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An Active Noise Control System Based on Simultaneous Equations

Method without Auxiliary Filters
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SUMMARY A simultaneous equations method is one of active noise
control algorithms without estimating an error path. This algorithm re-
quires identification of a transfer function from a reference microphone to
an error microphone containing the effect of a noise control filter. It is
achieved by system identification of an auxiliary filter. However, the intro-
duction of the auxiliary filter requires more number of samples to obtain the
noise control filter and brings a requirement of some undesirable assump-
tion in the multiple channel case. In this paper, a new simultaneous equa-
tions method without the identification of the auxiliary filter is proposed.
By storing a small number of input signals and error signals, we avoid this
identification. Therefore, we can reduce the number of samples to obtain
the noise control filters and can avoid the undesirable assumption. From
simulation examples, it is verified that the merits of the ordinary method is
also retained in the proposed method.

key words: active noise control, simultaneous equations method, auxiliary
filter, multiple channel, adaptive filter

1. Introduction

Since low frequency noise cannot easily be reduced with
passive means, active noise control (ANC) techniques are
an effective approach for such a case [1], [2]. Several tech-
niques for the ANC system have been proposed. Often,
filtered-X LMS (FXLMS) algorithm is used as an adaptive
algorithm for the ANC system [3]. This algorithm requires
prior estimation of impulse responses of a secondary path.
The estimation error of the impulse responses affects stabil-
ity of the system and performance of noise reduction. Re-
cently, several ANC algorithms without the estimation of
the error path in advance have been proposed [4]-[6].

A simultaneous equations method is one of such ANC
algorithms [6]. In this algorithm, two different coefficients
are substituted into a noise control filter and each impulse re-
sponse of the primary path which means a transfer function
from an output of a noise detection microphone to an out-
put of an error detection microphone is estimated by using
auxiliary filters. After that, using the solution of the simulta-
neous equations given by this procedure, the coefficients of
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the noise control filter can be updated without prior estima-
tion of the error path. This algorithm has also been extended
to a multiple channel case.

In this algorithm, the introduction of the auxiliary filter
requires more number of samples to obtain the noise control
filter. For example, 10,000 times of updating the coefficients
of auxiliary filters should be required to reduce the estima-
tion error of them up to 50dB [6]. In the multiple channel
case, some undesirable assumption should be introduced.

This paper proposes a new ANC system based on the
simultaneous equations method without the identification of
auxiliary filters. In this estimation technique, the memories
of error signals and input signals within a given term are
used. Therefore we can avoid introduction of such assump-
tion and can achieve same performance of noise reduction
with more reduced number of samples. Simulation exam-
ples also show that the proposed method has the same ad-
vantages in the ordinary algorithm.

2. Simultaneous Equations Method

In this section, the simultaneous equations method [6], [7] is
briefly reviewed.

2.1 Single Channel Case [6]

Let the transfer functions of a primary path from a reference
microphone to an error microphone and a secondary path
from a canceling loudspeaker to the error microphone be
P(z) and C(z), respectively. In this case, the transfer function
of the whole system containing a noise control filter H(z)
from the reference microphone to the error microphone is
represented as

S(z) = P(z) - H)C(2). D

Note that coefficients of the noise control filter can be
set arbitrarily if degradation of performance of noise control
is allowed. Let H;(z) and H;(z) be the transfer functions of
the noise control filters with different coefficients, respec-
tively. Then, by using an auxiliary filter shown in Fig. 1, if
S (z) is identified, the following equations are obtained:

S1(2) = P(z) - Hi(2)C(2) )
and

§2(2) = P(2) = Ha(2)C(2). 3)

Copyright © 2006 The Institute of Electronics, Information and Communication Engineers
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Fig.1  Structure of the simultaneous equations method.
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Fig.2  Estimation of Z(z) by using system identification.

From (2) and (3), P(z) can be given by

_ S1(2)H,(2) - S2(2)H 1 (2)
PO=""no-mo @

Let H,,,(z) mean the optimal noise control filter, then

P(z) = Hopi(2)C(2) = 0 ®)

is held.

Substituting (4) into (5),

S1(2)Ha(z) — S2(2)H (2)
Hop(z) = (6)
" $1(2) = $2(2)

is obtained. Since S(z) and S;,(z) are derived from the dif-
ferent H,(z) and H»(z), S1(2) # S2(z) is held. This equation
shows the principle of the simultaneous equations method
to obtain the transfer function of the noise control filter.

Let us rewrite (6) to

{51(2) = $2(2))A(z)
= S1(@QH2(z) — S2(2)H (2) @)

where A\(z) means the estimation of H,,(z). From this equa-
tion, the simultaneous equations can be solved by using
the framework of the system identification shown in Fig.2
[6]. In (7), Z(z) is considered as an adaptive filter and let
S1(2)H2(z) — S2(2)H|(z) be an unknown system, then the
system identification problem can be stated. In this prob-
lem, since H,(z), H2(z), S1(z) and S,(z) are already given,
an estimate of H,,,(z) can be obtained as the coefficients of

A(z) which are updated by using adaptive algorithm, such as
NLMS algorithm.
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Fig.3  Multiple channel ANC system.

2.2 Multiple Channel Case [7]

In the multiple-channel ANC system shown in Fig. 3, the
numbers of reference microphones, secondary loudspeakers
and error microphones are N, M and M, respectively. This
case, called the N— M — M system, satisfies conditions under
which the simultaneous equations method can be applied, as
described in Ref. [7]. In this section, we treat the N— M — M
case.

Let the Z transform of the input to the reference micro-
phones be

UQz) = [U1(2), U2(2), -+, Uy@1",
the Z transform of an input to an error microphone be
E@) = [E12). 2@, En@]",

and A;;(z), H;j(z) and C;;(z) be the transfer function from
each reference microphone to each loudspeaker, the cor-
responding transfer function of the noise control filter and
the transfer function of the secondary path from each loud-
speaker to each error microphone. Then,

E(z) = C(z)(A(z) - H2)U(z)
= SQU(z) ()

is held, where

[ AnG@) Ak Ain(2)
Ary(z) An(2) Axn(2)
AR = : : :
| Api1(2) Ama(2) Ayn(z)
| Hy(z) Hipa(z) Hin(2)
Hy1(z) Hxu(2) Hn(2)
H(z) = : : :
| Hy1(z) Hyp(z) Hyn()
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Cni@ Cnk Ciu(2)
Cn@ Cn( Com(2)
Cl) = : : :
Cui(2) Cua(2) Cum(z)
and
S S@E Sinv@)
S22 S»n(@ San(2)
S(2) = : : :
Sui@) Sm(2) Sun(@)
Therefore, it is assumed that
Sijz) = Z Cix(2)(Ayj(z) — H () )
=1

is valid for each element. Equations (8) and (9) are the prin-
ciple for the multi-channel case.

If there is a correlation between inputs of reference
microphones, (9) does not necessarily hold. In Ref.[7],
no problem arises in applying this algorithm based on this
equation, however it becomes the reason for the slow con-
vergence of S;;(z) under correlated inputs.

If the degradation of noise reduction performance is al-
lowed in (9) as in the case of the single channel, an arbi-
trary transfer function can be set for Hy;(z). Therefore we
consider the case where H]ij(z) and H,%/.(z) are assigned to
Hy (). The following equations are obtained:

m

SH@ = > Ca(Ak@) - Hiy(2) (10)
k=1

Sizj(z) = Z Cix(2)(Agj(2) - H/%j(Z)) (D
k=1

where S ilj(Z) and S ?j(z) are the transfer functions of the aux-
iliary filters corresponding to H éj(z) and H,%j(z), respectively.
Let S'(2) = [}, $*(2) = S}, H'(2) = [H},2)]
and H*(z) = [Hl.zj(z)]. Then, from (10) and (11), the follow-
ing equation is held:
5(z) = CRH(2) (12)
where S(z) = 52(z) - §'(z) and H(z) = H'(z) - H*(2).
From (12), the following equation can be derived:

C(2) = SQH@) (HHE)')™ (13)

where the nonsingularity of (ﬁ (z)ﬁ (7T) is assumed.
Hence, C(z) can be obtained.
Also, from (8),

$'(2) = C(2)(A(z) - H'(2)) (14)

can be derived. Since C(z) is a square matrix, it is assumed
that C~!(z) exists. Then,

AR =C'(2)S" () + H'(2) (15)
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is held and A(z) can be obtained.
Now, (13) is substituted into (15), the following is de-
rived:

(det SQH()T)A(2)
= (H@H ()" )(adj S()H(2)")S (2)
+ (det S()H(2)")H' (2) (16)

where det S (z)fl (z)" and adj S (2)H(z)" mean the determi-
nant and adjoint matrices of S(Z)ﬁ ()7, respectively. Sim-
ilarly to the case of the single channel, by using system
identification to solve (16), A(z) can be obtained in terms
of S?j(z), S}j(z), H?j(z) and H}j(z).

When ﬁ(z) is a square matrix, (13) can be simplified
as follows:

C(2) = SQHE)(H(2)") ' H(z)™
= S@H()™ a7

Then, (16) can also be rewritten as

(det SQDAR) ~
= H(z)(adj $(2))S'(2) + (det S@)H ' (2).

3. Proposed Algorithm
3.1 Single Channel Case

Figure 4 shows the block diagram of the simultaneous equa-
tions method in the case of P(z) = C(z)A(z) where A(z)
means a transfer function from a reference microphone to
a canceling loudspeaker. In this case, the same identifica-
tion scheme can be also used [6].

Let the input signals which are used for obtaining S {(z)
and S,(z) be U;(z) and U,(z), respectively, then

_ k@)
S1(z) = U, (13)
and
_ Ex2)
Sa(z) = 0,0 (19)

are held, where E/(z) and E»(z) mean the Z transform of out-
puts of error microphones for U|(z) and U,(z), respectively.
To eliminate S {(z) and S»(z), (18) and (19) are substituted
into (7). Then

u(n)

Fig.4 Block diagram of the simultaneous equations method.
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Fig.5 System identification scheme for the proposed method.

{E\(2)Ux(2) — Ex(2)U1(2))A(z)
= E1(2)Ux(2)H2(z) — E2(9U 1(2)H(2) (20)

is obtained.

The above equation means that E;(z)U,(z) and
E>(2)U,(z) are substituted into S(z) and S,(z) for (7).
Therefore, to solve this equation, the system identification
in Fig. 2 whose § | (z) and S »(z) are replaced with E;(z)U»(z)
and E»(z)U,(z), can be used.

However, E|(z2)Ux(z) and E»(z)U;(z) have very large
number of taps, since they are convolution of the input sig-
nal and the output signal. To avoid this problem, (20) is
rewritten as

ARNEI(2)Ua(2) - E2(2)U1 (2))
= Hy(2)E\(2)Us(2) — Hi(QE2(2)U, (2). 1)

Then this system identification problem can be considered
as the one with two inputs, namely S(z) and S,(z) are re-
placed with E|(z) and E,(z), respectively, and U;(z) and
U, (z) are used as the inputs for the system identification.
This system identification scheme is shown in Fig. 5.

The tap lengths of E;(z) and E»(z) may be longer than
that of §'|(z) and S ,(z), however they are shorter than that of
E1(2)U(z) and E»(z)U;(z). If the statistical characteristics
of Uy(z) and Ux(z) can be assumed to be almost the white
noise, the performance for the estimation of A(z) is not de-
teriorated compared to the method in Ref. [6]. In colored
case, the performance is somewhat inferior and this point is
discussed in Sect. 4.

The noise reduction procedure of the proposed algo-
rithm is summarized in the following and shown in Fig. 6.
In this procedure, h;, u; and e;(i = 1,2) mean impulse re-
sponse vectors of H;(z), U;(z) and E;(z), respectively.

1. As coeflicients of the noise control filter, #; = 0 is
given.

2. Record the inputs of the reference and error micro-
phone, u; and e; whose lengths are Nj.

3. hy =[a, 0,---,0](a # 0) is given to the coefficients of
the noise control filter.

4. Record the inputs of the reference and error micro-
phones, u; and e;

5. By using the system identification structure shown in
Fig.5, calculate a which is the estimation of the noise
control filter.

6. Set a to the coefficient of the noise control filter and

963

[Measurement of u,, e ]|

h.=[a0...0]

[Measurement of ., e|

Estimation of @

(7]

m=u,e=

Fig.6  Update procedure of proposed method in single channel case.

record the input of the reference and error microphones

as the new u, and e,. Let the old u, and e, be u; and

e, then obtain new a by the structure shown in Fig. 5.
7. Repeat Step 6.

3.2 Multiple Channel Case

According to the single channel case, H(z) = [H;;(z)] in (8)
issetto H'(z) = [H ilj(z)]. After N, times measurements of
the inputs to the reference and error microphones, let S$(z) =
[S:j(z)] be S') =[S l.'i(z)], the following relation can be

obtained:
E@=500@ (22)
where
U'@ =10,0.0,). .Uy,
[ Ul (@ U, Uiy, @ ]
| U@ U;,Z(Z) o Upy @)
t&@)uu@-~ Uy, @ |

E'() = B\, Ex@).-- . Ey ()]

Ej @ Ejp@ o Ejy @ ]
Eé,](z) Ei,z(z) 2N,,(Z)

Ey@ Eyp@ o Eyy @) ]

and U fl(z) and Elk ,(z) mean the Z tansform of an input to i-th

reference and error microphones for HFX(7) at I-th iteration,
respectively. This relation is substituted into (8), then

S'G@) = E QU @)
= C(2)Azx) - C()H'(z) (23)
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is held, where N = N, and the existence of 51(z)‘1 are as-
sumed. Next, H*(7) = [Hizi(z)] is substituted into H(z) =

[Hij(2)] and let S(z) = [S;()] be $*(x) = [S};(2)] in this
time. Similarly,

) = EQU (2!

= C(2)A(2) - CQH*(2) (24)

is held, where

—2 ) —2

U (Z) = [Ul (Z)7 Uz(Z), Tt UN.\-(Z)]

E@=E@.EQ. - EyQl
From (23) and (24),

F(z) = CH() (25)
is obtained, where

~ ~2 —2 1 -~ -l

Fo)=E QU (73 —-E U (2)

and H(z) = H'(2) - H*(2).
If (H(z)H(2)T)™! exists, from (25),

C(z) = FQH@)" (HH(2)")™! (26)
is held.

Equation (23) can be rewritten as

COAR =E (U ()" + CH' () @7)

and A(z) can be obtained in the following:

~1 =l
A =C"'"QE U ("' + H'(2). (28)
Substituting (26) into (28), then
(detF(2)H(2)")A(2)
- - -~ —1 =l
= (HQH@)"adjFH@HE U @)

+ (detF()H(2)" )H,(z) 29)
is given, where det F(z)H(z)" and adj Egz)fi(z)T mean the
determinant and adjoint matrices of F(z)H(z)T, respectively.
By system identification, A(z) can be also obtained by a sim-

ilar method of the single channel case.
If H(z) is a square matrix, (26) can be simplified as

Cz) = FoH@ (H@") ' H(z)™!

= F(H@)™". (30)
In this case, (29) can be rewritten as
(detF(2)A(z)
= H@(adjFQ)E U (o)
+ (detF(2)H' (). 31)

In the above discussion, the existence of the several
inverse matrices is assumed. These matrices may become
singular, because of ill conditions of inputs or the location
of microphones. Theoretical discussion for singularity of
these matrices is difficult. However, the system expressed
by (29) can not converge in such a case. Therefore this can
be avoided by no exchange of the coefficients of the noise
control filters until the stable solution is given, or rearrange-
ment of the microphones.

IEICE TRANS. FUNDAMENTALS, VOL.E89-A, NO.4 APRIL 2006

4. Simulation
4.1 Single Channel Case

In this simulation, the following conditions were applied:

1. The primary noise and disturbance to the error micro-
phone were white Gaussian and the power ratio of them
was 40 dB.

2. The number of taps of A(z) and C(z) were 128, respec-
tively.

3. The number of stored samples of U(z) and E(z) were
N, = 2048 or 1024.

4. The coefficients of A(z) and C(z) were given by white
noise with mean 0 and variance 1.

5. The NLMS algorithm with the step-size parameter y =
1.0 was used for the estimation of A(z) in the proposed
algorithm.

6. The number of updating for the coeflicients of S (z) and
A(z) were M| = 2048 or 1024, and M, = 16, 384 times,
respectively.

To evaluate the noise reduction performance, the mean
of 10 times trials for the following estimation error of noise
control filters was used:

l[@ — all®

EstimationError [dB] = 10log,, W
a

(32)
where a and @ mean the impulse responses of A(z) and Az),
respectively.

The behaviors of the estimation error of the noise con-
trol filter for 12 iterations are shown in Figs. 7 (N, = 2048)
and 8 (N; = 1024), respectively. In these figures, each
block means Ng samples. About -40dB estimation error
was achieved in each case. In 5th block of Fig. 7, the im-
pulse responses of A(z) and C(z) were changed. The esti-
mation error was increased in 5th and 6th blocks, however
the estimation error was decreased after that and almost the
same estimation error could be obtained again.

For comparison, the behaviors of the estimation error

Estimation Error[dB]

i

(1). . 5 HE .(10)
Estimation Block

Fig.7  Estimation error of the proposed algorithm (N = 2048).
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Fig.8 Estimation error of the proposed algorithm (N; = 1024).

Estimation Error[dB]

no e o
Estimation Block

Fig.9  Estimation error of Ref. [6] (M| = 2048).

Estimation Error[dB]
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Fig.10  Estimation error of Ref. [6] (M| = 1024).

of the noise control filter by the method proposed in Ref. [6]
are shown in Figs. 9(M; = 2048) and 10(M; = 1024), re-
spectively. In these cases, the number of samples in each
block is M, for the estimation of S(z). From these results,
the proposed algorithm shows higher noise reduction per-
formance by smaller number of samples than the algorithm
in Ref. [6].

965
o —-\-\_\..\}\
g \ ]
§ h
1L
5 -20
5
E
=
LLI \\\\\\\\\
40
)

Estimation Block

Fig.11  Estimation error of the proposed algorithm with auto-correlated
inputs (Ns = 2048).

Next, we consider the correlated inputs case. In this
case, the input signal u(n) was defined by u(n) = 0.8u(n) +
0.2w(n) where w(n) meant the white Gaussian noise whose
mean and variance were 0 and 1. The disturbance to error
microphone was white Gaussian and its power ratio with the
input was 45 dB. Any other conditions were same as that in
the previous one. The behavior of the estimation error of
the noise control filter is shown in Fig. 11 (N = 2048). The
number of iteration was 24 times and the impulse responses
of A(z) and C(z) were changed in 9th iteration. Compared
to the white noise case, it takes longer time to converge,
however almost the same estimation error can be obtained.

4.2 Multiple Channel Case

Next, the results for multiple channel system for the 2-2-2
case are shown. The following conditions were applied:

1. The primary noise and disturbance to the error micro-
phones were white Gaussian and the power ratio of
them was 40 dB.

2. The number of taps of A;;(z) and C;;(z) were 128, re-
spectively.

3. The number of stored samples for U[].fl(z) and E['.fl(z)
were 2N, —3 —512. To avoid the increase of estimation
errors, the first and last 256 samples, which have less
correlation with each signal, were omitted from total
number of samples, 2N, — 3 in each term of each mi-
crophone.

4. The coefficients of A(z) and C(z) were given by white
noise with mean 0 and variance 1.

5. The NLMS algorithm with the step-size parameter y =
0.4 was used in the proposed algorithm.

For N; = 1024, the behaviors of the estimation error of
the noise control filter are shown in Fig. 12. In 19th block of
Fig. 12, the impulse responses of the system were changed.
For comparison, the behavior of the estimation error of the
noise control filter by the method proposed in Ref. [7] are
shown in Fig. 13. In this case, the number of samples to be
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Estimation Error[dB]

; i
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Estimation Block

Fig.12  Estimation error of the proposed algorithm.
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Fig.13  Estimation error of Ref. [7].
I§Tmse Reference
ource Microphone

by uy(n)
Fig.14  Input model.

used for the estimation of S;;(z) in the ordinary method was
selected as 2048 according to the same reason with the sin-
gle channel case. In these figures, the number of samples
in each block is 2048 samples. From these results, the pro-
posed algorithm shows higher noise reduction performance
by smaller number of samples than the algorithm in Ref. [7].

We also simulated for the correlated inputs case. Fig-
ure 14 shows an input model with cross-correlation to ref-
erence microphones. In this model, w;(n) and w,(n) were
independent white noise sources and the parameters were
b1 = 1.0, b12=0.9, by =0.7, by = 1.2.

The behaviors of the estimation error of the noise con-
trol filter by the proposed method are shown in Fig. 15. The
simulation conditions are same without the input of the ref-
erence microphones. Figure 16 shows the behaviors of the

IEICE TRANS. FUNDAMENTALS, VOL.E89-A, NO.4 APRIL 2006

Estimation Error[dB]

(1) (8) (10) (15) (20) (25) (30) (35) (40) (45) (50)
Estimation Block

Fig.15  Estimation error of the proposed algorithm with correlation
inputs.

Estimation Error[dB]

(1 ) (16) (15) (20) (25) (30) (35) (40) (45) (50)
Estimation Block

Fig.16  Estimation error of Ref. [7] with correlation inputs.

estimation error of the noise control filter by the ordinary
method. In this case, we set the limit of updating the adap-
tive filter for the estimation of §;;(z) to 22528 (= 2048 x 11)
times. In Figs. 15 and 16, the numbers of samples in each
block are 2048 and 22528, respectively.

In the above example, good noise reduction perfor-
mance can be obtained by the proposed algorithm and the
required numbers of samples are less than that in the ordi-
nary method. Especially, for the correlated inputs, the pro-
posed method has better performance than that of the ordi-
nary method.

5. Conclusion

This paper has been proposed an ANC system based on si-
multaneous equations method without the identification of
auxiliary filters. To elimination of auxiliary filters, the error
signals and input signals within a given term are stored and
used for the identification of the noise control filter. We can
achieve same performance of noise reduction with more re-
duced number of samples and the undesirable assumption in
the multiple channel case can be discarded. The simulation
result has shown that its noise reduction performance has



MUNEYASU et al.: AN ACTIVE NOISE CONTROL SYSTEM BASED ON SIMULTANEOUS EQUATIONS METHOD

been almost same as that of the ordinary algorithm.
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Appendix: Symbols
A.1 Single Channel Case

P(2):Transfer function (TF) of a primary path from a refer-
ence microphone to an error microphone.

C(2):TF of a secondary path from a canceling loudspeaker
to an error microphone.

S (z):TF of identified primary path with a noise cotrol filter.
H(2):TF of the noise control filters.

H;(2):TF of the noise control filters with different coeffi-
cients

Si(2):TF of the identified primary path with H;(z).

Ui(2):Z transform of the input signal to the reference micro-
phone in case of H;(2).

E;(z):Z transform of the input signal to the error microphone
in case of H;(z).

H,,(z):TF of the optimal noise control filter.

A(2):TF of the estimated optimal noise control filter.

A.2 Multiple Channel Case

A;j(z):TF from i-th reference microphone to j-th canceling
loudspeaker.

H;(z):TF of the noise control filters from i-th reference mi-
crophone to j-th canceling loudspeaker.

Cij(z):TF of a secondary path from i-th loudspeaker to j-th
error microphone.

S :j(z):TF of identified primary path from i-th reference mi-
crophone to j-th canceling loudspeaker.

AR) = [Aij(@)], H(z) = [H;j()], C(z) = [Cij(2)], $(z) =
[S:;(2)]

Ui(2):Z transform of input signal to i-th reference micro-
phone

967

E;(z2):Z transform of input signal to i-th error microphone
U(z) = [U1(2), Ua(2), -, Un@]"

E(2) = [Ei(2), Ex(2), -+, En(2)]"

H{‘j(z):TF of the noise control filters from i-th reference mi-
crophone to j-th canceling loudspeaker with different coeffi-
cients.

H'(2) = [H(2)]

S fj(z):TF of identified primary path from i-th reference mi-

crophone to j-th canceling loudspeaker with H*(z).

$) = 1S

S(z) =85%(2) - 5'(2)

H(z) = H'(z) - H(2)

Uf,(z):Z transform of input signal to i-th reference micro-

phone for H*(z) at 1-th iteration.
Elk /(2):Z transform of input signal to i-th error microphone

in case of H*(z) at I-th iteration
—k
U,(2) = U} (2), U3 (), -+, Uy, (1"

E)@) = B0, B (), -+, By )1
U2 = [US ), E@) = [Ef(2)]

Fo =Bl -Eol@
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