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Abstract

The existence, stability, and pulse-splitting behavior of spike patterns in the one-dimensional
Gray-Scott model on a finite domain is analyzed in the semi-strong spike-interaction regime. This
regime is characterized by a localization of one of the components of the reaction near certain spike
locations, while the other component exhibits a more global spatial variation across the domain.
The method of matched asymptotic expansions is used to construct k-spike equilibria in terms of a
certain core problem. This core problem is studied numerically and qualitatively. For each integer
k > 1, it is shown that there are two branches of k-spike equilibria that meet at a saddle-node
bifurcation value. For small values of the diffusivity D of the second component, these saddle
node bifurcation points occur at approximately the same value. A combination of asymptotic and
numerical methods is used to analyze the stability of these branches of k-spike equilibria with
respect to both drift instabilities associated with the small eigenvalues and oscillatory instabilities
of the spike profile. In this way, the key bifurcation and spectral conditions of Ei, Nishiura, Ueda
[Japan. J. Indus. Appl. Math., 18, (2001)] believed to be essential for pulse-splitting behavior in
a reaction-diffusion system are verified. A simple analytical criterion for the occurrence of pulse-
splitting is formulated and verified with full numerical simulations of the Gray-Scott model.

1 Introduction

We study the existence, stability, and pulse-splitting behavior of spike patterns in the one-dimensional
Gray-Scott model. The Gray-Scott system, introduced in [15], models an irreversible reaction involving

two reactants in a gel reactor, where the reactor is maintained in contact with a reservoir of one of
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the two species in the reaction. This system can be written in nondimensional form as

Vi = D,Vxx — (F+k)V +UV?, 0<X<L, T>0, (1.1a)
Ur=D,Uxx+F(1-U)-UV?, 0<X<L, T>0, (1.1b)
Ux=Vy=0, X=0,L. (1.1c)

Here D, > 0, D, > 0 are the constant diffusivities, F' > 0 is the feed rate, and & > 0 is a reaction-time
constant. For various ranges of these parameters, (1.1) and its two-dimensional counterpart, are known
to posses a rich solution structure involving oscillating standing pulses, the propagation of traveling
waves, pulse-replication behavior, and chaotic phenomena (cf. [5]-[9] [22], [23], [26]-[28], [30], [32],
[33], [34], [35], [36], [37], and [38]).

We will analyze (1.1) in the singularly perturbed limit where D, /D, is asymptotically small. In

our formulation, it is convenient to introduce the change of variables
v=V/VF, z=-1+2X/L, t=(F+FK)T. (1.2)

This leads to the dimensionless system

vy = €203y — v + Auv?, —l<z<l, t>0, (1.3a)
Ty = Dtgy + (1 — u) — uv? -l<z<l, t>0, (1.3b)
vp(£1,1) = uy(£1,1) =05 v(x,0) = vo(x), u(z,0) = ug(x). (1.3¢)

Here A >0, D >0, 7 > 1, and € < 1, are defined in terms of D,,, D,, L, F', and k, by

_ 4D, ) 4D, _F+k VF

= =" = A=Y
FL2 S T LXF+k) T F F+k

(1.4)

The dimensionless system (1.3), first introduced in [28], is particularly convenient in that it shows
that, for € < 1, the construction of equilibrium solutions depends only on the two parameters A and
D, while the reaction-time constant 7 > 1 only influences the stability of these solutions. Since ¢ < 1,
for certain ranges of the parameters there are equilibrium solutions for v that consist of a sequence of
spikes. The parameter D measures the effect of the finite domain and the strength of the inter-spike
interactions. In this paper, we will assume that D > O(g?) and € < 1. In this regime, called the
semi-strong spike interaction regime, spike patterns are such that v is localized near the spikes, while
u varies more globally across the domain. This is to be contrasted with the weak spike interaction
regime studied in [32], [33], and [38], where D = O(e?) and ¢ < 1.



There are three regimes for A where different behaviors are found to occur. For the parameter
range A = O(e'/?), referred to as the low feed-rate regime, there is a saddle-node bifurcation structure
of equilibrium k-spike patterns, and the stability of these solutions depends intricately on A, D, and
7. This regime has been analyzed in detail in the companion paper [19]. For the intermediate regime,
where O(e'/?) < A < O(1), there are certain scaling laws in terms of a universal nonlocal eigenvalue
problem that determine the stability of equilibrium spike patterns with respect to eigenvalues A = O(1)
in the spectrum of the linearized problem. In this regime, studied in [7], [8], [9], [19], and [27], the
finite domain and inter-spike coupling do not play a central role. In addition, in this regime and when
T is asymptotically large as € — 0, there can be drift instabilities associated with the small eigenvalues
A = O(£?) in the spectrum of the linearization. These instabilities signify the birth of traveling wave
solutions (see [26], [19]). In §2 we summarize the results of [19] for the intermediate regime that
are relevant to the analysis in this paper. Finally, in the regime where A = O(1), referred to here
as the pulse-splitting regime, the equilibrium spike patterns again exhibit a saddle-node bifurcation
structure, and this regime is intimately connected with a pulse-splitting behavior of spike patterns.
For the infinite-line problem this was observed in [28], and also in [7] in terms of a different non-
dimensionalization of the Gray-Scott model.

The goal of this paper is to analyze the existence and stability of spike patterns for (1.3) in the
pulse-splitting regime where A = O(1), ¢ < 1, and D > O(e?). In §3 we construct equilibrium k-
spike patterns in terms of a certain core problem. For the infinite-line problem, this core problem was
introduced in [28]. We extend the analysis in [28] in two ways. Firstly, by allowing for a finite domain,
and by matching the core solution to appropriate outer expansions, we show formally in Proposition
3.2 that when A = O(1) and eA/v/D < 1, there are no k-spike equilibria to (1.3) that match smoothly
onto the intermediate regime solutions when A > A, where

Ay, = 1.347 coth ( (1.5)

1
)
The value 1.347 arises from the saddle-node bifurcation value associated with the core problem
(cf. [28]), while the other term in (1.5) arises from our analysis of (1.3) on the finite domain. Secondly,
in §4 we investigate qualitative properties of the solutions to the core problem. The results are given
in Propositions 4.1 and 4.2 below.

In §5 we study the stability of k-spike equilibria for A = O(1) and €A/vD < 1 with respect
to drift instabilities associated with the small eigenvalues of order A = O(e) in the spectrum of the
linearization. In Proposition 5.2 we derive transcendental equations that the small eigenvalues satisfy.

For 7 < O(e~1), in Proposition 5.3 we show that these eigenvalues are in the stable left half-plane for



the equilibrium solution branch that merges onto the intermediate regime solution. In Propositions
5.4 and 5.5 we show that when 7 = O(¢ '), and exceeds some critical value, a drift instability occurs
as a result of a Hopf bifurcation. This leads to small-scale oscillations in the spike layer locations and a
breathing-type instability (see Conjecture 5.6). A related type of Hopf bifurcation has been analyzed in
[16] and [24] for hyperbolic tangent-type interfaces associated with a two-component reaction diffusion
system with bistable nonlinearities. Related behavior for a three-component system has been shown
numerically in [31]. In §6 we numerically study the stability of k-spike equilibria with respect to
the large eigenvalues where A = O(1) as ¢ — 0. For 7 < O(e2), we show numerically that the
equilibrium solution branch that merges onto the intermediate regime solutions is stable with respect
to these eigenvalues, but that an instability due to a Hopf bifurcation in the spike profile can occur

when 7 is on the range 7 = O(e2).
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Figure 1: Left figure: bifurcation diagram in the pulse-splitting regime A = O(1) for k-spike solutions
with e = 0.02, D = 0.1, and k = 1,... .4. The fold point values for A increase with k. Right figure:
trajectories of maxima of v showing pulse-splitting behavior when ¢ = 0.01, D = 0.1, A = 2.4, and
T =2.0.

In our pulse-splitting regime A = O(1), with eA/v/D < 1, we show that the three pulse-splitting
criteria of [10] are satisfied when 7 < O(e~!). The first condition of [10] is that each k-spike equilibrium
branch on a suitable bifurcation diagram must have a fold-point, or saddle-node, bifurcation. Moreover,

the fold points for each of these branches of equilibria must occur at approximately the same bifurcation



value. This is the lining-up property of equilibria. In Fig. 1(a) we plot a bifurcation diagram of the
norm of v versus A showing a saddle-node structure with an approximate lining-up property when
D = 0.1. The saddle-node bifurcation values in this figure are the values A,; given in (1.5). The
second condition of [10] is that one of the branches of equilibria is unstable while the other is stable.
When 7 < O(e~!) this stability condition is verified from the analysis and numerical computations
in §5 and §6. The final condition is that the spectrum of the linearization of the equilibrium solution
at the fold point location has a dimple-shaped eigenfunction ®,4, associated with a zero eigenvalue, for
one of the components of the system. Such an eigenfunction is computed numerically in §6. When the
pulse-splitting conditions of [10] are satisfied, and when the bifurcation parameter is chosen to have a
value slightly beyond the fold point value, pulse-splitting should occur from a single localized initial
pulse. The ghost of the dimple eigenfunction at the fold point value still influences the system for
values of the bifurcation parameter slightly beyond this critical value. Similar ghost effects in other
bifurcation settings have been well-studied, including dynamical hysteresis loops (cf. [14]), and delayed
bifurcation effects caused by slowly varying control parameters (cf. [12]).

From our analysis of the pulse-splitting regime, in §6 we then make a conjecture concerning the
number of pulse-splitting events that will occur for (1.3) starting from a one-spike initial data. For
T < O("), A =0(1), and €A/vVD < 1, Conjecture 6.1 predicts that a one-spike solution will

2m71

undergo spitting events, and that the final equilibrium state will have 2" spikes where, for some

smallest integer m > 0, A lies in the interval
Apgm—l < A < Apgm . (16)

Here Ay is given in (1.5). In Fig. 1(b) we verify this conjecture for the case ¢ = 0.01, D = 0.1,
A =24, and 7 = 2.0. For these values we have Ay, = 2.045 and Apg = 3.583, so that Ay < A < Apg.
Therefore, the criterion (1.6) correctly predicts the eight-spike final state in Fig. 1(b).

An important remark is that in our analysis we require that eA/ VD <« 1. Therefore, the pulse-
splitting that occurs in our regime is distinctly different from the pulse-splitting that occurs in the
parameter regime of [10], [32], [33], and [38], where D = O(e?). When D = O(e?), the inter-spike
interactions become exponentially weak and there is a new core problem in the vicinity of each spike
that involves a full balance of the terms in (1.3). In addition, pulse-splitting events occur only from
the edge spikes (cf. [10]), in contrast to our regime where eA/v/D < 1 which involves a roughly
simultaneous 2™ splitting of all the spikes in the sequence (see Fig. 1(b)).

In §7 we perform many numerical experiments to validate our asymptotic theory for pulse-splitting
behavior, and we illustrate instabilities that can occur when 7 is asymptotically large as e — 0. Finally,

in §8 we make a few concluding remarks and we list some open problems.



2 The Intermediate Regime: O(c'/?) < A < O(1)

In this section, we summarize the main results of [19] for the existence and stability of k-spike equi-
librium solutions to (1.3) in the intermediate regime where O(e'/2) « A <« O(1). Defining A by
A =¢'? A, we begin with the equilibrium result of [19] in the low feed-rate regime where A = O(1).

Proposition 2.1: For e — 0, consider a k-spike equilibrium solution to (1.3) where the spikes have

equal height. Then, when A > Ay, there are two such solutions; the small solution u_, v_, and the

large solution uy, vy. The v-component for such a solution satisfies

k

vy~ ﬁ ]Z] <w [e ' (z — x;)] + O <ﬁ>> , (2.1a)

where w(y) satisfies (2.2) below and x; = —14 (25 — 1)/k for j =1,... k. In the jth inner region,

where |x — zj| = O(e), u is spatially constant to leading order, and satisfies

g ~ Uy [1 +0 (4425721)” . (2.1b)
+

Here Uy and the saddle-node bifurcation value Ay, are given by

1 A? 126,
Ug == [14£4)1 = Tke o= — 0o = D Y2, 2.1
£ A% |7 Ake tanh (6p/k) 0 (2.1c)
The outer solution for u, valid for |z — ;| > O(e) and j =1,... k, is given by
k
(1— -1

ug ~1— Ui ZG T T5) ag = [2\/5tanh (Ho/k)} , (2.1d)

7j=1

where G(x;x;) is the Green’s function satisfying (2.3) below.
This result was derived in Propositions 2.1 and 5.1 of [19]. In (2.1a), the profile w(y) satisfies

"

w —w4w? =0, —o0 <y < 00, (2.2a)
w—0 as |y = oo; w (0) =0, w(0)>0. (2.2b)

The solution is w(y) = 3sech?(y/2). In contrast, the u-component in (2.1d), which is the global

variable, is determined in terms of the Green’s function G(z; ;) satisfying

DG,y — G =—d(x —x), “l<z<1; Gu(£l;25) =0. (2.3)



In [19] the stability properties of (2.1) were examined in the low feed-rate regime A = O(1) (see
§2 4 of [19]). Although the large solution vy, uy was found to be unstable for any A > A, the
stability properties of the small solution v_, u_ were found to depend intricately on the parameters
D, 7, and k. Instabilities on an O(1) time-scale were of two types: oscillatory instabilities arising from
a Hopf bifurcation that occur when A > Ay, and 7 is sufficiently large, and competition instabilities
arising from positive real eigenvalues that occur when Ag, < A < Ay for any 7 > 0 (see §3 of [19]).
For 7 = O(1), it was shown in §4 of [19] that there are also slow drift instabilities that occur on a long
time-scale of O(s~2) when A satisfies A, < A < Aig, where Ayg > Ay Precise formulae for the
thresholds Ayj, and Ayg were obtained in [19].

The stability properties of the small solution are much simpler in the intermediate regime where
O(1) < A < O(e71/?), or equivalently when O(¢'/?) < A < O(1) (see §5 of [19]). For the remainder
of this section we re-label the small solution as v, u. For A — oo, we get from (2.1c) that U_ ~
A2 /4A?. Substituting this relation into (2.1a) we obtain that v satisfies

AVD ¢ . eA’
v~ 3/ coth (80 F) Z <w e Nz — )] +0 <W(90/k)>> . (2.4a)

Jj=1

In addition, the inner solution for u in (2.1b) becomes

w2 [0 (s | (240)

For A > 1, the corresponding outer solution from (2.1d) becomes

1 A2\ o
up(z) ~1— — <1 - 4£;> ZG(’I‘,T]) (2.4¢)
J=1

Qg

To plot a bifurcation diagram, it is convenient to define a norm |v|y by

lv|y = (/11 v? dx)UQ : (2.5)

Then, in the intermediate regime, we obtain from (2.4a) that

V6DEkA

S coth (Bo/k) (26)

lv|g ~

In the intermediate parameter regime it was shown in Proposition 5.4 of [19] that a k-spike equi-

librium solution is stable with respect to the drift instabilities associated with the small eigenvalues of



order A = O(g%) when D = O(1) and 7 = O(1). Moreover, it was shown in [19] that there is a scaling
law that determines the stability of the equilibrium solution with respect to the large O(1) eigenvalues
in the spectrum of the linearization. This latter result is summarized as follows:

Proposition 2.2: Let ¢ < 1, D = O(1), and O(1) < A < O(e~'/?). Then, the k-spike equilibrium

small solution u, v, is stable with respect to the large eigenvalues when T < Ty, where

4 60,

2
A2 tanh(6, /k))

D
TH ~ tanh4 (90/]{‘) Toh <1 + 0(1) s (27)
and Top = 1.748. As 7 increases past Ty, this solution loses its stability to a Hopf bifurcation.

This result was given in Proposition 5.3 of [19], and is based on spectral properties of the nonlocal

eigenvalue problem

" 2 2 o° ’U)@d
" — &+ 20P — —— (foo 4

= = \P, —oo <y < oo, 2.8
14+ /1o foowdy> sy (28)

with ® — 0 as |y| — oo, where 79 is a bifurcation parameter.

The scaling law for 7 given in (2.7) for a Hopf bifurcation of the spike profile shows that 7 =
O(A*) > 1 when A > 1. Therefore, it is natural to seek drift instabilities of a k-spike equilibrium
solution that occur when 7 > 1. For a one-spike solution, this was done in §5.1 of [19], where the
following result was obtained:

Proposition 2.3: Let ¢ < 1 and 7 = O(e2). Then, an eigenvalue A = O(e?) associated with a drift

instability of the one-spike small equilibrium solution satisfies the nonlinear algebraic equation

2625 1-U_

A~ 5 [B tanh(6y3) tanh 6y — 1] | s T

B=V1+T1A, (2.9a)

where g = 1/v/D. In the intermediate parameter regime where O(1) < A < O(e1/?), (2.9a) reduces

to

2¢ A?
3vD

where A = e'/? A. For § < 1, any unstable mode associated with the one-spike solution has the form

AN

tanh 0 [ tanh(6y ) tanh 6y — 1] , B=V1+T), (2.9b)

1

~ mw(e” [x — zo()]), zo ~ —ede (2.9¢)

v



The results (2.9¢) and (2.9a) were given in (5.37b) and (5.39) of [19], respectively. The limiting
result (2.9b) is obtained by using the asymptotic relation s ~ 4~ ' A? /A2, that holds in the interme-

diate regime. The analysis of (2.9a) was based on introducing the new variables 74, w, and &, defined

by
(D - 2s¢? _ (2.10)
7=\ 952 ) T =7 v ¢ =Tqw. .
Substituting (2.10) into (2.9a), it follows that ¢ satisfies F'(¢) = 0, where
F(¢) = T%G(f), G(¢) = Btanh 6§ tanh(6y6) — 1, B=+1+E&. (2.11)

By analyzing the roots of (2.11), the following result was obtained in Proposition 5.6 of [19]:
Proposition 2.4: Let ¢ < 1 and 7 = O(e %), and consider the small eigenvalues with A = O(g?).

Then, there is a complex conjugate pair of pure imaginary eigenvalues when 7 = Tqp. For any 74 > Tqp
there are exactly two eigenvalues in the right half-plane. These eigenvalues have nonzero imaginary
parts when T3 < T4 < Tgm, and they merge onto the positive real azxis at 74 = Tgm. They remain on
the positive real axis for all g > Tgm. The values 1q, and 14y, depend on D.

Therefore, at the critical value 7 = 7y given by

D
TIW = 55 Tdh (2.12)
a pair of complex small eigenvalues enters the right half-plane through a Hopf bifurcation. This
instability with respect to translations in the spike profile leads to oscillations in the spike location,
and is distinct from the Hopf bifurcation in the amplitude of the spike profile given in Proposition 2.2.
By comparing the thresholds for 7 given in (2.12) and (2.7), it follows that for ¢ < 1,

TH L W, for 0(8]/2) KA Agy s rw L i, for Ag, K A O(1), (2.13)

where Ag, ~ (0-0047D7dh coth? 90) 1/6 Aqee'/8.

Therefore, as A is increased towards the pulse-splitting regime where A = O(1), a traveling wave
instability will occur before the Hopf bifurcation value associated with the spike profile. Such an idea
was given in [27] for a one-spike solution on the infinite line. Similar drift instabilities will occur in
85 when we analyze the pulse-splitting regime. Formally, if we set A = 0(6*1/2), or equivalently
A = 0(1), in (2.12), (2.10), and (2.7), we can then use s = O(¢ ') to suggest the following scalings
for instabilities in the pulse-splitting regime where A = O(1):

rw =0( "), A=0(e); g =02, A=0(1). (2.14)



3 Equilibria in the Pulse-Splitting Regime: A = O(1)

In this section we construct k-spike equilibria to (1.3) in the pulse-splitting regime where A = O(1). To
do so, we first construct a symmetric one-spike equilibrium solution to (1.3) on the interval —I < z < [.
Then, by setting | = 1/k, we obtain the result for a k-spike pattern for (1.3) on —1 < z < 1.

The scalings for the inner region are suggested by (2.4). Therefore, in the inner region near 2 = 0,
we let y = e 'z, v;(y) = v(ey), u;(y) = u(ey), and we expand the inner equilibrium solution for (1.3)

on -l <x<las
vi(y) = gt (vio+evin +--+) ui(y) =€ (ujp + eup +-++) . (3.1)

We substitute (3.1) into (1.3), and collect powers of €, to get inner problems on —oo < y < 00

"

vio — Vi + Av?oWU =0, (3.2a)
Duiy = uiovl (3.2b)

vil — vi1 + 2Aviouigvi = fAvi?Ou,;l , (3.2¢)
Dui]” = u“v?o + 2uigviovin — 1. (3.2d)

We look for even solutions with w; (0) = v (0) = uii (0) = vir (0) = 0. The far-field conditions as
1y — oo are that v;o and v;; tend to zero exponentially, whereas the conditions for u;y and u;; will be

obtained by matching.

To determine the effect of the inner solution on the outer problem for u, we calculate ¢~ 'uv? in

the sense of distributions. In this way, we obtain that the outer solution wu satisfies
Dugy + (1 —u) = Ipo(z) + el16(x) + - -, —l<z<l, (3.3a)

with u,(+l) = 0, where §(z) is the Dirac Delta function. Here I and I; are defined by

o o
Iy = / wigvh dy I, = / (u“v,?o + 2vz~ovz~1uio) dy . (3.3b)
J —0C J —00
Therefore, the solution to (3.3a) is
u(z) =1— I1Gi(z;0) — e1G(z;0) + - - - . (3.4)

Here Gy(z;0) is the Green’s function on —I < z < [ satisfying

DGy — G = —6(z), —l<z<l;  Gu(£l:0)=0. (3.5)

10



A simple calculation gives,

(3.6)

Gy(z;0) = (@) cosh [(l — [a)b]

2 sinh (16y)
To determine the conditions for matching to the inner solution, we expand u(z) in (3.4) as z — 0%.

Using (3.6) to calculate G;(0;0), G;,(0%;0), and G;,,(0;0), we then set x = ey to get

2,203

02 0 0 292
0, - 82—011 coth(lf) — = y4 0 Iy coth(1y) + =20Y

2 2
We now match (3.7) to the inner solution wu; given in (3.1). Since u; = O(e), the O(1) term in (3.7)

must vanish. This yields,

0
ue~1— 5010 coth(16y) + I +0(%). (3.7

> 2
Iy = v dy = ————r . 3.8
0 _/OOUOIUZO Y Hocoth(lﬁg) ( )

Then, the ey term in (3.7) determines the far-field behavior of u;. In this way, we obtain that v;p and
uo satisfy (3.2a) and (3.2b), subject to the far-field conditions

Boly|

—_ s . 3.9
oy e (3.9)

Viog — 0, U;0 ~
It is convenient to introduce new variables V and U defined by

1
v;0 = VDV, ujg = ——=U. 3.10

Substituting (3.10) into (3.2a), (3.2b), and (3.9), we obtain the leading-order problem, referred to as

the core problem

Vi —V4+VU=0, 0<y<oo, (3.11a)
U'=UV?, 0<y<oo, (3.11b)
V©)y=U(0)=0; V-0, U~By, as y— oo, (3.11c)
where U > 0, V > 0, and
A
B=—— . 3.12
coth(16y) (8.12)

Before discussing some properties of this core problem, we continue with the matching to obtain a
problem for the correction terms v;; and w;1. In terms of the solution to (3.11), there is a constant Y,

depending on B, such that

U-— By—x, as Yy — 00. (3.13)

11



Then, the matching condition of the O(e) terms in the far-field behavior of the inner expansion for u

and the outer expansion (3.7) determines I in terms of x by
2 2
I = —Ixtanh(mo) = f% tanh2 (1) . (3.14)

Substituting (3.8) and (3.14) for Iy and I, respectively, into the O(¢?) terms in the matching condition
(3.7), we obtain that v;; and wu,; satisfy (3.2¢) and (3.2d), subject to the far-field conditions

2
vi1 — 0, Ui ~ f;/—D — % tanh2(190) as Yy — 00. (3.15)
It is then convenient to introduce the new variables V; and U; defined by
1
Vi1 = A‘/l s Uj1 = EUI . (316)

Substituting (3.16) into (3.2¢), (3.2d), and (3.15), we obtain that the correction terms Vi, U; to the
core solution satisfy

Vi —Vi+2VUV; = —VU;, 0<y<oo, (3.17a)
U =UV>+20VV; — 1, 0<y<oo, (3.17b)
2
V,0)=U,(0)=0; Vi =0, U1~—%—%tanh2(l90)y. as Y- 00. (3.17¢)

Here x is defined by (3.13). Notice that U; is bounded uniformly in 6.
In summary, a two-term inner expansion is then obtained by substituting (3.10) and (3.16) into
(3.1). This yields,
VD eA eA
vp=—|V+—=Vi+--|, u; = U+—=<Ui+-|. 3.18
1 € \/5 1 1 A\/_ \/— 1 ( )
Substituting Iy and I; from (3.8) and (3.14) into (3.4), we obtain that the two-term outer expansion

foruon -l <z <lis

Gy(z; 0 2
((2:0) | 2ex

tanh? (16 :
Gl(0,0) B an ( O)Gl(T:O)a (3 19)

u(z) =1-—

where G;(z;0) is given in (3.6).
We now make a few remarks. Firstly, the error terms in (3.18) show that the inner expansion
(3.18) is valid provided that

—— «1. (3.20)



Numerically, we will show below that the core problem (3.11) is closely connected to pulse-splitting
behavior. This was certainly suggested in the analysis of [28] for a one-spike solution on the infinite
line. Hence, our analysis of pulse-splitting in the semi-strong interaction regime will be valid provided
that (3.20) holds. Notice that (3.20) is not valid for the other pulse-splitting regime D = O(£?)
studied numerically in [32], [33], and [38]. Hence, our analysis does not apply to this case. In this
other pulse-splitting regime, where A = O(1) and D = O(£?), the inner solutions satisfy v = O(1) and
u = O(1). Therefore, since all of the terms in (1.3) are important in the inner region, no asymptotic
simplification is possible in the pulse-splitting regime A = O(1) and D = O(e?).

The second remark concerns the existence of asymmetric equilibrium patterns. Such patterns are
possible when u(l) is not monotone. However, a simple calculation using (3.19) and (3.6) shows that
u(l) =1 —sech(l6y) + O(e). Therefore, for ¢ < 1, u(l) is monotone increasing, and so no asymmetric
equilibria are possible.

To obtain a k-spike equilibrium solution we simply set [ = 1/k, and extend u(x) periodically across
the interval from —1 < z < 1. This leads to our equilibrium result.

Proposition 3.1: Let ¢ — 0, A= 0O(1), eA/VD < 1, and suppose that the core problem (3.11) has

a solution. Then, the v-component for a k-spike equilibrium solution to (1.3) is given by

A -1 N+ - a
ﬁV] e (z —xj)] + ) : (3.21a)

In the jth’ inner region, where |x — x| = O(e), u satisfies

c ! j — ez —x; ARRI .
u~A@<U[e (z — ;)] + Uy [e( )+ ) (3.21b)

Here V', U satisfy (3.11), while Vi, Uy satisfy (3.17). The outer solution for u, valid for |z—x;] > O(e),
and 7 =1,... ,k, has the form

k
1 EXHO 90 o _ 90 90
u~1—— (1 -5 tanh (?>) 2 G(z;zj), ag =5 coth ( L ) : (3.21c¢)

Here G(z;x;) is the Green’s function, defined on —1 < x <1, satisfying (2.3). The equilibrium spike
locations are given by x; = —1+ (25 — 1)/k for j=1,... k.
The norm |v|y in this region is obtained by substituting (3.21a) into (2.5) to get

00 1/2
wly ~ e V2VED (/ v2dy> . (3.22)

J =00
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3.1 The Core Problem

We now study the core problem (3.11) as a function of the parameter B. We first determine some
analytical properties of (3.11). By integrating (3.11a) and (3.11b) from 0 < y < oo, and using (3.11c),

we get

/ VQUdy—/ Vdy=B. (3.23)
0 0

To determine a good parameterization of the solution branch for (3.11), we define Uy = U(0) and
Vo = V(0). Then, we multiply (3.11a) by V' and integrate the resulting equation from 0 < y < co.
Using (3.11c), we then obtain

Vi XU Ve UV /001 .
L — V3] dy =L — - —V3U dy =0. 3.24
) +/0 7 Vo dy = 3 )y 3 Y (3:24)
This gives,
© 3
/ V3U dy = V7 [5 — UOVO] : (3.25)
J0

By integrating (3.11b) for U, and using U' (0) = 0, we obtain that U' > 0 on 0 < y < co. Therefore,
since the left hand-side of (3.25) is non-negative, we obtain a key inequality

3
0<’)’<§, vy=UyVy . (3.26)

As v — 3/2 from below, we show that there is a solution to (3.11) that has a single maximum for V'
and that matches onto the intermediate regime solution constructed in Proposition 2.1.

The inequality (3.26) provides a natural way to parameterize the solution branches of (3.11). Using
the boundary value solver COLSYS [2], we compute the numerical solution to (3.11) as a function of
v = UpVy on the range 0 < v < 3/2. In the computations we started from a value of v near 3/2 and
took as initial guess for the nonlinear solver the solution constructed in the intermediate regime in
Proposition 2.1. In this way, we obtain a function B = B(vy) from (3.11c). In Fig. 2(a) we show that
B(v) is multi-valued with B — 0 as y — 0 and as v — 3/2. Numerically, we find that the maximum

value B, of B and the point 7. where this maximum occurs is
B, = 1.347, Yo = 1.02. (3.27)

This value is consistent with that computed in [28] for the infinite-line problem. We refer to the upper

branch in Fig. 2(a) as the primary branch, since it is this solution branch that merges smoothly as

14
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0.0 L . 2.0
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B A
(a) vy versus B (b) D =0.75

Figure 2: Left figure: plot of v = UyVj versus B computed from the core problem (3.11). Right figure:
plot of |v]2 given in (3.22) (solid curve) versus A for a one-spike solution when D = 0.75 and £ = 0.02.
The dashed curves are the limiting asymptotic results (4.13) and (4.25).

B — 0 with the solution in the intermediate parameter regime. The lower branch in this figure is
referred to as the secondary branch.

In Fig. 2(b) we plot the norm |v|s, defined in (3.22), versus A = B coth(6y) for a one-spike solution
when D = 0.75 and € = 0.02. The primary and secondary branches in the B, 7 plane correspond
to the upper and lower branches of Fig. 2(b), respectively. From (3.12) with I = 1/k, we can then
make a formal proposition concerning the existence of k-spike equilibrium solutions to (1.3) in the
pulse-splitting regime.

Proposition 3.2: Let ¢ < 1, A= O(1), and eA/v/D < 1. Then, there will be no k-spike equilibrium

solution to (1.3) that merges onto the intermediate regime equilibrium solution when

A > A, = 1.347 coth ( (3.28)

1
kvD ) '
In Fig. 3(a) we plot the norm |v|q, defined in (3.22), versus A for a k-spike solution with k = 1,... 4
when £ = 0.02 and D = 0.75. An identical plot is shown in Fig. 3(b) for the smaller value D = 0.1.
Notice that for the smaller value of D there is an approximate lining-up property of k-spike equilibria.

The primary branch again corresponds to the upper branches in these figures. The result (3.28) for the
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finite domain is new, and below it will provide a criterion for predicting the number of pulse-splitting

events starting from initial data for (1.3).

[v]a [v]a )

5.0
A A
(a) D = 0.75 (b) D = 0.1
Figure 3: Left figure: plot of |v|s (solid curve) versus A for a k-spike solution with £ = 1,... ,4 when

e =0.02 and D = 0.75. As k increases the value of A at the fold point increases. Right figure: same
plot except that now D = 0.1. In this case, the fold points values are closer.

In Fig. 4(a) we plot the numerical solution to (3.11) at the value v = 1.26 where B ~ 1.03
corresponding to a point on the primary branch. For the point v = 0.326 where B ~ 0.476 on the
secondary branch, a similar plot is shown in Fig. 4(b). Notice that this latter solution for v has two
bumps. This feature is studied below in §4. Although a rigorous proof of the shape of the B = B(vy)
curve and the behavior of the solution to the core problem (3.11) appears to be difficult, in §4 we give
some insight into the behavior of the solutions near the extreme portions of this curve, where either

v — 0 or v — 3/2. In both of these limits B — 0.

4 Asymptotics of the Core Problem

We now study the limiting behavior of the core problem (3.11). We first study the limiting behavior
of the primary branch where y — 3/2 from below. In this limit we have that U(0) = Uy > 1, and so
we introduce a small parameter § by § = 1/Uy. This suggests that U = O(6~') and V = O(4) in the
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(a) Primary branch: v =1.263, B =~ 1.03 (b) Secondary branch: v = 0.326, B = 0.476

Figure 4: Plots of the numerical solution to the core problem on either side of the fold point at
B = B, =1.347 and v = . = 1.02. The heavy solid curves are V', while the solid curves are U — Uj.

core region. Therefore, in this limit, we expand the solution to (3.11) in terms of J as
V=6 (vo+ v+ ), U=6'u=06"(ug+%u +-), with u(0) =1. (4.1)

Our choice of § enforces that ug(0) =1 and u;(0) = 0 for j > 1. Since [;°V dy = B from (3.23), the
expansion (4.1) yields that B = O(J). Hence, we write B = §By. Substituting (4.1) into (3.11), and

collecting powers of §, we obtain the leading-order problem
vy — Vg + viug =0, uy =0, (4.2)

with 1)6(0) =0, ug(0) =1, vg — 0 as y — oo, and 11,10 — 0 as y — oco. Therefore, we get ug(y) =1 and
vo(y) = w(y), where w satisfies (2.2). From collecting terms of order O(§2), we obtain that v; and wu;
satisfy

Lv; = 1)’1' — v 4 2w = —wluy, 0<y<oo; 1)11(0) =0, v1—0, as y— o0, (4.3a)

"

u; =w?, 0<y<oo; u(0) =0, u(0)=0, u,— By, as y— oo. (4.3b)

By integrating (4.3b) over 0 < y < oo, we get that By = [ w?dy = 3.
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Next, we multiply (4.3a) by w and integrate over 0 < y < oo. Then, using Lw = 0 and
w (0) = v} (0) = 0, we get

!

/ w Loy dy = w' (0)vy(0) = —/ w?w uy dy . (4.4)
0 0

Integrating the last term in (4.4) by parts, and noting that u;(0) = 0, we get

" 1 e !
w (0)vy(0) = 3 / wiuy dy . (4.5)
Jo
To calculate v1(0), we must determine u;(y). To do so, we substitute w(y) = %sech2 (y/2) and

w? =w —w directly into (4.3b) to get

" "

3 "
U =w—w = Esech2 (y/2) —w . (4.6)
Integrating this equation twice, and using u;(0) = 0, u;(0) = 0, we readily obtain

ui(y) = 61In [cosh (%)} - gsech2 (%) + g (4.7)

To determine v (0), we integrate (4.6) once to get

’
3w '

u, = 3tanh (%) —w = —w . (4.8)

Finally, substituting (4.8) into (4.5), integrating the resulting expression by parts, and using the

explicit form of w, we obtain

v1(0) % '/000 (—3w2w/ - w’w3) dy = ! [w?’(ﬂ) + w4(0)] _ 3 (4.9)

TS 3w" (0) 4 16

Since vy = UpVj, we use (4.1) to get v = w(0) + §?v1(0). We summarize the result of this calculation
in the following formal proposition:
Proposition 4.1: Let 6 = 1/Uy < 1. Then, along the primary branch, the core problem (3.11) has a

solution where v — 3/2 from below as § — 0. This solution is given asymptotically by
Vo~ b (w(y) + 6oi(y) +-+) Un~é ' (14 0ui(y)+-), (4.10a)

where w(y) satisfies (2.2). Here uy(y) is given in (4.7), and

3 33
B=30+, yngvozi—Eé%r---. (4.10b)
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This gives the following local behavior for the B = B(y) curve:

3 11B?
=UVp~ - —
Y 0vo 9 18

as B —0. (4.10c)

We now show that this limiting solution makes a smooth transition to the intermediate regime inner
solution constructed in Proposition 2.1 of §2. To show this, we use B = 34 and (3.12) to calculate §

in terms of A for a k-spike solution as
to
A = 34 coth %) (4.11)

Substituting the leading terms of (4.10a) into the leading terms of (3.18), we obtain for § < 1, that

‘ AVDw ~ 3ecoth(fp/k)
Vi 3e coth (0g/k) i A2\/D

This expression reproduces the leading-order terms in the intermediate regime inner expansion given

. (4.12)

in Proposition 2.1. Moreover, for § < 1, we can use V' ~ dw, to calculate the norm in (3.22) as

© LNV A V2JGRD
~ e V2ED 2 o 2€ . 4.1
ol ~ 7V </ de) 3coth (fo/F) (413)

— 0o

This result agrees asymptotically with the intermediate regime norm given in (2.6). Therefore, the
limiting behavior of the primary branch where UyVy — 3/2 from below provides a smooth transition
to the expansions in the intermediate regime constructed in §5.

For the secondary solution branch in the B, v parameter plane, we now construct an asymptotic
solution to the core problem (3.11) where v = UyVp — 0 from above. From (3.11a), we first observe
that V" (0) < 0 when v > 1, and V"' (0) > 0 when 0 < v < 1. Therefore, for values of  just
below v = 1, the solution for V starts to have a dimple at the origin. As v is decreased further,
this dimple becomes more pronounced, and as v — 0 the solution to (3.11) begins to look like two
spikes symmetrically placed about the origin. This was illustrated in Fig. 4(b) for v = 0.326 where
B =~ 0.476. It is remarkable that the fold point value v, = 1.02, given in (3.27), occurs at almost the
same value as where V first begins to exhibit a dimple. Therefore, as v = UyVy — 0, we expect that
the core solution splits into two disjoint spikes.

To analyze this regime, we again label 6 = 1/Uy, with Uy = U(0), except that now we make a
two-spike approximation for V with spikes located at y = y1 > 0 and y = —y;. As § — 0, we will show

that y; ~ —Ind > 1. Therefore, the separation between the spikes grows as d decreases. The analysis
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below to calculate y; is similar in essence to the analytical construction of multi-bump solutions to
the Gierer-Meinhardt model (cf. [13]) given in [4].

We look for a two-bump solution to (3.11) in the form
V=06(w+ws+R+ ), U=6'u=6"(1+6u+-), with u;(0) =0. (4.14)

Here we have labelled wq(y) = w(y — y1) and wy(y) = w(y + y1). Substituting (4.14) into (3.11), and
assuming that R < 1, we obtain that u; and the residual R satisfy

LR=R — R+ 2(wy + we)R = —2wywy — 52 (w% + w% + 211)111)2) u, —o0o<y<oo, (4.15a)
ulll = w? + ws 4 2wywy , —oo <y < oo, (4.15b)
with u; (0) = 0. Notice that R is small when the bumps are widely separated. In particular, when
y1 = O(—Ind), the two terms on the right hand-side of (4.15a) are both of order O(5?).

To determine y; we use a solvability condition. Assuming that the spikes are well-separated so
that y; > 1, we multiply (4.15a) by wll, and then integrate by parts over —oco < y < oo to obtain the
solvability condition

o0 ! o0 ! o0 !
0= / wi LR dy ~ —2 / wywywy dy — 62 / wiwyuy dy . (4.16)
J —0Q J —00 J —o0
The dominant contribution to the first integral on the right hand-side of (4.16) arises from the region
where y = y;. In this region, we use w(y) ~ 6e Y to get w(y + 2y1) ~ 6e Y 2¥1, In this way, we

calculate

o oo oo
L = 2/ wywws dy ~ 2/ w(y)w (y)wly + 2y1) dy ~ 12e 2% / e Yw(y)w (y)dy.  (4.17)

—00 —00 o

Integrating the last expression in (4.17) by parts, and then using w? = w — w", we obtain
Yy——00

o0
I ~ 6e 2% / e’ (w - w”> dy = 6e~ %' lim [efy (w + w’ﬂ = T2 2V, (4.18)
—o0

To calculate the other integral on the right hand-side of (4.16) we integrate by parts once and use
u1(0) = 0 to get

© 62 e 52 [ ,
I =6 / wiw,uy dy = Y / wiuy dy = Y / [w(y)]* u) (y + 1) dy . (4.19)
J =0 J —00 J —o00
Next, by integrating (4.15b) with u|(0) = 0, we get

uy (y) ~ /0 ’ [w(s —y1))* ds. (4.20)
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We can then write u;(y 4 y1) as

0

u;(y+y1)~/

J=y1

[w(s)])? ds + /Oy [w(s)]* ds ~ 3 + /Oy [w(s)]” ds . (4.21)

Here we have used fEUl w?dy ~ LUOO w?dy = 3 for y; > 1. The integral on the right hand-side
of (4.21) is odd. Therefore, upon substituting (4.21) into (4.19), we get an integral that is readily
evaluated as

b~ =8 [l ay - - (4.22)

Finally, substituting (4.22) and (4.18) into (4.16), we obtain that y; satisfies

3662
— -
The product v = UyV} is calculated as v ~ [wq(0) + wa(0)] = 2w(y1). Since y; > 1, we use w(y) ~
6e Y to get v ~ 12e Y1, where y; satisfies (4.23). Finally, B is determined by B = § fﬂoo [w% + w%] dy ~
64. This formal construction of a two-bump solution is summarized as follows:

Proposition 4.2: Let 6 = 1/Uy < 1. Then, along the secondary branch, the core problem (3.11) has
a solution where v = UgVy — 0 from above as § — 0. This solution is given asymptotically by

72”21 ~ (4.23)

Vbl —y) bulytu)] U (1Pl =) Fuly ) —2ulm)]) (424

where w(y) satisfies (2.2), and uq(y) is given explicitly in (4.7). The constants v = UyVy, y1, and B,
are given for § < 1 by

6v2
e

This implies the following local behavior for the B = B(y) curve:

1
B=6§+"--, vy=UgVy ~ y1~—ln5+§ln10. (4.24Db)

v =UpVo ~ V2B/V5, as B—0. (4.24¢)

In this limit, we can also calculate the limiting form of the norm defined in (3.22). Substituting
the inner expansion for v from (4.24a) into (3.22), and using d = B/6 and B = A/ coth(lfy), we obtain

>0 2 Ae 212D
~ e V2D 2 L Aaf o 4.2
e VI ([ viay) -~ S (425)

J =00
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(a) vy = UoVp versus B (b) Up versus v = Ug Vo

Figure 5: Numerical (solid curves) and asymptotic approximations (dashed curves) obtained from
Propositions 4.1 and 4.2. Left figure: v = UyVj versus B. Right figure: Uy versus 7.

This analysis shows that on the secondary branch a one-spike equilibrium solution splits into a
two-spike solution where the spikes are separated by an amount of order O(—In B) as B — 0. This
analysis is new and is closely related to the pulse-splitting behavior computed below.

The results in Propositions 4.1 and 4.2 were partially validated in Fig. 2(b), where we plotted
the asymptotic results (4.13) and (4.25) to the norm |v|2 that are valid at the two extremities of the
B = B(y) curve. From this figure, these asymptotic approximations are rather good over most of
the curve. In Fig. 5(a) we compare the two asymptotic results vy ~ % —11B?/48 and v ~ V2B/V/5
as B — 0, obtained from Propositions 4.1 and 4.2, with the numerically computed curve B = B(~).
Except near the fold point, these results are rather good. Finally, in Fig. 5(b) we plot the numerically

computed Uy versus 7y together with the asymptotic results of Propositions 4.1 and 4.2.

5 Drift Instabilities: The Small Eigenvalues

In this section we extend the results in Propositions 2.3 and 2.4 in the intermediate parameter regime by
looking for drift instabilities associated with the k-spike equilibrium solution constructed in Proposition
3.1

We begin by linearizing (1.3) around the equilibrium solution constructed above in Proposition
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3.1. Let v, and u, denote this equilibrium solution. We write
v = v, + Mg, U= e + M. (5.1)

Substituting (5.1) into (1.3) we obtain the eigenvalue problem
2 puy — ¢+ 2AUvo) + Anu? = A\, —-l<z<1, (5.2a)
Dijgy — 1 — 02 — 2uevedp = T, —-1l<z<l1. (5.2b)

th

We begin by examining (5.2) in the 5" inner region where y = ¢~ (z — ;). Using (3.21a) and (3.21b),

we calculate

eA D 2¢A
2Auev, ~2 |\ UV + —= (UVL + U1V) + - ] , v~ = [VQ + —=VVi+ , (5.3)
VD vD
where U, V satisfy (3.11), and Uy, V; satisfy (3.17). In this inner region we introduce ® and N by
A €
$z) = -2 (yie) . nlx) = 5N (ye) - (5.4)

Substituting (5.4) and (5.3) into (5.2), and with y = e~ ' (z—x;), we obtain the following inner problem

on —oo <y < 00!

<1>yy<1>+2[UV+f/—%(UV1+U1V) }(I>+[V2+TAVV1 ] =\, (5.5a)
N, [V2+%VV1 ] [UV+\/—%(UV1 + U V) + ]@—5(1+T>\) (5.5b)

As suggested by the intermediate regime result (2.14), we look for instabilities associated with

small eigenvalues of order A = O(e). Therefore, we seek an eigenfunction to (5.5) in the form

eA eA eA
(y;€) = Po(y) 75 1(y) (y;€) = No(y) 75 1(y) 75
(5.6)
Substituting (5.6) into (5.5), we collect the leading-order terms to get
Doy — Pp +2UVO, + V2N =0, —o0<y< oo, (5.7a)
Noyy — V?Ng —2UV®y =0, —o00<y<oo. (5.7b)
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We look for an odd eigenfunction of (5.7) with ®; — 0 and Ny bounded as |y| — oco. From the O(e)

terms, we get the system for the next order correction

By + (—1+20V)Dy + VEN; = X\g®g — 2(UVy + U1 V)®g — 2VVI Ny, —oo<y<oc, (5.8a)
Niyy —2UV® — V°Ny = 2(UV4 + U1 V)@ + 2VVINy, —oc0<y<oo. (5.8b)

The boundary conditions are that ®; — 0 and Ny, is bounded as |y| — oc.
By differentiating (3.11), it is clear that a solution to (5.7) is

¢y = ¢;V,, Ny = ¢;Uy . (5.9)

This solution is odd, and we assume that this is the only solution to (5.7). The constant ¢;, associated
with this jth inner region, will be determined below after matching to the outer solution. Substituting

(5.9) into (5.8), we then express (5.8) in matrix form as
(X O Vy o 22UV +UV) —2VW Vy
LV =c¢ ( 0 0 ) ( U, ) to ( AUV, +UIV) 2V u, ) (5.10a)
where ¥ = (®1, N1)!, and the operator L is defined by

oty v (5.10b)

(Y
S
|
—
=
S 8§
RS
~——
+
&
—
=5
~——
=
Il

<1+2UV I%& )

To determine the solvability condition for (5.10), we let ¥ denote the solution of the homogeneous

wl T

chot = ( oy ) +E ( i ) 0, (5.11)
U U
2yy 2

where ¢ denotes transpose. We look for an odd solution to (5.11) where \I/I — 0 and \I/;y — 0 as

adjoint equation

ly| = oo.
To determine the solvability condition for (5.10a), we multiply (5.10a) by ¥* and integrate by
parts to get

oo
/ LW dy = (\Iﬁtq/y — \Iﬁqf;) % = ¢jhola + ¢, (5.12a)
— 00

where I1 and I, are defined by

o

I = / (\Iz;t - xﬂt) RUV), Vi + (V) Uh] dy, = / WiV, dy. (5.12b)
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Since ¥ and U' are odd functions and \IJL — 0 as y — oo, (5.12a) can be reduced to

cidoly = —¢;I) + Wh(o0) (N1, (+00) + Niy(—o0)) . (5.12¢)

The next step in the analysis is to calculate I; explicitly. To do so, we introduce W by W =
(Viy, Ury)t. Upon differentiating the system (3.17) for Vi and U; with respect to y, it follows that

—2(UV), Vi — (V?),U
LW = < 2(UV);{/]1+ (VQ)y?;]]l ) . (5.13)

Therefore, I in (5.12b) can be written in terms of W. Integrating the resulting expression by parts,

we get

oo oo
I = / Ui ew dy = (qﬁtwy — \Izyw) |, + / wietwt dy . (5.14)
— 00

— 00

Using £IW! = 0, with \I/I — 0 and \Ilgy — 0 as |y| — oo, (5.14) reduces to
I = 20} (00)Uyyy (00) = —2W (00) . (5.15)

Here we have used Uj,,(0c0) = —1 as seen from (3.17c). Finally, substituting (5.15) into (5.12c), we

obtain a compact expression for g

oo
1 .
chU/ UiV, dy = 20} (c0) 5 (Viy(+00) + Niy(—00) +¢j| ,  j=1,... k. (5.16)

— 00

This completes the analysis of the jth

th

inner region.
Next, we match this 7" inner solution constructed above to the outer solution for (5.2). This
will determine Ni,(£00) and the constants ¢;, for j = 1,... , k. In the outer region, away from O(e)
regions centered at the spike equilibrium locations, ¢ in (5.2a) is exponentially small and 7 in (5.2b)

is given by
Dy — (1 +7X)0 = v 4 2uveh. (5.17)

Since the right hand-side of (5.17) is localized near each « = z; for j = 1.... |k, its effect on the outer
solution can be calculated in the sense of distributions. Recalling (5.4), (5.6), and (3.21), we get for =
near z; that the right hand-side of (5.17) is given by

cA

VD

1
NUZ + 2V ~ — ¢ ov?), + (MVZ428,UV + 2¢; (U,VVi + UV, Vi + hVV,)) | . (5.18)
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Using (5.8b) we can write (5.18) as

1 eA
nUE + 2uee ~ — e (wv?), + ﬁmyy : (5.19)

Since UV? is even, we obtain in the the sense of distributions that

1 eA ' A
B [cj (UVQ)y + —ley] — 2eBcjd (z — xj) + —= (Niy(+00) — Niy(—o0)) d(z —x;).  (5.20)

vD vD
Here B = fooo UV?2dy, given in (3.23), is the bifurcation parameter for the core problem (3.11). In
this way, the following outer problem for n(z) is obtained from (5.17):

k

) A
Dngy — (14+7N)n = Z <2€Bcz~5 (x —x;) + L

2 \/B(N]y(—l—oo)—N1y(—oo))5(gc—sci)> , —l<z<l,

(5.21)

with 7, (£1) = 0.
To determine Ny, (400) in (5.16) we use the matching condition that the far-field behavior of

the jth inner solution as y — +oo must agree with the behavior of n(z) as = — TT Defining
y = ¢ !(z — z;), we obtain from (5.4) and (5.6), that this matching condition is
€ eA 4 4
) c;Uy(Fo00) + EN] ~n(z;) +eyng(zy) + - . (5.22)
To match the terms in (5.22), we require that
+\ 8CjB
n(zy) =+, (5.23a)
D3/2
Niy(#00) = —ma(35) - (5.23b)

We now solve (5.21) on each subinterval and we use the condition (5.23a) for H(T]i) and the

boundary condition 7, (+1) = 0. This yields,

—eBe; cosh[0y(14x)

} —
D co?h[é(lk(]+ml))}}a o ) 1<z <ax,
o eBc; sinh[0y (x—z ;41 £Bcjy1  sinh[fy(z—z; . . . B
M) =\ D SR w0 T D mlameon) S <E<Tip, J=lo k=1
eBe;, cosh[fy(1—x)]
D cosh[0y(1—z)] ? T <z <l.
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Here @), is defined by
0, =00V1+7A, Oy=D2, (5.25)

Next, we use (5.24) to calculate Ny, (£00) in (5.23b). A simple calculation for j = 1 yields

(Nw(JFOO)"gNW(_OO)) _ B\/T [—01 (Coth (%) + tanh (%)) — ¢yesch (%)] .

(5.26a)

For j=2,... .k —1, we get
N Niy(— Bv1 A 20 20 20
(Vi (+00) + N1y (=0)) = T [—C_j]CSCh (f) — 2¢;j coth (f) —c¢jq1csch (f)] .

2 24
(5.26h)

Similarly for 7 = k, we get

(le(“‘OO)‘;le(OO)) _ B\/;;—m [ckmsch (@) e (Coth (@) '+ tanh (%))} |

(5.26¢)

Substituting (5.26) into (5.16), and using the the relation A = B coth (6y/k) from (3.12), we obtain

the following matrix problem for ¢ = (ci,... ,c;)! and Ag:
V1 A 0
Aoc = « [% tanh (%) B— I] c. (5.27)
Here « is defined by
ol
= —— Q(TOO) , (5.28)
Joo UiV dy
and B is the tridiagonal matrix
d f 0 0 0 0
e f 0 0 0
0 f e 0 0 0
B = . , (5.29a)
00 0 e f O
0 0 0 f e f
0 0 0 0 f d
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with matrix entries d, e, and f defined by

20 0 20 20
d = coth <T)‘> + tanh (f) , e = 2coth (f) , f = csch <T)‘> : (5.29b)

The spectrum of B can be calculated explicitly as was done in Appendix D of [18]. This leads to the
following result:

Proposition 5.1: The eigenvalues (;, ordered as 0 < (1 < ... < (i, of B and the associated normalized

eigenvectors c; of B are

20 20 '
¢; = 2coth ) L 9csch (22 ) cos (2 , j=1,...k, (5.30a)
' k k k
ct = 1 (1 —1,1 (71)k+1) Coe = \/gsin ﬂ (] _ 1/2) j=1 E—1 (5 30b)
k \/E 3 3Lyt ) ] A k y sy . .
Here c* denotes transpose and ¢ = (c15,. .., Cr )

By substituting (5.30) into (5.27), we obtain k transcendental equations for the eigenvalue A\g. The
eigenvectors in (5.30) determine the constants ¢;, for j = 1,.., k. In this way, we obtain the following
main result for the small eigenvalues:

Proposition 5.2: Let ¢ < 1, and eA/v/D < 1. Then, the small eigenvalues \ associated with drift
instabilities of the k-spike equilibrium solution of Proposition 3.1 are of order O (6A/\/E), and satisfy

the k transcendental equations,

A 2 2 j
A~ % [\/1 + 7Atanh <%0> <coth <%> + csch <%> cos (%)) — 1] , j=1,...,k,
(5.31)

where o and 0y are defined in (5.28) and (5.25). The constant o depends on the bifurcation parameter
v associated with the core solution. In the inner region near the jth spike, the perturbation to the

v-component of the equilibrium solution has the following form for some § < 1:

v(x,t) ~ @ (V[s” (z — x;)] + 6c;Vy[e " (z — mj)]e)‘t) . (5.32)

For a one-spike solution where k = 1, (5.31) can be reduced to

eaA
A~ [\/1 " rAtanh () tanh (6y) — 1} . (5.33)

This expression is very similar in form to the result (2.9b) of Proposition 2.3 in the intermediate
parameter regime. The only difference between (5.33) and (2.9b) is in a multiplicative factor. We now

show that these two formulae do in fact agree if we let A — 0 in (5.33).
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To show this, we must calculate the limiting behavior of « in (5.28) along the primary branch as
B — 0 and v — 3/2. In this limit, we recall from Proposition 4.1 that V ~ dw, and U ~ §~ !, where
d ~ A/[3 coth(fy)]. Here w is the spike profile given in (2.2). Therefore, for § < 1, the homogeneous
adjoint problem (5.11) reduces to

LbL/y +(—1+ 211))1,b1L - 211)1@ ~0, w;yy + 622 (w}‘ _ ¢;) ~0. (5.34)

The solution to this limiting system is odd and is given, up to a normalization constant, by

2
@b]lt = wy, + 0(0?), Lb; = f% y[w(s)]3 ds + O(6"). (5.35)
Jo

Therefore, for § < 1, we have

(5.36)

_ W) 9 <f0°° dy) |

fooo ‘I’]{Vy dy - 3 fooo w?% dy

To calculate the integral in (5.36) we use w(y) = %seChQ(y/Q) . This yields a = 20. Then, using
d ~ A/[3coth(fy)], and B = Atanh 6y, we obtain the limiting result

2A 2B
a~ ?tanhf)g ~ g for A<1. (5.37)

Substituting (5.37) into (5.33) we do indeed recover (2.9b).

To determine « in (5.28) we compute the numerical solution to the adjoint problem (5.11), and
then evaluate the integral in (5.28) with a numerical quadrature. In Fig. 6 we plot « versus B along
the primary branch in the B, 7 parameter plane of Fig. 2(a). Although we are not able to give a
rigorous proof of the sign of «, our computations show that a > 0 along this branch.

Since A = O(e), we have that A7 < 1 for 7 < O(e™"). For 7 < O(e™"), it is readily shown that
(5.31) reduces to

A 0 1
)wv—a%%sech2 (%) [1—5(1+Cos(7rj/k)) , j=1,... k. (5.38)
Since a > 0, we conclude that A < 0 for j = 1,... , k. This leads to the following stability result:

Proposition 5.3: Let e < 1, 7 < O(e™Y), and eA/vV/'D < 1. Then, along the primary branch of the

B, v parameter plane, the k-spike equilibrium solution of Proposition 3.1 is stable with respect to drift

instabilities associated with the small eigenvalues.
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Figure 6: Plot of a, defined in (5.28), versus B along the primary solution branch of the B, v parameter
plane. The right endpoint of this curve corresponds to the fold point B = 1.347.

We now determine instabilities associated with (5.31) when A = O(e~!). To analyze (5.31) it is

convenient to introduce the new variables 74, w, and £, defined by

A= (ﬂ> w, T= <m£?4> Td, £ =1w. (5.39)

Substituting (5.39) into (5.31), we obtain that ¢ satisfies F;(£) = 0, where

B =2 -G,(e). (5.40a)
G(&) = Mtanh (%) (coth (7290 kl +£> + csch (Lh kl +£> cos (%)) -1, 5=1,... k.

(5.40D)

In terms of the roots F'(¢) = 0, the scaled eigenvalues w are given by w = £/74.

For the one-spike case k = 1, (5.40) reduces to the problem (2.11) considered in §2 for the small
eigenvalue of a one-spike solution in the intermediate regime. Therefore, Proposition 2.4 of §2 proved
in [19] also applies to the stability of a one-spike solution in the pulse-splitting regime.

Proposition 5.4: Lete < 1, 7=0( "), k=1, and cA/V/D < 1. Then, there exists a unique value

Tdah, depending on D, for which there is a complex conjugate pair of pure imaginary eigenvalues when

Tq = Taqn. For any 14 > 143, there are exactly two eigenvalues in the right half-plane. These eigenvalues
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(a) 7an and wp, (b) eigenvalues in right half-plane

Figure 7: A one-spike solution. Left figure: The Hopf bifurcation value 74, (heavy solid curve) and
the frequency wy, (solid curve) versus D. Right figure: The eigenvalues w = wp + iw; in the right
half-plane for 74, < 7 < 74,, when D = 0.75 (heavy solid curve) and D = 0.1 (solid curve).

merge onto the positive real azxis when 174 = Tgm, and they remain there for all 7 > T4 In terms of

7, the Hopf bifurcation in the spike location occurs when T = Tpw, where

- (Z) o)

To determine 74, for a one-spike solution where & = 1 we numerically determine the zeroes of
Fi(¢) = 0 on the imaginary axis. The zeroes occur when ¢ = i&, and 74 = 745, which yields wy, =
&n/71an. In Fig. 7(a) we plot 74, and wy, versus D. To illustrate Proposition 5.4, we compute the roots
of Fi(£) = 0 with £ = £r + i€ on the range 74, < 7q4 < T4 In terms of w = £/74 = wg + iwy, in
Fig. 7(b) we plot this path in the complex plane for D = 0.75 and D = 0.1.

We now consider the multi-spike case where k& > 1. We first look for roots of F;(¢) = 0 on the
positive imaginary axis £ = iy with £ > 0. By separating (5.40) into real and imaginary parts, we
obtain
&
Td

where Fjr(&1) = Re(F;(i€1)), Fji(&§r) = Im(Fy(i€r)), Gjr(&r) = Re(G(i€1r)), Gj1(&r) = Re(G;(i1)).

F7R(§7) = _G.jR(ff)a F?I(f’) = - .71(51)7 .7 = 15 7k7 (542)
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Using (5.40), it is readily seen that G;r(0) < 0 and that G;g(£s) is monotonically increasing with
Gir(&r) — +o0 as £ — oo. Therefore, Fjr(£;) = 0 has a unique root, which we label by &;;. Then,
setting F;7(&rj) = 0, we obtain the critical value 745, defined by

_ &

= : i=1,... k. 5.43
= G g (5:43)

In terms of 74, we define w; = {7j/74;. For each j, 745 denotes the unique value of 74 where there is a
complex conjugate pair of small eigenvalues on the imaginary axis.

By adapting the proof of Proposition 5.6 of [19], we can prove that, for each fixed j = 1,... £,
there are exactly two roots of Fj(£) = 0 for any 74 > 74;. In addition, these roots merge onto the
positive real axis when 7, = T(}fj > T4;, and they remain there for 74 > T(}}. To show this, we first
derive a formula for the number M; of zeroes of F;(£) = 0 in the right half-plane. To do so, we
calculate the winding number of F};(&) over the counterclockwise contour composed of the imaginary
axis —iR < Im(¢) < iR and the semi-circle I'g, given by [{| = R > 0, for Re(¢) > 0. For any 74 > 0,
it is easy to see from (5.40) that the change in the argument of F;(&) over I'r as R — oo is m. Since

F;(¢) is analytic in Re(§) > 0, and F;(&) = F;(£), the argument principle yields that

My= 3+~ g By, (5.44)
Here [arg F}]. denotes the change in the argument of Fj({) along the semi-infinite imaginary axis
'y =45, 0 < €5 < oo, traversed in the downwards direction.

To calculate M;, we note that Fj; = O(&r) and Fjr = O(V/€r) as £ — oo, and that Fj7(0) =0
with Fjr(0) > 0. This implies that arg F; = 7/2 as £ — +o00, and arg F; = 0 at &; = 0. Since the root
to Fjr(&r) = 0 is unique and independent of 74, the change in the argument [arg E]']F, is determined
by the sign of Fj;({;) at the unique root of Fjr(¢;) = 0. In this way, we get that [arg Fj]. is 3m/2
when 7 > 74 and is —7/2 when 0 < 74 < 74. From (5.44) this yields that M; = 2 when 74 > 74
and M; = 0 when 0 < 74 < 74;. Therefore, the roots of F;(£) = 0 have a strict transversal crossing
into the right half-plane as 7 is increased past 74. The fact that that the roots of F;(¢) = 0 merge
onto the real axis at some value 77, follows from the simple observation that G;({) in (5.40b) is an
increasing, and concave, function when { > 0 is real, and that G;(0) < 0. This proves that when ¢
is real, F;(§) = 0 will have exactly two roots for 7 > 7, where 77, is determined from the condition
that /74 intersects G;(§) tangentially at a unique point when 7 = 7'(};. This leads to the following
stability result for a k-spike solution:

Proposition 5.5: Let ¢ < 1, 7= O(e™ "), and eA/v/D < 1. Then, along the primary branch of the

B, v parameter plane, the k-spike equilibrium solution of Proposition 3.1 is stable when 0 < 7 < 1wy,
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(a) Two spikes: 74; for j =1,2 (b) Three spikes: 74 for j =1,2,3
Figure 8: The values 74 for j = 1,... ,k versus D where complex conjugate eigenvalues enter the right

half-plane. The Hopf bifurcation value 74, is the minimum of these values. Left figure: a two-spike
solution, with 5 = 1 (heavy solid curve) and j = 2 (solid curve). Right figure: a three-spike solution
with j = 1 (heavy solid curve), j = 2 (solid curve), and j = 3 (dashed curve).

and is unstable when T > 7ry . The stability of this solution is lost due to a Hopf bifurcation in the
spike locations that occurs when ™ = Trw, where

VD
TTTW ~ | —— | Tdh > Tdh =

:IIll’ln (7a5) - (5.45)

caA 7

k

For a two-spike solution where & = 2, in Fig. 8(a) we plot the numerically computed functions 74;
for j = 1,2 versus D. A similar plot for the three-spike case is shown in Fig. 8(b). These numerical
results, together with other results (not shown) for larger ranges of D and for k > 3, suggest that in
each case 74, is determined by the j = k& mode. From (5.30b), we see that the effect of the j = k
mode on the small-scale oscillatory behavior of the spike locations is to introduce a breathing-type
instability whereby consecutive spike-layer locations are 180° degrees out of phase. This leads to the
following conjecture:

Conjecture 5.6: Let ¢ < 1, and €A/\/E & 1. Then, along the primary branch, a k-spike solution

first loses its stability to a breathing-type instability at the value 7 = Ty ~ (E‘{E) Tak- In terms of
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the v-component, this small-scale oscillatory instability takes the form,

VD

where § < 1, and ¢ is arbitrary. Here ¢; = (—=1)7 and z;(0) = =1+ (25 — 1)/k for j = 1,... k. In
addition, wg = &1k /Tak, where Fi(i&g) = 0.

k
v(z,t) ~ @ Z V(e [z —z;(t)]) . zj(t) ~ x;(0) + dc; cos <EaAwkt - (l)) , (5.46)
=1

6 Stability of the Profile: The Large Eigenvalues

We now determine the stability of the k-spike equilibrium solution of Proposition 3.1 with respect to

eigenvalues A with A = O(1) as ¢ — 0. Assuming that 7 < O(g ?), we can repeat the calculation

from (5.1)-(5.5) to derive the following leading order eigenvalue problem in the jth inner region:

Doyy — Po +2UV O, + VENy = Ady, —o00 <y <00, (6.1a)

Noyy — VENyg —2UV®; =0, —oo<y<oc. (6.1b)

We seek an even eigenfunction of (6.1) for which ®3 — 0. Upon matching to the outer region below,
the other boundary condition is that Ny, — 0 as |y| — oo.

To derive such an asymptotic boundary condition for Ny, we consider the outer solution for 7 given

in (5.17). Since ®¢ and Ny are even, we obtain in place of (5.18) that near xz;,
1 1
nvg + 2ueved ~ — (2UV @ + VZNg) ~ —Noy, . (6.2)

Therefore, since Ny, is odd, we get in place of (5.21) that

k
Dy — (147X =2)  Noy(00)d(z —x;), —1<az<1;  n(+1) =0, (6.3)
=1

The solution to (6.3) can be written as

k
n(x) = =2 Noy(00)G(z;2;), (6.4)
i=1

where G(z; z;) is the Green’s function satisfying (2.3). The leading order matching condition analogous
to (5.22) is that eD !Ny as |y| — oo agrees with n(z) as z — z;. This enforces that Np,(co0) = 0.
Therefore, the leading order eigenvalue problem (6.1) is universal in that it does not involve a coupling

of the eigenvalue problems associated with each inner region.
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Figure 9: The dimple eigenfunction ®; = V,,(y) (left figure) and Nq = U, (y) (right figure) at v = v, =
1.02.

We now consider the spectrum of (6.1). Recall from the core problem (3.11) that at the fold point
v =, of the B = B(7) curve, we have that B (v.) = 0. This implies that (6.1) has an eigenfunction
with zero eigenvalue at this point. To see this, we differentiate the leading order core problem (3.11)

and (3.13) with respect to 7y to get

V), =V, +20VV, + V32U, =0, —oco<y<oo, (6.5a)
U, =U,V2+20VV,, —00 <y < o0, (6.5b)
V, =0, Uy ~B@yl+x(), as y—+oo. (6.5¢)

Therefore, at the fold point where v = v, and B'(,) = 0, we compare (6.1) and (6.5) to conclude that

Dy(y) = Paly) =V, No(y) = Na(y) =U,, when =1, (6.6)

is an eigenfunction of (6.1) with A = 0. This eigenfunction ®;, which is computed numerically, is
shown is shown in Fig. 9 to have a dimple shape. This dimple property was also observed in [28].
We now determine the spectrum of (6.1) numerically as a function of y. We discretize (6.1) on the
interval [0, L] using centered differences, ensuring that ® and N are even functions and that N, — 0
at y = L. We label y; = 0, y,,, = L, with m > 1, and we choose a meshsize h = L/(m — 1). This leads
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to the discrete formulation
(M =T+ Ay) ®g+ ANy = APy, (M — A1) Ng = Ay P, (6.7a)
so that
(M= T+ 85+ A (M= A1) ) @0 = Ao (6.7b)

Here ®g9 = (Po(y1),.-- , Po(ym))’, No = (No(y1),--. , No(ym))!, and the matrices I'y, 'y, and M, are
defined by

V2(y) 0 0 2U(y)V (1) 0 0
A1 = 0 0 ) AQ - 0 0 )
0 0 V2(ym) 0 0 2U (ym)V (ym)
(6.7c)
and
-2 2 0 0 0 0
1 -2 1 0 0
X 0 0
0 0
0 0o . 1 -2 1
0 0 0 0 2 =2

The eigenvalues of the discrete problem (6.7b) were computed using LAPACK [1] on a domain
with L = 12 and m = 200. Increasing the number of meshpoints and the domain length did not
change the results noticeably. In Fig. 10(a) and Fig. 10(b) we plot the real and imaginary parts of
the eigenvalues as a function of 7. The plot in Fig. 10(a) shows that the primary solution branch of
Fig. 2(a) corresponding to 1.02 < « < 1.5 is stable with respect to the large eigenvalues, while the
secondary branch corresponding to 0 < -y < 1.02 is unstable due to positive real eigenvalue.

For D small, we have shown in Proposition 3.2 that there is an approximate lining-up property of
k-spike equilibrium branches associated with the core solution. Moreover, the numerical computations

above have shown that there is a dimple-shaped eigenfunction at the saddle-node bifurcation point
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Figure 10: Left figure: Re()\) versus «y for the spectrum of (6.1). There is an eigenvalue with a positive
real part only when 0 < v < 1.02. Right figure: Im(\) versus 7 for the spectrum of (6.1).

Api. In addition, we have shown numerically that the primary solution branch is stable with respect
to the large eigenvalues when 7 < O(e~2), but that the secondary branch is always unstable. In §5 we
showed that the primary solution branch is stable with respect to drift instabilities when 7 < O(e1).
Therefore, the pulse-splitting criteria of [10] are satisfied when 7 < O(e~!). This leads us to the
following conjecture concerning the number of pulse-splitting events and the final equilibrium state
for a dynamical process under (1.3):

Conjecture 6.1: Let ¢ < 1, 7 < O(e™ "), and €A/v/D < 1. Suppose that we have even one-spike

initial data centered at the origin. Then, the final equilibrium state is stable with respect to both the

large and small eigenvalues, and it has 2™ spikes where, for some integer m > 0, A satisfies

Apgm-1 < A< Apgm . (6.8)

p2

Here A,y is the existence threshold, which depends on D, defined in (3.28).

Finally, we determine whether the primary solution branch can become unstable with respect to
a Hopf bifurcation of the large eigenvalues when 7 = O(e2). For this range of 7, the slow drift
instabilities of §5 are also present. In (5.5) we let 7 = O(¢2). In place of (6.1), we then obtain the

following eigenvalue problem on —oco < y < oc:

q)[]yy —®g+2UV Oy + V2N0 = A0 ; N(]yy — V2N0 —2UV®y = A1, Ny, (69&)
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where

(6.9b)
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(a) 7Ly versus B (b) Az, versus B

Figure 11: Left figure: There is a Hopf bifurcation in the spike amplitude when 7 = D77, /e2. Right
figure: the value A = iAp; where there is a pair of complex conjugate eigenvalues on the imaginary
axis.

In place of (6.7), the eigenvalues of (6.9) are approximated by the discrete eigenvalues of the block

(M_f\;AQ Mmm)(;z)_(éTSI)(;z)- (6.10)

For each 71, we compute the discrete eigenvalues using a generalized eigenvalue problem solver from

matrix problem

LAPACK [1]. Newton’s method is then used to determine the value 775 of 77, where eigenvalues first
enter the right half-plane. The computations show that these eigenvalues enter the right half-plane
through a Hopf bifurcation. In Fig. 11(a) and Fig. 11(b) we plot the Hopf bifurcation value 7, and

the corresponding Im(\) = Ay, for each point along the primary solution branch.
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7 Numerical Experiments

In this section we perform some numerical experiments on (1.3) to test Conjectures 5.6 and 6.1, and to
illustrate instabilities that can occur when 7 is asymptotically large. The numerical results below are
computed using the routine DO3PCF of the NAG library [29] with 1500 uniformly spaced meshpoints.
The initial condition for (1.3) is taken to be

R R o e ) (e .
v(z,0) = EV(O); h( 5 ) u(z) =1 (1 A@U(o)) G(z;x5)/a, .

1

k
=
(7.1)

Here a4 is defined in (2.1d). In addition, U(0), V(0) denote the solution to the core problem (3.11) at
y = 0 and at the fold point where v = ..
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S ;"\‘ :: 50 - 4
i { -l
15.0 b s “ A A “ s 1
s i s
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L } \ (bt ) s
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x Zj
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Figure 12: Experiment 1: the parameters are e = 0.02, Kk =1, D = 0.75, A = 2.0, and 7 = 2.0. Left
figure: the solution v at ¢ = 8.05 (heavy solid curve), ¢t = 15 (solid curve), and ¢ = 50.2 (dashed curve).
Right figure: ¢ versus z; showing a pulse-splitting event at ¢ ~ 6.0.

Experiment 1-2: We consider a one-spike initial condition for (1.3) with e = 0.02, D = 0.75, A = 2.0,
and 7 = 2.0. For these parameter values we get eA/v/D = 0.046 < 1, and we compute from (3.28) that
Apr = 1.644, App = 2.587, and Apy = 4.795. Since A, < A < Ayo, there is no one-spike equilibrium

solution and we predict only one pulse-splitting event. The final state should be a two-spike solution.
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In Fig. 12(a) we plot the numerically computed solution v at three different times. In Fig. 12(b) we
plot the locations z; of the maxima of v as a function of time. Indeed, the pulse does only split once,
and at the value t =~ 6.0. Next, we keep the same parameter values, but increase A to A = 3.0, so
that EA/\/E = 0.069 < 1. In this case, since Ay < A < Ay, we now expect that there will be two
pulse-splitting events and that the final state will be a four-spike solution. In Fig. 13(a) we plot the
numerically computed solution v at three different times, and in the ¢ versus z; plot of Fig. 13(b) we

show that there are two pulse-splitting events, which occur at £ =~ 2.0 and ¢ =~ 60.0.
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Figure 13: Experiment 2: the parameters are ¢ = 0.02, Kk =1, D = 0.75, A = 3.0, and 7 = 2.0. Left
figure: the solution v at ¢ = 10.0 (heavy solid curve), ¢ = 61 (solid curve), and ¢ = 100 (dashed curve).
Right figure: ¢ versus z; showing pulse-splitting events at ¢ ~ 2.0 and ¢ ~ 60.0.

Experiment 3: We now consider a one-spike initial condition for (1.3) with ¢ = 0.01, D = 0.1,
A =24, and 7 = 2.0. This is the example in the introduction §1. For these parameter values we
get eA/v/D = 0.076, and from (3.28) we calculate that A, = 1.352, Ay = 1.466, A,y = 2.045, and
Apg = 3.583. Since, Apy < A < Az, we expect that there will be three pulse-splitting events, and that
the final equilibrium state will be an eight-spike solution. This is indeed what is observed in Fig. 1(b)

where we plotted £ versus the locations x; of the maxima of v. There are three pulse-splitting events at
t~2.0,1~40.0, and ¢t = 138. The gaps in the plot of ¢ versus x; near the splitting times occur since
it is difficult to determine well-defined maxima of v during the pulse-splitting events. The solution is

plotted at different times in Fig. 14(a) and Fig. 14(b).
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Figure 14: Experiment 3: the parameters are ¢ = 0.01, k =1, D = 0.1, A = 2.4, and 7 = 2.0. Left
figure: the solution v at t = 6.0 (heavy solid curve), ¢ = 55 (solid curve). Right figure: v at ¢t = 145
(heavy solid curve) and ¢ = 190 (solid curve). Pulse-splitting events are at ¢ =~ 2..0,40.0, 138.0.

Experiment 4: Next, we consider a three-spike initial condition for (1.3) with ¢ = 0.01, D = 0.1,

A =19, and 7 = 2.0. For these parameter values we get €¢A/v/D = 0.06, and we compute from
(3.28) that Ay = 1.719, and Apys = 2.788. Since, Ay3 < A < Apg, we predict that there will be one
pulse-splitting event, and that the final equilibrium state will be a six-spike solution. This is indeed
what is observed in Fig. 15(a) and Fig. 15(b), where we plot the solution v at different times and the
spike locations £ versus z;, respectively. The pulse-splitting event occurs at ¢ = 19.5.

Experiment 5: Next, we consider data for a one-spike initial condition used in Fig. 4 of [6] and
Fig. 2b of [5] (see the discussion in §8). The data in Fig. 4 of [6] corresponds to ¢ = 0.00918, D = 0.04,
A = 2109, and 7 = 4.74. Although D is smaller than in the previous experiments, we still calculate
that eA/v/D = 0.097 < 1. Therefore, the correction terms to the core solution are still relatively small.
For these parameter values, we calculate from (3.28) that A, = 1.347, Ay = 1.365, Apy = 1.588,
and Apg = 2.429. Since A,y < A < Apg, we predict that there will be three pulse-splitting events,

and that the final equilibrium state will be an eight-spike solution. This is indeed what is observed in
[6]. In Fig. 16(a) we plot ¢ versus the spike locations z;, showing splitting events at ¢ ~ 2.0, ¢ ~ 48,
and t ~ 140. Next, the data of Fig. 2b of [5] corresponds to ¢ = 0.0077, D = 0.04, A = 1.483, and
7 = 6.74, so that eA/v/D = 0.057. Since Ay < A < Apy, and 7 < O(e™'), we predict that the final
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Figure 15: Experiment 4: the parameters are ¢ = 0.01, k =3, D = 0.1, A = 1.9, and 7 = 2.0. Left
figure: the solution v at ¢ = 10.0 (heavy solid curve), ¢ = 50 (solid curve), and ¢ = 100 (dashed curve).
Right figure: ¢ versus z; showing a pulse-splitting event at ¢ ~ 20.0.

equilibrium state will have four spikes. This is what is observed in Fig. 16(b) (see Fig. 2b of [5]).

Experiment 6: Next, we consider one-spike initial data that is not centered at the origin. In the two
experiments below we chose ¢ = 0.02, D = 0.75, 7 = 2.0, and we take the initial spike to be centered
at £9(0) = 0.35. For these parameter values, we calculate from (3.28) that A, = 1.644, Ao = 2.587,
A,z = 3.6707, and Apy = 4.7950. For A = 3.0, in Fig. 17(a) we plot t versus the spike locations
zj, showing one splitting event and a three-spike final equilibrium state. Alternatively, for the value
A = 4.0, in Fig. 17(b) we show a four-spike final equilibrium state. For the first value of A, where
Apy < A < Aps, our theory predicts either a three or a four-spike final equilibrium state. A detailed

analysis of the dynamics of these patterns is needed to determine the final equilibrium state.

Experiment 7: In the next four experiments, we examine instabilities that occur when 7 is asymp-
totically large. In this example, we take a one-spike solution as initial data. The parameter values are
D =0.25, A =1.35,¢ =0.01, and k£ = 1. For these values, we calculate B = 1.301 and o = 1.366 from
Fig. 6. From the data used to generate Fig. 11(a), we use (6.9b) to estimate that a Hopf bifurcation
of the spike profile occurs when 7 = 75 = 230.0. In addition, from (5.41), we calculate that a Hopf
bifurcation in the spike location occurs when 7 = 77 = 55. In Fig. 18(a) we show an oscillatory

instability in the location of the spike for 7 > 7py. The initial condition was taken to be a spike
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Figure 16: Experiment 5: Left figure: ¢ versus z; for the parameter set ¢ = 0.00918, £ = 1, D = 0.04,
A =2.109, and 7 = 4.74. Right figure: ¢ versus z; when ¢ = 0.0077, kK =1, D = 0.04, A = 1.483, and

T =6.74.

400

300 -

t200-

100

(a) t versus z;: A =3.0

400
300 - 1
\
£ 200 - 1
100 F 1
e S

(b) t versus z;: A=14.0

Figure 17: Experiment 6: ¢ versus x; for the parameter values ¢ = 0.02, £ = 1, D = 0.75, 7 = 2.0,
and with an initial spike at z((0) = 0.35. Left figure: A = 3.0. Right figure: A = 4.0.



centered at x¢(0) = 0.05. In Fig. 18(b) we show an oscillatory instability of the spike amplitude for a

spike that is initially centered at the origin. In this figure, v,, denotes the maximum value of v(z,1).
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Figure 18: Experiment 7: Here D = 0.25, A = 1.35, ¢ = 0.01, and k& = 1. Left figure: ¢ versus z; for
7 = 52 (solid curve), 7 = 65 (dashed curve), and 7 = 71 (heavy solid curve). Right figure: v,, versus
t for 7 = 220 (heavy solid curve) and 7 = 235 (dashed curve).

Experiment 8: Next, we consider instabilities of a two-spike solution when D = 0.1, A = 1.4,
e = 0.01, and k = 2. For these values, we calculate B = 1.286 and o = 1.278 from Fig. 6. From (6.9b)

and Fig. 11(a), we estimate that a Hopf bifurcation of the spike profile occurs when 7 = 75 = 94.

From (5.41), we predict that a Hopf bifurcation in the spike locations occurs when 7 = 7y = 39.
In Fig. 19(a) we show an oscillatory instability in the location of the spikes for 7 > 7. Although
the spikes are initially located at 1(0) = —0.45 and z2(0) = 0.5, we see from Fig. 19(a) that the
instability eventually become a breathing-type instability as predicted by Conjecture 5.6. In Fig. 18(b)
we show an oscillatory instability of the spike amplitudes v, when the spikes are located initially at
21(0) = —xz9(0) = 0.5. Although we have given an asynchronous initial perturbation in the spike
amplitudes, the amplitudes are found to quickly synchronize as ¢ increases.

Experiment 9: Next, we take the parameter values D = 0.25, A = 1.35, ¢ = 0.015, and k = 2.
For these values, we calculate B = 1.286 and o = 1.278 from Fig. 6. From (6.9b) we estimate

that 7y = 102. From (5.41), we predict that 7y = 99.0 for a two-spike equilibrium solution and

Trw = 66.9 for a one-spike equilibrium solution. Therefore, the thresholds for instabilities with
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Figure 19: Experiment 8: Here D = 0.1, A = 1.4, ¢ = 0.01, and k& = 2. Left figure: ¢ versus x; for
7 = 55 (heavy solid curve) and 7 = 35 (dashed curve). Right figure: v, versus ¢t for 7 = 85 (heavy
solid curve) and 7 = 105 (dashed curve).

respect to the large and small eigenvalues are very close. We take the parameter value 7 = 90 which
is near these instability thresholds. The spikes are initially located at z;(0) = —0.45 and z2(0) = 0.5.
In Fig. 20(a) we plot the trajectories of the spikes, and in Fig. 20(b) we plot the spike amplitudes
Umj = v(xj,1t), where ;(t) is a local maximum of v. The second spike is annihilated as a result of
oscillations of the spike amplitudes. The remaining spike then travels to the right and exits the domain
at t ~ 240. Notice that since 7 exceeds the drift stability threshold for a one-spike solution the final
equilibrium state should not a be one-spike solution centered at the origin.

Experiment 10: The parameter values are D = 0.04, A = 1.5, ¢ = 0.0077, and k& = 1. The initial
condition is taken to be a spike centered at the origin. For this example, we calculate from (3.28) that
Apy = 1.365 and A,y = 1.588. Therefore, for 7 < O(e!), Conjecture 6.1 predicts a four-spike final

equilibrium state. In the dashed curve in the # versus x; plot of Fig. 21(a) this is indeed observed for

the parameter value 7 = 6.76. However, for 7 = 30, we see from Fig. 21(a) that the solution appears
to be a time-periodic two-spike state. For the intermediate value 7 = 20, we observe a time-periodic
two-spike state that every half-period undergoes a brief splitting process before collapsing back to a
two-spike solution. For this example, 7y = 35 for a four-spike equilibrium solution, and 77 = 64.

Experiment 11: In this last example we consider drift instabilities of a three-spike equilibrium solu-
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Figure 20: Experiment 9: Here D = 0.25, A = 1.35, ¢ = 0.015, £ = 2, and 7 = 90. Left figure: ¢
versus ;. Right figure: v,,; versus ¢ (heavy solid curve) and v,,» versus ¢ (dashed curve).

tion when D = 0.1, A = 1.6, ¢ = 0.01, and k£ = 3. From (5.41), we predict that a Hopf bifurcation
in the spike locations occurs when 7 = 7y = 49.3. From (6.9b), a Hopf bifurcation in the spike
amplitudes should occur when 7 = 7y = 94.5. In Fig. 21(b) we show an oscillatory instability in
the location of the spikes for 7 = 75. Although the initial locations of the spikes are chosen to be

21(0) = —0.45, 22(0) = 0.0, and z3(0) = 0.50, we see from Fig. 21(b) that the instability eventually
becomes a breathing-type instability as predicted by Conjecture 5.6.

8 Discussion

In this section we discuss a few pulse-splitting numerical simulations that have appeared in the lit-
erature and that are relevant to our semi-strong pulse interaction regime. We also list some open
problems and give a few areas for further research.

A common dimensionless formulation of the Gray-Scott model (cf. [5], [6], [7], [9], [36], and [37])
takes the form

Vi =DVxx — BgV +UV?, 0<X<L, T>0, (8.1a)
Ur=Uxx +Aq4(1 —U) -UV?, 0<X<L, T>0, (8.1b)
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Figure 21: Left figure: Experiment 10: Here D = 0.04, A = 1.5, k = 1, € = 0.0077, with 7 = 6.76
(dashed curve), 7 = 20.0 (solid curve), and 7 = 30.0 (heavy solid curve). Right figure: Experiment 11:
Here D =0.1, A=1.6, k =3, e = 0.01, with 7 = 45 (dashed curve) and 7 = 75 (heavy solid curve).

with Ux = Vx =0 at X =0, L. In terms of our dimensionless groupings of (1.3), we have
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Pulse-splitting for (8.1) was computed numerically in [6] (see Fig. 4 of [6]) for the parameter values
Ay = .01, By = 0.0474, D = 0.01, and L = 100. The final equilibrium state was observed to have
eight spikes, although no theoretical explanation of the final state was given in [6]. In terms of our
variables, we use (8.2) to get ¢ = .00918, D = 0.04, A = 2.109, and 7 = 4.74. This is the first example
of Experiment 5 of §6.2, where we correctly predicted the eight-spike equilibrium state. In Fig. 2b of
[5] a four-spike final state was computed for A; = .01, By = 0.0674, D = 0.01, and L = 100. In terms
of our variables, we get ¢ = .0077, D = 0.04, A = 1.483, and 7 = 6.74. This is the second example of
Experiment 5. Pulse-splitting in the semi-strong interaction regime has also been observed in terms of
the original formulation of the Gray-Scott model in (1.1) (see [36] and [3]). For the parameter values
D, =10, D, =0.01, F =0.02, k = 0.059, and L = 60, the final equilibrium state in Fig. 4.1b of [3]
was observed to have eight spikes (see also [36]), although again no theoretical explanation was given
to predict the final state. For these values, we get from (1.4) and (3.28) that e = 0.0119, D = 0.0555,
A=17901, 7 =1.339 = O(1), Aps = 1.7135, and Apg = 2.7725. Since Apy < A < Apg, and 7 is below
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the instability threshold, the Conjecture 6.1 correctly predicts an eight-spike final equilibrium state.

There are many open problems related to pulse-splitting that await a rigorous proof. Two central
problems are to prove rigorously the shape of the B = B(y) curve in Fig. 2(a), and to prove the
formal results in Propositions 3.2, 4.1, and 4.2, that give the saddle-node bifurcation values A,; and
the qualitative properties of solutions along the two extremes of the B(y) curve. Another important
open problem is to give a rigorous treatment of the stability of the primary and secondary solution
branches with respect to both drift instabilities and instabilities associated with the large eigenvalues.

Other areas where further research is needed is to characterize the dynamics of quasi-equilibrium
spike patterns for (1.3) in the pulse-splitting regime, and to predict the times and locations where
splitting events occur. In particular, a theoretical explanation of Experiments 6, 9 and 10 would be in-
teresting. For semi-strong spike interactions, the dynamics of a two-spike evolution in the intermediate
parameter regime were studied in [5] and [6]. Spike dynamics for the Gierer-Meinhardt model in the
semi-strong regime were studied in [17]. For the weak interaction regime of [32], where both diffusivi-
ties are small and of the same order, spike dynamics was studied in [10] and [11]. Secondly, it would
be interesting to study the stability of stripe and ring patterns in the two dimensional Gray-Scott
model with respect to both zig-zag instabilities associated with the small eigenvalues, and breakup
instabilities of stripes into spots, which result from large eigenvalue instabilities. Some work in this
direction is given in [21], [25], and [20].
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