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Abstract

Consider a general class of structural inference rules such as exchange, weak-
ening, contraction and their generalizations. Among them, some are harmless but
others do harm to cut elimination. Hence it is natural to ask under which condition
cut elimination is preserved when a set of structural rules is added to a structure-
free logic. The aim of this work is to give such a condition by using algebraic
semantics.

We consider full Lambek calculus-), i.e., intuitionistic logic without any
structural rules, as our basic framework. Residuated lattices are the algebraic struc-
tures corresponding feL . In this setting, we introduce a criterion, called the prop-
agation property, that can be stated both in syntactic and algebraic terminologies.
We then show that, for any s& of structural rules, the cut elimination theorem
holds forFL enriched withR if and only if R satisfies the propagation property.

As an application, we show that any $etof structural rules can be "com-
pleted” into another seR*, so that the cut elimination theorem holds fér en-
riched withR*, while the provability remains the same.

1 Introduction

Gentzen’s sequent calculus has been playing a central role in proof theory and logic
in computer science. Its main advantage is ¢heelimination theorem, which not
only yields a lot of important corollaries, but also is the main target of research by
itself in the proofs-as-programs paradigm of computation. Another remarkable feature
of sequent calculus is that the inference rules concerning the structure of hypothe-
ses/conclusions can be distinguished from those concerning the use of logical connec-
tives. The former are calleslructural rules. One can therefore obtain various logical
systems by selecting a suitable set of structural rules, while keeping the logical con-
nectives and the associated inference rules unchanged. Studies of structural rules have
a long history, but it is relatively recently that their@eance to computation has been
pointed out (especially in the framework lofiear logic [Gir87, Gir95]) and a system-
atic study of such logics with selected structural rules has been undertaken (under the
namesubstructural logics [De93, Ono03]).

Gentzen’s original sequent calculus contains three structural rules:



Exchange: Weakening: Contraction:
F,a,ﬁ,Aé'ye A=~y W I‘,a,a,A:vc
8,0, A=~ Mo, A=~ Ia, A=~y

whereq, 8 and~y stand for formulas antl andA stand for sequences of formulas (we
only consider intuitionistic sequents in this paper). In addition, one can also consider
other non-standard structural rules such as:

Expansion (cf. [vB91]): Mingle (cf. [OM64]):
Ta, A=~ Y A=~ N0, A=~ |
=~ &Xp min
Io,a A=~y I'¥,60,A=~vy

(See also [HOS94, KamO02] for a detailed account.) Among them, some are harmless
but others cause failure of cut elimination. In fact, the availability of cut elimination is
very sensitive to the choice of structural rules:

¢ In general, sequent calculi with Contraction but without Exchange do not enjoy
cut elimination. One way to recover cut elimination is to generalize Contraction
to the one fosequences of formulas:

'YX A=y se-c

'Y A=xy

e Expansion and Mingle are derivable from each other. However, Mingle admits
cut elimination whereas Expansion does not.

In view of these intricacies, it is natural to look for some general criteria for a set of
structural rules to admit cut elimination. Such criteria, if given on a suitable level of
abstraction, would also help us understand the nature of cut elimination from a deeper
standpoint. The aim of this paper is to give a criterion for cut elimination by using
algebraic semantics.

Our criterion, called theropagation property, originates in Girard'saturality test.

In Appendix C.4 of [Gir99], Girard proposes a test for naturality of logical principles
(i.e., structural rules). Roughly, a principle (structural rulepasses Girard's test if

the following is true for every phase spa@¥, L ): wheneverR holds for allatomic

facts {x}*+, it also holds for arbitraryacts X +* (here,z € M andX C M). In

other words, a principle passes the test whegrdpagates from atomic facts to all

facts. Based on this test, Weakening and Contraction are justified (in the presence of
Exchange) whereas Expansion is abandoned (which is caBedcaoli, a completely
artificial construct). Moreover, a connection between this test and cut elimination is
hinted (see footnote 36 in Appendix C.4). Our propagation property is obtained by
making Girard’s test more precise and more general.

Actually, the propagation property we propose has twavedent forms, one syn-
tactic and the other semantic. A set of rules satisfies the syntactic propagation prop-
erty if, roughly, it propagates from propositional variables to their disjunctions and fu-
sions (i.e. multiplicative conjunctions). Similarly, it satisfies the semantic propagation
property if it propagates from an arbitrary set of elements to their (infinite) joins and
multiplications in all residuated lattices. Our main contribution is then the following
characterization of cut elimination, which clarifies and confirms Girard’s idea:
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Table 1: Correspondence with linear logic connectives

e The cut elimination theorem holds for a structure-free sequent calculus enriched
with a setR of structural rules iffR satisfies the syntactic propagation property
iff R satisfies the semantic propagation property.

As an application, we show that every set of structural rules cacobmpleted into
another set that enjoys cut elimination without changing provability.

In Section 2, we considdull Lambek calculus [Ono90, Ono94, Ono03], i.e., in-
tuitionistic logic without any structural rules, as the basic system. More precisely, we
consider its)-free fragment, denoted 5L *. We then introduce structural rules on
FL™ in a general format. In Section 3, we introduce a syntactic version of the propaga-
tion property, and show that cut elimination implies the syntactic propagation property.
In Section 4, we consider thresiduated lattices (see [JT02, Ono03]), that is, algebraic
structures foFL T, and introduce a semantic version of the propagation property. We
then show that the syntactic propagation property implies the semantic one. In Section
5, we consider thphase structures (see for instance [Abr90, Tro92, Ono94]), a partic-
ular class of residuated lattices, and describe a useful construction of phase structures
due to Okada [Oka96, Oka99, Oka02] in which the validity of a formula directly im-
plies its cut-free provability. If our choic® of structural rules satisfies the semantic
propagation property, then Okada’s phase structure, defined on the bRsisexfomes
a model ofR. Therefore, together with the soundness theorem, we obtain the cut elimi-
nation theorem. Section 6 is devoted to the completion of structural rules as mentioned
above.

2 Full Lambek Calculusand Structural Rules

Theformulas of FL* are built from propositional variables b, c, . . . and constant$
(unit), T (true) and.L (false) by using binary logical connective¢fusion), \ (right
implication), / (left implication), A (conjunction) and/ (disjunction). The set of for-
mulas is denoted bf. Small Greek letterg;, 3, . . . range overF. For simplicity, we
do not consider negation n6iin this paper; it is, however, easy to incorporate them if
one wishes. All results in this paper hold in the presence of negatiof,ao0d. We
use— as synonym fol, because it can be read as implication more naturally. The
other implication/ is not much used in this paper. For the convenience of the reader
who is familiar with linear logic, the correspondence with (intuitionistic noncommuta-
tive) linear logic connectives is given in Table 1. Notice in particular thatf FL
corresponds to of linear logic.

A sequent of FL ' is of the formay, ..., a,, = (. Here, formulasy, ..., «,, are
calledantecedents and 3 is called asuccedent. In the sequell’, A, . .. stand for finite
sequences of formulas, afictands for the empty sequence.
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Figure 1: Inference Rules & *

A sequentl’ = « is said to beprovable in FL T if it is derivable by using the
inference rules in Figure 1. A formula is provable if the sequents- « is provable.
Given a (possibly infinite) se® of sequents, a sequeit=- v is said to bededucible
from Q if ' = ~ is provable inFL ™ enriched with the additional axionf3 (see
[ONno94, Ono03] for more information).

When it is necessary to indicate variablgs. . . , a,,, that might possibly occurin a
formula«, we shall use the notatiam[ay, . . . , a,,], or «d] for short. The formula ob-
tained fromafay, . . ., a.,,] by substituting3; for eacha; is denoted byx[31, .. ., Bm],

or o). Similar notation is used for sequences of formulas (and structural rules intro-
duced below).

For¥ =ay,...,a, (n > 1), we define
¥ = Qe Q,
\/Z = a1 V---Vag,.

Notice here that parentheses are omitted; it is justified by the associativitjdf/ in
FLT. If ¥ = 0, we definesX = 1 and\/ ¥ = L. In addition, wherB[a] is a formula,
we define:

\/ Bla] = Blaa] V -+ V Blawm].

aEX
Listed below are some elementary facts used in this paper:



e X I' = ~is provable iffX, I" = ~ is provable.

e I' = o — gis provable iffa, ' = 3 is provable.

e \/ X, T = (is provable iffa, ' = 3 is provable for everyx € 3.
¢ \Voes(B-a-v)= p-(VX)-vandthe converse are provable.

FL* is entirely free from structural rules. Various systems of so-called substruc-
tural logics are obtained by enriching it with a suitable set of structural rules. Formally,
astructural rule Ris ann + 1 tuple(©4;...;0, > ©), wheren > 1 and eacl®; is
a finite sequence of variables, that satisfies the following condition:

*) any variable occurringi® 4, ..., ©,, also occurs ir®,.
) )

The last condition will be referred to as then-erasing condition.
Let R[d] be a structural rul€¢©[a]; . ..; ©,[a] > ©¢[d]), and3 be a sequence of

- - - —.

formulas. Then the result of substituti®ig] = (01[3];. . .; ©,[3]>Oo[F]), is called
aninstance of R. When@ is a set of formulas and formula$ belong to®, R[ﬁ] is

—.

called a®-instance. Each instancé&[ ] codifies an inference scheme of the form:

I‘a@l[ﬁ_)]aA:/y F,@n[ﬁ_)],A:}’Y

—.

F,@o[ﬁ],A =7

with T, A and~ arbitrary.
For example, the structural rules mentioned in the introduction can be formally
specified as follows:

e e (a,br>b,a)

w: (0> a)

c (a,a> a)
e exp: (a>a,a)

min: {(a1,...,ak;b1,..., 00> a1,...,ak,b1,...,0) |1 <k, 1<}

e seg-c: {(a1,...,ax,a1,...,ax>a1,...,a;) | 1 <k}

Notice thatmin andseg-c are speified by a countable set of structural rules.

Some remarks on the generality of our definition are in order. First, our structural
rules are by definition applicable in an arbitrary conféxt\, v and the context must
be identical in all the upper sequents. It surely limits the range of possible structural
rules, but for the moment we have no idea how to deal with structural rules which do
not fit into this pattern.

Second, our structural rules are supposed to respect the non-erasing condition. We
need this condition because a structural rule might cause a disastrous effect without it.
In particular, any unary rulé9, > ) that violates the non-erasing condition causes
logical inconsistency. On the other hand, all structural rules that respect the non-erasing
condition are admissible in intuitionistic logic.

Finally, there is an issue on the right structural rules. In the full sygterwith the
constant, it makes sense to consider the right weakening rule:



I'=>
I'=~

Although our definition of structural rule is not general enough to capture this one, it is
not a serious limitation because the same effect can be obtained by idendifyirtig

L. Anyway, studies of right structural rules are better carried out in the clagdical
framework, hence we do not discuss them any further here.

Given a seR of structural rules, the systeRL * (R) is defined to b&L * enriched
with all instances of the additional structural rufes For instancef-L * ({e}) amounts
toFL ¢ (intuitionistic linear logic without modality) anBIL *({e, w, c}) is nothing but
intuitionistic logic.

Due to the non-erasing condition, our structural rules satisfy the following property:
any formula occurring in the upper sequents of a structural rule also occurs in the lower
sequent. It follows that the cut elimination theorem always implies the subformula
property.

More precisely, for each formula, define the sePos(«) of positive subformulas
and the sefVeg(«) of negative subformulas as follows. Whert is either a variable or
aconstantPos(T) = {t}; Neg(T) = 0. Whenx € {A,V, -}, Pos(a* 3) = Pos(a)U
Pos(B) U {ax B}; Neg(a* ) = Neg(a) U Neg(3). For residualsPos(a\g) =
Pos(B)UNeg(a)U{a\B}; Neg(a\B) = Neg(8)U Pos(«). Similarly for /. Finally,
for a sequenb = f1,...,8; = a, Pos(S) = Neg(1) U...U Neg(Br) U Pos(«)
andNeg(S) = Pos(f1) U...U Pos(8) U Neg(a). We then have:

Lemma 2.1 Let R beaset of structural rules. Suppose that FL *(R) enjoys cut elim-
ination. Then it satisfies the (polarized) subformula property: if a sequentT” = « is
provable in FL ™ (R), then it has a derivation 7 in which only subformulas of ' = «
occur. Moreover, any antecedent (succedent, resp.) formula of a sequent in 7 is a
negative (positive, resp.) subformulaof T' = «.

To study the properties of structural rules, it is convenient to represent them as
formulas. Given a structural rulg = (01;...;0,, > 0y), define itsformula repre-
sentation 1 by

R=40) — (01 V-V %0,).
For instanceg = b-a — a-bandw = a — 1. The formula representation of
miny = (a;b> a,b)isa-b— aVb.

If Ris of the formR]a1,...,a,] andasy, ..., a,, belong to a se® of formulas,
thenR[al, ..., Q] is called a®-instance of R. WhenR is a set of structural ruleﬂi
denotes the sdtR | R € R}.

As expected, there is an instance-wise correspondence between structural rules and
their formula representations:

Lemma22 Let R[d] be a structural rule. Then an instance R2[d] is derivable from
R][d] and vice versa.

Proof. For simplicity of notation, let us just consider a binary structural mle=
(01;02 > ©g) and an instance given by the identity substitution. NBwcan be
derived fromR as follows:



F,@l,Aé’}/ F,@Q,Aé’}/
=400 = (01 V+02) T 40, A=~ TI,%0,, A=~
Oy = %O V %04 I %01 VO, A = ~
F,@O,A:>’7

ConverselyR can be proved by using as follows:

01 = x0; Oy = %O,
O = %01 V05 Oy = xO1 V %O
@0 = %01 V %Oy
*Og = xO1 V %O
= %0y — (*@1 vV *@2)

3 Syntactic Propagation

Let us now introduce a syntactic version of the propagation property. To motivate the
notion, consider the contrast betwe@n ™ ({c}) andFL * (seg-c). As is mentioned in

the introduction, the former does not enjoy cut elimination. For instance, the cut below
cannot be eliminated:

a-f=a-0 a-f=>a-p
a=sa =8 afa-f=(a-0) (a-p)
af=a-f a f=(a-B) (a-B)
a,B= (- B) (- p)

On the other hand, i is generalized teeg-c, the cut can be easily eliminated:

cut

asa =4 a=a B=0

a,f=a-0 a,f=a-0
aaﬁaaaﬁi(a'ﬁ)'(a'ﬁ) _
wB=@ @B

Now our question is this: what is thessential difference betweewr andseq-c? A
distinctive feature obeg-c is that it propagates from variable instances to fusion in-
stances. Namely, a fusion instancg: - b,a - b > a - b) is derivable from a variable
instance(a, b, a, b > a, b) as follows:

Ta-b,a-b,A=~
Ia,b,a,b,A =~ )
Ta,b,A =~
Toa-b,A=~

C

(Pedantically speaking, an instanB&y] = (01[d];. . .; ©,[d] > ©¢[d]) is derivable
from a sef of instances of some structural rules if for arbitrry\ and-~, the sequent



I, ©¢[d], A = C'is deducible from the sequerifs©,[a],A = vyfor1 < i < nin
FL* enriched with the rule instanc€s)

In contrast, one can observe tltatoes not propagate to fusion instances.

Next, consider the contrast betweeln ™ ({exp}) andFL * (min). The former does
not enjoy cut elimination, as witnessed by:

a=a aVi3=aVp
06=p3 a=aVf aViaVpB=aVg
B=aVp a,aVB=aVi cut
a,f=aV cut

Notice that one cannot obtain a cut-free proof eveaxf is generalized to a sequence
version as above. On the other hand, whenis replaced wittmin, a cut-free proof
is obtained:

a=a B=0
a=aVpf B=aVp
a,f=aVy

min

Therefore, we may again ask what is #mential difference betweeexp andmin.
This time, our answer is thahin propagates from variable instances to digjunction
instances. Namely, a disjunction instande \ b1; as V by > a1 V by, as V by) is deriv-
able from variable instancéa; as > a1, a2), (a1;b2 > a1, b2), (b1; a2 > b1, az) and
(b1; by > b1, bo) as follows:

Faivo, A=~ T,aaVby, A=~ TaiVvo, A=~y T,asVby, A=~
Ma,A=vy Tiag, A=~ b, A=~ [ b, A=y
F7a17a27A:>7 mln"' F,bl,bg,Aé’Y

min

F,G1Vb1,a2Vb2,A:>’Y

In contrastexp does not propagate to disjunction instances.
These observations bring us to the following definition. ABedf structural rules
satisfies thesyntactic propagation property if the following holds:

e For everyR[aq,...,a,] € R and every¥y,...,%,,, where eaclt; is a se-
quence of variables, botR[«X4, ..., xX,,] andR[\/ X1,...,\/ X,,] are deriv-
able from the®-instances of the structural rules R, where® is the set of
variables occurring iy, ..., %,,.

In view of Lemma 2.2, this is edualent to say that

e the formulasR[+X1, ..., *%,,] andR[\/ 1, ...,/ £,,] are deducible from the
®d-instances of the formulas iR.

The syntactic propagation property does not explicitly refer to, but is actually closely
related to cut elimination. In fact, we have:

Proposition 3.1 Let R bea set of structural rules. If FL T (R) enjoys cut elimination,
then R satisfies the syntactic propagation property.



Proof. LetR[a1,...,am] = (01;...;0,>0p) € RandX,...,%,, and® be as

above. Sincek = %0y — (xO, V --- V x0,,), the formulaR[\/ 21, ...,V ] =
R[V %] is of the formay — a1, Where

—
ag = *60[\/ ¥,
——
al, = (¥O1V -V *@n)[\/ 3.
Since® is a sequence of variables amofig,, . . ., a,, } (possibly with some repeti-

tions),«y is of the form\/ X;, - - - \/ &;, withé1,...,4; € {1,...,m}. By the distribu-
tivity of \/ over-, ag — ay,, is equivalent to

\/ \/ (21 1) — aip.

T1E€X;, €Y,

By Lemma 2.2,}?[\/—2)] is provable inFL " (R). Hence the sequenty, ..., z; =
a1, is also provable iFL 1 (R) for everyz; € %;,,..., 1 € %;,. SinceFLT(R)
enjoys cut elimination, Lemma 2.1 entails that, ..., z; = «1, has a proofr in
which all antecedent formulas are onexqf, ..., z;. (Notice that there are no other

negative subformulas af, . . ., ; = «1,.) In particular, all the instances of structural
rules used inr are®-instances.
Since it holds for every, € %;,,...,x; € %;,, we conclude thatyy — a1, IS

derivable from theP-instances of the structural rul€s. Therefore, by Lemma 2.2
—
again,R[\/ X] is derivable from the-instances oRR.
It can be shown similarly thaR[«X4, . .., xX,,] is derivable from theb-instances
of R. ]

Does the converse hold? Namely, does the syntactic propagation property always
imply cut elimination? The answer is yes, but it is difficult to give a direct syntactic
proof, mainly because the propagation property does not guarantee at all that the struc-
tural rules propagate to conjunction and implication instances. For this reason, we shall
now move on to the algebraic semanticsFar™ and find out a semantic analogue of
the syntactic propagation property.

4 Residuated lattices and semantic propagation

An algebraP = (P, A, V, -, \, /, 1) is called a(bounded) residuated lattice if
1. (P,A,V) is a lattice with the greatest eleméntand the least element.
2. (P,-,1) is amonoid.

3. The operation§ and/ are right and left residuals ef Namely, for any, y, z €
P,
xy<z<e=r<z/y<s<—y<z\z



(See [JT02, Ono03] for general introductions to residuated lattices.)

A valuation f on P maps each variable to an elementfafGiven a setX C P, f
is called anX -valuation if the range is a subset &. As usual,f can be extended to
a map from the formulag to P as follows:

f) =1 fore{T, L1},
flaxp) = fla)xf(B) forxe{AV,,\,/}
Aformulac is said to beérueunder valuatiory in Pif f(a) > 1. In particulara — 3,
i.e.,a\gis trueiff f(a) < f(8). Aformulaa isvalid (X-valid, resp.) inP if it is true
under all valuationsX -valuations, resp.) oR.

The residuated lattices are algebraic modelElof™. In particular, the following
strong form of soundness holds for them:

Lemmad4.1l Let P bearesiduated lattice and f be a valuation on it. If o is deducible
from ® and all formulasin ® aretrue under f in P, then aisalso true under f.

Given a sefR of structural rules, afR-residuated lattice is a residuated lattice in
which all formulas inR are valid. By the previous lemma, any formula provable in
FLT(R) is valid in all R-residuated lattices.

Coming back to the residuated lattices in general, we may observe that the monoid
multiplication- is continuous in the following sense:

Lemma4.2 Letq,...,q, € Pandlet

S(P1s-sPm) =Q0 D1 Q1 Gm—1 " DPm * Q>

for anypi,...,pm € P. Let alsoS(p) =4(p,...,p). uppose that X isa subset of P
for which \/ X exists. We then have:

sV x)= 'V s\Vv),
YgfinX
whereY” C 4, X holdsiff Y isafinite subset of X.

Proof. Note that, by distributivity of\/ over-,

sVx)=\ -\ d@1,...,2n)

r1€X Tn€X

Now, for anyzxy,...,z, € X andz = x1 V --- V x,,,, Wwe have
51,y xm) < (z,...,x)
= iz
S VARYAS)
YCrinX
Therefore, one direction holds. The other direction can be shown easily. ]

10



Given X C P, themultiplication closure [[(X), thejoin closure [[(X) and the
finitejoin closure [ ;,,, (X) are defined by

[[x) = {pr-puln=0p1,...,pn€ X},
[[x) = {VYlycX \/Y exists,
[Ix) = VY Y Cpan X3

fin

A setR of structural rules satisfies treemantic propagation property if for any
residuated lattic® and X C P, the following holds:

e if all formulas in R are X-valid, then they are alsp[([](X))-valid.

We have:

Proposition 4.3 If aset R of structural rules satisfies the syntactic propagation prop-
erty, it also satisfies the semantic propagation property.

Proof. LetP be aresiduated lattice. We tentatively use the following notation: when
a valuationf assigng; € P to each variable; occurring in a formul&[a, . . ., an],
we denotef(A) € P by A{p1,...,pm}.

Now, suppose that all formulas iR are X-valid for someX C P and take a
structural ruleR[ay, ..., am] = (O1;...;0, > Og) IN R.

Our first claim is that? is [](X)-valid. So suppose that is a [](X)-valuation
which assigns to eaah, (1 < i < m) a finite multiplication«Y;, whereY; is a finite
sequence of elements iXi. Let ZCX be the set of elements occurring in solrig
(1 < i < m). Then foranyR’ € R and for anygs,...,qn € Z, R'{q1,...,qu} > 1
(because all formulas iR are assumed to b&-valid).

To eachy € Z, associate a variablgand letid be aX -valuation such thatd(¢) =
q. Then we haved(R'[¢1,...,dx]) = R'{q,...,qu} > 1foranyq,....qx € Z.
Namely, all Z-instances ofR are true undetd, whereZ = {j | ¢ € Z}. By the
syntactic propagation propertig[«Y;, . . ., *Y;,] is deducible from theZ-instances of
R. Therefore by the strong soundness (Lemma 4.1), it is true udd@&herefore,

f(R) = R{xY1,...,«Y,}
id(R[+Y1, ..., %Yy]) > 1.

Thus we have shown that is [J(X)-valid. Similarly, one can show thak is
Hfm(H(X))'Va"d- A

Finally, to show thatf? is [[(J[(X))-valid, let f be a][([](X))-valuation that
assigns to each variablg a join\/ Y;, whereY; C [](X). Namely,f(R) = R{V Y1,

No—

..V Y} = R{VY;}inour notation.

Recall thatO is a fusion of variables ifia1, . . . , a,, } (possibly with some repeti-
tions). By repeatedly applying Lemma 4.2 and by using the factihiaf [ ., ([[(X))-
valid (and hencg ¢i, (00) < frin(x01 V- -V *0,) forany[[,,, ([[(X))-valuation

11



frin), we obtain:

©of\/vit = VoV eef\/Zh
Z1Cfin Y1 ZmCfinYm
< \/ \/ (*@1\/-~-\/*@n{\/zi})

Z1Cfin Y1 ZmCfinYm

—
= %01 V.- v0,{\/Vi}.
Therefore R is true underf. n

We have thus arrived at a partial conclusion that the semantic propagation property
is a necessary condition for cut elimination. Semantic propagation is indeed a very
natural and strong condition, and it will turn out in the next section that it is actually a
sufficient condition too.

5 Phase structures and semantic cut eimination

We now introduce a special class of residuated lattices, sometimes called (intuitionistic
noncommutativephase structures (see [Abr90, Tro92, Ono94]). L&t = (M, -, 1) be
a monoid. Denote the powersetif by p(M ), and define folX, Y € p(M),

XeY = {x-y|lzeX,yeY}.

A functionC : p(M) — p(M) is said to be alosure operator on p(M) if for all
X, Y € p(M),

1. X C O(X),

2. C(C(X)) CC(X),

3. X CY impliesC(X) C C(Y),
4. C(X)eC(Y)C C(X oY).

AsetX € p(M)isclosedif X = C(X). The set of all closed sets (M) is denoted
by C,. Define for any closed sefs, Y € C,, and for any familyX’ of closed sets,

XUcY = C(XUY),

Ust = C(UX),

XecY = C(XeY),

X\Y = {y|VeeX,z-yeY},
Y/)X = {y|VeeX,y-zeY}.

We then have:
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Lemmab5.1 If M isamonoid and C' isa closure operator on p(M ), then the algebra

Cm = (Cum,N,Uc, ec, \, /,C({1}),
is a complete residuated lattice with infinite join (..
In every phase structure, the following hold:
1. C({z - y}) = C({z}) ec C({y}) foranyz,y € M,
2. C(X) =U¢ gex C{x}) forany X € M.

As a consequence, phase structures satisfy the following remarkable property which
plays a key role in connecting the semantic propagation property to cut elimination:

Lemma 5.2 Suppose that M isfinitely generated by a set A, i.e,, any element = of M
can be written as y, - - -y, for some yy,...,y, € A. LetC)y = {C({y}) |y € A}.
Thenwe have Cas = [T(TT(CY))-

Proof. By 1 above, we have

C({z}) = C({yi}) oc - oc C({yn}),

foranyz = y; - - - yn. ThusC({z}) € T[(C;). Now the lemma immediately follows
by 2 above. [ ]

It follows that the semantic propagation property roughly corresponds to Girard’s
naturality test [Gir99] as far as the phase structures are concerned. More precisely, let
us say that a seR of structural rules passes thadified naturality test if in every
phase structure whose monoid reduct is finitely generated, lige C’, -validity of R
implies its validity. Then we see that af® with the semantic propagation property
passes the modified naturality test by virtue of Lemma 5.2.

We now describe a specific construction of a phase structure due to [Oka96, Oka99]
(and slightly remedied by [OT99]), which is quite useful for proving the cut elimination
theorem. (See also [BOJO01], where Okada’s construction is reformulated as algebraic
guasi-compl etion andquasi-embedding.)

Let F* be the free monoid generated by the formufasf FL *; the elements of
F* are sequences of formulas, the monoid multiplication is concatenation, and the unit
element is the empty sequerite

Let us fix a setR of structural rules. The operat6r is defined on the basis of
cut-free provability in FL ™ (R):

[l_A=4] = {Z]|T,%,A = viscut-free provable inFL *(R)},
D = {[I_A=~4]|T,A,~arbitrary},
cx) = [) v
XCYeD

Then one can show thét is indeed a closure operator @i.F *) (for an arbitraryR).
Hence by Lemma 5.1, the algebra

Cr- = (Cr+-,N,Uc,0c, \, /,C({0}))

13



is a residuated lattice.
Let fo be a valuation o€ z- defined byfy(a) = C({a}). In this setting, we have
Okada’s lemma:

Lemmab5.3 For every formula o, o € fo(a) € [_ = «]. In particular, for every
sequent I' = q, if (xI') — «a istrue under fo, thenI" = « is cut-free provable in
FLT(R).

Proof. The first claim can be proved by induction on the complexity ¢§ee [Oka99]).
As for the second claim, 16t = 34,..., Br. Then we have (51) ec -+ - o¢ f(Bk) C
f(a). Sinces; € f(B;) for1 <i < kandf(a) C [_= «], we have(§y,...,0k) €
L= al],ie.p,..., 5 = «ais cut-free provable iffL T (R). ]

Itis worth noting that Okada’s lemma holds independently of which structural rules
R we adopt. It only concerns with the properties of logical inference rules. What
depends on the choice & is the following:

Lemma5.4 If R satisfies the semantic propagation property, then C » is an R-
residuated lattice.

Proof. LetCbe{C({a})|ac F}, andletR = (O1;...;0,>0) € R. We first
prove thatR is Clz-valid.

To show this, supposg is aC’z-valuation, i.e., for any variable, f(a) is of the
form C({a}). We can then naturally associate to each variat#dormulaa such that
flay=c({a}).

Now, recall thatR is of the form«©y, — (x©; V --- V x0,,), and eaclp); is a
sequence of the form!, ..., ai (0 < i < n). Denote byo; the sequencei, ..., a;, .
Now,

J60) = fla}) ec e f(a,)

= C({aj}) ec---ec C({ay,})
= C({ai,...,a}})
- oo
fxO1V---vVx0,) = C({O1})Uc - Uc C({O,})
= C({61,...,6,}),
where{0©,,...,0,} is a set ofn elements, ..., O,, each of which is a sequence

of formulas. HenceR is true underf iff C({©y}) C C({Oy,...,0,}) iff O €
CH{61,...,0,}). ) )

To show the last membership, suppose that,...,0,} C [[_A = 4]. This
means thak, ©;, A = ~ is cut-free provable for each< i < n. Since(0y,...,0,>
Oy) is an instance oR, the sequent’, Oy, A = v is cut-free provable ifFL *(R).
Namely,©, € [T_A = 4]. Since it holds for arbitrary’, A and~, we have®, ¢
C({61,...,6,}), and thusR is true underf.

We have shown thak is C/r-valid. SinceR is supposed to satisfy the semantic
propagation propertyi is also valid inC ~- by Lemma 5.2. ]

14



Proposition 5.5 If R satisfies the semantic propagation property, then FL ™ (R) enjoys
cut elimination.

Proof. Suppose thaf = « is provable inFL *(R). Then by the soundness") —
«is valid in all R-residuated lattices. In particular it is valid @« by Lemma 5.4.
This implies that” = « is cut-free provable by Lemma 5.3. ]

By putting Propositions 3.1, 4.3 and 5.5 together, we obtain our main theorem:
Theorem 5.6 Let R be a set of structural rules. Then the following are equivalent:

1. FL*(R) enjoys cut elimination.

2. R satisfies the syntactic propagation property.

3. R satisfies the semantic propagation property.

6 Completion of Structural Rules

Recall that Contractio can be generalized to its sequence versamc without
changing provability so that the cut elimination theorem holdsHor" (seg-c). We

say thatc can becompleted into seg-c (the word “completion” is used in analogy with
Knuth-Bendix completion in rewriting theory). Likewise, Expansaxp can be com-
pleted into Minglemin. The completion techniques implicitly used there, which we
call stretching andramification, are by no means specificé@ndexp. In fact, we show

in this section that they are widely applicable, andaditrary set of structural rules

can be completed by stretching and ramification. To show this, our characterization of
cut elimination by the syntactic propagation property turns out useful.

To each variable;, we associate a countable set of variablésae?, .... The se-
quences!, ..., a" is denoted byi(k). Let us extend the notion of substitution so that
a sequence a(k) can be substituted for a variableoccurring in a variable sequence
©. A gtretch of Rlay, ..., an] is then of the formR[a; (k1), ..., @m (k)] for some
k1,...,km > 0. DefineStr(R) to be the set

{R'| R’ is a stretch of som& € R}.
For instance, a stretch afiny = (a;b > a, b) is of the form
@(k);o(l) >a(k),b(l)) = (at,...,a* 0", ... b > at, ... a0t b,

for somek, ! > 0. Hence the settr({min, }) is nothing bumin. Likewise,Str({c})
is nothing butseg-c.

Proposition 6.1 Let R be a set of structural rules. Then the following hold:
1. FL*(R) and FL T (Str(R)) are equivalent.
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2. Str(R) propagates to fusion instances. Namely, for every R [ai,...,a,] €
Str(R) and every variable sequences X1, . . ., Xy, Rs[*X1, ..., x2,,] isderiv-
able from the ®-instances of Str(R), where ® is the set of variables occurring
inZl,...,Em.

Proof. 1. Notice thatR € R itself is a stretch ofR (up to renaming of variables),
and thus belongs t§tr(R). Conversely, any stretcR[@(k1), . .., Gm (k)] Of R is
derivable from an instancB[«a@1 (k1), . . . , %G (K )] Of R.

2. Ry[*X4,...,*%%,,] is derivable fromR[%4, ..., X,,], which is an instance of
another stretch iStr(R). [ |

A structural ruleR = (04;...;0, > Oy) is said to bdower-linear if O, is linear,
i.e., each variable i® has exactly one occurrence init. The following lemma provides
us with a useful criterion for the propagation to disjunction instances.

Lemma®6.2 If arule R[aq,...,an] = (©1;...;0, > Op) is lower-linear, then it
propagates to disjunction instances. Namely, for any variable sequences 34, ..., %,
R[V 24, ...,V Z,] isderivable fromthe ®-instances of R, where  isthe set of vari-
ablesoccurringin 3y, ..., %,,.

Proof. Assumel,©;[\/%1,...,VE,],A = yforall1 < i < n. We then have
T, 0b1,...,bm],A = ~yforalll <i<mnandallb; € X4,..., b, € X,,. Hence
by the®-instances of? we havel’, ©¢[by,...,b,],A = yforallb; € ¥4,..., b, €
Y. Finally by the lower-linearity of?, we obtainl’, ©¢[\/ 21,...,\VV Zn], A = v
as required. ]

Now let © be a sequence of variables and suppose that a vadaldest > 1
occurrences i®. We denote byin,(©) the sequence obtained by replacing jtte
occurrence of; in © with a7 for everyl < j < k. For instance, i® = a,b, a, then
lin,(©) = a',b,a®. In addition, we denote by©)* the set of variable sequences
©’ such that®’ is obtained from© by replacing each occurrence @fwith one of
a',...,a* (not assumed to be chosen distinct). For instand®, # «, b, a as before,
then

(0)2 = {(a',b,a"), (a*,b,a?), (a?b,a"), (a®, b, a?)}.

Now letR = (O1;...; 0, > ©g) and suppose that a variakldask > 1 occurrences
in ©¢. Then theramification of R at a is defined to be:

Rama(R) = (<®1>§? S <®n>§ > ling(©o)),

where each séB;)" is ordered according to some fixed ordering. Finally,if. . . , a,
are the variables that have more than one occurrendesg,ithen theaamification of R
is defined by
Ram(R) = Ramyg, - -+ Ram,,, (R).
For instanceRam(exp) is nothing butmin,, andRam(a, a,a > a,a) is
a?,a,a' ; a%,a%,a® > a',a?).
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Let Ram(R) be the set of ramifications of rules .

Proposition 6.3 Let R be a set of structural rules. Then the following hold:
1. FLT(R) and FL " (Ram(R)) are equivalent.
2. Ram(R) propagates to disjunction instances.

Proof. 1. Itis sufficient to show thaL *({R}) andFL ™ ({ Ram,(R)}) are equiva-
lent for anyR € R and any variable. Let R be of the formR|a, b] = (©1;...;0, >
©p) and suppose that the variahlehask occurrences ir®. It is clear thatR it-
self can be seen as an instanceafin,(R); if a is substituted for!, ..., a*, every
0! € (0;)* becomes identical witk; andlin,(6,) identical with®,.

To show the converse, assuigd’, A = ~ forall 1 <i < nand all®’ € (©,)k.
Our goal is to deduc®, lin,(0g), A = ~ from them.

First, we have .

Fa GZ[va(k)’ b]’ A= Y5

forall 1 < i < n. (Forinstance, le® = a,b,a as above ané = 2. Thenl’,O[a' Vv
a?,b],A = ~,i.e.,T';at Va2 b,a' vVa?, A = vis deducible from the sequents of the
formT,a’,b,a!, A = ywith j,1 € {1,2}.)

Then by applying a rule instand?\/ a(k), b] of R, we obtairl’, ©¢[\/ a(k), b], A =
~. From this, the desired sequdhtlin(0,), A = ~ is easily deducible.

2. By Lemma6.2. [ |

In addition, observe that the stretching operation does not affect lower-linearity.
We have therefore obtained a general completion result:

Theorem 6.4 Givenaset R of structural rules, define R* to be Str(Ram(R)). Then
the following hold.

e FLT(R) and FL " (R*) are equivalent.

e R* satisfies the syntactic propagation property. Hence FL *(R*) enjoys cut-
elimination.

Observe thaRRam(R) = R when all rules inR are already lower-linear. More-
over, we can identifyStr(Str(R)) with Str(R) under suitable renaming of variables.
Therefore, we hav&R** equivalent toR* in practice. Hence the operatiancan be
legitimately called a completion.

7 Conclusion

As pointed out in the introduction, Gentzen'’s sequent calculus comprises two sorts of
inference rules: logical inference rules and structural inference rules. Accordingly, it
is natural to consider that any proof of cut elimination consists of two parts (even if
they are entangled in practice): the logical part and the structural part. Of these two,
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the former part is semantically dealt with by Okada’s construction (at least when sub-
structural logics, linear logic and intuitionistic/classical logics are concerned), which
is algebraically reformulated agiasi-completion by [BOJO1]; remember that Okada’s
lemma is only concerned with the properties of logical connectives, and it holds for
any extension oFL ™, no matter which inference rules and/or axioms are added. On
the other hand, what we have established is the fact that the structural part is deeply
connected with the propagation property; it is only wifersatisfies the propagation
property that Okada’s phase structure with respecRtes guaranteed to be aR-
residuated lattice, and thus cut elimination is obtained. We believe that the propagation
property together with the quasi-completion captures some essence of cut elimination
from an algebraic point of view.

There remains a lot of work to be done in future. First, there is no doubt that a
similar result can be obtained for classi¢dl systems, though in that case one has
to take care of the symmetry between the left hand side and the right hand side of a
sequent. Second, it should be interesting to study the lattice of the IBgic$R) as
awhole. Notice that our completion theorem indicates éhiatystemsL *(R) enjoy
cut elimination if they are suitably completed. Hence the lattice consists of only cut-
free logics. From this fact, one can naturally expect that there might be a substantial
difference from the lattice of alubstructural logics (in the sense of [Ono03, GOJ).

Finally, there is a more challenging problem. It is customary to use cut elimination
theorems to prove Craigknterpolation property (Maehara’s method; see [On098]),
while the interpolation property is deeply connected with the algebraic notion of the
amalgamation property (see [Tak04, GOJ). On the other hand, we have observed that
the quasi-completion and the propagation property give an algebraic counterpart of cut
elimination. Putting these facts together, a natural question is this: does the amalgama-
tion propertydirectly follow from the quasi-completion and the propagation property
for some classes of residuated lattices?
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