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Abstract

State-Space Subspace Identification methods obtain sestmates in closed form, and this
is in contrast to Maximum Likelihood methods which, althbugyovably consistent and statisti-
cally efficient, require an iterative approach to solve atirojgation problem (which is possibly
non-convex) over the likelihood surface. Particularlyigmal processing and pattern recognition,
the so-called Expectation Maximisation (EM) method is aypapway of performing these latter
iterations. This paper establishes that a subspace idaitih method can, in fact, be viewed as
one iteration of the EM algorithm. As such, a link betweenspate and Maximum Likelihood
methods is established.
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1 Introduction

The study of State Space Subspace System IdentificatioD)483, 11, 14, 15, 7] has been of enor-
mous recent interest in the area of estimation methodstetge control and signal processing appli-
cations.

Despite the recent nature of this activity, the ideas insdlactually go back many years, at least
to Akaike [1] whose approach was targeted at types of stéichestimation problems pertinent to this
paper.

For the purposes of explaining this (see[13, 11] for an exgtian of the same ideas, but from a
geometric rather than an innovations point of view), suppmse is presented with observationg }
of a stationary stochastic process and is faced with thedbsktimating a state-space representation
of this process iinnovationsform:

i1 = Axy+ Bey, 1)
Yt = C.’Iit+D€t (2)

where{e;} is an i.i.d. zero mean and unit variance white noise proc&sloiting the idea of a
‘predictor space’, Akaike [1] made clear for the first timatfsuch a representation always exists,
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and in doing so suggested a way that it may be estimated fraaredttions ofy;}. This method
(with modifications involving user chosen weighting magsis now known as State-Space Subspace
System ldentification.

The great advantage of the approach lies in the numericallisity and reliability of its imple-
mentation. The key operation required is one of projectidrictv may be performed with Singular
Value Decomposition or even QR factorisation.

Unfortunately, a feature of these advantages is that theatpes providing them are also non-
linear in the data and this renders difficult any analysisefdtatistical performance of the approach.

This is in contrast to the well established maximum liketildML) method for estimation where
the consistency, distributional and statistical efficiepooperties are well-known for a range of ex-
perimental scenarios [9, 6, 8]. Again, these benefits coneemice, this time in the form of the
difficulty of actually calculating the estimate. Normalggme sort of iterative procedure is required
to numerically solve the non-convex optimisation problératts involved.

Although not well recognised in the control-theory litena, the Expectation Maximisation (EM)
algorithm enjoys a high profile in other fields (signal praieg, for example) as an iterative method
for finding Maximum Likelihood estimates. The key idea istttiee concavity of the logarithm func-
tion is exploited to guarantee a sequence of increasinglyrate estimates without any need for cal-
culation of gradients (or Hessians) as are normally requinga Gauss-Newton (or Newton) search
strategy.

The contribution of this paper is to establish that subspdeatification methods are closely
related to a single iteration of the EM algorithm.

The precise details of the equivalence depend upon the imgighised in the subspace methods as
well as the initial parameter guesses made in the EM algorithplementation. However, a unifying
principle is that both methods involve projections ontareates of the state space. Itis then only how
the state estimates are obtained that discriminates bettheeEM and subspace methods.

This discovery therefore also establishes a link betweerStibspace and Maximum Likelihood
methods, and hence provides further credence to obsemsgdtiat in many cases Subspace methods
are almost as efficient as Maximum Likelihood techniques [2]

2 An Overview of Subspace Identification Methods

This overview is drawn from that in [2, 3], and hence the notafwith minor simplifications) is also
copied. In essence, what follows here is also a restatenfigine éundamental ideas in [1].

Suppose that the system of (1) and (2) involves matfiges3, C, D) of dimensionsA € R"*",
B e R™™, C e R™™", D e R™™ and that a distinction is made between the pastand future
Y;" of the procesgy;} as follows

}/ti é [y,t]l]ay,t]l%“']Tu
Yt+ é [ytTaytT+1a"']Ta
Ef+ é [BI,ET+],...]T.

In this case, (1) and (2) yield

}/t+ = Oxt—i—EE;r,



where@ and€& are infinite dimensional matrices defined as

C [ D 0 0 1
CA CB D 0
0L C A2 £Aa CAB CB D
cAd | CA’B

Now, (as will hold throughout the paper) it will be assumedttfl), (2) represents a strictly stable
(| Amax(A4)| < 1) and minimum phas@Amax(A — BD1C)| < 1) system so that with

K2[BD ', (A-BD'C)BD ', (A-BD'C)’BD',...]
thenz; = KY,” and hence
Y,t = OKY,” + EE;". (3)

Now, the key contribution of [1] was to consider the spacenspd by the state; = KY, as being a
‘predictor space’ and to define this with projections thatiurn, depend on defining an inner product
(-,-) between random variable$§ andY as(X,Y) = E{XY}.

More specifically, the predictor space represents thefatterbetween the future and the past in
that it is the projection of (the space spanned Hy) onto (the space spanned k) which leaves
as a residual an error that is orthogonaljo. Therefore, since this projection lives ¥y~ and hence
may be written ag’Y; for some linear operataP, then

(v;" - PY, ,PY, ) =0. (4)

Let the dimension of the space §panned}§fyAbe denoted by:. Then the projection” may be
factored into 2 rank operators?, K asP = OK, and thenz; = KY; is an element in the predictor
space (or state space) with respect to a basis defindd by R

Now, equation (4) allows elements Bf" to be formed as the sum 6fz; (ie. linear combinations
of z;) and an error termﬁet that is orthogonal td;, . That is

y=C# + Dey;  E{yel} =0
and hence
C—E{yal YE{@al} . o

Increasing — ¢ + 1 and repeating the argument would lead to a conclusion tha¢l@mentz,, ; of
the predictor space spanned by the orthogonal projectibdgtq ontoY,,; must be expressible as

a linear transformation of; (spanning the orthogonal projection Bf* onY,") by A plus the linear
transformation ot (itself orthogonal to the space spannedWy, ) by B. That is,

Ti41 = ATy + Bey,
and hence,

A=E {Et?’"jtTH} E {;"\f?tT - (6)



and

B=E{@ e }E{ael} "

(7)

This argument by Akaike [1] therefore establishes in a funeiatal manner the suitability of a Marko-
vian (or state-space) representation such as expresdipasad (2) for a stochastic process.
However, it goes beyond this by also suggesting (via reiati®), (6) and (7) that arose from
orthogonality considerations) a means for estimatihgB, C' from observed data, provided that
can also be estimated from this data.
For this purpose, it is necessary to be explicit about howefid@ta records will be accommodated.
For this purpose define finite data amendmenfgto Y," as

Yt—1 Yt YN-—-1
Yt—2 Yt YN -2
e : (8)
Yt—p Yt+1-p Yt—1 YN—p
Yi Yt+1 YN—_f
Yi+1 Yt+2 YN-f+1
Vi 2| v : ©)
Yi+f  Yit+1+f Yn
so that (3) becomes
Y = 05K,Y,, + Of(A = BD 'C)PKY, , + ;B (10)
where
C
CA
o; 2 C A2
CAl-1
K, & [BD Y (A-BD 'C)BD'...(A-BD 'C)»'BD]. (12)

Assuming then thap is large enough thatd — BD~'C)P is negligible, the subspace identification
methods proceed through the following steps.

1. Derive an estimaté of O;K, by regressing/jf ony,,:

where

B = pr(Rm’)f]

(12)

(13)



2. Decomposé into the producti = @fﬁp of two rankn matrices@f, 1€p as follows.

(@) Choose weighting matricé® s, W, and perform the SVD factorisation

wiiw, —usvT = (o, 1l | 50 ]| Y (14)
whereS € R"*" andU,,, u, V,,, v are chosen conformally.
(b) Take as estimates:
Of = WJ:lUnSé g, = sz vIiw, L. (15)
3. Use the state estimate

Xip = [T, Tg1 ... Bn] = KGY, (16)

to estimate’’ using (7) as the least squares solution to
iyt yk] = CX,,. 17)

Use this to estimate the residudls } as

Dey =yl yi, ... yh] - CX,, (18)

and then use (5) and (6) to estimateand BD ! by finding the least squares solution to

Xt,p

=[A, BD™'| (19)
Det

Xt+1,p

4. EstimateD as the lower triangular Cholesky factor of the sample cevere ofDe;.

The fact that steps 1-4 are features of all the various dootgdesubspace estimation methods
means that they can all be viewed as being versions of a diagie estimation technique [12]. How-
ever, these same estimation schemes do vary according &x#oe method by which the weighting
matrices in step 2 are chosen.

For example, Akaike’s original work [1] used the followingeightings.

1 —1/2 1 1/2
Wy = (¥ o) and W, ~ (V") (20)
These were chosen so as to provide
1 5 &
_Xt,p(Xt,p)T = Ip. (21)

N

The resulting algorithm, now known as Canonical Correlatimalysis (CCA), has been pursued in
engineering System Identification scenarios by Larimofe [7

Another popular choice of weightings is a variant of the atledd N-4SID approach of Van Over-
schee and De Moor wherein the following choices are made.

1 B B 1/2
W=t and W= (Y00 ) @2)



3 Maximum Likelihood Estimation

An older and more well-known approach for tackling the eation of systems described by (1), (2)
is the so-called ‘Maximum Likelihood’ method wherein th@bpability density functiorp,(-) for the
random variable; is specified, and then based on this the joint probability

p(y17'-- ,yN|A,B,C,D)

is calculated and known as a ‘likelihood function’. Typigathis is formulated slightly differently by
parameterisingd, B, C, D in a specific fashion with all the variables involved beindlextted in a
vectorf. The maximum likelihood estimate (MLHE)y of 6 is then defined as

é\N £ arggnax p(y1,... ,yn | 0). (23)

This method of estimation enjoys a wide acceptance and poguland this is in large part due to the
following well-known and desirable properties of the scleewhich have been established in [6, 8].

Consistency

Oy =% 0, = argmax lim E{p(y1,... ,yn | 6)}.
0 N—o00

Asymptotic Normality

\/NP];%@N —0,) = N(0, 1),

where
d2

Py=———n
N T dedeT |,

Asymptotic efficiency

The above formulation foPy, which is the Fischer Information matriky, allows the MLE asymp-
totically to achieve the Cramér-Rao lower bound

Cov{fn} > T,

and hence it is asymptotically efficient.

Balancing these features that recommend a Maximum Liketihepproach is the significant dis-
advantage that (23) defining the MLE is, in general, a norve@omptimisation problem. As a result,
calculation of the MLE requires some sort of numerical sedechnique, and hence the problem of
6 mistakenly being a local rather than a global minimum (whgthe true MLE) is impossible to
avoid absolutely.

Sincep(yi, ... ,yn | 0) is typically smooth, any gradient-based search technigak as Steepest
Descent or Newton iteration may be employed in the calariatif 5. However, this involves the
computational burden of calculating the gradient (and ipbsslso the Hessian) of the likelihood
function.

As a means of avoiding this overhead, whilst still using arnaitive search method, the so-called
Expectation Maximisation (EM) method is a useful alteweti

6



4 The EM Algorithm for Likelihood Maximisation

This method arose in the mathematical statistics commyéijtput has found wide engineering ap-
plication in areas such as signal processing and patteogni@on.

The key feature of the method is the exploitation of the ceitgaf the log function (together with
the fact that the area under a p.d.f. is one) so as to guardetatons of non-decreasing likelihood
whilst avoiding the need to calculate derivatives of thelltkood.

In what follows, a complete set (sdy;, ... , yn }) will be abbreviated to an uppercase letter (say
Y’) and conditional dependence énvill be noted by subscripting; for example(y, ... ,yn | 0) =
po(Y).

Now, an essential feature of the EM algorithm is the postutdtan unobserved ‘complete data
set’ Z that contains what is actually observ&d plus other observationX which one might wish
were available, but in fact are not. That is,

Z = (Y, X)
so that by Bayes rule
(2,Y) P(Z
PEIY) =55y = B
and hence
_»(2)
)= 7T

which implies that
log pg(Y') = log pg(Z) —logpe(Z | Y).

Therefore, taking expectations with respect to probaeditdefined by a guess at the parametérs
and conditional on the observed data= Yy leads to

L(0) £logpg(Yn) = Eg{logpy(Y)|Y =Yy}
= Eg{logpe(Z) | Y =Yn} — Eg {logpe(Z | Y)|Y =Yn}
= Q6,0 -V(6,0"). (24)

However, sincd/ (0,0') < V(#',0") with equality if and only if) = ¢’ (this follows by the concavity
of the logarithm and the fact that the area unggis one for anyl), then a strategy of finding such
thatQ(0,0') > Q(¢',0") ensures that(0) > L(#'). This leads to the EM algorithm:

1. E Step
Calculate (4, §n).

2. M Step
Maximize:

(7n+1 = argmeax Q(6, (777,).



As an alternative perspective on the EM algorithm, note ithigt possible to think ofX as the
“incomplete” data at hand, arid = (X, Z) as the “complete” data set, that if available, would make
the expectation problem easier. Since the complete datatiavailable, the best, approximant,
formed by taking conditional expectation with respect ® liest guess @t= ¢’, is used instead:

log Py(Y) ~ Eg{log Py(Y)|X = Xn} = Q(6,0").

This leads to a procedure of maximiziayé, §n) to get§n+1 which leads to new conditional expec-
tation and so on. Of course, there is only any sense in thisnsehf maximizing

Q(0,0") = Eg {log Py(Y)|X = Xy}

is easier than maximizing (@) directly.

5 Application of the EM Algorithm for State-Space Estimation

For the purpose of applying the EM algorithm to the problenestimatingA, B, C andD in (1) and
(2), the most obvious choice for the incomplete data’set the one made by Shumway [10] in which
it is taken as the unobserved state sequdnge. .. , zy } (hence the use of the symh#i). ie.

Z = (Xn,Yn),
and then attention is focussed on the calculation of
Q(0,0") = Eg {log pp(Xn,Yn) | Y = Vi }.
Now by repeated application of Bayes’ Rule

Po(Yts - YN Ti—1, - an | 0) = po(ye, - syn | Te—1, .- ZN)PY(T1-1, .. TN)

N N
= po(®-1) Hpa(-’ﬂk | T1) Hpa(yk E)
k=t k=t

For the purpose of actually formulating what this densityitiss necessary to specify the density of
the innovations; in (1) and (2). Here it will be taken to be Gaussiap,~ N (0, I,,,). A difficulty
now arises becausgé € R™*™ will typically haven > m and thusBe; will have a singular Gaussian
distribution for which no closed form expression exists.

To circumvent this, consider a system related to (1) anda®),given by:

Ty = Azy + Bey + wy, (25)

yr = Cxy + Dey (26)

where{w;} is an n-dimensional vector i.i.d. process that is independé{e,} and distributed as
wy ~ N(0,eI) wheree > 0 is arbitrarily small, and hence (in some sense) the systeamdiy (25)
and (26) is arbitrarily close to that of (1) and (2).



Using this new system (and excluding terms that do not depamt], B, C and D),

—2logpy(Yn, Xn) =log 8| + (21 —p)" S (2,1 — p) + Nlog|Q| + Nlog|R)|
N

+ Y (k= Azp 1) Q  (zh — A1)
k=t
N
+ Y (e — Cux) R (g — Cy)
k=t
where
R2DDT, Q2BBT +el,zp 1 ~N(u,Y).

In this case, the definition (24) provides,

—2Q(0,0") = log|X|+ Nlog|Q|+ Nlog|R|+
Eo{(ze 1 —p)"S (@1 —p) | Ya}+
N
> Ep{(wr — Azg1)"Q Nz — Azp1) | YN} +
k—t

N
Z Eo{(yx — Cz)" R '(yy — Czy) | Yn}
k=t

= log|X|+ Nlog|Q|+ N log|R| +

Tr{Z’lEgz{(mo —p)(zo — )" | YN}} +

N
> Tr{Q "Ep{(zx — Amp1)(z — Az 1)" | YN}} +
k=t

N
> Tr{R"Ep{(yk — Cx)(yr — Cz1)" | Yi}}

k=t
(27)
Now introduce the notation
.;E\év £ Eg/{.’[}k | YN}, Pé\/ S COVgl{.’Ek.’I){ | YN} = Egl{.’Ek.’I){ ‘ YN} — .;E\k(/x\k)T,
Pk{kal 4 COVg/{kaEZLl ‘ YN} = Eg/{xk.lel ‘ YN} - @\k(ZE\k,l)T.
so that (27) may be more compactly expressed as
—2Q(0,0") = log|X|+ Nlog|Q|+ Nlog|R| +

To{S7 @ - w @, —w)" + P} +

Tr{Q '[®—-UA" — AU 4 AT AT]} +

Tr{R ' [Q - ACT - CA" + CoC™]} (28)



where

N
(Pk 1+ T (1) ZEG'{-’”kﬁf’f'[fl | Y} (29)
k=t

S =
> >
(1= 111=

N
(P 1+ 2k(@e1)") = > Ep{mpnf | Yo} (30)
k=t

o
>
M=

(Pk + ’I'k ’I'k Z Eg/{’rk’rk | YN} (31)
N
Q= i (32)

A= Y w@E)” (39)

Now, since
d— UAT — AT 4 ATAT = (A - 9T H(A - 9T HT + & — o o7

then the second last term in (28) in combination with Méog|L| term is clearly minimised by the
choices

A=9r"'" and Q=N '"(®-9r 'v’). (34)

Similarly, the last term in (28) in combination with th€ log | R| term is clearly minimised by the
choices

C=A®d"!' and R=N'Q- A 'AT). (35)

6 Relationship between EM and Subspace Methods

The key issue in understanding the relationship betweekkhand subspace methods is the recogni-
tion of the fact that both involve a common component of regji@ on an estimated state sequence.

In particular, note that for the EM method, the estim@tat each iteration is given by (32), (33)
and (35) as

R N N -1
C = (Z y;{f{) (Z Eg {xkac{ | YN}) (36)
k=t k=t

wherez;, andEy {xkxk | YN} may be extracted from the “Kalman Smoother” inherent in (46)

On the other hand, from (17), a subspace method m‘udzxactly as per (36gxcept that instead

of using (46),7;, is estimated from the columns dsf/’ =K »Y;, and So Eg {zpa] | Yn}is

estimated as(, ,(X,,,)".

There are, therefore, two unifying themes

1. Both the EM and subspace methods rely on an estimate dfetteesequencér; }. For the EM
algorithm, this is found by the Kalman smoothed estinigte= Ey {x; | Yx} while for the
subspace method, it is (an approximation of) a Kalman fitestimater; = E{x; | Y;_1}.

10



2. Oncez; is estimated, then both the EM and subspace methods estifmagaegressing;; on
Zy.
The same comments also apply for the estimatiod of-or the EM method, the estimateof A is
given by (30), (31) and (34) as

N N -
A= <Z Eo {zrzf_; | YN}> <Z Eg {zr 1241 | YN}) (37)
k=t k=t

while for the subspace method (19) is used which, dendting [y, ...,y n] andB = BD~',
involves the solution of

- | K
Xij1p = [Av B] R (38)
YiXip
where
~ ~ ~ -1
Xt{p =1 (Xf:p)T [thp(Xgp)T} Xip (39)
so that sinceﬁfp is idempotent and an annihilator &ftjp
~ o~ s o o]}
A= Xt+1,p(Xt,p) [Xt,p(Xt,p) } (40)
and
B =%, Xy R (41)

Comparing (37) with (40) shows that the same underlying tnemerges in that both the subspace and
EM methods perform an identical regression to fifidout differ in how state estimates are derived.
To complete the picture, note that via (35) the EM methodrestesk = DD’ as

N —1
~~ ~ 1 ~ ~
DDT =B = ~Yi [T~ X/ (Z Eg {7k7) | YN}> X, | v/, (42)
k=t
where)A(t 2 [Z4,T4y1 - - » Ty n]. An estimate ofD can then be obtained by Cholesky factorisation

of R. At the same time, the subspace method also fiddsy factoring an estimate aR, this time
formed as the sample covariancel®#;. That is,

A~ NT [~ 7~ \TT7' &
I— (Xt,p) [Xt,p (Xt,p) } Xt,p
1

= Y ()A(,ip) v,r. (43)

~ ~ 1
DDT = R:NYt

Again, a comparison of (42) and (43) shows that the subspat&® methods are equivalent, modulo
how {z,} itself is estimated. Finally, for the EM algorithm,

—1
- ] |-N N N
BBT + el = N [Z Egl {’I,'k’[},]l; | YN} - (Z Egl {.’I}k.’l/%l] | YN}> (Z Eg/ {mkf]m%l] | YN}
k=t k=t k=t

N T
(Z Eo {zkaf 1 | YN}> ] (44)
k=t

11



while a subspace method estimafgs- BD'as per (41)
~~ ~ ~ -1
BD = %, 8 (R7) ngi] 4s)

However, from (42)D is estimated as a square rooth]}Q)A(ﬁpﬁT and hence (regardless of the
precise factorisation chosen) the idempoteﬂ(qy, yields

~ ~ —1 1 mmn /ooy —1 1 ~
Xyl nxvr] - =BT (PDT) - =D

and hence for a subspace method
~ ~ T
T —
BB" = NX,H’pX,p (Xi10)

which, again, is identical to (44) except for the particutagthod of state estimation.

7 Calculation of Kalman smoothed estimates

It remains to calculate the quantiti€y {z,,rz/,, | Yn}, Eg {zral,, | | Y} andEy {4 | YN} .
These may be derived by noting that from equations (25) aéy (2

X = Ilzy 1+ AE+ AW

Y = (In®C)X +(Iy®D)E
where
XT & [T 2l 2l ],
vi e [yl utival
vl 2 [VfT,Vle,--- 7V£LN71] :
wT & [fu;,T,'l ,TH, e ’“’tT+N—1] :
ET 2 [p;(r Pt+]?“' ’eZ;Ni]]’
and
A B 0 0O --- 0 7
A? AB B 0O --- 0 A
3 2 ”
II £ A ’ Al £ A AB B 0 , AQ S A s
AN ANT'B AN"? ... AB B AN-1
so that
Y 'l cr, P,
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where

P, & mxn? + A AT 4 en,AT,
—T
N V2l o) PT A1 C
e oDk IHET],
c 2 IN®O,
D 2 In®D

Therefore, (see, for example, Lemma D.6.3 of [5]):
(X|Y) ~ N(PIC Py, — P,C' P, CPI>
L o _1-1
= N (PmOTPle, P! +OT(DDT)*10} ) (46)

so that the vectof;, = Eg{z11r | Y~} may be taken as theth block element of the composite
vector

P,C P'Y 47)

while the conditional moment&y {zxz/,, | YN}, Eo {z4r2] ;1 | Yn} may be calculated
from thek, k'th andk, k — 1'th sub-blocks (respectively) of the covariance matrix

T ~_ 17

8 Conclusion

This paper has established the following link between MaxirLikelihood and Subspace-Based
estimation methods: the application of a subspace-bas#tbthean be viewed as one iteration of the
EM-algorithm method for calculating the Maximum Likelirssolution.

However, as was commented on, this viewpoint is not exadiahdlthough the above two steps
derive system estimates from state estimates in an idéfdilaion, the state estimates employed are
in fact different between the two perspectives.

To gain a deeper understanding of these links between stb$@esed and maximum likelihood
estimates therefore requires a investigation of how theriéalsmoothed quantities (47), (48) relate
to the state estimate (16), and this will be a topic of furiheestigation by the authors.
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