
On the Re
ognition of P4-
omparability GraphsStavros D. Nikolopoulos and Leonidas PaliosDepartment of Computer S
ien
e, University of IoanninaGR-45110 Ioannina, Gree
ee-mail: fstavros,paliosg�
s.uoi.gr
Abstra
t: We 
onsider the problem of re
ognizing whether a simple undire
ted graph is a P4-
omparability graph. This problem has been 
onsidered by Ho�ang and Reed who des
ribed anO(n4)-time algorithm for its solution, where n is the number of verti
es of the given graph. Fasteralgorithms have re
ently been presented by Ras
hle and Simon and by Nikolopoulos and Palios; thetime 
omplexity of both algorithms is O(n +m2), where m is the number of edges of the graph.In this paper, we des
ribe an O(nm)-time, O(n + m)-spa
e algorithm for the re
ognition ofP4-
omparability graphs. The algorithm 
omputes the P4s of the input graph G by means of theBFS-trees of the 
omplement of the graph rooted at ea
h of its verti
es. The key to a
hieve thestated time 
omplexity lies in the observation that for a graph G, the number of verti
es in allthe levels, ex
ept for the 0th and the 1st, of the BFS-tree of the 
omplement of G rooted at avertex v does not ex
eed the degree of v in G; thus, 
onsidering pairs of verti
es lo
ated in theselevels takes O(Pv d2G(v)) = O(nm), where dG(v) denotes the degree of v in G. Our algorithm issimple, uses simple data stru
tures, and leads to an O(nm)-time a
y
li
 P4-transitive orientation ofa P4-
omparability graph.Keywords: Perfe
tly orderable graph, 
omparability graph, P4-
omparability graph, re
ognition,P4-
omponent, P4-transitive orientation.1. Introdu
tionLet G = (V;E) be a simple non-trivial undire
ted graph. An orientation of the graph G is anantisymmetri
 dire
ted graph obtained from G by assigning a dire
tion to ea
h edge of G. Anorientation (V; F ) of G is 
alled transitive if it satis�es the following 
ondition: �!ab 2 F and �!b
 2 Fimply �!a
 2 F , for all a; b; 
 2 V , where by �!uv or  �vu we denote an edge dire
ted from u to v [8℄. Anorientation of a graph G is 
alled P4-transitive if it is transitive when restri
ted to any P4 (
hordlesspath on 4 verti
es) of G; an orientation of su
h a path ab
d is transitive if and only if the path'sedges are oriented in one of the following two ways: �!ab,  �b
 and �!
d, or  �ab, �!b
 and  �
d.A graph whi
h admits an a
y
li
 transitive orientation is 
alled a 
omparability graph [7, 8, 9℄;Figure 1(a) depi
ts a 
omparability graph. A graph is a P4-
omparability graph if it admits ana
y
li
 P4-transitive orientation [11, 12℄. In light of these de�nitions, every 
omparability graph is aP4-
omparability graph. However, the 
onverse is not always true; the graph depi
ted in Figure 1(b)is a P4-
omparability graph but it is not a 
omparability graph (it is often referred to as a pyramid).The graph shown in Figure 1(
) is not a P4-
omparability graph. The 
lass of the P4-
omparabilitygraphs was introdu
ed by Ho�ang and Reed, along with the 
lasses of the P4-indi�eren
e, the P4-simpli
ial, and the Raspail graphs, and all four 
lasses were shown to be perfe
tly orderable [12℄.In the early 1980s, Chv�atal introdu
ed the 
lass of perfe
tly orderable graphs [4℄; see also[11, 15, 17℄. These are the graphs for whi
h there exists a perfe
t order on the set of their ver-ti
es. An order on the vertex set of a graph G is 
alled perfe
t if for ea
h subgraph H of G, the1



PSfrag repla
ements (a) (b) (
)Figure 1: (a) a 
omparability graph; (b) a P4-
omparability graph (whi
his not 
omparability); (
) a graph whi
h is not P4-
omparability.greedy algorithm (sometimes 
alled the �rst-�t algorithm) 
omputes an optimal 
oloring of H bypro
essing the verti
es of G in that order. Equivalently, Chv�atal [4℄ showed that a graph is perfe
tlyorderable if and only if there exists an a
y
li
 orientation su
h that no P4 ab
d of the graph has �!aband  �
d (
alled obstru
tion). The fa
t that the P4-
omparability graphs are perfe
tly orderable fol-lows immediately from that sin
e they are de�ned to admit a
y
li
 orientations that do not 
ontainobstru
tions.The 
lass of perfe
tly orderable graphs is very important sin
e a number of problems whi
h areNP-
omplete in general 
an be solved in polynomial time on its members [2, 8, 10℄; unfortunately,it is NP-
omplete to de
ide whether a graph admits a perfe
t order or, equivalently, an a
y
li
obstru
tion-free orientation [15℄. Chv�atal showed that the 
lass of perfe
tly orderable graphs 
ontainsthe 
omparability and the triangulated graphs [4℄. It also 
ontains a number of other 
lasses of perfe
tgraphs whi
h are 
hara
terized by important algorithmi
 and stru
tural properties; we mention the
lasses of 2-threshold, brittle, 
o-
hordal, weak bipolarizable, distan
e hereditary, Meyniel \ 
o-Meyniel, P4-sparse, et
. [3, 8℄. Finally, sin
e every perfe
tly orderable graph is strongly perfe
t [4℄,the 
lass of perfe
tly orderable graphs is a sub
lass of the well-known 
lass of perfe
t graphs.Algorithms for many di�erent problems on almost all the sub
lasses of perfe
tly orderable graphsare available in the literature. The 
omparability graphs in parti
ular have been the fo
us of mu
hresear
h whi
h 
ulminated into eÆ
ient re
ognition and orientation algorithms [3, 8, 14℄. On theother hand, the P4-
omparability graphs have not re
eived as mu
h attention, despite the fa
t thatthe de�nition of the P4-
omparability graphs is a dire
t extension of the de�nition of 
omparabilitygraphs [6, 11, 12, 18℄.Our main obje
tive in this paper is to study the re
ognition problem on the 
lass of P4-
omparability graphs. This problem along with the problem of produ
ing an a
y
li
 P4-transitiveorientation have been addressed by Ho�ang and Reed who des
ribed polynomial time algorithms fortheir solution [11, 12℄. The algorithms are based on dete
ting whether the input graph G 
ontains a\homogeneous set" or a \good partition" and re
ursively solve the same problem on the graph thatresults from the input graph after 
ontra
tion of one or two vertex sets into a single vertex ea
h.The re
ognition and the orientation algorithms require O(n4) and O(n5) time respe
tively, where nis the number of verti
es of G. Improved results on these problems were provided by Ras
hle andSimon [18℄. Their algorithms work along the same lines, but they fo
us on the P4-
omponents of thegraph. In parti
ular, for a non-trivial P4-
omponent C of the input graph G, they 
ompute the set Rof verti
es adja
ent to some but not all the verti
es of C; depending on whether R is empty or not,they 
ontra
t C into one or two (non-adja
ent) verti
es and they re
ursively solve the problem onthe resulting graph. The time 
omplexity of their algorithms for either problem is O(n+m2), wherem is the number of edges of G, as it is dominated by the time to 
ompute the P4-
omponents ofG. Re
ently, Nikolopoulos and Palios des
ribed di�erent O(n+m2)-time algorithms for these prob-lems [16℄. Their approa
h relies on the 
onstru
tion of the P4-
omponents by means of BFS-treesof the input graph.In this paper, we present an O(nm)-time re
ognition algorithm for P4-
omparability graphs,where n and m are the number of verti
es and edges of the input graph. The algorithm 
omputesthe P4s of the input graph G by means of the BFS-trees of the 
omplement of the graph rooted at2



ea
h of its verti
es. The key to a
hieve the stated time 
omplexity lies in the observation that fora graph G, the number of verti
es in all the levels, but the 0th and the 1st, of the BFS-tree of the
omplement of G rooted at a vertex v does not ex
eed the degree of v in G; thus, 
onsidering pairsof verti
es lo
ated in these levels takes O(Pv d2G(v)) = O(nm), where dG(v) denotes the degree ofv in G. We believe that this important observation, in 
ombination with algorithms whi
h performbreadth-�rst and depth-�rst sear
h on the 
omplement of a graph in time linear in the size of thegiven graph, will result in improved algorithmi
 solutions for other problems as well. The proposedre
ognition algorithm is simple, uses simple data stru
tures and requires O(n +m) spa
e. Alongwith the result in [16℄, it leads to an O(nm)-time algorithm for 
omputing an a
y
li
 P4-transitiveorientation of a P4-
omparability graph.The paper is stru
tured as follows. In Se
tion 2 we review the terminology and we prove a keylemma for our algorithm. We des
ribe and analyze the re
ognition algorithm in Se
tion 3, and we
on
lude with Se
tion 4 whi
h summarizes our results and presents some open questions.2. Theoreti
al FrameworkLet G = (V;E) be a simple non-trivial 
onne
ted graph on n verti
es and m edges. A path in G is asequen
e of verti
es (v0; v1; : : : ; vk) su
h that vi�1vi 2 E for i = 1; 2; : : : ; k; we say that this is a pathfrom v0 to vk and that its length is k. A path is undire
ted or dire
ted depending on whether G is anundire
ted or a dire
ted graph. A path is 
alled simple if none of its verti
es o

urs more than on
e;it is 
alled trivial if its length is equal to 0. A simple path (v0; v1; : : : ; vk) is 
hordless if vivj =2 E forany two non-
onse
utive verti
es vi, vj in the path. Throughout the paper, the 
hordless path on nverti
es is denoted by Pn. In parti
ular, a 
hordless path on 4 verti
es is denoted by P4.Let ab
d be a P4 of a graph G. The verti
es b and 
 are 
alled midpoints and the verti
es aand d endpoints of the P4 ab
d. The edge 
onne
ting the midpoints of a P4 is 
alled the rib; theother two edges (whi
h are in
ident to the endpoints) are 
alled the wings. For example, the edgeb
 is the rib and the edges ab and 
d are the wings of the P4 ab
d. Two P4s are 
alled adja
entif they have an edge in 
ommon. The transitive 
losure of the adja
en
y relation is an equivalen
erelation on the set of P4s of a graph G; the subgraphs of G spanned by the edges of the P4s in theequivalen
e 
lasses are the P4-
omponents of G. With slight abuse of terminology, we 
onsider thatan edge whi
h does not belong to any P4 belongs to a P4-
omponent by itself; su
h a 
omponentis 
alled trivial. A P4-
omponent whi
h is not trivial is 
alled non-trivial; 
learly a non-trivial P4-
omponent 
ontains at least one P4. If the set of midpoints and the set of endpoints of the P4s ofa non-trivial P4-
omponent C de�ne a partition of the vertex set V (C), then the P4-
omponent C is
alled separable.The de�nition of a P4-
omparability graph requires that su
h a graph admit an a
y
li
 P4-transitive orientation. However, Ho�ang and Reed [12℄ showed that in order to determine whethera graph is a P4-
omparability graph one 
an restri
t one's attention to the P4-
omponents of thegraph. In parti
ular, what they proved ([12℄, Theorem 3.1) 
an be paraphrased in terms of theP4-
omponents as follows:Lemma 2.1. ([12℄) Let G be a graph su
h that ea
h of its P4-
omponents admits an a
y
li
P4-transitive orientation. Then G is a P4-
omparability graph.It must be noted that although determining that ea
h of the P4-
omponents of a graph admits ana
y
li
 P4-transitive orientation suÆ
es to establish that the graph is P4-
omparability, the dire
tedgraph produ
ed by pla
ing the oriented P4-
omponents together may 
ontain 
y
les.Given a non-trivial P4-
omponent C of a graph G = (V;E), the set of verti
es V � V (C) 
an bepartitioned into three sets:(i) R 
ontains the verti
es of V �V (C) whi
h are adja
ent to some (but not all) of the verti
es inV (C), 3
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CFigure 2: Partition of the vertex set with respe
t to a separable P4-
omponent C.(ii) P 
ontains the verti
es of V � V (C) whi
h are adja
ent to all the verti
es in V (C), and(iii) Q 
ontains the verti
es of V � V (C) whi
h are not adja
ent to any of the verti
es in V (C).The adja
en
y relation is 
onsidered in terms of the given graph G.In [18℄, Ras
hle and Simon showed that, given a non-trivial P4-
omponent C and a vertex v =2V (C), if v is adja
ent to the midpoints of a P4 of C and is not adja
ent to its endpoints, then v doesso with respe
t to every P4 in C (that is, v is adja
ent to the midpoints and not adja
ent to theendpoints of every P4 in C). This implies that any vertex of G, whi
h does not belong to C and isadja
ent to at least one but not all the verti
es in V (C), is adja
ent to the midpoints of all the P4sin C. Based on that, Ras
hle and Simon showed that in terms of the P4-
omponent C, the sets R,P , and Q exhibit the adja
en
ies shown in Figure 2. The set V1 is the set of the midpoints of allthe P4s in C, whereas the set V2 is the set of endpoints; the dashed segments between R and P andbetween P and Q indi
ate that there may be edges between pairs of verti
es in the 
orrespondingsets.Our algorithm relies on the following 
ru
ial lemma in order to a
hieve its stated time 
omplexity.Lemma 2.2. Let G be a simple undire
ted graph and let TG(v) be the BFS-tree of the 
omplement Grooted at a vertex v. Then, the number of verti
es in all the levels of TG(v) ex
ept for the 0th andthe 1st is equal to the degree of v in G.Proof: Clearly true, sin
e the verti
es in all the levels of TG(v), ex
ept for the 0th and the 1st, arepre
isely the verti
es whi
h are not adja
ent to v in G.We believe that this is a very important observation and we expe
t that it will help establishedimproved 
omplexity bounds in other problems as well.3. Re
ognition of P4-
omparability GraphsThe algorithm works by 
onstru
ting and orienting the P4-
omponents of the given graph, say, G,and then by 
he
king whether they are a
y
li
 (Lemma 2.1). The P4-
omponents are 
onstru
ted asfollows: the algorithm 
onsiders initially m (partial) P4-
omponents, one for ea
h edge of G; then, itlo
ates the P3s of all the P4s of G, and whenever the edges of su
h a P3 belong to di�erent (partial)P4-
omponents it unions and appropriately orients these P4-
omponents. Sin
e we are interested ina P4-transitive orientation of ea
h P4-
omponent, the edges of su
h a P3 need to be oriented eithertowards their 
ommon endpoint or away from it.The key idea of the algorithm in order to a
hieve its stated time 
omplexity is the 
omputationof the P4s by means of pro
essing the BFS-trees of the 
omplement G of the input graph rooted atea
h of its verti
es. 4



The algorithm is des
ribed in more detail below. We 
onsider that the input graph is 
onne
ted;the 
ase of dis
onne
ted graphs is addressed in Se
tion 3.3. Additionally, we assume that initiallyea
h edge of G belongs to a P4-
omponent by itself and is assigned an arbitrary orientation.Re
ognition Algorithm.Input: a simple 
onne
ted graph G on n verti
es and m edges.Output: yes, if G is a P4-
omparability graph; otherwise, no.1. Initialize to 0 all the entries of an array M [ ℄ whi
h is of size n;2. For ea
h vertex v of the graph G, do2.1 
ompute the sets L1, L2, and L3 of verti
es in the 1st, 2nd, and 3d level respe
tively ofthe BFS-tree of the 
omplement G rooted at v;2.2 partition the set L2 into subsets of verti
es so that two verti
es belong to the same subseti� they have (in G) the same neighbors in L1;2.3 for ea
h vertex x in L2, do2.3.1 for ea
h vertex w adja
ent to x in G, doM [w℄ 1; fmark in M [ ℄ the neighbors of w in Gg2.3.2 for ea
h vertex y in L3 doif M [y℄ = 0then fxvy is a P3 of a P4 in GgIf the edges xv and vy belong to the same P4-
omponent and do not both pointtowards v or away from it, then the P4-
omponent 
annot admit a P4-transitiveorientation and we 
on
lude that the graph G is not a P4-
omparability graph.If the edges xv and vy belong to di�erent P4-
omponents, then we union these
omponents into a single 
omponent and if the edges do not both point towardsv or away from it, we invert (during the unioning) the orientation of all theedges of the unioned P4-
omponent with the fewest edges.2.3.3 for ea
h vertex y in L2 doif M [y℄ = 0 and the verti
es x and y belong to di�erent partition sets of L2(Step 2.2)then fxvy is a P3 of a P4 in Ggpro
ess the edges xv and vy as in Step 2.3.2;2.3.4 for ea
h vertex w adja
ent to x in G, doM [w℄ 0; f
lear M [ ℄g3. After all the verti
es have been pro
essed, we 
he
k whether the resulting non-trivial P4-
omponents 
ontain dire
ted 
y
les. This is done by applying topologi
al sorting on the di-re
ted graph spanned by the dire
ted edges asso
iated with ea
h of the P4-
omponents; if thetopologi
al sorting su

eeds then the 
omponent is a
y
li
, otherwise there is a dire
ted 
y
le.If any of the P4-
omponents 
ontains a 
y
le, then the graph is not a P4-
omparability graph.For ea
h P4-
omponent, we maintain a linked list of the re
ords of the edges in the 
omponent,and the total number of these edges. Ea
h edge re
ord 
ontains a pointer to the header re
ordof the 
omponent to whi
h the edge belongs; in this way, we 
an determine in 
onstant time the
omponent to whi
h an edge belongs and the 
omponent's size. Unioning two P4-
omponents isdone by updating the edge re
ords of the smallest 
omponent and by linking them to the edge list ofthe largest one, whi
h implies that the union operation takes time linear in the size of the smallest
omponent. As mentioned above, in the pro
ess of unioning, we may have to invert the orientationin the edge re
ords that we link, if the 
urrent orientations are not 
ompatible.5



Corre
tness of the Re
ognition algorithm. The 
orre
tness of the algorithm follows from(i) the fa
t that in Steps 2.3.2 and 2.3.3 it pro
esses the P3s of all the P4s of the input graph G(Lemmata 3.1 and 3.2) and that it assigns 
orre
t orientations on the edges of these P3s, (ii) fromthe 
orre
t 
onstru
tion of the P4-
omponents by unioning partial P4-
omponents whenever a P3 ispro
essed whose edges belong to more than one su
h partial 
omponents, and (iii) from Lemma 2.1in 
onjun
tion with Step 2 of the algorithm.Note that the initial assignment of 0 to all the entries of the array M [ ℄ and the 
learing of allthe set entries at Step 2.3.4 of the algorithm guarantee that the only entries of the array whi
h areset at any iteration are pre
isely those 
orresponding to the verti
es adja
ent in G to the vertexpro
essed at Step 2.3.Lemma 3.1. Every P3 of a P4 of the input graph G is 
onsidered at Steps 2.3.2 or 2.3.3 of there
ognition algorithm.Proof: Let ab
d be a P4 of the graph G; we willshow that the P3 ab
 is 
onsidered at Step 2.3.2 or2.3.3 of the re
ognition algorithm. Be
ause ab
dis a P4 then its 
omplement is the P4 bda
 and itbelongs to the 
omplementG ofG. Let us 
onsiderthe BFS-tree TG(b) of G rooted at b. Sin
e bda
 isa P4 of G, the verti
es b, d, and a have to belongto the 0th, 1st, and 2nd level of TG(b) respe
tively;the vertex 
 belongs to the 2nd or 3rd level, butnot to the 1st level sin
e 
 is not adja
ent to b inG. These two 
ases are shown in Figure 3.
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(a) (b)Figure 3: The two positions ofthe P4 bda
 in the BFS-tree TG(b).Sin
e the algorithm pro
esses ea
h vertex v of G in Step 2 and 
onsiders the BFS-tree of G rootedat v, it will pro
ess b, it will 
onsider the BFS-tree TG(b) of G rooted at b, and it will 
ompute thesets L1, L2, and L3 of verti
es in the 1st, 2nd, and 3rd level of TG(b) respe
tively. In the �rst 
aseof Figure 3, the verti
es a and 
 belong to the 2nd and 3rd level of TG(b) respe
tively and they areadja
ent in G. Thus, a 2 L2 and 
 2 L3. Moreover, sin
e a and 
 are adja
ent in G, then a and 
are not adja
ent in G. Hen
e, M [
℄ = 0 when x = a in Step 2.3. Therefore, the P3 ab
 is 
onsideredin Step 2.3.2 when x = a and y = 
. In the se
ond 
ase of Figure 3, the verti
es a and 
 belong tothe 2nd level of TG(b), they are adja
ent in G, and a is adja
ent to d 2 L1 in G whereas 
 is not.Thus, a 2 L2, 
 2 L2 and M [
℄ = 0 when x = a in Step 2.3, and the verti
es a and 
 belong todi�erent sets in the partition of the verti
es in L2 depending on the verti
es in L1 to whi
h they areadja
ent in G. Therefore, the P3 ab
 is 
onsidered in Step 2.3.3 when x = a and y = 
.Lemma 3.2. The sequen
e (x; v; y) of verti
es 
onsidered at Steps 2.3.2 and 2.3.3 of the re
ognitionalgorithm is a P3 of a P4 of the input graph G.Proof: Let us �rst 
onsider Step 2.3.2. Then, the verti
es x and y are in the 2nd and 3rd level ofTG(v) respe
tively. Then, the path vpxxy is a P4 in G, where px is the parent of x in TG(v). Thisimplies that xvypx is a P4 in G and xvy is a P3 of a P4 in G.Let us now 
onsider Step 2.3.3. Then, the verti
es x and y are in the 2nd level of the BFS-tree TG(v) of G rooted at v. Moreover, sin
e M [y℄ = 0, then x and y are not adja
ent in G, thatis, they are adja
ent in G. Finally, the fa
t that x and y do not belong to the same partition set ofL2, implies that there is a vertex in the 1st level of TG(v) whi
h is adja
ent to one of them in G andnot to the other one. Suppose that this vertex is z and that it is adja
ent to x; the 
ase where z isadja
ent to y and not to x is similar. Then, the path vzxy is a P4 in G, whi
h implies that xvyz isa P4 in G. Clearly, xvy is a P3 of a P4 in G.
6



Before analyzing the 
omplexity of the re
ognition algorithm, we explain in more detail howSteps 1.1 and 1.2 are 
arried out.3.1. Computing the vertex sets L1, L2, and L3. The 
omputation of these sets 
an be doneby means of the algorithms of Dahlhaus et al. [5℄ and Ito and Yokoyama [13℄ for 
omputing theBFS-tree of the 
omplement of a graph in time linear in the size of the given graph. Both algorithmsrequire the 
onstru
tion of a spe
ial representation of the graph. However, we will be using anotheralgorithm whi
h 
omputes the verti
es in ea
h level of the BFS-tree of the 
omplement of a graph(i.e., it e�e
tively implements breadth-�rst sear
h on the 
omplement) in the above stated time
omplexity. The algorithm is very simple and uses the standard adja
en
y list representation of agraph. It works by 
onstru
ting ea
h level Li+1 from the previous one, Li, based on the followinglemma.Lemma 3.3. Let G be a simple undire
ted graph and let Li be the set of verti
es in the i-th level ofa BFS-tree of G. Consider a vertex w whi
h does not appear in any of the levels from the 0th up tothe i-th. Then w is a vertex of the (i+1)-st level if and only if there exists at least one vertex of Liwhi
h is not adja
ent to w in G.Proof: The vertex w is a vertex of the (i + 1)-st level if and only if it is adja
ent in G to at leastone vertex in Li. The lemma follows.We give below the des
ription of the algorithm.Algorithm for 
omputing the BFS-tree of a vertex v in the 
omplement of a given graph G.1. Initialize to 0 all the entries of the array Adj[ ℄ whi
h is of size n;2. Constru
t a list L0 
ontaining a single re
ord asso
iated with the vertex v and a list S 
on-taining a re
ord for ea
h of the verti
es of G ex
ept for v;3. Set i to 0;While the list Li is not empty, do3.1 initialize the list Li+1 to the empty list;3.2 for ea
h vertex u in Li dofor ea
h vertex w adja
ent to u in G doin
rement Adj[w℄ by 1;3.3 for ea
h vertex s in S doif Adj[s℄ < jLijthen remove s from S and add it to the list Li+1else Adj[s℄ 0;3.4 in
rement i by 1;The 
orre
tness of the algorithm follows from Lemma 3.3. Note that the set S 
ontains theverti
es whi
h, until the 
urrent iteration, have not appeared in any of the 
omputed levels. More-over, be
ause of Steps 1 and 3.3, the entries of the array Adj[ ℄ 
orresponding to the verti
es in Sare equal to 0 at the beginning of ea
h iteration of the while loop in Step 3. In this way, the test\Adj[s℄ < jLij" 
orre
tly tests the number of verti
es of Li whi
h are adja
ent to the vertex s in Gagainst the size of Li. Finally, it must be noted that when the while loop of Step 3 terminates, thelist S may very well be non-empty; this happens when the graph G is dis
onne
ted.Suppose that the input graph G has n verti
es and m edges. Clearly, Steps 1 and 2 take O(n)time. In ea
h iteration of the while loop of Step 3, Steps 3.1 and 3.4 take 
onstant time, whileStep 3.2 takes O(Pu2Li dG(u)) time, where dG(u) denotes the degree of the vertex u in G. Step 3.37



takes time linear in the 
urrent size of the list S; the elements of S 
an be partitioned into two sets:(i) the verti
es whi
h end up belonging to Li+1, and (ii) the verti
es for whi
h the 
orrespondingentries of the array Adj[ ℄ are equal to jLij. The number of elements of S in the former set does notex
eed jLi+1j, while the number of elements in the latter set does not ex
eed the sum of the degrees(in G) of the verti
es in Li. Thus, Step 3.3 takes O(jLi+1j+Pu2Li dG(u)) time.Therefore, the time taken by the algorithm isO(n) +Xi  O(1) +O�jLi+1 + Xu2Li dG(u)�!= O(n) +O�Xi �1 + jLi+1j��+O�Xi Xu2Li dG(u)�= O(n) +O(n) +O(m):The inequalities Pi jLij � n and PiPu2Li dG(u) � Pu dG(u) = 2m hold be
ause ea
h vertexbelongs to at most one level of the BFS-tree. Moreover, the spa
e needed is O(n+m). Consequently,we have:Theorem 3.1. Let G be a simple undire
ted graph on n verti
es and m edges, and v be a vertex of G.Then, the above algorithm 
omputes the verti
es in the levels of the BFS-tree of the 
omplement Gof G rooted at v in O(n+m) time and O(n+m) spa
e.3.2. Partitioning the verti
es in L2. It is not diÆ
ult to see that the partition of the verti
esin L2 depending on their neighbors in G whi
h are in L1 is identi
al to the partition of the verti
esin L2 depending on their neighbors in G whi
h are in L1. This is indeed so, be
ause the subset ofverti
es in L1 whi
h are adja
ent (in G) to a vertex x 2 L2 is L1 �Nx, where Nx is the subset ofL1 
ontaining verti
es whi
h are adja
ent (in G) to x. But then, if for two verti
es x and y thesets Nx and Ny are equal then so do the sets L1 � Nx and L1 � Ny, whereas if Nx 6= Ny thenL1 �Nx 6= L1 �Ny. Therefore, instead of working with neighbors of the verti
es in G, we will beworking with neighbors in G, and this will lead to a partitioning algorithm with time 
omplexitylinear in the size of the graph G.The algorithm initially 
onsiders a single set (list) whi
h 
ontains all the verti
es of the set L2.It then pro
esses ea
h vertex, say, u, of the set L1 as follows: For ea
h set of the 
urrent partition,we 
he
k if none, all, or only some of its elements are neighbors of u in G; in the �rst and se
ond
ase, the set is not modi�ed, in the third 
ase, it is split into the subset of neighbors of u in G andthe subset of non-neighbors of u in G. After all the verti
es of L1 have been pro
essed, the resultingpartition is the desired partition.Algorithm for partitioning the set L2 in terms of adja
en
y to elements of the set L1.1. Initialize to 0 the entries of the arrays M [ ℄ and size[ ℄ whi
h are of size n;insert all the verti
es in L2 in the list LSet[1℄ and set size[1℄ jL2j;set k  1; fk holds the number of setsg2. for ea
h vertex u in L1 do2.1 for ea
h vertex w adja
ent to u in G doM [w℄ 1; fmark in M [ ℄ the neighbors of u in Gg2.2 set k0  k;for ea
h list LSet[i℄, i = 1; 2; : : : ; k0, do2.2.1 traverse the list LSet[i℄ and 
ount the number of its verti
es whi
h are neighbors ofu in G (use the array M [ ℄); let ` be the number of these verti
es;8



2.2.2 if ` > 0 and ` < size[i℄then fsplit LSet[i℄; 
reate a new setgin
rement k by 1;traverse the list LSet[i℄ and for ea
h of its verti
es w whi
h is a neighborof u in G (use M [ ℄), delete w from LSet[i℄ and insert it in LSet[k℄;size[k℄ `;de
rease size[i℄ by `;2.3 for ea
h vertex w adja
ent to u in G doM [w℄ 0; f
lear M [ ℄g3 for ea
h list LSet[i℄, i = 1; 2; : : : ; k, do4 traverse the list LSet[i℄ and for ea
h of its verti
es set the 
orresponding entry of thearray Set[ ℄ equal to i;Note that thanks to the array Set[ ℄, 
he
king whether two verti
es x and y belong to the samepartition set of L2 redu
es to testing whether the entries Set[x℄ and Set[y℄ are equal.The 
orre
tness of the algorithm follows from indu
tion on the number of the pro
essed verti
esin L1. At the basis step, when no verti
es from the set L1 have been pro
essed, all the elements ofthe set L2 belong to the same set, as desired. Suppose that after pro
essing i � 0 verti
es from L1,the resulting partition of L2 is 
orre
t with respe
t to the pro
essed verti
es. Let us 
onsider thepro
essing of the next vertex, say, u, from L1: then, only the sets whi
h 
ontain at least one vertexwhi
h is adja
ent (in G) to u and at least one vertex whi
h is not adja
ent (in G) to u should besplit, and indeed these are the only ones that are split; the splitting produ
es a subset of neighborsof u in G and a subset of non-neighbors of u (Step 2.2.2). Note that be
ause of Steps 1, 2.1, and 2.3,the arrayM [ ℄ is 
lear at the beginning of ea
h iteration of the for loop in Step 2, so that in Step 2.2the marked entries are pre
isely those 
orresponding to the neighbors of the 
urrent vertex u in G.Step 1 of the algorithm 
learly takes O(n) time. Steps 2.1 and 2.3 take O(dG(u)) time, wheredG(u) is equal to the degree of u in G. Step 2.2.1 takes O(jLSet(i)j) time and so does Step 2.2.2,sin
e deleting an entry from and inserting an entry in a list takes 
onstant time (for the deletion, weneed to keep a pointer to the previous re
ord during the traversal), and the remaining operationstake 
onstant time. Therefore, Step 2.2 takes time linear in the total size of lists LSet[i℄ whi
hexisted when u started being pro
essed; sin
e the lists 
ontained the verti
es in L2 and none of theselists was empty, we 
on
lude that Step 2.2 takes O(jL2j) time. Then, Step 2 
an be exe
uted inO(Pu(dG(u)+ jL2j)) = O(m+njL2j) time. Step 3 takes time linear in the total size of the �nal listsLSet[i℄, i.e., O(jL2j) time. Thus the entire partitioning algorithm takes O(m + n jL2j) time. Sin
eall the initialized lists LSet[i℄ 
ontain at least one vertex from L2 and sin
e these lists do not shareverti
es, then the spa
e 
omplexity is O(n+ jL2j) = O(n).The results of the paragraph are summarized in the following theorem.Theorem 3.2. Let G be a simple undire
ted graph on n verti
es and m edges, and let L1 and L2 betwo disjoint sets of verti
es. Then, the above algorithm partitions the verti
es in L2 depending ontheir neighbors in G whi
h belong to L1 in O(m+ n jL2j) time and O(n) spa
e.Time and Spa
e Complexity of the Re
ognition algorithm. Clearly, Step 1 of the algorithmtakes O(n) time. In a

ordan
e with Theorems 3.1 and 3.2, Steps 2.1 and 2.2 take O(n+m) = O(m)and O(m+n jL2j) time respe
tively in the pro
essing of ea
h one of the verti
es of G, while Steps 2.3.1and 2.3.4 take O(n) time. If we ignore the 
ost of unioning P4-
omponents, then Steps 2.3.2 and2.3.3 require O(1) time per vertex in L3 and L2 respe
tively; re
all that testing whether two verti
esbelong to the same partition set of L2 takes 
onstant time. If we take into a

ount Lemma 2.2,we have that jL2j � dG(v) and jL3j � dG(v) where dG(u) denotes the degree of vertex u in G.Therefore, if we ignore P4-
omponent unioning, the time 
omplexity of Step 2 of the algorithm is9



T2 = Xv �O�m+ n dG(v)�+Xx O�dG(v) + dG(x)��:If we observe that x belongs to L2, we 
on
lude that x assumes at most dG(v) di�erent values. Thus,T2 = O�Xv m+ nXv dG(v)�+O�Xv Xx �dG(v) + dG(x)��= O(nm) +O(nm) +O�Xv �d2G(v) + Xx dG(x)��= O(nm) +O�Xv d2G(v)� +O�Xv Xx dG(x)�= O(nm)sin
e Pv d2G(v) � nPv dG(v) = O(nm) and PvPx dG(x) � Pv 2m = 2nm. Now, the timerequired for all the P4-
omponent union operations during the pro
essing of all the verti
es isO(m logm) [1℄; there 
annot be more than m� 1 su
h operations (we start with m P4-
omponentsand we may end up with only one), and ea
h one of them takes time linear in the size of the smallestof the two 
omponents that are unioned.Finally, 
onstru
ting the dire
ted graph from the edges asso
iated with a non-trivial P4-
omponentand 
he
king whether it is a
y
li
 takes O(n+mi), where mi is the number of edges of the 
ompo-nent. Thus, the total time taken by Step 2 is O�Pi(n+mi)� = O(nm), sin
e there are at most mP4-
omponents andPimi = m. Thus, the overall time 
omplexity is O(n+nm+m logm+nm) =O(nm); note that logm � 2 logn = O(n).The spa
e 
omplexity is linear in the size of the graph G: the arrayM [ ℄ takes linear spa
e, bothSteps 2.1 and 2.2 require linear spa
e (Theorems 3.1 and 3.2), the set L1 is represented as a list ofO(n) size, the sets L2 and L3 are represented as lists having O(dG(v)) size ea
h, and the handlingof the P4-
omponents requires one re
ord per edge and one re
ord per 
omponent. Thus, the spa
erequired is O(n+m).Therefore, we have proved the following result:Theorem 3.3. It 
an be de
ided whether a simple 
onne
ted undire
ted graph on n verti
es and medges is a P4-
omparability graph in O(nm) time and O(n +m) spa
e.3.3. The 
ase of dis
onne
ted input graphs. In this 
ase, we 
ompute the 
onne
ted
omponents of the graph and work on ea
h one of them as indi
ated above. In light of Theorem 3.3and sin
e the 
onne
ted 
omponents of a graph 
an be 
omputed in time and spa
e linear in thesize of the graph by means of depth-�rst sear
h [1℄, we 
on
lude that the overall time 
omplexityis O(n +m) +Pi O(nimi) = O(nPmi) = O(nm) and the spa
e is O(n +m) +Pi O(ni +mi) =O(n+m) sin
e Pi ni = n and Pimi = m.Theorem 3.4. It 
an be de
ided whether a simple undire
ted graph on n verti
es and m edges is aP4-
omparability graph in O(nm) time and O(n+m) spa
e.4. Con
luding RemarksIn this paper, we presented an O(nm)-time and linear spa
e algorithm to re
ognize whether a graphon n verti
es and m edges is a P4-
omparability graph. The algorithm exhibits the 
urrently besttime and spa
e 
omplexity to the best of our knowledge, and is simple enough to be easily used inpra
ti
e. Along with the work of [16℄, it leads to an O(nm)-time algorithm for 
omputing an a
y
li
P4-transitive orientation of a P4-
omparability graph, thus improving the upper bound on the time
omplexity for this problem as well. We also des
ribed a simple algorithm to 
ompute the levels ofthe BFS-tree of the 
omplement G of a graph G in time and spa
e linear in the size of G.The obvious open question is whether the P4-
omparability graphs 
an be re
ognized and/ororiented in o(nm) time. 10
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