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s.uwm.eduAbstra
tGiven a 
onvex n-gon P drawn on a pie
e of paper Q of unit diameter we prove thatit 
an be 
ut with a total 
ost of O(log n). This bound is shown to be asymptoti
allytight: a regular n-gon (whose 
ir
ums
ribed 
ir
le has radius, say, 1=3) drawn on asquare pie
e of paper of unit diameter requires a 
ut 
ost of 
(log n).Keywords: Combinatorial geometry, Complexity of 
utting, Convex polygons.1 Introdu
tionOvermars and Welzl 
onsidered the following problem [3℄.Given a polygonal pie
e of paper Q with a polygon P drawn on it, 
ut Pout of the pie
e of paper in the 
heapest possible way.We are in the same framework as in [3℄. A 
ut is a line whi
h divides the pie
eof paper into a number of pie
es, those that lie left of the line and those thatlie right of the line (see Fig. 1). A 
ut is not allowed to interse
t the interior ofP . If the pie
e of paper is a 
on
ave polygon, one has to 
ut along all intervalswhere the 
utting line interse
ts the paper. The pie
es of paper resulting froma 
ut are the 
onne
ted 
omponents of the paper minus the 
utting line.After a 
ut is made we 
ontinue with the pie
e of paper 
ontaining P . It isthus understood that if a 
ut generates multiple pie
es, those but the onewhi
h 
ontains P are dis
arded. A 
utting sequen
e is a sequen
e of 
uts su
hthat, after the last one, the pie
e of paper is the polygon P , as illustratedin Fig. 2. The 
ost of a 
ut is the length of the interse
tion of the 
uttingline with the (
urrent) pie
e of paper 
ontaining P . The problem asks fora 
utting sequen
e whose total 
ost is minimum. Su
h a sequen
e is 
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P

QFig. 1. A straight-line 
ut whi
h generates four pie
es of paper.an optimal 
utting sequen
e. The total 
ost of an optimal 
utting sequen
e,denoted h(P;Q), is 
alled the 
ut 
ost. Note that h(P;Q) not only depends onP and Q, but also on the position of P inside Q.

Fig. 2. A 
utting sequen
e.It is 
lear that the problem is solvable only if the polygon P is 
onvex, whi
hwe will assume. If the pie
e of paper Q is 
onvex, Overmars and Welzl haveshown that there exists an optimal 
utting sequen
e for P with O(n) 
uts, inwhi
h ea
h 
ut tou
hes polygon P , where n is the number of edges of P [3℄.For the 
ase of non-
onvex pie
e of paper Q, if Q is 
onsidered a 
losed set (asopposed to open), there are examples in whi
h no optimal 
utting sequen
eexists. On the other hand, when Q is non-
onvex and 
onsidered an open set,it is unknown whether an optimal 
utting sequen
e exists. A more detaileddis
ussion of these matters appears in [3℄.2



In this note we estimate the maximum 
utting 
ost of a 
onvex polygon withn verti
es drawn on a 
onvex pie
e of paper of roughly the same size. Leth(n) = supP�Q; diam(Q)=1fh(P;Q) j P is a 
onvex n�gon; Q is 
onvexg;where diam(Q) stands for the diameter of Q. (Clearly h(n) � n exists, sin
e
utting along ea
h edge of P , in any order, gives a 
utting sequen
e whose
ost is not more than n.)Theorem 1 h(n) = �(logn).The proof of the upper bound h(n) = O(logn) in the theorem yields also thefollowing result. If diam(Q)=diam(P ) = O(1), there exists an O(n logn)-timealgorithm whi
h 
uts out P through a sequen
e of 
uts of 
ost O(jP j logn),where jP j denotes the perimeter of P . This fa
t has already been used toobtain a O(logn)-approximation algorithm whi
h runs in O(Nn + n logn)time, for 
utting out a 
onvex n-gon P out of a 
onvex polygon Q with Nsides [2℄.We brie
y mention two related problems. Pa
h and Tardos have studied theproblem of separating a large subfamily from a given family of pairwise disjoint
ompa
t 
onvex sets on a sheet of glass, using the same type of line 
uts [4℄.Re
ently, Demaine et al. have given a 
hara
terization of the 
lass of polygonsthat 
an be 
ut from a pie
e of material using a suÆ
iently small 
uttingsegment (whi
h models a 
ir
ular saw) [1℄.2 Proof of Theorem 1We �rst prove the upper bound using the following two-stage 
utting algo-rithm.Stage 1: Perform two parallel horizontal 
uts tou
hing P from below andfrom above. Then perform two parallel verti
al 
uts tou
hing P from the leftand from the right. We 
an thus assume without loss of generality that Qis the minimum axis-aligned re
tangle 
ontaining P . Perform at most eightadditional edge 
uts (along edges of P ) at ea
h vertex of P 
ontained in �Q(the boundary of Q). The 
ost of the 
uts done in Stage 1 is 
learly O(1).Stage 2: In this stage, ea
h 
ut is along an edge of P (i.e. we perform an edge
utting). Consider a set T of triangles, ea
h 
orresponding to a 
onvex ar
 ofP whi
h remains to be 
ut. Initially jT j � 4. For ea
h triangle, two verti
esare midpoints of edges of P supporting 
onse
utive edge 
uts along P andthe third vertex is the interse
tion point of those 
utting lines (see Fig. 3).3



We only in
lude in T su
h triangles 
orresponding to pairs of edges whi
h arethemselves not adja
ent in P . For ea
h � 2 T , we 
all the edge 
onne
tingthe two midpoints of edges of P the base edge of � (see Fig. 3). Ea
h trianglein T is 
ontained in the 
urrent pie
e of paper. Stage 2 pro
eeds in rounds,and the set T is updated during ea
h round. At ea
h round, the triangles inT satisfy the following properties.� Ea
h triangle 
orresponds to two 
onse
utive 
uts along P (i.e. none of theedges of the 
onvex ar
 between these edges have been 
ut).� The interior angle of the triangle 
orresponding to the base edge is at least90Æ.
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Fig. 3. Proof of the upper bound; triangles ABC, DEF and GHI are initially inT ; their base edges are x1; x2; x3.Consider one su
h round. For ea
h triangle � 2 T , perform a 
ut along themiddle edge of the 
onvex ar
 of P 
ontained in � (i.e. if the 
onvex ar
 hask edges numbered 1; 2; : : : ; k, 
ut along edge dk+12 e 
ounting from one of itsends). Sin
e the interior angle 
orresponding to the base edge of � is at least90Æ, the length of the 
ut in � is bounded by the length of its base edge. Wenote that the endpoints of the base edges of the triangles in T form a 
onvexpolygon 
ontained in P , so its perimeter is O(1). This implies that the total
ost of the 
uts in one round is also O(1). Ea
h � 2 T generates zero, oneor two triangles to be in
luded in T for the next round, while � is removedfrom T . Clearly, the pro
ess terminates after at most logn rounds (when 
utsalong all edges of P have been done and T = ;), so the 
ost of the 
uts donein Stage 2 is O(logn). 4



Sin
e the 
ost of Stage 1 is O(1), the total 
ost of the 
utting sequen
e pro-du
ed by the algorithm is O(logn). As ea
h round takes O(n) time, the totaltime 
omplexity is O(n logn).Next we prove the lower bound. Consider a regular n-gon P ins
ribed in a
ir
le of radius r = 1=3 drawn on a square pie
e of paper Q of unit diameter(i.e. the diagonal of the square has unit length), so that P and Q have the same
enter O. We may assume that n � 8. First make two free 
uts (whose 
ost isnot 
ounted) along two edges e; f of P so that the 
onvex ar
 C between e andf has n=8 un
ut edges. Note that the angle between these 
ut-lines at theirpoint of interse
tion and fa
ing the polygon is larger than 90Æ. It is enough toprove a lower bound of 
(logn) on the 
ut 
ost of C.Let � = 2�n be the angle at O between two adja
ent points of P , and let T (k)be the 
ut 
ost of a 
onvex ar
 of P 
onsisting of k (un
ut) edges of P (whi
hwe may assume is 
ontained in a triangular pie
e of paper), see Fig. 4. We willprove by indu
tion on k that T (k) � 
 �� � (k+1) � log (k + 1) for 1 � k � n=8.The lower bound then follows setting k = n=8:T (n8 ) � 
 � 2�n � n8 � log n8 = 
(logn):Denote by l the side length of P : l = 2r sin �2 . The basis of the indu
tion
1 2 3 4 5 6Fig. 4. A 
onvex ar
 of k = 6 edges of P .is satis�ed by 
hoosing 
, as T (i) � i � l for i = 1; 2; 3; 4, and sin �2 > �4 for� � �=4. We use the following result on optimal 
utting sequen
es.Theorem 2 (Overmars and Welzl [3℄) If the pie
e of paper is 
onvex, thenthere exists an optimal 
utting sequen
e with O(n) 
uts in whi
h ea
h 
uttou
hes polygon P , where n is the number of edges of P .There are two possible 
ases, as the �rst 
ut tou
hing the ar
 may be an edge
ut (i.e. along an edge of P ), or a vertex 
ut (i.e. through a vertex of P ).Case 1: First 
ut tou
hing the 
onvex ar
 of k edges is an edge 
ut. Refer toFig. 5 for notation. Put h = jON j = jOM j = jOP j = r 
os �2 . The length ofthe 
ut is z = jST j = jSM j + jMT j = h(tan i�2 + tan j�2 );for some i; j � 0 with i + j = k + 1. We have 
os �2 > 12 for � � �=4. Usingthe inequality tanx > x, for x 2 (0; �=2), we get that5



z� r2 mini+j=k+1(tan i�2 + tan j�2 )� r2 mini+j=k+1( i�2 + j�2 ) = (k + 1)�12 :After performing the �rst 
ut, we are left with two smaller 
onvex ar
s to be
ut. This yields a 
utting 
ost of at least(k + 1)�12 + mini+j=k�1fT (i) + T (j)g:
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Fig. 5. Case 1 in the proof of the lower bound: an edge 
ut.Case 2: First 
ut tou
hing the 
onvex ar
 of k edges is a vertex 
ut (throughvertex M). Refer to Fig. 6 for notation. The length of the 
ut isz= jST j = jSM j+ jMT j � jMU j + jMY j=h(tan i�2 � tan �2 ) + h(tan j�2 � tan �2 );for some i; j � 0 with i + j = k. A similar 
al
ulation to the previous 
ase(using the inequality tanx=2 < x, for x 2 (0; �=2)), givesz � r2 mini+j=k+2( i�2 � � + j�2 � �) = (k � 2)�12 :6
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Fig. 6. Case 2 in the proof of the lower bound: a vertex 
ut.After performing the �rst 
ut, we do two more free 
uts (whose 
ost is not
ounted) along the two edges of P adja
ent to M . We are left again with twosmaller 
onvex ar
s to be 
ut. The 
orresponding 
utting 
ost is at least(k � 2)�12 + mini+j=k�2fT (i) + T (j)g:Putting together Case 1 and Case 2 we obtain the re
urren
eT (k) � (k � 2)�12 + mini+j=k�2fT (i) + T (j)g;whose solution isT (k) � 
 � � � (k + 1) log (k + 1); for some 
 > 0:This 
ompletes the proof of the theorem.3 Con
lusionIt is natural to 
onsider the following variant of the above problem in threedimensions.Given a polyhedral pie
e of material Q, and a 
onvex polyhedron P 
on-tained in it, 
ut P out of the pie
e of material in the 
heapest possibleway. 7



At this time, a 
ut is a plane whi
h divides the pie
e of material into a numberof pie
es, and whi
h is not allowed to interse
t the interior of P . A 
uttingsequen
e is de�ned similarly to the planar 
ase, so that after the last 
ut, thepie
e of material is the polyhedron P .The 
ost of a 
ut is the area of the interse
tion of the 
utting plane with the(
urrent) pie
e of material 
ontaining P , and the problem asks for an optimal
utting sequen
e (i.e one whose total 
ost is minimum).Similarly to the planar 
onvex 
ase, letg(n) = supP�Qd(Q)=1fg(P;Q) j P is a 
onvex polyhedron with n verti
es; Q is 
onvexg;where d(Q) stands for the diameter of Q, and g(P;Q) is the 
ost of 
utting Pout of Q. What is the asymptoti
 growth rate of g(n) ?Referen
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