservative de�nitions that are easier to implement and prove, but stillenfor
e the above 
ondition. For example, if every pair of operations ordered by<PO [ <WO [ <AO(<SO) [ <SO were also ordered by <i [ <syn
h [ <D [ <Tthen the 
ondition would hold. A further restri
tion along these lines is to say thatevery pair of ordinary operations to the same variable must be separated by 
ontroland data dependen
ies among syn
hronization operations whi
h is the traditionalde�nition of data-ra
e-free. This new uniform notation may allow more pre
ise,less 
onservative formulations of the 
lass of data-ra
e-free programs.6. CONCLUSIONS AND FUTURE WORKThe thesis of this work is that every useful shared memory 
onsisten
y model (wellknown and often used models in the literature) 
an be des
ribed by a single uni-fying framework. This work presents su
h a framework in the form of a latti
eof primitive 
onsisten
y properties, and a theory of transitions within the latti
e.Shared memory 
an be viewed as an abstra
t API of interpro
ess 
ommuni
ationparameterized by its 
onsisten
y model. This API 
an be implemented in environ-ments with physi
ally shared memory banks in hardware. Or in environments withno physi
ally shared memory, as in distributed shared memory systems. This styleof interpro
ess 
ommuni
ation is appropriate for many types of appli
ations whi
h
an leverage resear
h done on memory implementations and memory 
onsisten
ymodels.The �rst 
ontribution of this work is the dis
overy of four fundamental 
onsis-ten
y properties. Global Pro
ess Order enfor
es the 
ondition that all operationsby a single pro
ess are seen everywhere in the system to o

ur in the order in whi
hthey were submitted. Global Data Order enfor
es the 
ondition that for ea
h vari-able, there exists at least one total order of operations whi
h every pro
ess 
anagree 
ould have been the a
tual order of those operations. Combining these twoorders produ
es another 
onsisten
y model, GPO+GDO, very similar to pro
essor
onsisten
y. The di�eren
e arises in the fa
t that there may be more than one possi-ble total order on ea
h variable whi
h satis�es data order. However, data order 
anbe augmented to be a total order on operations to ea
h variable. Pro
essor 
onsis-ten
y is equivalent to pro
ess order plus this augmented data order. This method of
ombining 
onsisten
y properties is a general method whi
h 
an be used to 
reatea latti
e of 
onsisten
y models. Any two properties 
an be 
ombined in this wayto produ
e a 
onsisten
y model stronger than either property alone. This work hasalso identi�ed another 
ombination operator whi
h produ
es a new model weakerthan either property alone. In this 
ase, GPDO produ
es slow 
onsisten
y. Thus,all possible 
ombinations of 
onsisten
y properties produ
e a latti
e of models.The third property, Global Write-read-write Order enfor
es aspe
ts of 
ausality.It is de�ned su
h that GPO+GWO is equivalent to 
ausal 
onsisten
y. It is theweakest property (the smallest set of edges) for whi
h this is true. The fourthproperty is Global Anti Order. Anti order is de�ned su
h that all four properties
ombined produ
e a model equivalent to sequential 
onsisten
y. To a

omplish this,Journal of the ACM, Vol. V, No. N, Month 20YY.



A Uni�ed Theory of Shared Memory Consisten
y � 43Global Anti Order requires two ordering relations among operations, anti order andserial order. Serial order 
aptures the restri
tion that every read must read fromthe most re
ent write. Anti order is based on both serial order and data order. This
omplexity is required as any weaker de�nition of anti order was not suÆ
ient toenfor
e equivalen
e to sequential 
onsisten
y. Another side e�e
t of this 
omplexityis that Global Anti Order is not orthogonal to all three other properties. It is stri
tlystronger than data order.The se
ond 
ontribution of this work is the 
on
ept of a 
onsisten
y latti
e. Asstated before, enumerating every 
ombination of the four 
onsisten
y propertieswith both 
ombination operators produ
es a latti
e of 
onsisten
y models. Thestrongest model in the latti
e is sequential 
onsisten
y, and the weakest is lo
al
onsisten
y. Every non-syn
hronized 
onsisten
y model des
ribed in Subse
tion 2.2is equivalent to a node in this latti
e. The latti
e model validates the derived 
on-sisten
y properties as ne
essary and suÆ
ient to des
ribe all su
h models. Further-more, for every 
onsisten
y model in the latti
e there exists a non-empty set ofexe
utions a

epted by that model and no stronger model in the latti
e.The third 
ontribution of this work is that the latti
e in
ludes �ve previouslyunnamed, non-empty 
onsisten
y models: GWO, GAO, GDO+GWO, GPO+GAO,GWO+GAO. We believe the most promising of these is GDO+GWO. It is a data-
entri
 version of 
ausality where operations are pla
ed in 
ausal order when theyare applied to their variable, not when they are issued by their pro
ess.The fourth 
ontribution of this work is a transition theory over the 
onsisten
ylatti
e. The uniform latti
e framework assists in the development of the transitiontheory be
ause any two models 
an be 
ompared by their properties, and transi-tions 
an be viewed as adding or removing properties. The transition theory wasevaluated against syn
hronized 
onsisten
y models, and every syn
hronized modeldes
ribed in Se
 2.3 
an be modeled by this transition theory. This led to the devel-opment of a single statement of 
onsisten
y 
alled generalized 
onsisten
y. Undergeneralized 
onsisten
y, every operation is labeled with a set of 
onsisten
y prop-erties. Consisten
y requirements among operations depend on their labelings. Ifevery operation is labeled with the same set of properties, generalized 
onsisten
ysimulates the non-syn
hronized 
onsisten
y model represented by the 
ombinationof those properties. Various other labelings simulate the transitions equivalent tothe syn
hronized models.In the future, this work 
an be extended in several dire
tions. In the latti
e, the�ve new 
onsisten
y models need to be examined to determine intuitive de�nitionsof the e�e
ts enfor
ed by those models, and whether existing appli
ations may beable to take better advantage of the new models. The spa
e of 
onsisten
y modelsaround pro
essor 
onsisten
y needs to be explored in more detail as well as othermethods of 
ombining properties su
h as GPO\GDO and GPAO. Finally, eÆ
ientimplementations 
ould be examined with regards to what 
onsisten
y propertiesthey enfor
e. A latti
e of implementations related to the latti
e of 
onsisten
ymodels would be helpful in automating sele
tion of memory implementations.Re
eived Month Year; revised Month Year; a

epted Month YearJournal of the ACM, Vol. V, No. N, Month 20YY.
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46 � R. Steinke and G. Nuttwhi
h the operation is applied, and v is a valid value for the variable x. We alsode�ne the following 
onvenien
e fun
tions:operation((op; i; x; v)) � op,pro
ess((op; i; x; v)) � i,variable((op; i; x; v)) � x, andvalue((op; i; x; v)) � vDe�nition A.3. An operation pattern is a way of representing a subset of O. It iswritten as a tuple (op; i; x; v) like an operation, and the same 
onvenien
e fun
tionsare de�ned as for operations, but one or more of its elements has the value �. Anoperation pattern represents the set of all operations in O that mat
h the patternin all attributes that are not �. Formally, if O0 is an operation pattern and o is anoperation theno 2 O0 i� o 2 O ^(operation(O0) = operation(o) _ operation(O0) = �)^(pro
ess(O0) = pro
ess(o) _ pro
ess(O0) = �)^(variable(O0) = variable(o) _ variable(O0) = �)^(value(O0) = value(o) _ value(O0) = �)For example, (r; p1; x; 5) denotes that pro
ess p1 read the variable x, and re
eivedthe value 5. (w; �; �; �) denotes the set of all write operations.De�nition A.4. O is a set of operations su
h that(8r2(r;�;�;�)j(w; �; variable(r); value(r))j = 1)V(8x2V (w; �; x;?) 2 O)where � is a spe
ial symbol not used to denote any pro
ess, and ? is a spe
ialvalue that 
annot be written by any pro
ess. The operation (w; �; x;?) is 
alledthe initial write of x.De�nition A.5. Lo
al order for pro
ess i, <i, is a relation su
h that(8oi;oj2(�;i;�;�)oi <i oj � oj <i oi)V(8x2V;o2(�;i;�;�) (w; �; x;?) <i o)De�nition A.6. Pro
ess order, <PO, is a relation su
h that<PO� [i2P <iDe�nition A.7. Writes-to order, 7!, is a relation su
h that8r2(r;�;�;�)9i2P (w; i; variable(r); value(r)) 7! rThese de�nitions say that the set O in
ludes a unique write for every read and aninitial write for every variable. Operations by a single pro
ess are totally orderedand are ordered after all initial writes by lo
al order. Pro
ess order is the union ofall lo
al orders. Without loss of generality, we assume that every variable has aninitial write, and writes are uniquely valued. As a 
onsequen
e of this, for every readthere exists exa
tly one write that writes-to that read. Writes-to order is redundantwith the values returned by read operations. Knowing either one determines theother, but both are de�ned for 
onvenien
e.An exe
ution de�nes the operations that were submitted to a memory system andthe externally visible behavior of the memory system whi
h 
onsists of the valuesreturned to all reads. Now we need to relate the behavior of the memory systemJournal of the ACM, Vol. V, No. N, Month 20YY.
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y � 47P = fp1; p2g P = fp1gV = fx; yg V = fxgO = f(w; �; x;?); (w; �; y;?) O = f(w; �; x;?); (w; p1; x; 1);(w; p1; x; 1); (r; p1; y; 2); (w; p1; x; 2); (r; p1; x; 1)g(r; p2; x; 1); (w; p2; y; 2)g(w; �; x;?) <PO (w; p1; x; 1) <PO (r; p1; y; 2) (w; �; x;?) <PO (w; p1; x; 1) <PO(w; �; y;?) <PO (w; p1; x; 1) <PO (r; p1; y; 2) (w; p1; x; 2) <PO (r; p1; x; 1)(w; �; x;?) <PO (r; p2; x; 1) <PO (w; p2; y; 2)(w; �; y;?) <PO (r; p2; x; 1) <PO (w; p2; y; 2)(w; p1; x; 1) 7! (r; p2; x; 1) (w; p1; x; 1) 7! (r; p1; x; 1)(w; p2; y; 2) 7! (r; p1; y; 2)(a) (b)Fig. 21. Two Exe
utionsto 
orre
tness with respe
t to a 
onsisten
y model. Consider Figure 21. Exe
ution(a) 
orresponds to a sequentially 
onsistent exe
ution. From the set of operations,O, and the pro
ess order we see that p1 wrote x and then read y, and p2 read xand then wrote y. From the writes-to order we see that p2 read p1's write, and p1read p2's write. This 
orresponds to a sequential order of:(w; �; x;?) < (w; �; y;?) < (w; p1; x; 1) < (r; p2; x; 1) < (w; p2; y; 2) <(r; p1; y; 2)where < denotes an unnamed total order. Exe
ution (b), however, is a littledis
on
erting. There is one pro
ess. p1 wrote 1 to x, then wrote 2 to x, and thenread x. Unfortunately, the read returned the value 1 from the �rst write, and not 2from the se
ond. When we try to 
reate a total order we run into a 
ontradi
tion.If the order is:(w; �; x;?) < (w; p1; x; 1) < (w; p1; x; 2) < (r; p1; x; 1)then the read does not read from the most re
ent write, but if the order is:(w; �; x;?) < (w; p1; x; 1) < (r; p1; x; 1) < (w; p1; x; 2)then this violates pro
ess order. The important thing to note is that this doesqualify as an exe
ution. Imagine a 
omputer with out of order instru
tion dis-pat
hing. If this dispat
hing me
hanism were buggy it might a

identally swit
hthe order of a read and write to the same variable. Exe
ution (b) exa
tly mod-els this sort of phenomenon. However, it is not likely that this exe
ution will bedeemed 
orre
t by any 
onsisten
y model. The problems we just saw with 
reatinga total order also give us a hint about how to de�ne a 
onsisten
y model in termsof allowable exe
utions.De�nition A.8. The view property: if V is a relation and O0 is a set of operationsthen view(V;O0) i� O0 � O ^ V (oi; oj) ! oi; oj 2 O0 ^ 8oi;oj2O0V (oi; oj) �V (oj ; oi)De�nition A.9. The serial property: Journal of the ACM, Vol. V, No. N, Month 20YY.



48 � R. Steinke and G. Nuttserial(V;O0) i� view(V;O0) ^ 8r2(r;�;�;�)\O0(9wi 7!rV (wi; r) ^:9wj2(w;�;variable(r);�)\O0(V (wi; wj) ^ V (wj ; r)))A view is merely a total order on a subset of O intended to represent one pro
ess'view of the order of read and write operations. A view may only 
ontain a subset ofO be
ause a pro
ess might not see every operation. In parti
ular, pro
esses usuallydo not see ea
h other's reads. We expli
itly de�ne it be
ause the 
orre
tness of anexe
ution depends on whether it is possible to 
onstru
t a view that might havehappened whi
h is 
ompatible with the rules of the 
onsisten
y model. A view isserial if every read reads from the most re
ent write in that view. This is 
onsidereda fundamental 
orre
tness requirement for all 
onsisten
y models.De�nition A.10. The respe
ts property: if V and R are relations and O0 is a setof operations thenrespe
ts(V;R;O0) i� view(V;O0) ^ 8oi;oj2O0R(oi; oj)! V (oi; oj)De�nition A.11. A relation, R, 
an be restri
ted to a subset of operations, O0by the restri
t fun
tion. If R0 = restri
t(R;O0) then R0 is a relation su
h thatR0(oi; oj) i� R(oi; oj) ^ oi; oj 2 O0The notation, SerialView(RjO0), is used as a shorthand to denote a view V su
hthat serial(V;O0) ^ respe
ts(V; restri
t(R;O0); O0). Usually, O0 will be de�ned interms of operation patterns, or if O0 = O the shorthand SerialView(R) will be used.The di�eren
es between this formalism and that used in [Collier 1992℄ are:(1) Our model spe
i�es the initial values of variables as expli
it initial writes.(2) The output of the memory system in our model is the values read by every readoperation instead of just the terminal value of ea
h variable.(3) Our operation tuples omit the elements of line number and store number.(4) Our model uses views while Collier's uses graph sets.(5) Collier assumes a program is spe
i�ed as a list of assignment statements im-plemented by reads and writes while in our model we assume a program isspe
i�ed as reads and writes.The di�eren
es are 
osmeti
. Initial values for variables and guaranteed initialwrites are inter
hangeable. For the memory system output we 
an simulate Collier'smodel by reading all variables as the last a
t of any program, and Collier 
ansimulate our model by saving the results of ea
h read in a unique variable. Theexamples in [Collier 1992℄ have a single terminal value for ea
h variable whi
h seemsto imply that the values of all stores must agree at the end of the program. Thiswould prevent modeling of some non 
a
he 
onsistent models, but the problem 
aneasily be solved by assuming a separate terminal value for ea
h variable in ea
hstore.For the third di�eren
e we assume operations are identi�able without line numberinformation. In parti
ular we assume uniquely valued writes. Collier models non-atomi
 writes as multiple writes, one to the store of ea
h pro
essor. We modelnon-atomi
 writes by allowing ea
h pro
essor to 
reate a separate view of the samewrite operations in a di�erent order. As a result we have no need to spe
ify stores.Journal of the ACM, Vol. V, No. N, Month 20YY.
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y � 49A graph set is a set of all possible orders of operations with dependen
y edges. Atleast one graph in the set must by a
y
li
 for the exe
ution to satisfy a 
onsisten
ymodel. Instead of enumerating every possible order of events we use the existentialquanti�er. Our views are equivalent to Collier's graph sets.Assuming that reads and writes are joined in assignment statements 
reates Col-lier's SRW rule of 
omputation. In our model if a write depends on a read for itsvalue it is modeled as a lo
al order dependen
y. The 
ombined e�e
t of the other(CWR, CRW, CWW) rules of 
omputation and the value fun
tion is to eliminateorderings where the terminal values of the variables are in
ompatible with readsreading from the most re
ent write. In our model this is a

omplished by requiringviews to be serial.APPENDIX B: Proof that GDO is equivalent to Ca
he Consisten
yLemma A.12. If an exe
ution is Ca
he Consistent then Data Order is a
y
li
.Proof: Data order only 
ontains edges between pairs of operations tothe same variable. Therefore, if data order were 
y
li
, the 
y
le wouldhave to involve only operations to a single variable. Ca
he 
onsisten
yrequires for every variable a serial view respe
ting pro
ess order on allthe operations to that variable. We will show that these views must alsorespe
t data order, and so data order is a
y
li
.The 
a
he 
onsistent view for a variable respe
ts pro
ess order by de�-nition and writes-to order be
ause it is serial so it respe
ts the �rst two
onditions of data order. The third 
ondition of data order must also berespe
ted. If o1 is pro
ess ordered before r it must 
ome before r in theview. If, in addition, o1 has a di�erent value than r, and o2 writes to r,then o1 must 
ome before o2 in the view. If not and o1 is a write thenr does not read from the most re
ent write so the view is not serial. Ifnot and o1 is a read then either o2 is the most re
ent write before o1, inwhi
h 
ase o1 does not read from the most re
ent write, or there is an-other write between o2 and o1. This write is also between o2 and r, andit has the same value as o1 whi
h is di�erent than r, so r does not readfrom the most re
ent write and the view is not serial. Sin
e the viewis a total order and it respe
ts the �rst three 
onditions of data orderit must respe
t their transitive 
losure whi
h is the fourth 
ondition ofdata order.The views required for 
a
he 
onsisten
y must respe
t data order. Ifdata order 
ontained a 
y
le then the view for some variable 
ould not be
onstru
ted and the exe
ution would not be 
a
he 
onsistent. Therefore,if the exe
ution is 
a
he 
onsistent data order is a
y
li
.Lemma A.13. If two reads are ordered by data order then either they are by thesame pro
ess, or they are ordered by a transitive 
hain 
ontaining a write.Proof: Two reads 
annot be ordered by writes-to, or by having onewrite to a read that the other is pro
ess ordered before. So the onlyway two reads 
an be data ordered is by pro
ess order, or a transitive
hain. If two reads are not by the same pro
ess, and are data orderedJournal of the ACM, Vol. V, No. N, Month 20YY.



50 � R. Steinke and G. Nutttake the last operation in the transitive 
hain. If this operation is awrite it satis�es the lemma. Otherwise, it must be a read by the samepro
ess as the �nal read. By the same logi
 the next to last operationin the 
hain must also be a write, or a read by the same pro
ess as the�nal read. By indu
tion, if there is no write in the 
hain then the �rstoperation in the 
hain must be a read by the same pro
ess as the �nalread. Therefore, if the two reads are not by the same pro
ess there mustbe a write in the transitive 
hain.Lemma A.14. If an exe
ution is GDO then data order is a
y
li
.Proof: GDO requires a view for every pro
ess that is serial and respe
tsdata order over the subset of all operations by that pro
ess plus allwrites. If these views are 
onstru
tible then data order must be a
y
li
at least on the subsets of operations in ea
h view. Therefore, if dataorder is 
y
li
 then the 
y
le must 
ontain at least two read operationsby di�erent pro
esses, r1 and r2, su
h that r1 <DO r2 and r2 <DO r1. ByLemma A.13 these two reads must be ordered by two transitive 
hains,and ea
h 
hain must 
ontain a write. Be
ause data order is a transitive
losure there must be a 
y
le between the writes in the two 
hains. Thismakes it impossible to 
onstru
t the views required for GDO be
auseevery view must in
lude all writes. If data order is 
y
li
 then the viewsrequired for GDO 
annot be 
onstru
ted. Therefore, if an exe
ution isGDO then data order is a
y
li
.Lemma A.15. If data order is a
y
li
 then8x2V 9 <x=SerialView(<DO j(�; �; x; �))Proof: First, 
olle
t all the operations on a single variable and pla
ethem into groups where ea
h group 
ontains a write and all reads thatthe write writes-to. Order the operations in ea
h group in an orderthat respe
ts data order. This is possible be
ause data order is a
y
li
.The reads in a group all read from the write in that group so the writewill be ordered �rst in ea
h group. The serial view for that variable is
onstru
ted by ordering the groups with no interleaving of operationsbetween di�erent groups. For every read, the most re
ent write to thesame variable must be the write from its group whi
h is the write whi
hwrote-to it so the view must be serial. Any order of the groups with nointerleaving will produ
e a serial view.If G1 and G2 are two groups then de�ne group order, <GO as: G1 <GOG2 i� 9o1 2 G1; o2 2 G2 su
h that o1 <DO o2. If group order isa
y
li
 then any topologi
al sort on group order will produ
e a viewthat respe
ts data order and is serial. Assume there is a 
y
le in grouporder, but not in data order. Take any two ordered groups from the 
y
le,G1 <GO G2. We will show that the writes from the groups, w1 and w2,must be ordered by data order. Therefore, any 
y
le in group order mustbe a

ompanied by a 
y
le in data order. So if data order is a
y
li
 thengroup order must be a
y
li
 and the views 
an be 
onstru
ted.Journal of the ACM, Vol. V, No. N, Month 20YY.



A Uni�ed Theory of Shared Memory Consisten
y � 51There must be operations from the two groups su
h that o1 <DO o2.Either o1 is w1, or o1 is a read that w1 writes-to. So w1 <DO o2. Also,either o2 is w2 in whi
h 
ase w1 <DO w2, or o2 is a read that w2 writes-to. If o2 is a read 
onsider how it 
ame about that w1 is data orderedbefore o2. W1 did not write to o2 so either w1 <PO o2, or they areordered by a transitive 
hain. If w1 <PO o2 then w1 <DO w2 be
ausew2 7! o2. If not, let o be the last operation in the transitive 
hain sow1 <DO o <DO o2. Either o 7! o2 in whi
h 
ase o is w2 and w1 <DO w2or o <PO o2 in whi
h 
ase o <DO w2 be
ause w2 7! o2 so w1 <DO w2.Therefore, if G1 <GO G2 then w1 <DO w2. Any 
y
le in group orderwill be re
e
ted in data order by the writes. If data order is a
y
li
 thenthere 
an be no 
y
le in group order, and a topologi
al sort of the groupsrespe
ting group order will produ
e the required serial view respe
tingdata order for that variable.Lemma A.16. If the serial views, <x, de�ned in Lemma A.15 exist then8i2P[x2V <x S <i is a
y
li
.Proof: Assume that a 
y
le exists for some pro
ess, i. The views, <x,are a
y
li
, and their union 
annot 
ontain a 
y
le be
ause no operationis in more than one view. Therefore, the 
y
le must have an edge inthe lo
al order, and thus in
lude operations by pro
ess i. Pi
k anyoperation by pro
ess i in the 
y
le. Call it o. Follow the edges thatmake up the 
y
le. If you follow an edge in lo
al order then you mustrea
h an operation by pro
ess i that o

urs after o in lo
al order. If youfollow an edge not in lo
al order then you must rea
h an operation tothe same variable as o by a pro
ess other than i. Operations by otherpro
esses are not ordered by lo
al order, and thus the 
y
le must pro
eedthrough operations to the same variable following edges of <x for thatvariable until rea
hing an operation by pro
ess i. This operation mustbe to the same variable as o, and must be ordered after o by lo
al order.Otherwise, the view for that variable would not respe
t data order.In any 
ase, the �rst operation by pro
ess i en
ountered after o in the
y
le must be after o in lo
al order. Call this operation o0. By thesame logi
 the next operation by pro
ess i after o0 in the 
y
le must beordered after o0 and o by lo
al order. By indu
tion, every operation bypro
ess i in the 
y
le must be after o in lo
al order. Eventually the 
y
lewill rea
h o itself showing that there is a 
y
le in lo
al order whi
h is a
ontradi
tion.Lemma A.17. If the views, <x, de�ned in Lemma A.15 exist then the exe
utionis GDO.Proof: Constru
t the view for pro
ess i required for GDO as any topo-logi
al sort of (�; i; �; �) [ (w; �; �; �) respe
ting [x2V <x S <i This ispossible be
ause by Lemma A.16 the relation is a
y
li
. The views willbe serial be
ause the views, <x, are serial, and the relative position ofall pairs of operations to the same variable is preserved. Data order onlyJournal of the ACM, Vol. V, No. N, Month 20YY.
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ontains edges between two operations to the same variable and so is asubset of [x2V <x. Therefore, the 
onstru
ted views respe
t lo
al orderand data order, and they are serial so the exe
ution is GDO.Lemma A.18. If the views, <x, de�ned in Lemma A.15 exist then the exe
utionis 
a
he 
onsistent.Proof: Pro
ess order restri
ted to the set of operations on a singlevariable is a subset of data order. Therefore, any view on (�; �; x; �)that respe
ts data order will also respe
t pro
ess order. Therefore, theviews de�ned in Lemma A.15 respe
t pro
ess order, and so prove thatthe exe
ution is 
a
he 
onsistent.Theorem A.19. An exe
ution is Ca
he Consistent i� it is GDO i� data orderis a
y
li
.Proof: Follows dire
tly from lemmas A.12, A.14, A.15, A.17, and A.18.APPENDIX C: Proof that GAO is stri
tly stronger than GDOLemma A.20. If data order has a 
y
le, then the exe
ution is not GAO.Proof:Case 1: The 
y
le has a read. Take the operation immediately beforethe read in the 
y
le. If it is linked by a transitive 
hain add thattransitive 
hain to the 
y
le. Repeat until the operation immediatelybefore the read is linked dire
tly without a transitive 
hain. This is eithera write, or by lemma A.13 it is a read ordered by pro
ess order. If it isa read, repeat until a write is rea
hed. A write must be rea
hed be
auseotherwise the 
y
le will return to the original read whi
h must be orderedbefore itself by pro
ess order whi
h is a 
ontradi
tion. The write thatis rea
hed is dire
tly ordered by data order before the next operation inthe 
y
le whi
h is a read. They 
annot be ordered by 
ondition 3 of dataorder be
ause this would imply that there exists a third operation su
hthat the write is pro
ess ordered before that operation, and the readwrites to that operation. This is impossible sin
e a read 
annot writeto another operation. So the write must be ordered before the read bypro
ess order or writes-to order. Also, the operations are in a 
y
le indata order so the read is data ordered before the write. In either 
ase,the write is anti ordered before itself. The serial views for GAO mustall 
ontain this write, so they 
annot respe
t this 
y
le in anti order.Therefore, the exe
ution is not GAO.Case 2: The 
y
le has no reads. On
e again, expand the 
y
le so thatno link is a transitive 
hain. If the transitive 
hain in
ludes a read referto 
ase 1. None of the links 
an result from writes-to order be
ause awrite 
annot write to another write. The 
y
le must 
ontain writes fromat least two pro
esses. If not, a write must be ordered by data orderbefore another write earlier in pro
ess order. This must have 
ome aboutby 
ondition 3 of data order. Therefore, the following 
ondition exists,w1 <PO w2 <PO r, and w1 7! r. all of these operations are to the sameJournal of the ACM, Vol. V, No. N, Month 20YY.
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y � 53variable. It is impossible for this pro
ess' view to be serial and respe
tlo
al order, so the exe
ution is not GAO. So there must be some linksthat result from 
ondition 3 of data order between writes by di�erentpro
esses. Pi
k one write, w1 and follow the 
y
le along pro
ess orderlinks until a link resulting form 
ondition 3 is rea
hed. In this 
ase,a write, w2 is pro
ess ordered before a read, r, whi
h is written-to byanother write, w3, 
reating the link w2 <DO w3. w1 must also be pro
essordered before r be
ause either it is pro
ess ordered before w2, or it isw2. So w1 <DO w3. Now, w1 does not write to r, so it must be orderedby serial order either w1 <SO w3 7! r, or r <SO w1. The se
ond
ase is impossible. The view for the pro
ess that submitted w1 and rmust 
ontain both operations and respe
t lo
al order. The assignmentof r <SO w1 would prevent this, and so this assignment 
ould neverbe used to show that the exe
ution is GAO. Therefore, the assignmentmust be w1 <SO w3. By the same logi
, follow the 
hain from w3 to thenext link that results from 
ondition 3. There must be another writeserial ordered after w3. Every time the 
y
le swit
hes to an operationby a di�erent pro
ess, the �rst operation by the new pro
ess must beserial ordered after w3. Continue around the 
y
le. At some point the
y
le will 
hange pro
esses for the last time before rea
hing w1. The �rstoperation by this new pro
ess is either w1, or a write pro
ess orderedbefore w1. This write must also be serial ordered before w3. Either itis w1, or it is pro
ess ordered before r, and the same reasoning applies.This assignment of serial order has a 
y
le involving only writes, and sono pro
ess' view 
ould respe
t it. We have previously shown that anyalternate assignment would also prevent the exe
ution from satisfyingGAO. Therefore, the exe
ution is not GAO.Theorem A.21. GAO is stri
tly stronger than GDO.Proof: GAO is shown to be stronger by Theorem A.19 and Lemma A.20.GAO is shown to be stri
tly stronger by the fa
t that the exe
ution inFigure 12 satis�es GDO and not GAO.
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