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Abstract

State-Space Subspace Identification methods obtain systemestimates in closed form, and this
is in contrast to Maximum Likelihood methods which, although provably consistent and statisti-
cally efficient, require an iterative approach to solve an optimisation problem (which is possibly
non-convex) over the likelihood surface. Particularly in signal processing and pattern recognition,
the so-called Expectation Maximisation (EM) method is a popular way of performing these latter
iterations. This paper establishes that a subspace identification method can, in fact, be viewed as
one iteration of the EM algorithm. As such, a link between subspace and Maximum Likelihood
methods is established.
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1 Introduction

The study of State Space Subspace System Identification (4SID) [13, 11, 14, 15, 7] has been of enor-
mous recent interest in the area of estimation methods targeted at control and signal processing appli-
cations.

Despite the recent nature of this activity, the ideas involved actually go back many years, at least
to Akaike [1] whose approach was targeted at types of stochastic estimation problems pertinent to this
paper.

For the purposes of explaining this (see[13, 11] for an explanation of the same ideas, but from a
geometric rather than an innovations point of view), suppose one is presented with observationsfytg
of a stationary stochastic process and is faced with the taskof estimating a state-space representation
of this process ininnovationsform: xt+1 = Axt +Bet; (1)yt = Cxt +Det (2)

wherefetg is an i.i.d. zero mean and unit variance white noise process.Exploiting the idea of a
‘predictor space’, Akaike [1] made clear for the first time that such a representation always exists,�This work was supported by the Australian Research Council and the Centre for Integrated Dynamics and Control.
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and in doing so suggested a way that it may be estimated from observations offytg. This method
(with modifications involving user chosen weighting matrices) is now known as State-Space Subspace
System Identification.

The great advantage of the approach lies in the numerical simplicity and reliability of its imple-
mentation. The key operation required is one of projection which may be performed with Singular
Value Decomposition or even QR factorisation.

Unfortunately, a feature of these advantages is that the operations providing them are also non-
linear in the data and this renders difficult any analysis of the statistical performance of the approach.

This is in contrast to the well established maximum likelihood (ML) method for estimation where
the consistency, distributional and statistical efficiency properties are well-known for a range of ex-
perimental scenarios [9, 6, 8]. Again, these benefits come ata price, this time in the form of the
difficulty of actually calculating the estimate. Normally,some sort of iterative procedure is required
to numerically solve the non-convex optimisation problem that is involved.

Although not well recognised in the control-theory literature, the Expectation Maximisation (EM)
algorithm enjoys a high profile in other fields (signal processing, for example) as an iterative method
for finding Maximum Likelihood estimates. The key idea is that the concavity of the logarithm func-
tion is exploited to guarantee a sequence of increasingly accurate estimates without any need for cal-
culation of gradients (or Hessians) as are normally required by a Gauss-Newton (or Newton) search
strategy.

The contribution of this paper is to establish that subspaceidentification methods are closely
related to a single iteration of the EM algorithm.

The precise details of the equivalence depend upon the weighings used in the subspace methods as
well as the initial parameter guesses made in the EM algorithm implementation. However, a unifying
principle is that both methods involve projections onto estimates of the state space. It is then only how
the state estimates are obtained that discriminates between the EM and subspace methods.

This discovery therefore also establishes a link between the Subspace and Maximum Likelihood
methods, and hence provides further credence to observations that in many cases Subspace methods
are almost as efficient as Maximum Likelihood techniques [2].

2 An Overview of Subspace Identification Methods

This overview is drawn from that in [2, 3], and hence the notation (with minor simplifications) is also
copied. In essence, what follows here is also a restatement of the fundamental ideas in [1].

Suppose that the system of (1) and (2) involves matrices(A;B;C;D) of dimensionsA 2 Rn�n,B 2 Rn�m, C 2 Rm�n, D 2 Rm�m and that a distinction is made between the pastY �t and futureY +t of the processfytg as follows Y �t , [yTt�1; yTt�2; : : : ℄T ;Y +t , [yTt ; yTt+1; : : : ℄T ;E+t , [eTt ; eTt+1; : : : ℄T :
In this case, (1) and (2) yield Y +t = Oxt + EE+t ;
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whereO andE are infinite dimensional matrices defined asO , 2666664 CCACA2CA3
...

3777775 ; E , 26666664 D 0 0 � � �CB D 0 � � �CAB CB DCA2B . ..
. . .

. ..
...

. ..

37777775 :
Now, (as will hold throughout the paper) it will be assumed that (1), (2) represents a strictly stable(j�max(A)j < 1) and minimum phase(j�max(A�BD�1C)j < 1) system so that withK , [BD�1; (A�BD�1C)BD�1; (A�BD�1C)2BD�1; : : : ℄
thenxt = KY �t and hence Y +t = OKY �t + EE+t : (3)

Now, the key contribution of [1] was to consider the space spanned by the statext = KY �t as being a
‘predictor space’ and to define this with projections that, in turn, depend on defining an inner producth�; �i between random variablesX andY ashX;Y i = E fXY g.

More specifically, the predictor space represents the interface between the future and the past in
that it is the projection of (the space spanned by)Y +t onto (the space spanned by)Y �t which leaves
as a residual an error that is orthogonal toY �t . Therefore, since this projection lives inY �t and hence
may be written asPY �t for some linear operatorP , thenhY +t � PY �t ; PY �t i = 0: (4)

Let the dimension of the space spanned byY +t be denoted byn. Then the projectionP may be
factored into 2 rankn operatorsbO, bK asP = bO bK, and thenxt = bKY �t is an element in the predictor
space (or state space) with respect to a basis defined bybK.

Now, equation (4) allows elements ofY +t to be formed as the sum ofbCbxt (ie. linear combinations
of bxt) and an error termbDet that is orthogonal toY �t . That isyt = bCbxt + bDet; E

�yteTt 	 = 0
and hence bC = E

�ytbxTt 	E
�bxtbxTt 	�1 : (5)

Increasingt 7! t+1 and repeating the argument would lead to a conclusion that any elementbxt+1 of
the predictor space spanned by the orthogonal projections of Y +t+1 ontoY �t+1 must be expressible as

a linear transformation ofbxt (spanning the orthogonal projection ofY +t onY �t ) by bA plus the linear
transformation ofet (itself orthogonal to the space spanned byY �t+1) by bB. That is,bxt+1 = bAbxt + bBet;
and hence, bA = E

�bxtbxTt+1	E
�bxtbxTt 	�1 (6)
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and bB = E
�bxt+1beTt 	E

�betbeTt 	�1 : (7)

This argument by Akaike [1] therefore establishes in a fundamental manner the suitability of a Marko-
vian (or state-space) representation such as expressions (1) and (2) for a stochastic process.

However, it goes beyond this by also suggesting (via relations (5), (6) and (7) that arose from
orthogonality considerations) a means for estimatingA, B, C from observed data, provided thatbxt
can also be estimated from this data.

For this purpose, it is necessary to be explicit about how finite data records will be accommodated.
For this purpose define finite data amendments toY �t , Y +t as

Y �t;p ,0BBBBBB� yt�1 yt � � � � � � � � � � � � yN�1yt�2 yt�1 � � � � � � � � � � � � yN�2yt�3 yt�2 . . .
...

...
...

.. .
...yt�p yt+1�p � � � � � � yt�1 � � � yN�p

1CCCCCCA (8)

Y +t;f ,0BBBBBB� yt yt+1 � � � � � � � � � � � � yN�fyt+1 yt+2 yN�f+1yt+2 ...
...

...yt+f yt+1+f � � � � � � � � � � � � yN
1CCCCCCA (9)

so that (3) becomes Y +t;f = OfKpY �t;p +Of (A�BD�1C)pKY �t;p + EfE+t (10)

where Of , 2666664 CCACA2
...CAf�1

3777775Kp , �BD�1(A�BD�1C)BD�1 : : : (A�BD�1C)p�1BD�1� : (11)

Assuming then thatp is large enough that(A � BD�1C)p is negligible, the subspace identification
methods proceed through the following steps.

1. Derive an estimateb� of OfKp by regressingY +t;f onY �t;p:b� = Rfp(Rpp)�1 (12)

where Rfp , 1N Y +t;f (Y �t;p)T and Rpp , 1N Y �t;p(Y �t;p)T : (13)
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2. Decomposeb� into the productb� = bOf bKp of two rankn matricesbOf , bKp as follows.

(a) Choose weighting matricesWf ,Wp and perform the SVD factorisationWf b�Wp = USV T = [Un j u℄ � Sn 00 s � � V TnvT �
(14)

whereS 2 Rn�n andUn, u, Vn, v are chosen conformally.

(b) Take as estimates: bOf =W�1f UnS 12n bKp = S 12n V Tn W�1p : (15)

3. Use the state estimate bX�t;p = [bxt; bxt+1 : : : bxN ℄ = bKpY �t;p (16)

to estimateC using (7) as the least squares solution to[yTt ; yTt+1; : : : ; yTN ℄ = C bX�t;p: (17)

Use this to estimate the residualsfetg asdDet = [yTt ; yTt+1; : : : ; yTN ℄� bC bX�t;p (18)

and then use (5) and (6) to estimateA andBD�1 by finding the least squares solution tobX�t+1;p = [A; BD�1℄264 bX�t;pdDet 375 (19)

4. EstimateD as the lower triangular Cholesky factor of the sample covariance ofdDet.
The fact that steps 1-4 are features of all the various documented subspace estimation methods

means that they can all be viewed as being versions of a singlebasic estimation technique [12]. How-
ever, these same estimation schemes do vary according to theexact method by which the weighting
matrices in step 2 are chosen.

For example, Akaike’s original work [1] used the following weightings.Wf = � 1N Y +t;f (Y +t;f )T��1=2 and Wp = � 1N Y �t;p(Y �t;p)T�1=2 : (20)

These were chosen so as to provide 1N bX�t;p( bX�t;p)T = In: (21)

The resulting algorithm, now known as Canonical Correlation Analysis (CCA), has been pursued in
engineering System Identification scenarios by Larimore [7].

Another popular choice of weightings is a variant of the so-called N-4SID approach of Van Over-
schee and De Moor wherein the following choices are made.Wf = If ; and Wp = � 1N Y �t;p(Y �t;p)T�1=2 : (22)
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3 Maximum Likelihood Estimation

An older and more well-known approach for tackling the estimation of systems described by (1), (2)
is the so-called ‘Maximum Likelihood’ method wherein the probability density functionpe(�) for the
random variableet is specified, and then based on this the joint probabilityp(y1; : : : ; yN j A;B;C;D)
is calculated and known as a ‘likelihood function’. Typically, this is formulated slightly differently by
parameterisingA, B, C, D in a specific fashion with all the variables involved being collected in a
vector�. The maximum likelihood estimate (MLE)b�N of � is then defined asb�N , argmax� p(y1; : : : ; yN j �): (23)

This method of estimation enjoys a wide acceptance and popularity, and this is in large part due to the
following well-known and desirable properties of the scheme which have been established in [6, 8].

Consistency b�N a:s:�! �Æ = argmax� limN!1E fp(y1; : : : ; yN j �)g :
Asymptotic Normality pNP� 12N (b�N � �Æ) D�! N (0; I);
where PN = � d2d�d�T �����=�Æ E flog p(y1; : : : ; yN j �)g :
Asymptotic efficiency

The above formulation forPN , which is the Fischer Information matrixIN , allows the MLE asymp-
totically to achieve the Cramér-Rao lower bound

Covfb�Ng � I�1N
and hence it is asymptotically efficient.

Balancing these features that recommend a Maximum Likelihood approach is the significant dis-
advantage that (23) defining the MLE is, in general, a non-convex optimisation problem. As a result,
calculation of the MLE requires some sort of numerical search technique, and hence the problem ofb�N mistakenly being a local rather than a global minimum (whichis the true MLE) is impossible to
avoid absolutely.

Sincep(y1; : : : ; yN j �) is typically smooth, any gradient-based search technique such as Steepest
Descent or Newton iteration may be employed in the calculation of b�N . However, this involves the
computational burden of calculating the gradient (and possibly also the Hessian) of the likelihood
function.

As a means of avoiding this overhead, whilst still using an iterative search method, the so-called
Expectation Maximisation (EM) method is a useful alternative.
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4 The EM Algorithm for Likelihood Maximisation

This method arose in the mathematical statistics community[4] but has found wide engineering ap-
plication in areas such as signal processing and pattern recognition.

The key feature of the method is the exploitation of the concavity of the log function (together with
the fact that the area under a p.d.f. is one) so as to guaranteeiterations of non-decreasing likelihood
whilst avoiding the need to calculate derivatives of the likelihood.

In what follows, a complete set (sayfy1; : : : ; yNg) will be abbreviated to an uppercase letter (sayY ) and conditional dependence on� will be noted by subscripting; for example,p(y1; : : : ; yN j �) �p�(Y ).
Now, an essential feature of the EM algorithm is the postulate of an unobserved ‘complete data

set’ Z that contains what is actually observedY , plus other observationsX which one might wish
were available, but in fact are not. That is,Z = (Y;X)
so that by Bayes rule P (Z j Y ) = P (Z; Y )P (Y ) = P (Z)P (Y )
and hence p(Y ) = p(Z)p(Z j Y )
which implies that log p�(Y ) = log p�(Z)� log p�(Z j Y ):
Therefore, taking expectations with respect to probabilities defined by a guess at the parameters�0,
and conditional on the observed dataY = YN leads toL(�) , log p�(YN ) = E�0 flog p�(Y ) j Y = YNg= E�0 flog p�(Z) j Y = YNg � E�0 flog p�(Z j Y ) j Y = YNg= Q(�; �0)� V (�; �0): (24)

However, sinceV (�; �0) � V (�0; �0) with equality if and only if� = �0 (this follows by the concavity
of the logarithm and the fact that the area underp� is one for any�), then a strategy of finding� such
thatQ(�; �0) � Q(�0; �0) ensures thatL(�) � L(�0). This leads to the EM algorithm:

1. E Step

CalculateQ(�; b�n):
2. M Step

Maximize: b�n+1 = argmax� Q(�; b�n):
7



As an alternative perspective on the EM algorithm, note thatit is possible to think ofX as the
“incomplete” data at hand, andY = (X;Z) as the “complete” data set, that if available, would make
the expectation problem easier. Since the complete data is not available, the bestL2 approximant,
formed by taking conditional expectation with respect to the best guess at� = �0, is used instead:logP�(Y ) � E�0flogP�(Y )jX = XNg = Q(�; �0):
This leads to a procedure of maximizingQ(�; b�n) to getb�n+1 which leads to new conditional expec-
tation and so on. Of course, there is only any sense in this scheme if maximizingQ(�; �0) = E�0 flogP�(Y )jX = XNg
is easier than maximizingL(�) directly.

5 Application of the EM Algorithm for State-Space Estimation

For the purpose of applying the EM algorithm to the problem ofestimatingA,B,C andD in (1) and
(2), the most obvious choice for the incomplete data setX is the one made by Shumway [10] in which
it is taken as the unobserved state sequencefx1; : : : ; xNg (hence the use of the symbolX). ie.Z = (XN ; YN );
and then attention is focussed on the calculation ofQ(�; �0) = E�0 flog p�(XN ; YN ) j Y = YNg :
Now by repeated application of Bayes’ Rulep�(yt; : : : ; yN ; xt�1; : : : ; xN j �) = p�(yt; : : : ; yN j xt�1; : : : ; xN )p�(xt�1; : : : ; xN )= p�(xt�1) NYk=t p�(xk j xk�1) NYk=t p�(yk j xk):
For the purpose of actually formulating what this density is, it is necessary to specify the density of
the innovationset in (1) and (2). Here it will be taken to be Gaussian,et � N (0; Im). A difficulty
now arises becauseB 2 Rn�m will typically haven > m and thusBet will have a singular Gaussian
distribution for which no closed form expression exists.

To circumvent this, consider a system related to (1) and (2),and given by:xt+1 = Axt +Bet + wt; (25)yt = Cxt +Det (26)

wherefwtg is an n-dimensional vector i.i.d. process that is independent of fetg and distributed aswt � N (0; �I) where� > 0 is arbitrarily small, and hence (in some sense) the system given by (25)
and (26) is arbitrarily close to that of (1) and (2).
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Using this new system (and excluding terms that do not dependonA,B, C andD),�2 log p�(YN ;XN ) = log j�j + (xt�1 � �)T��1(xt�1 � �) +N log jQj+N log jRj+ NXk=t(xk �Axk�1)TQ�1(xk �Axk�1)+ NXk=t(yk � Cxk)TR�1(yk � Cxk)
where R , DDT ; Q , BBT + �I; xt�1 � N (�;�):
In this case, the definition (24) provides,�2Q(�; �0) = log j�j+N log jQj+N log jRj+

E�0f(xt�1 � �)T��1(xt�1 � �) j YNg+NXk=t E�0f(xk �Axk�1)TQ�1(xk �Axk�1) j YNg+NXk=t E�0f(yk � Cxk)TR�1(yk � Cxk) j YNg= log j�j+N log jQj+N log jRj+
Tr
���1E�0f(x0 � �)(x0 � �)T j YNg	+NXk=t Tr

�Q�1E�0f(xk �Axk�1)(xk �Axk�1)T j YNg	+NXk=t Tr
�R�1E�0f(yk � Cxk)(yk � Cxk)T j YNg	

(27)

Now introduce the notationbxNk , E�0fxk j YNg; PNk , Cov�0fxkxTk j YNg = E�0fxkxTk j YNg � bxk(bxk)T ;PNk;k�1 , Cov�0fxkxTk�1 j YNg = E�0fxkxTk�1 j YNg � bxk(bxk�1)T :
so that (27) may be more compactly expressed as�2Q(�; �0) = log j�j+N log jQj+N log jRj+

Tr
���1 �(bxNt�1 � �)(bxNt�1 � �)T + P0�	+

Tr
�Q�1 ���	AT �A	T +A�AT �	+

Tr
�R�1 �
� �CT �C�T + C�CT �	 (28)
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where � , NXk=t �PNk�1 + bxk�1(bxk�1)T � = NXk=t E�0fxk�1xTk�1 j YNg (29)	 , NXk=t �PNk;k�1 + bxk(bxk�1)T � = NXk=t E�0fxkxTk�1 j YNg (30)� , NXk=t �PNk + bxk(bxk)T � = NXk=t E�0fxkxTk j YNg (31)
 = NXk=t ykyTk (32)� = NXk=t yk(bxNk )T (33)

Now, since��	AT �A	T +A�AT = (A�	��1)�(A�	��1)T +��	��1	T
then the second last term in (28) in combination with theN log jLj term is clearly minimised by the
choices A = 	��1 and Q = N�1(��	��1	T ): (34)

Similarly, the last term in (28) in combination with theN log jRj term is clearly minimised by the
choices C = ���1 and R = N�1(
� ���1�T ): (35)

6 Relationship between EM and Subspace Methods

The key issue in understanding the relationship between theEM and subspace methods is the recogni-
tion of the fact that both involve a common component of regression on an estimated state sequence.

In particular, note that for the EM method, the estimatebC at each iteration is given by (32), (33)
and (35) as bC =  NXk=t ykbxTk! NXk=t E�0 �xkxTk j YN	!�1 (36)

wherebxk andE�0 �xkxTk j YN	 may be extracted from the “Kalman Smoother” inherent in (46).

On the other hand, from (17), a subspace method findsbC exactly as per (36)except that instead
of using (46),bxk is estimated from the columns ofbX�t;p = bKpY �t;p and

PNk=t E�0 �xkxTk j YN	 is

estimated asbX�t;p( bX�t;p)T .
There are, therefore, two unifying themes

1. Both the EM and subspace methods rely on an estimate of the state sequencefxtg. For the EM
algorithm, this is found by the Kalman smoothed estimatebxt = E�0fxt j YNg while for the
subspace method, it is (an approximation of) a Kalman filtered estimatebxt = Efxt j Yt�1g.
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2. Oncebxt is estimated, then both the EM and subspace methods estimateC by regressingyt onbxt.
The same comments also apply for the estimation ofA. For the EM method, the estimatebA of A is
given by (30), (31) and (34) asbA =  NXk=t E�0 �xkxTk�1 j YN	! NXk=t E�0 �xk�1xTk�1 j YN	!�1 (37)

while for the subspace method (19) is used which, denotingYt , [yt; : : : ; yt+N ℄ andB , BD�1,
involves the solution of bX�t+1;p = �A; B� 24 bX�t;pYt bX?t;p 35 (38)

where bX?t;p = I � ( bX�t;p)T h bX�t;p( bX�t;p)T i�1 bX�t;p (39)

so that sincebX?t;p is idempotent and an annihilator ofbX�t;pbA = bX�t+1;p( bX�t;p)T h bX�t;p( bX�t;p)T i�1 (40)

and bB = bX�t+1;p bX?t;pY Tt hYt bX?t;pY Tt i�1: (41)

Comparing (37) with (40) shows that the same underlying theme emerges in that both the subspace and
EM methods perform an identical regression to findbA, but differ in how state estimates are derived.

To complete the picture, note that via (35) the EM method estimatesR = DDT asbD bDT = bR = 1N Yt 24I � bXTt  NXk=t E�0 �xkxTk j YN	!�1 bXt35Y Tt ; (42)

where bXt , [bxt; bxt+1 : : : ; bxt+N ℄. An estimate ofD can then be obtained by Cholesky factorisation
of bR. At the same time, the subspace method also findsD by factoring an estimate ofR, this time
formed as the sample covariance ofdDet. That is,bD bDT = bR = 1N Yt "I � � bX�t;p�T � bX�t;p � bX�t;p�T ��1 bX�t;p#Y Tt= 1N Yt � bX?t;p�Y Tt : (43)

Again, a comparison of (42) and (43) shows that the subspace and EM methods are equivalent, modulo
howfxtg itself is estimated. Finally, for the EM algorithm,bB bBT + �I = 1N 24 NXk=t E�0 �xkxTk j YN	� NXk=t E�0 �xkxTk�1 j YN	! NXk=t E�0 �xk�1xTk�1 j YN	!�1 NXk=t E�0 �xkxTk�1 j YN	!T35 (44)
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while a subspace method estimatesbB = bB bD�1 as per (41)bB bD�1 = bX�t+1;p bX?t;p � bX?t;pY Tt � hYt bX?t;pY Tt i�1 : (45)

However, from (42)bD is estimated as a square root ofN�1Yt bX?t;pY Tt and hence (regardless of the
precise factorisation chosen) the idempotencyX?t;p yieldsbX?t;pY Tt hYt bX?t;pY Tt i�1 = 1pN bDT � bD bDT��1 = 1pN bD�1
and hence for a subspace methodbB bBT = 1N bX�t+1;p bX?t;p � bX�t+1;p�T
which, again, is identical to (44) except for the particularmethod of state estimation.

7 Calculation of Kalman smoothed estimates

It remains to calculate the quantitiesE�0 �xt+kxTt+k j YN	, E�0 �xt+kxTt+k�1 j YN	 andE�0 fxt+k j YNg :
These may be derived by noting that from equations (25) and (26)X = �xt�1 +�1E +�2WY = (IN 
 C)X + (IN 
D)E
where XT , �xTt ; xTt+1; � � � ; xTt+N�1� ;Y T , �yTt ; yTt+1; � � � ; yTt+N�1� ;V T , ��Tt ; �Tt+1; � � � ; �Tt+N�1� ;W T , �wTt ; wTt+1; � � � ; wTt+N�1� ;ET , �eTt ; eTt+1; � � � ; eTt+N�1� ;
and� , 2666664 AA2A3

...AN
3777775 ; �1 , 2666664 B 0 0 � � � 0AB B 0 � � � 0A2B AB B � � � 0

...
. . .

...AN�1B AN�2 � � � AB B
3777775 ; �2 , 2666664 IAA2

...AN�1
3777775 ;

so that � XY � � N  0;" Px PxCTCPx Py #!
12



where Px , ���T +�1�T1 + ��2�T2 ;Py , �C D� � Px �1�T1 I �" CTDT # ;C , IN 
 C;D , IN 
D
Therefore, (see, for example, Lemma D.6.3 of [5]):(X j Y ) � N �PxCTP�1y Y; Px � PxCTP�1y CPx�= N �PxCTP�1y Y; hP�1x + CT (DDT )�1Ci�1� (46)

so that the vectorbxt+k = E�0fxt+k j YNg may be taken as thek’th block element of the composite
vector PxCTP�1y Y (47)

while the conditional momentsE�0 �xt+kxTt+k j YN	, E�0 �xt+kxTt+k�1 j YN	 may be calculated
from thek; k’th andk; k � 1’th sub-blocks (respectively) of the covariance matrixPx � PxCTP�1y CPx: (48)

8 Conclusion

This paper has established the following link between Maximum-Likelihood and Subspace-Based
estimation methods: the application of a subspace-based method can be viewed as one iteration of the
EM-algorithm method for calculating the Maximum Likelihood solution.

However, as was commented on, this viewpoint is not exact in that although the above two steps
derive system estimates from state estimates in an identical fashion, the state estimates employed are
in fact different between the two perspectives.

To gain a deeper understanding of these links between subspace-based and maximum likelihood
estimates therefore requires a investigation of how the Kalman-smoothed quantities (47), (48) relate
to the state estimate (16), and this will be a topic of furtherinvestigation by the authors.
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