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Abstract

We present tableau systems and sequent calculi for the intuitionistic analogues IK, ID,
IT, IKB, IKDB, IB, IK}, IKD4, 1S4, IKB4, IK5, IKDS, IK45, IKD/5 and 1S5 of the normal
classical modal logics. We provide soundness and completeness theorems with respect to the
models of intuitionistic logic enriched by a modal accessibility relation, as proposed by G.
Fischer Servi. We then show the disjunction property for IK, ID, IT, IKB, IKDB, IB, 1K/,
IKD4, IS4, IKB4, IK5, IK45 and 155. We also investigate the relationship of these logics
with some other intuitionistic modal logics proposed in the literature.

1 Introduction

In this paper we provide tableau systems and sequent calculi for normal propositional intuitionistic
modal logics. The semantics is defined through Kripke-type models, where the forcing relation
on modal connectives and the frame properties are those proposed by Fischer Servi in [13]. The
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frames, endowed with two accessibility relations, are those of intuitionistic logic enriched by a
Kripkean accessibility relation. Given any combination of the properties of seriality, reflexivity,
transitivity, symmetry and euclideanness for the modal accessibility relation, an analogue of the
classical modal system is defined.

We use the notations and the method due to Fitting [14]. Strong completeness theorems are
provided with the assumption of the cut rule. The cut is not eliminable for the systems with
symmetry and for both TK'5 and [ K D5.

Although the literature on intuitionistic modal logics does not seem to be very extensive, there
are several proposals which define intuitionistic analogues of classical modal logics. Here we briefly
survey the literature that is strictly related to the present work.

The problem of presenting an intuitionistic concept of modality was faced by Fitch and Prior
in early papers [15, 24]. Prior proposes a modal extension of the intuitionistic propositional
calculus which turns out to be S5 once the excluded middle is added. In [2, 3] Bull studies Prior’s
propositional modal calculus and shows that it is related to the intuitionistic monadic calculus
just as S5 is related to the classic monadic calculus. The relationship between intuitionistic modal
logics and intermediate predicate logics has been further investigated for instance in [22, 25, 26].

In [21] a lattice of intuitionistic modal logics is given, with the necessity operator O as primitive,
both in Hilbert and in Gentzen-style formulations. These logics are intermediate between the
intuitionistic S4 and S5 in the sense of [3]. It is worth noticing that in [21] a semantics with
a Kripke-type frame is also adopted. The modal relation is introduced as an extension of the
intuitionistic accessibility relation.

General criteria to find the intuitionistic counterpart of many classical modal systems are both
proposed in [1, 6] and in [8, 9, 10, 11, 12].

In [1] two systems HKO and HK< are introduced, as intuitionistic counterparts of the classical
system K. The first one deals only with O and the latter only with &. HK<O turns out to be
sound and complete with respect to the Kripke-type frames satisfying one of the two connecting
properties we are concerned with (see the second condition of Definition 1 and [13]). On the other
hand, HKO is sound and complete with respect to three classes of frames ordered by inclusion
and where the forcing relation for O is given as in classical logic. When bringing together both
the property of HKC and the strongest connecting property of HKO-frames (i.e. the strictly
condensed frames or also O-normal logics in [28]), < turns out to be definable with O as primitive.
Here, it is further shown that this logic, called HKOC, is stronger than the logic obtained from
HKO by adding the axiom schema < « —0= (see also [16]). We show that HKOO can also be
obtained by a proper subclass of IK-frames of [13] (See Remark 2). Further studies on these logics
can be found in [6, 16, 23].

In Fisher Servi’s works the two modal operators of possibility <& and necessity O are required
to be non-interdefinable. Two connecting axioms are proposed to strengthen the weak connection
between them. As one should expect from the intuitionistic behaviour of quantifiers, both -0-A4 D
OA and -O—A D OA, as well as "0A D O—=A, cannot be derived on an intuitionistic basis.
Following such a proposal, in [13] some intuitionistic modal logics and Kripke-type semantics
are given. It is further shown that IS5 is equivalent to Bull’s MIPC (see [2, 3, 21]). The forcing
relations for both modal operators are analogous to those of the intuitionistic quantifiers on Kripke



frames ([5], see Definition 3.6). Two connecting properties for the Kripke-type frames are given to
characterize the intuitionistic modal logics (see also [7]). We show that 1K, ID, I'T, IKB, IKDB,
IB, IK4, IKD4, 154, TKB4, 1K5, IK45 and IS5 have the Disjunction Property.

A similar path in tense logic has been followed by Ewald in [7]. In his paper, besides a set
of states of knowledge (worlds) and the intuitionistic partial order relation, a set of times and a
temporal ordering within each world are introduced. Two dual derived relations on the set of worlds
can be defined: one of them turns out to satisfy both the connecting properties of Kripke-type
frames of [13] and the forcing relation on the modal operators.

In [29] Wijesekera introduces an intuitionistic predicate modal tableau system with a Kripke-
type semantics, whose frames are free from connecting properties. We show that Wijesekera’s
system is contained in Fischer Servi’s minimal system IK. For other works on intuitionistic modal
logics and their applications see [18, 19].

2 Preliminaries

Let us first recall that I* denotes any intuitionistic modal calculus introduced in [13]. We consider
I* where x is K, D, T, KB, KDB, B, K4, KD4, 5S4, KB4, K5, KD5, K45, KD45 and 55. Let £
denote the modal language {v;V, A, D, -, 0,<O}, where v is the set of propositional variables.

In [13] the intuitionistic modal models are defined using two relations, namely a partial order
< over the set of worlds W and an accessibility relation R, meant to extend the usual modal
concepts on an intuitionistic basis. The properties of seriality, reflexivity, transitivity, symmetry
and euclideanness of R yield fifteen intuitionistic analogues of the classical modal systems, K, D,

T, KB, KDB, B, K4, KD4, 54, KB4, K5, KD5, K45, KD45 and S5 (see Table 1, 4.6). According
to [4]’s terminology D is KD, T is KDT , B is KTB, S4 is KT4, S5 is KDB4.

DEFINITION 1 Let F be < W, <, R > where W s a set of worlds. We say that F' is an [*-
frame, or shortly a frame, where x is K, D, T, KB, KDB, B, K}, KD/, S/, KB4, K5, KD5, K/5,
KD/5 or S5, when the following conditions are satisfied:

i) < is a partial order on W, that is < is reflexive and transitive. The relation R of the I*-
frame has the same accessibility properties of the analogous classical frame.

i) If w < v and wRu then there exists a world z s.t. vRz and u < z.
iii) If wRu and u < v then there exists a world z s.t. w < z and zRwv.

Figure 1

Notational conventions. w* denotes a world v s.t. w < v; w® a world v s.t. wRv, w*" a world
(w*)* and w* a world (w*)*.
Condition ii) can be shortly stated as <™' oR C Ro <!, while iii) as Ro <C< oR.
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THEOREM 1 If R is symmetric then iii) follows from ii).
Proof. Straightforward (see also [10]).

DEFINITION 2 Let F be a frame, M =< F,|=> is an [*-model if, for all w, w € W:
1) for all propositional variables A, w = A = for all w*, w* = A.
20wEAANB & wlEAaandw E B.

JwEAVB S wlEAorwlEB.

4)wE A& for all w*, w* £ A.
5)wkEADB S for dl w, w* lE A orw* EB.
6) w k= DA & for all w* and v s.t. w*Rv, v = A.
7) wE CA & there exists v s.t. wRv, v |E A.

Moreover:

(a) A formula A is [*-satisfiable if there exist an [*-model M =< W, <, R, => and a world
w, w € W, s.t. wE A

(b) A formula A is valid in a model M, or M-valid, i.e. M |= A, if for all w, w € W, w = A.

(c) A set ' of formulas is M -valid in a model M, i.e. M [T, if every formula in I' is M-valid.

(d) A formula A is [*-valid ,i.e. |E A, if, for every I*-model M, A is M-valid.

(e) Let A and I' be sets of formulas, I' forces A to be true , ie. I' E A, if for every model M
s.t. M E T, there exists a formula B € A, s.t. M |E B.

Notational convention.  Note that |= depends on the properties of the relation R, so that
we should use the notation =y« rather than . We use, however, the simplest notation unless
confusion arises. For any A, A A = A is denoted by the symbol L.

THEOREM 2 [f M =< W, <, R, |E=> is any [*-model then, for every formula A and w € W:
a) (Heredity Property) w = A = for all w*, w* E A .
b) w A & for all w* there exists w* s.t. w* = A.

Proof.
a) See [13], Theorem 3.
b) Note that from a) and reflexivity of < we have w* = A iff w = A.

REMARK 1 In [29] the predicative intuitionistic modal logic is based on the forcing properties
1) - 6) of Definition 2 and the interpretation of < is given by b) of Theorem 2. Moreover, [29]
uses frames which are free from connecting properties (the intuitionistic heredity property of the
formulas is guaranteed by the forcing relation). The class of [29]’s models thus contains the class of

[K-models. The inclusion is proper: in fact, G(AV B) D CAV OB and (CA D OB) D O(A D B)
are not derivable in [29], while they are [K-valid.

REMARK 2 In [1] the forcing relation on modal operators is given as in classical modal logic.
This implies that, even considering the most general frames for O and < of [1], where both the
frame conditions for <, i.e.



)<t oR C Ro <7,

and that for O, i.e.

iv) <oR C Ro <,
are brought together, all the intuitionistic analogues of classical modal systems must have the
schema O(AV B) D (CAV OB) valid. This axiom schema is not derivable in the Bull’s analogue
of S5 (consider Bull’s translation in intuitionistic monadic first order logic [3]). In particular
non-serial systems cannot satisfy the Disjunction Property. In fact from | O((A D A)V B)
D (C(ADA)vOB)and = O((A D A)V B), we have | O(A D A) v OB, for all B; Disjunction
Property and non-seriality would imply validity of O-=(A D A), i.e. = OL.

REMARK 3 Now, consider the intuitionistic modal logic given by the models of Definitions 1
and 2, with R any relation and where condition ii) is replaced by condition

ii") If w < v and w < w'Ru then there exists a world z s.t. vRz and u < =z
we prove that it is exactly the HKOO system given in [1].

Let < W, <, R,[=> be an IK- model satisfying condition ii’). Let R; be the relation < oR
={< v,w > | there exists u with v < uRw}. We show that < W, <, Ry, E> is a HKOO model.
First note that By = < oRy = Rjo < (use iii of Definition 1); so < W, <, Ry > is a strictly
condensed frame (see [1]). Also, w = OA iff w' = A for all v’ s.t. wRyw' (use definition of Ryp).
Moreover, w |= OA iff there is v s.t. wRyv and v = A (use Theorem 2 b) and ii’)).

Conversely, if < W, <, R, E> is a HKOO model, then, by definition, < W, <, R > is strictly
condensed and both ii) and iii) of Definition 1 hold; hence ii’) follows. Since < W, <, R > is
strictly condensed, we have that w | OA iff for all w" and u s.t. w < w'Ru, u E A

3 The Fischer Servi axiomatization

In the following we list a set of intuitionistic modal systems. We recall the axiom schemata and
the rules of intuitionistic modal logic as presented in Fischer Servi [13].

(1) the propositional intuitionistic valid formulas
(2) O(AVB)DOCAVOB

(3) DAANOB D O(AAB)

(1) ~O(4 A ~4)

(5) Q(AD B)D(0DADOB)

(6) (CADOB)D>O(AD B)

(7) from A and A D B, infer B

(8) from A D B, infer <>A O OB

(9) from A D B, infer OA D OB

(10) DA D CA

(11)DAD A



(12)

(13)
(14)

(15)
(16)

(17)
(18)

The
The
The
The
The
The
The
The
The
The
The
The
The
The
The

ADOCA

04 > O0OA
OOA D CA

ADDOCA
COAD A

OA D OCA
OOA D OA

system IK is defined by means of axioms and rules (1) - (9).
system ID: 1K + (10)

system IT: IK + (11) 4+ (12)

system IK/: 1K 4 (13) + (14)
system IKB: 1K 4 (15) + (16)
system IK5: 1K 4+ (17) + (18)
system IKDB: 1D + (15) + (16)
system IKD5: 1D + ( ) + ( 8)
system IB: 1T + (15) 4+ (16)

system 1S4: 1T + (13) + (14)
system IKDj: TK4 4+ (10)

system IKB/: IK4 + (15) + (16)
system IK45: IK4 + (17) + (18)
system [S5: 154 4+ (15) + (16)
system IKD45: 1KD4 + (17) + (18)

THEOREM 3 A is a theorem of I*iff Ep« A, where x is K, D, T, KB, KDB, B, K, KD4, 54,
KB/, K5, KD5, K/5, KD45 and S5.

Proof. See [13] for * = K, D, T, B, S4, S5. The proof of [13] can be easily extended to the other

systems.

THEOREM 4 The following sentences are theorems and derived rules of 1K:
a) O(AD B) D (DA D OB)
b) OL DL
c) DANO(AD B) D OB
d) O(AD B) D (CAD OB)
e) From A, infer OA

Proof.

a)-d) are straightforward. Part e) is in [13].

We now prove that 1K, ID, I'T, IKB, IKDB, IB, IK4, IKD4, IS4, IKB4, IK5, IK45 and IS5

have the Disjunction Property. In order to prove it, let us show the following Lemma.
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LEMMA 1 For all I if b7« OA then b A, where x s K, D, T, KDB, B, K}, KD4, S} and
S5.

Proof. For the systems with axiom (11), namely T, B, S4 and S5, the claim is trivial.
As for IKDB consider the following proof:

FOA hypothesis
FOOA Theorem 4 e)
FOOA D OOA (10)
FOOAD A (16)
FOOADA tautology
HA MP

We extend the safe extension theorem given in [4] (see exercises 3.62 and 3.63). Let < W, <
, R, => be an [*-model with * = K, D, K4, KD4. Let W' = W U {a} with @ € W and extend R,
<, Easfollows: R = RU{< z,w > |we W}, <'= < U{< z,2 >}, for all propositional variables
p,w E piff wE pand x E p. It is easy to see that < W/, <'/ R’/ ='> is an [*-model also.
Moreover if R is serial, transitive, serial and transitive then R’ is respectively serial, transitive,
serial and transitive. It is easy to verify by induction on the complexity of « that for all w € W
is w E' a iff w = a. Suppose now that for some model < W, < R E> and w € W, w £ A.
Consider the safe extension < W', <' R’ E'> of < W, <, R, E>. This implies « = OA.

THEOREM 5 (Disjunction Property) For all I* Fp» AV B iff either b« A or b B, where
is K, D, T, KB, KDB, B, K}, KD}, S}, KB}, K5, K}5 and S5.

Proof. (Part A), x is D, T, KDB, B, KD4, S4 and S5. We use the variant of Kleene’s slash
introduced in [1] (also see [17]):

|p & bFrp

|JANB & |Aand|B
|JAVB <& |-Aor ||-B
|=A & not ||-A

|IAD B < |-Aimplies |B
|0A & |-A

|CA & -4

and where ||-A means both F« A and |A.

We prove by induction on the length of derivation that F;« A implies |A. The thesis then
follows from the fact that if F;« AV B then |AV B and thus either F;« A or F« B, by the
definition of | on V (see also [1]).

For (1), (3), (4), (7), (8), (9) the proof is as in [1]. For (2), (11), (12), (13), (14) the proof is as
in [6]. Notice first that the relation R in [* where % is D, T, KDB, B, KD4, S4 and S5 is serial, so
if b« A then b OA. From this property and the definition of | on &, we have that ||-A implies
||-CA. This last property is used below in the proofs of (6) and (15).
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Proof of (5). Suppose ||-O(A D B) and ||-OA: we have to show |OB, namely ||-B. ||-0(A D B)
implies ||-A D B and ||-O0A implies ||-A. ||-A D B implies that from ||-A we get |B. From ||-A and
|-FA D B we have b« B.

Proof of (6). Suppose ||-CA D OB: we have to show |O(A D B), namely |[A D B and
Fi« ADB.

Let us first show |A D B, that is ||-A implies |B. Suppose ||-A: we have ||-CA, by the above
remark. The hypothesis [0A D OB and ||-OA imply |OB, so we have |B. On the other hand, the
hypothesis F« CA D OB and axiom (6) imply b« O(A D B), hence 5+ (A D B), by Lemma 1.

Proof of (10). Suppose ||-OA then we have |OA and ||-A4 , i.e. |[OA.

Proof of (15). Suppose ||-A: we have to show |OCA, i.e. |[-OA, but this follows from the above
remark.

Proof of (16). Suppose ||-OOA: we have to show |A. |-OOA implies ||-OA and thus|OA |
ie.|-A.

(Part B). * is K, K4, K45, K5, KB, KB4. We show the Disjunction Property for * via a
semantic proof, based on modal intuitionistic Kripke models' (see Theorem 4.1 [5]). Consider
two models My =< Wq, <y, Ry, 1> and My =< Wy, <5, Ry, E2> s.t. for some w; € Wy and
wy € Wo, wy E1 A and wy £y B. Construct the new Kripke model M by taking the disjoint
union of My and My and add w, s.t. w & Wy UW,, w < wy and w < wy. We stipulate that no
propositional variable is forced at w. M is a modal intuitionistic Kripke model since it satisfies
conditions ¢¢) and 7¢7) of Definition 1. By hypothesis w = AV B so that w | A or w = B. We
have a contradiction by the Heredity Property.

REMARK 4 In Part A of Theorem 5, both the rule - OA =F A and the dual one - A =F CA
are used. Note that seriality, i.e. axiom (10), is equivalent to the rule - A =+ OA. In fact,
from - A D A we have F O(A D A) and, by (5), F OA D OA. We have not proved the
Disjunction Property for the serial systems IKD5 and IKD45, since Lemma 1 does not hold. In
fact, O(A D CA) is IKD5 and IKD45-valid, while A D $A is not (see Example 4 in Section 4).

On the other hand, the proof of part B is only given for non-serial systems.

Note, finally, that Lemma 1 does not hold also for IK5, IKB4, 1K45 and IKB. As for 1K5,
IKB4 and IK45 use the previous counterexample. For IKB consider the following counterexample:

0O(A D OOA) is IKB valid while A D OGCA is not (see example 5 in section 4).
A consequence of Part A of Theorem 5 is that in [*, with * = D, T, KDB, B, KD4, 54 and S5, if
F OA then |OA and thus F A, namely F A & F OA.

4 Semantic tableaux for intuitionistic modal logics

In this section we introduce semantic tableaux for intuitionistic modal logic and prove soundness
and completeness theorems with respect to the semantics given in Section 2. We usethe notational

L After a suggestion of D.Gabbay



conventions of [14]. We thus use signed formulas, namely formulas prefixed by T" and F. T'A and
F'A are called signed formulas. For any formula A, we say that F'A and T'A are conjugate formulas.
In the following upper-case Greek letters denote sets of signed or unsigned formulas.

DEFINITION 3 Let A be a formula and M =< W, <, R,E> a model. For all w, w € W we

use ;

i) wkgETA for wEA
i) wpkEFA for wlE A
i) wlE6A LB for wlEHAandw |E 6B, where é;(i=1,2) is For T
i) wlE6A|6B  for wlE6Aorw = 6B, where 6; (i=1,2) is F or T

DEFINITION 4 A signed formula A is [*-satisfiable iff there exist an I*-model M =< W, <
R E> and w, w e W, s.t. w E A.

A set Q of signed formulas is I*-satisfiable if there are an [*-model M,
M =< W, <R, E> and w, w e W, s.t. forall A, A€ Q, wE A.

A set Q of signed formulas is I*-unsatisfiable if ) is not I*-satisfiable.

DEFINITION 5 Let I' be a set of signed formulas then:
a) T# ={TA:TAecT}
b)TN is defined as follows:

for K, D, T as {TA: TOAeT}U{FA: FOAec T}

for K4, KD4  as {TA, TOA:TOA '} U{FA FOA: FOAeT};

for KB, KDB, B as {TA: TOAeT} U{FA: FOAeT}U
U{TOCA:TAcTYU{FDOA: FAeT};

for 54 as {TOA:TOA e T}U{FOA: FOA e T}

for KB4 as {TA, TOA: TOAeTU{FA FOA: FOAeT}U

U{TOCA:TAeT}U{FOA: FAeT'}U
U{TOCA :TOCAeTYU{FDOA: FOAc T}
for K5, KD5  as {TA: TOAeT}U{FA: FOAeT}U
U{TOCA :TOCAeTYU{FDOA: FOAc T}
for K45, KD45 as {TA,TOA: TOA e T}U{FA FOA: FOAeT}U
U{TOCA:TOCA e} U{FOA: FOA€T}
for S5 as {TOA:TOA €T} U{FOA: FOAeT}U
U{TOCA:TOCAeT'}U {FOA: FOA €T}

4.1 Structural rules

Sets of signed formulas are treated as sets. Moreover we use the following rule:

w L rule) % with ' D A



r

Cut) ———
ut) T, TAT, FA

4.2 Regular rules
Let I" be a set of signed formulas then we have:

I,TANB T,FAAB
I.TA,TB T,FAIL,FB

RA)

I TAVB T,FAVB
I.TAL,TB T,FA FB

RV)

I, T-A
) S5

Y

I,TAD B

R - =
>) U, FAL,TB

4.3 Special rules for the intuitionistic connectives

) r,F-A
I'# TA
IFADB
S o
>) I'#+ TA FB
4.4 Modal rules
Notational conventions
IT
means that 4,...,€, are obtained from II by applying only structural rules, regular or special

rules for the intuitionistic connectives.
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Let ' be a set of signed formulas. We denote by TCI the set {TOA: TA €'} and by FOT
the set {F'OA: FAeT}.

Let WU be a set of unsigned formulas. We define U7 = TU = {TA|A € ¥}, U~ = FVU =
{FAJA € U}, TOU = {TCA|A € U}, FOU = {FOA|A € ¥}, TOU = {TOA|A € ¥} and
FOU = {FOA|A € U}.

7-rules
L, roA
5©) I'NTA
I [FOA
S0) ’

[# TOA, FO|. .. [T# TOA, FOQIT#N TA 1, FQuq| ... |[T#N TA,, FQ,
with n > p > 0 and where

I#N A
T#N TAL PO .. DN TA,, FQ,

v-rules

I, 7TOA
L

Y

T, FOA

RO)

DEFINITION 6 Let I' be a set of signed formulas.
(a) A thread of ' is a finite sequence Ty, ..., I, of signed formulas such that
i)To=T1,
i) for all i, 0 <@ < n, there exists a rule where I'; is above the line and I';41 occurs below
the line.
(b) An element of a thread is called a node.
(¢) A node is called closed when it contains both TA and F A for some A.
(d) An I*-T-tableau for I', or simply a tableau, is a set T of threads of I' s.t. for any thread
t €T and for any node I';, I'; € t and v > 0, the sets of formulas below the line of the rule applied
onI';_y, I';_y €1, are nodes of some thread ' € T .
(e) A tableau is called closed if each thread has a node that is closed.
(f) A closed tableau of T is called a proof for 1.
(9) An I*-T-tableau is called an I*-T proof for the unsigned formula X if it is a proof for
{FX}.

11



EXAMPLE 1 -CA D 0-A has an IK-T proof:

F=-CA D O-A4

T=0A, FO-A 52)
s0)

=

& jﬁ)

FOATOA

EXAMPLE 2 (CA D OB) D 0O((A D B)VC) has an IK-T proof:

F(CADOB)>O(ADB)V())

T(GAS OB, FO((AS BV ) " -

S0)
F(ADB
(ADB) vC Rv)
FA>D B, FC g5
TA FB
T(CA>OB), TCA, FOB
( ) R D)

FOA, TOA, FOB|TORB, TOA, FOB
EXAMPLE 3 OC A (CADOB) D 0O((A D B)AC)) has an IK-T proof:
FOCA(CADOB)DO((ADB)AC))

TOCA(CADORB),FO((ADB)AC)
ToC, T(CADOB),FO((AD B)AC)

S D)

RA)
so)

TC,F(ADB)AC
TC,FADB SD)| TCFC
TC,TA, FB
TOC, T(CA D OB), TOC, TOA FOB RO | TC, FC
TOC, TOC, FOA, TOA, FOB|TOC, TOC, TOB, TOA, FOB

RA)

EXAMPLE 4 O(A D CA) has an IK5-T proof:

FO(A D OA) 50)

FF'AD OA

TAFOA

TOA, FOCA

O
TOA, FOA S0)

12



EXAMPLE 5 O(A D OOA) has an IKB-T proof:

FO(A D OOCA) 50)
F'AD AS 5
TAFOOA
TCATOSTA
s0)
TOOA, FOGA

Note that £'A D OO A cannot close.

4.5 Remarks and notational conventions

a) SO) can be denoted as follows:

I, FOA

| T#Y FA

T#N TAy FQy| .. DY TA,, FQIT#Y TA, 1, FQup| ... [TV TA,, FQ,

T# TOAy, FOO[ ... |[T%, TOA,, FOQT#N TA, 1, FQp| ... TN, TA,,, FQ,

withn >p >0

b) If p = 0 and no structural rules, regular or special rules for the intuitionistic connectives
are applied on I'#*N_ F'A then we obtain the following derived rule:
I', FOA

) T A

c) If no rules are applied on I'*#*V  FF'A and p = n = 1 we obtain the following derived rule:

I, FOA
[#, TOI#N FOA

d) The following rule is derived:

I, FO(AD B)
O
S92) oA 0B
In fact
I') FO(A D B) S0)
[FNFAS B 3
T#N_TA. FB
%, TOA, FORB

13



e) in [29] the modal rules are:
m-rules

I, TOA, FOB I, 7T0A

SOy _
) T#N TA, FB T#N T A
I, FOA
oy -
S8 T#N FA

where TV = {TA: TOA € T} U{FA: FOA € T'}. Wijesekera’s sequent system allows at most
one formula to be on the right of a sequent (or, equivalently, at most one F' signed formula to be
below the tableau rules). Wijesekera gives a syntactic proof of the cut elimination theorem and
thus the Disjunction Property holds in his intuitionistic K-system.

f) For systems with the axioms (15) and (16) the cut rule is not eliminable, the proof is as
in [14]. Moreover in these systems SO) is eliminable by cut and SO*). In fact, let I' = TV, F'®
where W and @ are set of formulas. Consider a tableau that closes. Consider the finite subset
U* of U used in the proof and let C' be the conjunction of the formulas in ¥*. Without loss of
generality we can suppose that the first rule applied in the proof is SO) and I' = TW* namely

T+, FOA

| TV FA

TUN TAy FQ| . [ TYN TA,, FQITWN TAur, FQpii] ... |TUN TA,, FQ,

T TOAL, FON .. [TV, TON,, FOQTVN TA 11, FQp| .. [T N, TA,, FQ,

Consider the following proof without SO)

Tv* FOA cut on ()
TV FOA,TC SO%) TV FOA, FC RA)
TUN FATOC any node closes for some D in U*
TUN TALFQ, TOC SO) | |TUN TA, FQ, TOC SO) | |[TUN TA,, FQ,, TOC w)
TOA, FOO,,TC RA) TOA,, FOQ,, TC RA) TUN TA,, FQ,
TOA, FOQy, T~ TOA,, FOQ,, T

g) For the euclidean systems IK5 and IKD5 the cut is not eliminable. Consider the set ¥ =
{TOA, TOB, FOO(AA B)}. It is easy to see that all tableaux for U without using cut can be
reduced to the following ones:

14



TOA, TOB, FOO(AA B) =
[TA,TB, FO(AN B) |

TOA, TOB, TGA, TOB, FOO(A N B) SO)
TA, TB, TOA,TOB, FO(AA B) SO) on TOA [ or TOB]
TA,[TB],TOA, TOB, F(AA B) RA)

TA[TB], TCA,TOB,FA | TA[TB], TCA,TOB,F'B
while the following tableau closes:

TOA,TOB, FOO(AA B) cut on O(A A B)
TOA,TOB, FO(A
TOA, TOB, TO(AA B), FOO(AA B) SO) )  FO(AA

TATB, FAANB, FOO(
| TA,TB,TAA B,FO(AA B), FOO(A N B) |
TOA,TOB, TO(ANB), FOO(A N B) S0)
| TOA, TOB, TO(AN B), FO(AA B) |

Note that transitivity would make the first two tableaux close (TOA and T0OB would be in
the fourth node of the tableaux and so both T'A and T'B would belong to the fifth node).

4.6 Tableau systems
We denote by I*-T the tableau system of I*.

IK-T | IKj-T, IK5 -T, [K}5 -T:

Intuitionistic rules + Cut rule + S<) rule 4+ 50) rule.

ID-T | IKDJ-T, IKD5-T, IKD/5-T:

Intuitionistic rules + Cut rule + S<) rule + S0) rule + Sv)rule.

IT-T | IS4-T:

Intuitionistic rules + Cut rule + S<&) rule 4+ 50) rule + RO) and RO) rules.
IKB-T, IKBJ-T:

Intuitionistic rules + Cut rule + S<) rule + S0%) rule.

IKDB-T:

Intuitionistic rules + Cut rule + S<&) rule 4+ S0%) rule + Sv) rule.

[B-T , IS5-T:

Intuitionistic rules + Cut rule + S<O)rule + S0%) rule+ RO) and RO) rules.

DEFINITION 7 We recall some notations used in [1/]. A B-formula is of the form: FAN B
orTAV B orTAD B. A regular a-formula is of the form TANB or FAV B or T—A. A special
a-formula is of the form FA O B or F-~A. When breaking down a B-formula (a-formula) by
means of reqular rules we generate two new signed formulas below the line. Regular rules can be
thus condensed according to the following notation ( oy, az coincide in case of negation):

15



Rﬂ) MF7 ﬂ1|rv ﬂQ

Analogously, in the case of special rules we have:

I' o

Sa)

F#, Qaq, G2
We call FOX and TOY v-formulas and X and TY, generated by them by means of the
modal v-rules, vo-formulas. For the v-rules we have two different rules:

r r
v Lrule) —IV 7Z/F,l/o

We call TCX and FOY w-formulas and T'X and FY, generated by them by means of the
w-rules, mg-formulas. Note that we cannot use a uniform notation for the w-rules.

The table below summarises the intuitionistic modal calculi along with their tableau systems
as introduced so far.
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Table 1

ry v-rule || #-rules || R IK axioms +
IK-T {vo:vel} none | SO any none
SO
r
ID-T {vo:vel} T~ S serial 04> CA
SO
[K4-T {vo:vel}U{rv:vel} | none || SO transitive | OA D OOA
SO OCOADCA
r
IKD4-T | {vy:veltu{v:vel} I~ S serial 04> CA
SE transitive | OA D OOA, OCA D CA
r
IT-T {vo:vel} T Y so reflexive OADA
» Vo
SO ADOA
r
[S54-T {v:vel} T 2 so reflexive OADAADCA
» Vo
SE transitive | OA D OOA, OCA D CA
IKB-T {vo:vel}U{r:my€l} || none || SO symmetric | A D OCA
SO COAD A
r
IKDB-T | {vg:vel}u{r:mel} I~ Sa* serial 04> CA
SE symmetric | A D OCA, OCOA D A
r
IB-T {vo:vel}U{r:m eI} T Y| so- reflexive OADAADCA
» Vo
SE symmetric | A D OCA, OCOA D A
IKB4T | {v:vel}U{r:xmel}U || none | SO* symmetric | A D OCA, COA D A
{vo:vel}U{r:m eI} S& transitive | OA D 004, OOCA D OA
IK5-T {vo:velU{r:mel} | none | SO euclidean | A D OOCA, OOA D DA
SO
r
IKD5-T | {vy:vellu{r:7mel} I~ S serial 04> CA
SE euclidean | CA D OCA, OOA D OA
IK45-T | {v:vel}tU{r:meTl}U || none | SO transitive | OA D 004, OOCA D OA
{vo:vel} S& euclidean | A D OOCA, OOA D DA
r
IKD45-T | {v:vel}U{r:xmel}U I~ S serial 04> CA
{vo:vel} S& transitive | OA D 004, OOCA D OA
euclidean | CA D OCA, OOA D OA
r
IS5-T {vivellu{r:rel} ¥ | so- reflexive OADAADCA
» Vo
SE symmetric | A D OCA, OCOA D A
transitive | OA D OOA, OCA D CA
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LEMMA 2 For all I models, where x stands for K, D, T, KB, KDB, B, K}, KDJ, S}, KB4,
K5, KD5, K45, KD/5 and S5, and for all w and w*, if w =T then w® = T'V.

Proof. We show the proof only for the euclidean models. For the v-formulas the proof is as in
[14]. Suppose that for some TCA, w = TOA. There exists a world w’ with wRw' s.t. v’ | TA.
By euclideanness, for all w* is w® Rw’, and thus for all w®, w* E TOA.

THEOREM 6 (Soundness) Let I' be a set of signed formulas. If I' has an I*-T-tableau proof,
then I' is I*-unsatisfiable, where x stands for K, D, T, KB, KDB, B, K/, KD/, S4, KB/, KJ,
KD5, K5, KD/5 and S5.

Proof. First we say that a tableau is satisfiable if for some thread all nodes are satisfiable. We
have to prove that if T is a satisfiable tableau then the tableau T”, obtained from 7" by applying a
single tableau rule, is also satisfiable. We show this only for modal rules (see [14] for intuitionistic
rules: the proof for the v-rules is the same as in [14]). The theorem then follows easily: if I" is
satisfiable, then all tableaux for I' are satisfiable, hence no tableau for I' closes.

S<¢&) Assume that I, TOA is satisfiable. Let w be a world such that w T, TCA. Then there
is a w* such that w* = TA. By Lemma 2, w* = I'V and hence I'V, T'A is satisfiable.

S0) Choose p < n. Assume that for no ¢ < p, I'*, TCA,; , FOQ; and for no p, i < p < n,
I#N TA;, FQ; are satisfiable. Assume, however, that there is a world w, s.t. w |= ', FOA. Then
for some w*** and some 7, 1 < n, w*** = I'#N TA; FQ; Then by our assumption, p > 7. Since
w* Rw** < w***, there is a world u such that w* < uRw***. Then w < u and so u = I'#. But also
u = TOA;, FOQ;, which is a contradiction.

4.7 Completeness

In [14], a strong completeness theorem for the analytic systems without cut rule is given. This
theorem thus provides a pure semantic proof of the cut elimination theorem. The method works
for all logics where both one-half direction of the forcing relation on connectives over maximal
consistent sets of signed formulas, and the frame properties of the canonical model can be shown
without using cut.

In our context, we have not applied Fitting’s method for the analogues of the classical analytic
modal logics because the proofs of connecting properties of the canonical frame and the forcing
relation for O do not seem to carry through without cut. On the other hand, counterexamples
showing that in such systems cut is independent are still missing.

In order to prove the completeness theorem for [*-T we give some definitions and properties.

DEFINITION 8 Let C be a collection of sets of signed formulas. C is an intuitionistic modal
consistency property (imep) if for all S € C the following holds:

a) S contains no signed atomic formula and its conjugate;
b)if € S, then SU{p} € Cor SU{M} € C;
c) if a € S is regular, then S U {ay, a2} € C;
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d) if o € S is special, then S* U {a,ay} € C;

e)if S € C then SU{TB} € Cor SU{FB} € C;

We write S7 = 55 to denote that 57, .5, € C and S5 is obtained from 57 by one of the conditions
b), ¢), d) and e).

f)if FOA € S then S*N U{FA} € C. Moreover if S¥NU{FA} = S, = ... = S,=TAUFQ
then S#* UTOA U FOQ € C;

g) if TOA € S then SYU{TA} € C.

LEMMA 3 Let C be an intuitionistic modal consistency property (imep), the following properties
hold:

(i) Let C' be the set of all the subsets of sets of C. C' is an imep.

(ii) Let C' be defined as in (i) and C" be the set of S s.t. S" €C’, for any finite subset S” of S
(in symbol S" C¢ S). Then C" is an imep.

Let C be a set of sets of signed formulas closed under subsets and having the following finite
subset property:

SeC& FeCforadlF,st FFCy 5.

Then the following holds:

iii) any element of C is contained in a maximal element of C.

Proof.

(i) Let us now close C with respect to the inclusion relation.

We have to show that C’ satisfies the conditions of Definition 8. It is easily seen that if R 2 S
and R and 5" (S" and S” in case of -formulas or cut condition e)) are obtained from R and S
by applying one of the conditions b)-g) of Definition 8, then R’ 2 S’. Consider such S and 5’. If
S € C' then 5" €C’ (either 5" €C’ or S” €C’ in case of f-formulas or cut condition e)).

(ii) We now expand C’ to C”, whose elements S are all the sets of signed formulas s.t. F €C’
for any finite subset F' C; S. Note that C" and C” agree on finite sets. We have to show that C”
is an imcp. We prove the condition f) of Definition 8: the other cases are analogous.

f) Suppose FOA € S € C". We have to show that S#V U {FFA} € C”. Let F be an arbitrary
finite subset of S#¥Y U {FA}. Let I be {TOA|TA € F}. Since F* U {FOA} is a finite subset
of S, it belongs to C' by definition of C”, hence F' €C’ by f) of Definition 8, applied to C'.
This proves that S#*V U {F A} belongs to C”. Suppose that S¥N U {FA} = S, = ... = S,=
TAU FQ with S; € C'. It is easy to check that S, = TAU FQ €C” also. Let F' be an arbitrary
finite subset of S#* UTOA U FOQ. Let F* be S¥N U{TA|TCA € F} U{FA|FOA € F}. Since
S, €C”, then F* €C’ by definition of C”, and thus F' €C’ by f) of Definition 8 for C’. This
proves S* UTOA U FOQ € C”.

(iii) Let C be a set having the finite subset property and S € C. Every chain of elements of
C,...5 2 ...2 5,25 DO Sy= S5 such that a < f for some ordinal #, has an upper bound
with respect to the inclusion relation. In fact, let "= U,5 So and F' be any finite subset of T'.
For some ordinal «, S, O F, that is F' € C. This implies that 7" € C , because C has the finite
subset property. By Zorn’s lemma, there exists a maximal element M in C with respect to the
inclusion with M O S.
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DEFINITION 9 A consistent set S is a set of signed formulas such that no tableau for S closes.
Let C be the collection of all consistent sets. A maximal consistent set is a consistent set which
is mazximal in C w.r.t. inclusion.

LEMMA 4 Let C be the collection of all consistent sets. C has the intuitionistic modal consis-
tency property.

Proof. See [14] (see pp. 61-62).

LEMMA 5 For every X either FX € M or TX € M, with M mazimal in C.

Proof. 1t is a consequence of e) of Definition 8.

Now we prove the completeness theorem for I*-T .

THEOREM 7 (Strong Completeness Theorem) Let I' be a set of signed formulas. If I is [*-
unsatisfiable then I' has an I*-T-tableau proof, where x is K, D, T, KB, KDB, B, K4, KD/, 54,
KB4, K5, KD5, K45, KD45 and S5.

Proof. We prove the theorem only for IK.

We prove the contrapositive. Suppose I" has no I K-T-tableau proof. We have to show that I'
1s satisfiable. Let C be the collection of all consistent sets such that no IK-T-tableau closes. C is
imcp by Lemma 4. It is I €C.

We define an 1K canonical model via C. Let W be the collection of all maximal sets in C. W
is not empty by (iii) of Lemma 3.

< is defined as follows:

A <Tifand only if ' D A#

R is defined as follows:

ART if and only if [ D AN

The following properties are easily verified:

)T DA =T#DA#

i) >1#

iii) T# = I'##

< is reflexive by ii).

< is transitive. f A < T and I' < Q then I' O A#* and Q D I'#. By i) and iii) we have
QD A# ie. A<Q.

LEMMA 6 R and < satisfy the connecting properties ii), iii) of Definition 1.

Proof.

Property ii) of Definition 1. Suppose A < © and ARI'. We have to show that there exists
a maximal consistent set Z, s.t. QRZ and I' < Z. Consider the set of formulas I'* U QN If
I'# U QY is in C, then there exists a maximal consistent set Z 2 T'#* U QY by (iii) of Lemma 3.
Z is obviously the requested set. We only have to show that I'* U QY ¢ C.
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Note that TA, TB € QN &« TAANB € QN and FA, FB € QV& FAV FB € QV, by the
cut condition e) of Definition 8, RA) and RV). Then it is sufficient to show, by the finite subset
property of C, that I'* U {FY} U{T'X} is a consistent set, for all X and Y, s.t. 70X € Q and
FOX € Q. Suppose not. Let X and Y bes.t. TX € OV, F'Y € QY and T# U{FY} U{T X }¢ C.
We have T'# U {FX D Y} is not in C by condition d) of Definition 8, hence TX D Y € T by
Lemma 5. It follows that TC(X DY) € A by Lemma 5 and the hypothesis ARI'. Since A < Q,
we get TO(X DY) € Q. By g) and c¢) of Definition 8, either QY U {F X} or QY U {TY} is a

consistent set, which is a contradiction.

Property iii) of Definition 1. Suppose 'RA < Q. We have to show that there exists a
maximal consistent set 7, s.t. I' < ZRQO. Consider the set of formulas Q' = {TCA : TA € Q}
U{FOA : FA € Q} and the set of formulas I'* UQI. Tf T# UQU is a consistent set, then there
exists a maximal consistent set Z D T'#* UQ by (iii) of Lemma 3. Z is the requested set. In fact
Z D T'#, by construction. We have to show Z% C Q. Suppose that 70X € Z and TX ¢ Q, for
some X. By Lemma 5 FFX € Q and thus FOX € Q! hence FOX € Z, while TOX € Z. In
analogous way, one can show that /X € ZV implies F'X € Q.

It remains to show that I'# U Q' € C. Suppose not. Then there exists a finite subset Q?:
{TOA;: TA; € Q with i <n} U{FOB,: FB; € Q with : <m} of Q' s.t. that I'*# UQ? ¢ C.

Let us now show that T'A;c, CA; D Vig,, OB; € I If I'* U Q? ¢ C, then I'*U {T A<, CA:}
U{F" V;<,, OB;} € C by b) and ¢) of Definition 8, and thus I'#*U {F' A;,, OA; D Vic,, OBi} € C
by d) of Definition 8. By Lemma 5, T A;c,, OA: D Ve, OB; € . - -

Let us now show that FO(A;., A; O Vic,, Bi) € T. Suppose not. Thus, by Lemma 5,
TO(Aicn Ai D Ve Bi) € T. Then some FA; or some TB; belongs to I'#N, by b) and ¢) of
Definition 8. But @ D T'#Y would imply a contradiction. We can suppose both T A<, CA;
S Vic,, OB; € T'and FO A, A O Vic,, Bi € T'. Consider the following closed tableau for T'.

T Nicn CAi D Vi, BB, FO A, A O Vi, Bi S0)
F Nicw Ai D Vicm Bi S D)
T Niew At FN e, Bi RA) and RV)
TA:,...,TA, FB,,...,FB,
T Nicn ©Ai D Vi, 0B, TOA,, ..., TOA,, FOB,,...,FOB,, RD)

F Ny OAGTOA, ..., TOA,, FOBy, ..., FOB,|T V., 0B;,TCA,,...,TCA,, FOB,,...,FOB,
Both nodes close by RA) and RV), while I' € C. This proves that I'* U Q! is consistent.

We have proved that < W, <, R > is a frame.

We define an interpretation as follows:
I'EAsTAET,

This defines a model. The proof is by induction on the degree of A. The only troublesome
step of the proof is for the connective O. In order to show that FOA € I' implies that there are
A and Q s.t. I' < ARQ with FF'A € Q we prove the following lemma:
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LEMMA 7 If FOA € T then there exists Z, 7 € C, Z O I'#* U{FOA} U{TOB : TOB € T}
and s.t. ZN U{FA} € C.

Proof. Suppose FOA € T. Note first that I'#* U {FOAJU{T<OB|TOB € T} is consistent, by
f) of Definition 8 and Remark c) of paragraph 4.5. By iii) of Lemma 3, there exists a maximal
consistent set A s.t. A DT# U{FOA} U{TOB|TOB € T'}. Let Z be any such a A which is also
maximal w.r.t. <. It is easy to show that Z exists by Zorn’s lemma. Now we show that 7 is the
requested set. Let us first prove a useful property of maximal consistent sets.

For all maximal consistent sets A with FFOA € A there exists a maximal consistent set 7,
A < 7 st. FOA € Z and for all formulas B, TOB € Z if A¥N U{FA}U{FB} ¢ C.

Construct Z as follows. Consider an ordering of all the formulas of the language:

Bi,Ba,...,B,,...2

and construct a sequence of consistent sets of formulas:

Ay = A#U{FOA}U{TOB:TOBeAYC AL CAy C...CA,...

where A,= A¥ | U{FOA} U{TORB,} it A¥N U {FA}U{FB,} ¢ C,

A, =A,_; otherwise.

Let us show by induction that A,, n < w, is a consistent set. We have already shown that
Ag is consistent. Suppose by induction that A,_; is consistent. We need to show that A, is
consistent. Note that A#N = A#N_ Suppose that A, # A,_y, i.e. AN U{FA}U{FB,} ¢ C.
By construction, FOA € A¥ | so A¥N U {F A} € C, by f) of Definition 8. Then AFN U {FA}U
{TB,} € C, from A*Y U{FA} € C and e) of Definition 8.

Again, by f) of Definition 8, A* | U{FDOA}U{TOB,} = A, € C. By iii) of Lemma 3 there
is a Z which is a maximal consistent set containing (U, ., A.

It is easy to check that TOB € Z whenever A#N U{FA}U{FB} € C. Now, if A is maximal
with respect to <, then Z# = A#* and so TOB € Z if Z#N U{FA}U{FB} ¢ C.

In the hypothesis of the maximality of Z w.r.t. <, then ZNU{F A} is a consistent set. Suppose
not. Without loss of generality we can suppose that Z#Y U {FA} U {FB} € C, for some B with
FOB € Z, by RV) and ¢) of Definition 8. This implies TCB € Z, by construction of Z, which is
a contradiction.

This concludes the proof of the lemma.

Now, FFOA € T', so Lemma 3 and Lemma 7 imply that for some maximal consistent set Z and
O, I'E FOAand Q = FA, with I' < ZRQ.

This proves completeness.

COROLLARY 1 Let X be an unsigned formula. X is 1* valid if and only if X has an I*-T proof,
where x is K, D, T, KB, KDB, B, K/, KDj, S}, KB4, K5, KD5, K}5, KD/5 and S5.

Proof. Note that X is [*-valid if and only if F'X is [*-unsatisfiable. The claim follows from
Theorems 6 and 7.

2Without loss of generality we can suppose the language denumerable
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5 Sequent calculi for Intuitionistic Modal Logics

In this section we present a Gentzen type formulation [20] for I*.

We now recall some notations and definitions from [27]. In the following Greek capital letters
'y A, A, ..., II, denote finite (possible empty) unsigned sequences of formulas separated by
commas. We introduce an auxiliary symbol —.

DEFINITION 10 For arbitrary I' and A, I' — A is called a sequent. I and A are called the
antecedents and succedents, respectively, of the sequent and each formula in I' and A is called a
sequent formula.

DEFINITION 11 A rule is of the form:
St S1 S

or

S S

where Sy Sy and S are sequents, the sequents above (below) the line of the rules are called upper
(lower) sequents.

We now give sequent calculi for [*-systems.

5.1 Axioms

IA— A A
5.2 Structural rules
Weakening
e ft I - A Cviaht I' = A
w:le DT oA w:Tig TS AA
Contraction
e ft D,D,T' — A - I = AA A
c:le DT oA c:rig N
Exchange
e ft r,o,p,I' - A bt r—AC, DA
N T D erSA T T SAD, CA
Cut Rule

I —=AA AIl—A
I — AA
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5.3 Logical rules

A left C,D,I' — A A rioht r—-AA I'>AB
oA pTr=a Y T A AAB
C,'= A DT —A
CvDTl—=A

I'—AA B
- A AvVEB

Vo left Vi right

dept LA BT
:le Ao A L rig -
r—=AC DI—A , INA— B
D:right

e ft A5
et S TS A I = A5B

5.4 Modal rules

0 r@ght H,FU,QAl — DQ1...H,FU,<>AP—> DQP F,Ap_|_1 —>Qp+1...F,An—>Qn

I,I'v — 0A
with n > p > 0 and where

F,A1—>Q1...F,An—>Qn

apply only structural and logical rules

I'— A

where 'V = {0A: A €T} for K, D, T;

'V ={0A:AeT}u{0A4:0A4 €T} for KD4, K4;

["={0A: AT} U{A:CA €T} for KB, KDB, B;

' ={0A:0A €T} for S4;

["={0A: AcelT}U{OA:OA T} U{A: CAeT}U{OCA: OCA € T'} for KB4;
["={0A: AT} U{CA:OA €T} for Kb, D5;

["={0A: Ael}u{0A:0A T} U{CA: OA € I'} for K45, KD45;
IV={0A: DA cT}U {CA:OA € I'Hor S5;

IA— A

Cilelt AT A

where A™ = {CA: A e A} for K, D, T;
AT ={CA: Ac A U{CA: OA € A} for KD4, K4;
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AT ={OCA: Aec A} U{A:O0A € A} for KB, KDB, B;

AT = {OCA: CA € A} for S4;

AT={CA: Ac AU {CA: CAc AU {A: T0Ac A} U{OA: OA € Alfor KB4;
AT ={OCA: Ae A} U{OA:0A € A} for K5, D5;

AT={CA: Ac AU {CA: CA € AU {0A:0A € A} for K45, KD45;

AT ={OCA: OCA e AU {OA: 0A € A} for S5.

For ID, IKDB, IKD4, IKD5, TKD45:

] r—A
v:irule ———
FU_>A7T
For IT, IB, IS4 and IS5:

rA—A

O:left —————

T EASA

r—AA
cright ————
&g NSy

DEFINITION 12 An I*-sequent proof of a sequent I' — A is a tree of sequents, s.t.:

a) Every sequent in the proof is an upper sequent except the lowest one (endsequent) that is
r— A.

b) Every sequent in the proof is a lower sequent except the topmost ones (initial sequents) which
are arioms.

Any [*-sequent proof of a formula X is an [*-sequent proof of — X

DEFINITION 13 We say that the sequent I' — A is [*-satisfiable if there are an I*- model
M and some world w of M, s.t. w =T implies w |= 6, for some formula 6, 6 € A (in symbols
wED—=A).

I' = A is [*-valid if w ET — A for every I*-model M and every world w of M.

I' = A is I*-unsatisfiable if ' — A is not I*-satisfiable.

I' = Ais I*-valid iff I'T, A~ I*-unsatisfiable.
THEOREM 8 (Completeness) A sequent I' — A is I*-valid iff ' — A has an I*-sequent proof.

Proof. We associate with an [*-T-tableau proof any [*-sequent proof, and viceversa. The
completeness thus comes out from the completeness theorem of the semantic tableaux. Let T" be
a sequent tree.

1) Transform any sequent according to the following definition:

(I = Ay =TT, A"
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2) Put the tree upside-down.

3) By reading the sequent rules upside-down, we get the tableaux rules.
Note that the endsequents are transformed into closed nodes.

In analogous way, from an [*-T-tableau proof T we get an [*-sequent proof.
1) Transform any node into a sequent according to the following definition:

I, A ) =T —= A

2) Put the tableau upside-down.
3) By reading the tableau rules upside-down, we get easily the sequent rules.
Note that the closed nodes in a tableau proof are transformed in axioms (endsequents).
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