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tWe prove that, under a 
ertain general positionassumption, the number of lines tangent to fourbounded disjoint 
onvex polyhedra of total 
om-plexity n in R3 is O(n2). Under the same as-sumption, we show that a set of k bounded dis-joint 
onvex polyhedra has at most O(n2k2) linesthat are tangent to four of these polyhedra (pos-sibly o

luded by some remaining ones).1 Introdu
tionThe running time of many solutions to basi
 vis-ibility problems arising in graphi
s appli
ationsdepends on the number of visibility events ina s
ene. A visibility event is a 
ombinatorial
hange in the view of a moving observer; su
h anevent o

urs when a viewing dire
tion be
omestangent to some obje
ts. For 
onvex obje
ts inR3 , a viewing dire
tion typi
ally 
annot be tan-gent to more than four of the obje
ts. In a s
ene
onsisting of n triangles, the number of lines tan-gent to four of them is O(n4), and it is not hardto see that 
(n4) is also a lower bound.Although graphi
s s
enes are ultimatelytreated in hardware simply as sets of triangles,�This resear
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they usually 
onsist of highly stru
tured obje
tssu
h as polyhedra. This additional stru
turemay be exploited to in
rease the eÆ
ien
y of so-lutions to visibility problems.This paper studies the number of visibilityevents in a s
ene of 
onvex polyhedra in R3 asa fun
tion of both the 
omplexity of the s
eneand of the number of polyhedra. We assume thatthe polyhedra are bounded, 
onvex, disjoint, andsatisfy a 
ertain general position property. Thevisibility events we 
ount take the form of linestangent to four of the polyhedra (see Figure 1).

Figure 1: A line tangent to four 
onvex polyhe-dra.In order to de�ne our notion of general posi-tion for polyhedra, we �rst de�ne this notion forsets of lines. The following well-known fa
t isessential here and throughout the paper.Fa
t: Four lines in R3 admit either 0, 1, 2, oran in�nite number of line transversals (see [1℄).We say that four lines are in general positionif they admit at most 2 transversals. See Ap-pendix A for a 
hara
terization of this generalposition assumption.1



We say that a set of 
onvex polyhedra is ingeneral position if every subset of four edges, notwo of whi
h belong to the same polyhedron, aresupported by four lines in general position.Our main result is an upper bound on thenumber of lines tangent to four 
onvex polyhedrain R3 .Theorem 1 Given four bounded, disjoint 
on-vex polyhedra in general position in R3 with nedges in total, the number of lines tangent to allfour polyhedra is O(n2). If one of the polyhedrahas 
onstant size, then this number redu
es toO(n).When the number k of polyhedra is greaterthan 4, a dire
t appli
ation of the above theoremyields an upper bound of O(n2k4), whi
h 
an beimproved as stated in the following theorem.Theorem 2 Given k bounded, disjoint 
onvexpolyhedra having a total of n edges and lying ingeneral position in R3 , the number of lines tan-gent to four of the polyhedra (possibly interse
t-ing some remaining ones) is O(n2k2).2 Proof of Theorem 1The following lemma dire
tly yields Theorem 1.Lemma 3 Given four bounded, disjoint 
onvexpolyhedra in general position in R3 , the numberof lines interse
ting a given edge e of one of thepolyhedra and tangent to the three other polyhe-dra, P , Q, and R, having p, q, and r edges, re-spe
tively, is O(p+ q + r).Proof: The proof pro
eeds as follows. We rotatea sweep plane about the line l supporting e. Weshow that some 
riti
al events o

ur during thesweep, that between two su
h events there areat most a 
onstant number of tangent lines, andthat the number of su
h events is O(p+ q + r).The sweep plane interse
ts all three polyhedraP;Q and R throughout some 
losed, maximuminterval of rotation about l. Let the sweep plane�t be parameterized by t 2 [0; 1℄, where t = 0and t = 1 
orrespond to the endpoints of this

rotation interval1. Plane �0 (resp. �1) inter-se
ts P;Q, and R in three possibly degenerate
onvex polygons. At most one of these is pre-
isely an edge or a fa
e of one of the polyhedra;otherwise, one 
ould 
hoose three 
oplanar edgesfrom distin
t polyhedra (edge e and two others),leading to a 
ontradi
tion of the general positionassumption. Thus a line in �0 (resp. �1) that istangent to P;Q and R has to be tangent to twopolygons, so �0 (resp. �1) 
ontains at most fourlines tangent to P;Q and R.Now 
onsider the planes �t with t 2 (0; 1)in the open rotation interval. Ea
h su
h plane�t interse
ts the three polyhedra in three non-degenerate, disjoint 
onvex polygons, P (t), Q(t)and R(t) (see Figure 2). Ea
h tangent to P , Q,R that interse
ts e has to be 
ontained in someplane �t, and must be tangent to all three poly-gons P (t), Q(t) and R(t) in that plane. Thenumber of su
h tangents is thus equal to thenumber of times a bitangent to the polygons P (t)and Q(t) 
oin
ides with a bitangent to the poly-gons Q(t) and R(t), for all t 2 (0; 1). (A bitan-gent is a line tangent to two polygons; its 
onta
tpoints are 
alled support verti
es.)
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Figure 2: Plane �t 
ontains edge e and interse
tspolyhedra P , Q and R in polygons P (t), Q(t),and R(t), respe
tively. In this �gure �t is in
riti
al F -position.We de�ne a set of 
riti
al positions of the plane�t whi
h 
ontains, in parti
ular, those positionsfor whi
h the set of polyhedral edges 
ontainingsupport verti
es of bitangents in �t� is not equal1When the line l interse
ts ea
h of the polyhedra P;Qand R, the plane �t sweeps the whole spa
e R3 and then�0 is equal to �1 whi
h 
an be any plane 
ontaining l.2



to the 
orresponding set of of edges for �t+ . Po-sitions �t=0 and �t=1 are regarded as 
riti
al.Note that in the open interval between 
onse
-utive 
riti
al positions, the support verti
es ofthe bitangents to polygons P (t) and Q(t), andof the bitangents to Q(t) and R(t), stay on thesame polyhedron edges. It follows that betweentwo 
onse
utive 
riti
al positions �� and �� 0 , theplanes �t (t 2 [�; � 0℄\ (0; 1))2 
ontain at most 16lines tangent to P , Q, R and interse
ting e. In-deed, for ea
h of the (at most four) bitangentsbetween P (t) and Q(t), at most two bitangentsbetween Q(t) and R(t) leave Q(t) on the sameside, and ea
h of those (at most) eight pairs ofbitangents 
orresponds to a quadruplet of edgeswhi
h is met by at most two lines (by Fa
t).We now 
hara
terize two types of 
riti
alpositions, 
riti
al V-positions and 
riti
al F-positions.Plane �t is at a 
riti
al V-position if it goesthrough a vertex v of P , Q or R. There 
an be atmost p+q+r su
h positions, sin
e the number ofverti
es of a polyhedron is less than the numberof its edges. As the plane rotates between two
onse
utive 
riti
al V-positions, the verti
es ofthe polygons P (t), Q(t), and R(t) stay on thesame polyhedron edges.The other kind of 
riti
al position of �t o
-
urs when a support vertex of a bitangent in �tjumps from one vertex of a polygon in �t to an-other vertex of the polygon (see Figure 2). Thenthe bitangent (i) 
ontains an edge of one of thepolygons P (t); Q(t) or R(t), (ii) is tangent, in �t,to another of these polygons, and (iii) interse
ts(or is parallel to) the line l, sin
e l also lies in�t. Thus the bitangent is a line m that (i) goesthrough one of the fa
es of the polyhedra P;Qor R, (ii) is tangent to another of these polyhe-dra and (iii) interse
ts (or is parallel to) the linel. The 
riti
al F-positions are the positions for2As we will soon see, any su
h lines (tangent to P ,Q, R and interse
ting e) lying in a 
riti
al plane distin
tfrom �0 and �1, are e�e
tively 
ounted with the linesarising from the adja
ent open interval(s); the tangentlines lying in the planes �0 and �1 may not be tangentto all polygons P (t), Q(t) and R(t), and thus may notbe 
ounted with the lines arising from the adja
ent openinterval(s).

whi
h �t 
ontains su
h a line m.When a plane 	 supporting a fa
e of P;Q or R(say P ) is tangent to another of these polyhedra(say Q), we potentially have an in�nite numberof 
riti
al F-positions 
orresponding to the linesin 	 that interse
t (or are parallel to) the line land that pass through P \	 and through Q\	.In this 
ase we 
onsider as 
riti
al F-positionsonly the positions that 
orrespond to the twoextremal su
h lines. This is suÆ
ient be
auseit is still true that between any two 
onse
utive
riti
al positions, the support verti
es of the bi-tangents stay on the same polyhedron edges, al-though some of these bitangents may have morethan two support verti
es. This does not 
hangethe bound of 16 on the number of tangent linesbetween two 
onse
utive 
riti
al positions.A plane 	 supporting a fa
e of P interse
ts Qand R in 
onvex polygons, and either 
ontainsthe line l or interse
ts it in at most one point.In the �rst 
ase, 	\�t 
ontains l; also, 	\�t
ontains m. Thus either 	 and �t are distin
t,and thus l = m, or 	 = �t, and t = 0 or 1sin
e only �0 and �1, among all �t, 
an 
ontaina fa
e of the polyhedra. The plane 	 = �0 or �1has already been 
onsidered. In the other 
ase,l = m is a bitangent in every �t, t 2 (0; 1). How-ever, the polyhedron edges 
ontaining the sup-port verti
es for bitangent l = m do not 
hangeas t varies, so l = m does not by itself give riseto any 
riti
al F-positions.In the latter 
ase, in plane 	, at most fourlines are tangent to Q or R and interse
t (or areparallel to) the line l. Thus a fa
e of P generatesat most four 
riti
al F-positions. A similar ar-gument holds for the planes supporting the fa
esof Q and R. Thus the total number of 
riti
alF-positions, for a given edge e, is at most fourtimes the number of fa
es of P , Q and R, that is,at most 4 (p+q+r), sin
e the number of fa
es ofa polyhedron is at most the number of its edges.Sin
e there are at most 5 (p + q + r) 
riti
alpositions (at most 4 (p + q + r) F -positions andat most (p+ q+ r) V -positions), and �0 and �1
ontain at most 8 tangent lines, there 
an be atmost 5 �16 (p+ q+ r)+8 lines tangent to P;Q;Rand interse
ting e. This proves the lemma. 23



3 Proof of Theorem 2Given k polyhedra P1,. . . ,Pk, ea
h with ni edges,we 
hoose an edge e of Pi and 
ount the num-ber of tangents to Pj, P`, and Pm interse
tinge. From Lemma 3, we know that this number isno more than C(nj +n`+nm), where C is some
onstant. Sin
e there are n edges in the s
ene,the number of tangents T to four polyhedra istherefore at mostT � n Xj 6= 6̀=m C (nj + n` + nm)� 3 C n Xj 6= 6̀=m nj� 3 C n X̀6=mXj nj= 3C n �k2� n;whi
h is O(n2k2) as 
laimed.4 Dis
ussion and open problemsWe have presented bounds for the number oflines tangent to four polyhedra. The proofs areinspired by a method whi
h was (to our knowl-edge) �rst used for sparse arrangements and thenumber of views of k 
onvex polyhedra [3℄ (seealso S
hi�enbauer's survey [4℄). We 
on
ludewith a few open problems.There is a gap between the upper bound weprove for the number of lines tangent to fourpolyhedra, that is O(n2), and the best knownlower bound whi
h is 
(n). It would be inter-esting to 
ome up with better 
onstru
tions forthe lower bound. The bound 
an also be statedas O(nm) where m is the minimum number ofedges of one of the polyhedra. Are other boundspossible, e.g. in terms of the maximum numberof edges on the silhouette of one of the polyhe-dra?In addition, there is an easy example of 
(n)
onvex polyhedra admitting 
(n4) lines tangentto four of them. We know of no non-trivial lowerbound that takes into a

ount the number of ob-je
ts (in 
ontrast with other quantities, e.g. thenumber of views of k 
onvex polyhedra [2℄).

Finally, the bound of Theorem 2 is only forlines tangent to four polyhedra among k. Whatwe really would like to bound is the number oftangent lines su
h that the shortest line segmentspanning all four points of 
onta
t does not inter-se
t another polyhedron (non-o

luded visibilityevents). Is it possible to get a better bound forthis number?A
knowledgements. We thank the other work-shop parti
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A Chara
terization of non-general posi-tion 
on�gurationsIn this appendix we prove the following elemen-tary lemma in order to give the reader a bet-ter understanding of the impa
t that the generalposition assumption has on the sets of 
onvexpolyhedra that we allow.Lemma 4 Four lines are not in general positionif and only if (i) they belong to the same familyof generators of a hyperboli
 paraboloid, (ii) twoof the lines are 
oplanar, and the two other linesinterse
t in that plane, (iii) three of the lines are
oplanar and the fourth line interse
ts that plane,or (iv) at least three of the four lines are 
on
ur-rent. (If two of the lines 
oin
ide, then (i) or (ii)applies.)Proof: We 
onsider four pairwise distin
t linesl1; l2; l3 and l4. We �rst assume that they arepairwise distin
t be
ause, as we will see in theproof, three pairwise distin
t lines have either 0or in�nitely many transversals, and so do twodistin
t lines.We distinguish the 
ases where (1) l1; l2 and l3are 
on
urrent, (2) l1; l2 and l3 are 
oplanar, (3)l1 and l2 are parallel, (4) l1 and l2 interse
t, and(5) l1; l2 and l3 are pairwise skew.Case 1. See Figure 3. There are in�nitelymany lines that go through the interse
tion pointof l1; l2 and l3, and meet the fourth line (
ase(iv)).
ll

l2

3
4

l1

Figure 3: l1; l2 and l3 are 
on
urrent (
ase 1).Case 2. See Figure 4. l1; l2 and l3 are 
on-tained in some plane �, and any line that meetsthe three of them is also in that plane. If l4 meets

l4

l3

Πl1

l 2

Figure 4: l1; l2 and l3 are 
oplanar (
ase 2).� (
ase (iii)), then there is an in�nite number oflines meeting the four lines, otherwise there is nosu
h line.
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Figure 5: l3 is parallel to � (
ase 3).
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l
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Π
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Figure 6: l3 and l4 meet � at distin
t points(
ase 3).Case 3. Let � denote the plane 
ontaining l1and l2. All the lines that meet l1 and l2 both are
ontained in �. Thus, if l3 or l4 is parallel to �there is no line that pier
es the four of them (seeFigure 5); if l3 and l4 meet � in distin
t points,only the line joining these two points meets thefour lines, provided that it is not parallel to l15



l1

l2

Π

l 3l4

Figure 7: l3 and l4 meet � at the same point(
ase 3).and l2 (see Figure 6); if l3 and l4 meet � in thesame point (
ase (ii)), then in�nitely many linesgo through that point and meet l1 and l2 (seeFigure 7). Note that if l3 or l4 is 
ontained in �then we are in 
ase (2).Case 4. l1 and l2 interse
t in some point A,let � be the plane 
ontaining l1 and l2, and 	be the plane 
ontaining A and l3. We need todistinguish between the 
ase where l3 is parallelto � and the 
ase where l3 meets � in some point(l3 is not 
ontained in � be
ause otherwise wewould be in 
ase (1) or (2)).
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Figure 8: l4 is 
ontained in 	 (
ase 4).In the former 
ase, the lines that meet l1, l2and l3 are the lines of 	 passing through A.Thus, if l4 is 
ontained in 	 (
ase (ii)), then thereare in�nitely many lines that interse
t the fourlines: all those that go through A and meet thetwo 
oplanar lines l3 and l4 (see Figure 8); oth-erwise, if l4 is parallel to 	 then no line meetsthe four lines; �nally, if l4 meets 	 in a point B,whi
h is distin
t from A (otherwise we would be

l 4
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Figure 9: l4 meets 	 in a point B (
ase 4).in 
ase (1)), then only the line passing throughA and B may meet the four lines, provided thatit is not parallel to l3 (see Figure 9).In the latter 
ase, let B be the interse
tionpoint of l3 and �. The lines that meet l1; l2 andl3 are the lines in � that go through B, and thosein 	 that go through A. If l4 is 
ontained in �,l1; l2 and l4 are 
oplanar and we are in 
ase (1)or (2). If l4 is 
ontained in 	 (
ase (ii)), thenthere are in�nitely many lines that interse
t thefour lines (see Figure 10). If l4 meets neither� nor 	 then no line simultaneously interse
tsthe four lines. If l4 passes through A we are in
ase (1). If l4 passes through B (
ase (ii)), thereare in�nitely many lines in � that meet the fourlines (see Figure 11). If l4 meets only � or 	 ina point distin
t from A and B, exa
tly one linemeets the four lines. If l4 meets both � and 	 intwo points distin
t from A and B, exa
tly twolines meet the four lines (see Figure 12). If l4meets both � and 	 in the same point, whi
his distin
t from A and B, then exa
tly one linemeet the four lines.Case 5. The three pairwise skew lines l1; l2and l3 lie on a degree-two ruled surfa
e, a hy-perboli
 paraboloid (saddle) Q (see Figure 13).There are two families of lines that generate Q,one that 
ontains l1; l2 and l3, and the other that
onsists of the lines that interse
t ea
h of l1; l2and l3. If the fourth line l4 meets Q in at mosttwo points, ea
h of these points determines a linein the se
ond family. Then there are at most two6



lines m1 and m2 that meet l1; l2; l3 and l4.If l4 lies on Q, two 
ases 
an arise. If l4belongs to the same family as l1; l2 and l3 (
ase(i)), then all the lines in the se
ond family meetthe four lines, and there is thus in�nitely manylines that interse
t the four lines. If l4 belongsto the other family of generators of Q, then onlyone line meets the four lines, namely l4. 2
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ontained in 	 (
ase 5).
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Figure 11: l4 passes through B (
ase 5).
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Figure 12: l4 meets � and 	 in distin
t points,di�erent from A and B (
ase 5).
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Figure 13: The two lines meeting fourgeneral lines in spa
e (from F. Sottile,http://www.maths.univ-rennes1.fr/~raag01/surveys/ERAG/S4/1.html).
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