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1 Introdu
tionBohigas, Giannoni and S
hmit [1℄ have 
onje
tured that the energy levels of quantized
haoti
 Hamiltonian systems are distributed like eigenvalues of random matri
es. The
hoi
e of the 
orre
t matrix ensemble depends on the behaviour of the 
lassi
al dynami
sunder time-reversal: the unitary ensemble (CUE) for systems without time-reversal in-varian
e, the orthogonal or symple
ti
 ensemble for systems with time-reversal invarian
ewith integer or half-integer spin, respe
tively. Although there is mu
h numeri
al eviden
eto support the 
onje
ture for systems following CUE and COE statisti
s, relatively fewstudies are 
on
erned with systems with half-integer spin [2, 3, 4, 5℄.We shall here propose a simple model { a quantized map of the torus 
oupled to a spinpre
essing in a magneti
 �eld { whi
h is easily a

essible both from the numeri
al and theanalyti
al point of view: Suppose our parti
le's initial position is q0 with momentum p0.With (p0; q0) �xed, we allow the spin to pre
ess for one time unit in the magneti
 �eldB(q0); we then apply the Anosov map� : T2 ! T2; �p0q0� 7! �p1q1� mod 1; (1.1)keeping the spin �xed; thereafter the spin is allowed to pre
ess again for one time unit inB(q1), and so on.The idea here is that, due to the 
haoti
 dynami
s of �, the values of the magneti
�eld at the iterated positions q0; q1; q2; : : : are essentially un
orrelated and the spin pre-
ession therefore behaves like a random walk in SU(2). The ergodi
 properties of su
h
onstru
tions, so-
alled skew produ
ts, are well understood [6, 7, 8, 9℄.The quantization of our model in terms of unitary 2N � 2N matri
es U is straightfor-ward (se
tion 2). In se
tion 3 we dis
uss in detail those anti-unitary operators T whi
h
orrespond to time-reversal symmetries in that T�1UT = U�1. If T is the only su
h sym-metry present, and if in addition T2 = �12N , one expe
ts the spa
ing distribution for theeigenvalues of U to 
onverge in the semi
lassi
al limit N ! 1 to that of the symple
ti
ensemble CSE.Indeed, for generi
 Anosov maps � we numeri
ally observe a transition from COE toCSE statisti
s when the magneti
 �eld is swit
hed on (se
tion 4). It is, however, remarkablethat even unperturbed 
at maps, whose spe
trum is highly degenerate [10, 11℄, exhibit CSEstatisti
s for non-zero magneti
 �elds.The remainder of our paper is devoted to the semi
lassi
al analysis of spe
tral 
orrela-tion densities. In se
tion 5 we derive a semi
lassi
al tra
e formula whi
h expresses sumsover eigenvalues of U in terms of sums over �xed points of the 
lassi
al Anosov map �. Weobserve that the �xed points remain un
hanged when swit
hing on the magneti
 �eld butthat additional weight fa
tors, taking 
are of the spin 
ontribution, appear. In the 
ase of
ows an analogous observation has been made in [12, 13℄. In se
tion 6 the tra
e formula isemployed to investigate two-point 
orrelations of the eigenvalues of U, with fo
us on thebehaviour of the spe
tral form fa
tor for small arguments. In parti
ular, we show that thediagonal approximation [14, 15℄ reprodu
es the random matrix predi
tion if the magneti
2



�eld is suÆ
iently generi
. We essentially follow the line of arguments in [16℄, where theform fa
tor for 
ontinuous-time dynami
s is dis
ussed. However, the assumption in [16℄that the skew produ
t dynami
s must be mixing is repla
ed by a simpler 
ondition. In the�nal se
tion 7 we dis
uss the interesting fa
t that the diagonal approximation also worksif the spin pre
ession does not be
ome equidistributed in SU(2), but only takes a �nitenumber of distin
t values in SU(2).2 Maps with spinThe Hamiltonian of a parti
le with spin 12 in a magneti
 �eld B(q) is given by (in unitswhere 2m
=e = 1) H = H012 � ~� �B(q); (2.1)where H0 is a s
alar Hamiltonian, and the se
ond term des
ribes the intera
tion betweenthe magneti
 moment of spin and the magneti
 �eld B(q). Here 12 denotes the 2� 2 unitmatrix, and � is the ve
tor of Pauli matri
es�x = �0 11 0� ; �y = �0 �ii 0 � ; �z = �1 00 �1� : (2.2)We are interested in modeling free spin pre
ession interrupted only by periodi
 delta-shaped ki
ks at integer times t = n 2 Z. Su
h a system is represented by the timedependent Hamiltonian H(t) =Xn2ZH012 Æ(t� n)� ~� �B(q); (2.3)
f. [4, 5℄. The Floquet operator whi
h propagates the system, e.g., from time t = �12 tot = 12 , is then given byU = UsUt Us ; with Us = e i2��B(q) and Ut = e� i~H012: (2.4)In this paper, the translational dynami
s Ut will be represented by a quantized map ofthe torus T2, whi
h is given by a unitary operator UN a
ting on an N dimensional Hilbertspa
e HN ' C N . The dimension of the Hilbert spa
e HN and Plan
k's 
onstant are relatedvia the 
ondition 2�~N = 1. (We refer the reader to appendix A for more details on thequantization of maps on the torus.) For instan
e, in the 
ase of the mapA : �pq� 7! �2 31 2��pq� = �2p+ 3qp+ 2q � mod 1; (2.5)the a
tion of UN on fun
tions � 2 HN is given by [17℄[UN (A)�℄(Q) = � 1iN�1=2 N�1XQ0=0 exp �2�iN �Q2 �QQ0 +Q02���(Q0) (2.6)3



Q = 0; : : : ; N � 1. We shall also investigate the perturbed 
at map� : � Æ A Æ � (2.7)with perturbation � : �pq� 7! �p+ k2f(q)q � mod 1; (2.8)where f is a bounded periodi
 fun
tion and k measures the strength of perturbation.Sin
e Anosov systems are stru
turally stable, � remains Anosov if k is small enough. Thequantization of � is represented by [18℄UN(�) = UN (�) UN(A) UN(�) (2.9)with [UN(�)�℄(Q) = e�iNkS(QN )�(Q) (2.10)and f(q) = ddqS(q).The propagators Ut(A) and Ut(�) now a
t on a two-spinor 	 2 C 2 
HN simply byUt(A)	 = �UN(A)�1UN(A)�2� ; Ut(�)	 = �UN(�)�1UN(�)�2� ; 	 = ��1�2� ; �1;�2 2 HN ;(2.11)and the a
tion of Us is straightforwardly given by[Us	℄(Q) = e i2��B(QN )	(Q): (2.12)3 Anti-unitary symmetriesFollowing Bohigas, Giannoni and S
hmit [1℄, we expe
t that the eigenvalue statisti
s of thequantized map U 
onverge to those of the 
ir
ular random matrix ensembles, CUE, COE,or CSE. The 
hoi
e of the 
orre
t ensemble depends on whether the quantum map possessesan anti-unitary symmetry T. In parti
ular, the spe
tral 
u
tuations are expe
ted to agreewith those of the CSE ensemble if T2 = �12N . In this se
tion we dis
uss the ne
essary
onditions to be imposed on the 
lassi
al map � and on the magneti
 �eld B(q) in orderto observe CSE statisti
s.To this end 
onsider an Anosov map � invariant under time reversal, i.e.� Æ � Æ � = ��1; where � : �pq� 7! ��pq � : (3.1)4



Moreover, suppose that the map � is also invariant under inversion, i.e.� Æ � Æ � = � with � : �pq� 7! ��p�q� : (3.2)Then, � will also be invariant under a transformation with~� = � Æ � ; (3.3)whi
h we will 
all non-
onventional time-reversal, see, e.g. [19℄ for a general dis
ussion.For spinless motion the quantum time reversal operator K is simply 
omplex 
onjugation,[K	℄(Q) = 	(Q); (3.4)and the operator 
orresponding to ~� is given by[ ~K	℄(Q) = 	(�Q): (3.5)Moreover, sin
e � and ~� are symmetries of �, the quantum map Ut(�) will be invariantunder K and ~K, i.e. KUt(�)K = U�1t (�); ~KUt(�) ~K = U�1t (�): (3.6)In general, however, the 
oupled map U(�) = UsUt(�)Us is not invariant under thesesymmetries, be
ause [KUsK	℄ (Q) = e� i2�� ~B(QN )	(Q); (3.7a)h~KUs ~K	i (Q) = e� i2�� ~B(�QN )	(Q); (3.7b)where ~B(q) = (Bx(q);�By(q); Bz(q)). Sin
e we are 
on
erned with system with spin, weshould also invert the dire
tion of spin when reversing time. Let us 
onsequently de�nethe modi�ed time-reversal operators T and ~T by[T	℄(Q) = ei��y=2	(Q) = i�y	(Q); [~T	℄(Q) = i�y	(�Q): (3.8)Note that T2 = ~T2 = �12N , as needed for CSE statisti
s. For these operators one obtains�T�1 UsT	� (Q) = e i2��B(QN )	(Q); (3.9a)h~T�1 Us ~T	i (Q) = e i2��B(�QN )	(Q): (3.9b)From (3.9a) we easily see that T�1Us T 6= U�1s for non-zero magneti
 �elds, sin
e obviouslyB(q) 6= �B(q). However, rel. (3.9b) implies that ~T�1Us ~T = U�1s for odd magneti
 �eld,i.e. if B(�q) = �B(q). 5



In addition we have to make sure that there is no further anti-unitary symmetry, inparti
ular the system must neither be invariant under K nor under ~K. If By(q) vanishesidenti
ally then ~B(q) = B(q) and by (3.7a) the spin part is also invariant under K,whi
h should be avoided. The last argument is of 
ourse independent of the 
hoi
e of the
oordinate system, and hen
e we require that there is no ve
tor r 6= 0 su
h that r�B(q) = 0for all q, i.e. the magneti
 �eld B(q) must have linearly independent 
omponents.To summarize, in order to observe CSE spe
tral distributions we shall require that ~�is a symmetry of the 
lassi
al map �, that the magneti
 �eld B(q) is odd and that its
omponents are independent fun
tions.4 Spe
tral statisti
sAfter having 
lari�ed under whi
h 
onditions we expe
t to see CSE statisti
s we willnow test our arguments in a numeri
al experiment for the quantized 
at map A and itsperturbation �. A simple 
hoi
e of the shear in (2.8) is, e.g., given byf(q) = 12� sin 2�q: (4.1)The map � will be Anosov if [18℄k < kmax = p3� 1p5 = 0:327::: (4.2)The only symmetries of the 
at map (2.5) are time-reversal � (3.1), inversion � (3.2), andnon-
onventional time-reversal ~� (3.3). The 
hoi
e of the perturbation (4.1), with f beingodd, 
onserves all symmetries � , ~� and �.Now, in order to observe CSE statisti
s, the spin pre
ession must be 
aused by amagneti
 �eld whi
h is odd and periodi
 in q and whose 
omponents are independentfun
tions (
f. se
tion 3). These 
onstraints guarantee that the only anti-unitary symmetryof the quantum system is ~T (3.8). For our numeri
al 
al
ulation we 
hose the magneti
�eld B(q) = 0�sin(2�q)sin(4�q)sin(6�q)1A ; (4.3)whi
h 
learly satis�es these requirements.We now 
ombine UN (A) and UN(�) with the spin pre
ession propagator Us as in (2.4)to obtain the quantum mapsU(A) = UsUt(A)Us and U(�) = UsUt(�)Us; (4.4)where Ut(A) = �UN (A) 00 UN(A)� and Ut(�) = �UN (�) 00 UN(�)� : (4.5)6



The matrix elements of U(A) and U(�) are easily worked out using (2.6) { (2.12). IfN is divisible by four, there exist simple relations between the matrix elements of thepropagators in eqs. (2.6) and (2.9) [20℄ whi
h lead to invarian
e with respe
t to the unitaryoperator [R	℄ (Q) = iei�Q	(Q+N=2): (4.6)This operator obeys the relations[U(A);R℄ = 0; [U(�);R℄ = 0; [R; ~T℄ = 0 and R2 = �12N : (4.7)As a 
onsequen
e in this 
ase the statisti
s of the spe
tra of U(A) and U(�) would followthose of the CUE ensemble, 
f. [19℄. Thus, we shall require that N 6� 0 mod 4.Studying the spe
tral statisti
s of quantum maps means looking at the distributions ofthe eigenangles f�1; : : : ; �2Ng. In order to 
ompare energy 
u
tuations in di�erent systems,the spe
tra must be unfolded, that is the energy levels are res
aled so that the mean levelspa
ing is one. (The spa
ing s is de�ned as the distan
e between two 
onse
utive levels.)Moreover, in order to observe universal distributions the spe
tra must be desymmetrized,that is only energy levels with the same quantum numbers 
orresponding to all mutually
ommuting unitary symmetries must be 
onsidered. Therefore, when analyzing the spe
traof UN(A) and U(�) in the absen
e of spin dynami
s, we have to take into a

ount onlyeigenphases whi
h 
orrespond to the same eingenvalue P = �1 of �. For systems with half-integer spin and time-reversal invarian
e an additional proviso must be taken into a

ount:ea
h energy level has at least multipli
ity two (Kramers' degenera
y [21℄) be
ause thesquare of time-reversal operators T for systems with half-integer spin being �12N 
ausesT	 to be orthogonal to 	 [22℄. The statisti
al analysis, however, must be performed on aspe
trum obtained by removing su
h degenera
y. Compare se
tion 6 for details.Let us brie
y des
ribe the spe
tral distributions of UN(A) and UN (�) in the absen
e ofspin dynami
s. The spe
tra of quantum 
at maps UN(A) are well known to be highly non-generi
, and in parti
ular do not follow any universal distribution [23℄. The reason for thisuntypi
al behaviour is the high number of quantum symmetries { about O(N) many [10, 11℄{ whi
h 
ommute with the quantum propagator UN (A). Su
h arithmeti
al symmetries
an easily be broken by slightly perturbing the 
lassi
al map [18℄, and the expe
ted COErandom matrix statisti
s are re
overed. This behaviour is evident in �g. 1, where the
onse
utive level spa
ing distribution p(s) and the integrated level spa
ing distributionI(s) = Z s0 p(s0) ds0 (4.8)are plotted for the quantum maps (2.6) and (2.9).Fig. 2 shows the spe
tral statisti
s of U(A) and U(�) de�ned in (4.4) with the magneti
�eld given by (4.3). Clearly, in both 
ases the spe
tral distributions ni
ely follow CSEstatisti
s, as predi
ted. It is remarkable that the non-generi
 behaviour of the quantum
at map without spin (�gs. 1(a) and 1(b)) has disappeared, even though the spin 
oupling7
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is of sub-prin
ipal order in ~ and therefore does not a�e
t the highly degenerate 
lassi
aldynami
s. The semi
lassi
al arguments in the following se
tions will explain the CSEstatisti
s for generi
 maps �, but in the 
ase of the unperturbed 
at map A the situationis more subtle. We will brie
y return to this point in se
tion 7 when dis
ussing pie
ewise
onstant magneti
 �elds.5 Semi
lassi
al tra
e formulaThe purpose of this se
tion is to derive a tra
e formula for the quantum maps (4.4). Sin
eBerry's study of the spe
tral rigidity [15℄ based on Gutzwiller's tra
e formula [24℄, tra
eformulae are the main semi
lassi
al tools in analyzing spe
tral 
orrelations. In the 
ase of
ows tra
e formulae in
luding spin 
ontributions have been derived in [13℄ for the Pauliand the Dira
 equation.In what follows � 
an be any Anosov map on T2. The magneti
 �eld B will be leftgeneri
 too, ex
ept that, for simpli
ity, it should be a fun
tion of q only. Our goal is todetermine Tr[Un(�)℄ as a sum over periodi
 orbits. For this purpose it is more 
onvenientto 
onsider the operator ~U(�) = Ut(�)U2s : (5.1)Sin
e ~U(�) is unitarily 
onjugate to U(�), 
learly Tr[Un(�)℄ = Tr[~Un(�)℄.Let OpN(f) denote the Weyl quantization of a 
lassi
al observable f 2 C1(T2) (seeappendix A). For a 2� 2 matrixg(z) = �g11(z) g12(z)g21(z) g22(z)� ; z = (p; q) 2 T2; (5.2)whose elements are smooth fun
tions on T2, we then de�neOpN(g) = �OpN(g11) OpN (g12)OpN(g21) OpN (g22)� ; (5.3)whi
h semi
lassi
ally ful�lls (
f. appendix A)OpN(gkgk�1 : : : g1) � OpN(gk)OpN(gk�1) : : :OpN (g1); N !1: (5.4)With the 
hoi
e g(z) = exp (i� �B(q)) 2 SU(2) (5.5)we have U2s = OpN(g) and, thus, we may write ~U(�) = Ut(�)OpN(g). We now rearrange~Un(�) as follows:~Un(�) = Unt (�) �U1�nt (�)OpN(g)Un�1t (�)� �U2�nt (�)OpN (g)Un�2t (�)� � � �� � � �U�1t (�)OpN(g)Ut(�)�OpN(g): (5.6)10



Applying Egorov's theorem (appendix A)Uk�nt (�)OpN(g)Un�kt (�) � OpN (g Æ �n�k); N !1 (5.7)to ea
h fa
tor (k = 1; : : : ; n) yields~Un(�) � Unt (�) n�1Yk=0OpN (g Æ �k); N !1 (5.8)where the produ
t is time ordered, i.e.n�1Yk=0OpN(g Æ �k) = OpN (g Æ �n�1)OpN(g Æ �n�2) : : :OpN(g): (5.9)In order to simplify the notation, it is 
onvenient to setgk(z) = g Æ �k�1(z); k = 0; : : : ; n; (5.10)with the 
onvention that g0(z) = 12, and g1(z) = g(z) = exp (i� �B(q)). Now eq. (5.8)be
omes ~Un(�) � Unt (�) nYk=0OpN(gk); N !1: (5.11)In the 
ase when � = A is an unperturbed 
at map, Egorov's theorem is an identity, notmerely an asymptoti
 relation, and hen
e eq. (5.11) is an identity too. Due to (5.4) in thesemi
lassi
al limit (N !1) eq. (5.11) be
omes~Un(�) � Unt (�)OpN(dn); (5.12)where dn(z) = nYk=0 gk(z) 2 SU(2): (5.13)Let '1; : : : ; 'N be an orthogonal basis of eigenfun
tions of UN(�) with eigenphases !j,UN(�)'j = ei!j'j: (5.14)Taking the tra
e of the right-hand side of (5.12) yieldsTr [Unt (�)OpN(dn)℄ = NXj=1('j;OpN(tr dn)'j) ein!j : (5.15)11



The leading order term in the semi
lassi
al limit N !1 of the above 
an be shown to be(
f. appendix B)NXj=1('j;OpN(tr dn)'j) ein!j �Xzf tr dn(zf)q�R(n)zf exp [2�iN (S�n(qf +m1; qf)�m2qf)℄ : (5.16)Here zf are �xed points of order n with winding numbers (m1; m2) =m, i.e.�n(zf) = zf +m: (5.17)Moreover, R(n)zf = det(Mnzf � I), where Mnzf := d�ndz (zf) is the monodromy matrix and S�nis the generating fun
tion of �n on the 
overing plane. We will denote the 
lassi
al a
tionof the �xed point zf by S�n(zf) := S�n(qf +m1; qf)�m2qf: (5.18)Thus, in leading semi
lassi
al order (N !1) we �ndTr [Un (�)℄ �Xzf tr dn(zf)q�R(n)zf exp [2�iNS�n(zf)℄ ; (5.19)whi
h is the main result of this se
tion. Note that (5.19) is always a semi
lassi
al expression,even if � = A is a 
at map. Semi
lassi
al approximations enter in (5.12) and in (5.16)for both the unperturbed and perturbed map. Formula (5.19) shows that the 
lassi
alorbits are not a�e
ted by spin pre
ession and that the spin 
ontribution is represented bythe fa
tors tr dn(zf) for ea
h periodi
 orbit. The respe
tive result in the 
ase of 
ows wasobtained in [12, 13℄.6 Semi
lassi
al analysis of two-point 
orrelationsWe will now apply the tra
e formula derived in the previous se
tion to the study of spe
traltwo-point 
orrelations, essentially following the line of arguments of [16℄, giving a newargument 
on
erning equidistribution in SU(2).Sin
e U is invariant under ~T with ~T2 = �12N , 
f. se
tion 3, it is easily seen that theeigenvalues must have at least multipli
ity two (Kramers' degenera
y). Let us denote by�1; : : : ; �2N 2 [0; 2�) the eigenphases of U with eigenfun
tions 	j, i.e.U	j = ei�j	j; (6.1)labelled su
h that �k = �k+N , for k = 1; : : : ; N . We will then only need to 
onsider
orrelations between the �rst N distin
t eigenphases �1; : : : ; �N .12



In order to measure 
orrelations on the s
ale of the mean level spa
ing, we res
ale thespe
trum by putting xk = N2� �k; k = 1; : : : ; N: (6.2)The two-point 
orrelation density of this sequen
e is de�ned asR2(s;N) = 1N NXk;l=1Xm2ZÆ (s� (xk � xl)�Nm)� 1; (6.3)and its Fourier transform, the spe
tral form fa
tor K2(�; N), readsK2(�; N) = Z N0 R2(s;N) e2�i�s ds = 1N ����� NXk=1 e2�ixk� �����2 �NÆn0= 14N jTr(Un)j2 �NÆn0 : (6.4)for � = nN , n 2 Z. A

ording to the Bohigas-Giannoni-S
hmit 
onje
ture [1℄, one expe
tsthat semi
lassi
ally (N !1) the form fa
tor K2(�; N) 
onverges on average to the 
orre-sponding CSE form fa
tor. That is, for any smooth and rapidly de
aying test fun
tion �,we expe
t limN!1Xn2ZK2 � nN ; N� � � nN � = ZRKCSE2 (�)�(�) d�; (6.5)with [25℄ KCSE2 (�) = (12 j� j � 14 j� j log j1� � j for j� j � 21 for j� j > 2 : (6.6)This statement implies that also the pair 
orrelation density R2(s;N) 
onverges (on aver-age) to the 
orresponding CSE density.It seems to be extremely diÆ
ult to prove rel. (6.5) with present te
hniques. Here,we will aim at understanding the asymptoti
s of the form fa
tor for small values of � ,as N ! 1, in the regime governed by the diagonal approximation [14, 15℄. For thediagonal approximation to hold, we will assume in the following that there are no systemati
degenera
ies in the 
lassi
al a
tions of the map under 
onsideration. This is true for generi
perturbed 
at maps �, but not for the original 
at maps A, where a
tions are in fa
t highlydegenerate [23, 26℄.By virtue of our tra
e formula (5.19) we have, for � = nN 6= 0, N !1,K2(�; N) = 14N jTr (Un)j2 � 14N Xzf;z0f tr dn(zf) tr dn(z0f)q�R(n)zf q�R(n)z0f exp [2�iN (S�n(zf)� S�n(z0f))℄(6.7)13



(re
all tr dn(z0f) = tr dn(z0f) for dn 2 SU(2)), where the sum extends over all �xed pointsof order n. Sin
e for S�n(zf) 6= S�n(z0f), 
f. (5.18), the exponential in (6.7) shows rapidos
illations as N !1, we assume that in the 
ombined limit� ! 0 ; N !1 ; n = �N !1 (6.8)the double sum in (6.7) is dominated by the diagonal terms [14, 15℄, i.e. by the terms withS�n(zf) = S�n(z0f). We know thatS�n(zf) = S�n(z0f); R(n)zf = R(n)z0f ; tr dn(zf) = tr dn(z0f) (6.9)for all points z0f along the periodi
 orbit (
ompare se
tion 5),z0f = �(zf); : : : ;�n�1(zf);�n(zf) = zf: (6.10)Thus, we �nd n# degenerate a
tions for every orbit of period n, n# denoting the primitiveperiod, i.e. n = kn#, k 2 N . Furthermore, sin
e our system is invariant under (non-
onventional) time-reversal ~T, we haveS�n(zf) = S�n(~� (zf)); R(n)zf = R(n)~� (zf); tr dn(zf) = tr dn(~� (zf)): (6.11)Negle
ting self-retra
ing orbits in the limit n!1 this results in an additional fa
tor of 2 inthe diagonal approximation. Note that if the 
lassi
al map � has a further symmetry, e.g.inversion � (3.2), we also have S�n(�(zf)) = S�n(zf). However, sin
e in general tr dn(zf)and tr dn(�(zf)) be
ome un
orrelated for large n, we will negle
t 
ross 
orrelations of theseterms. We therefore 
on
lude that in the 
ombined limit (6.8) the form fa
tor 
an beapproximated by K2(�; N) � 2n4N Xzf (tr dn(zf))2�R(n)zf : (6.12)It is well known [27℄ that the number of �xed points of Anosov maps grows, on average,like � ehn for n large, where h denotes the topologi
al entropy. What is more, the �xedpoints be
ome equidistributed in phase spa
e T2 [14, 27℄, in the sense that for any smoothtest fun
tion a(z), we have for n large�Xzf a(zf)�R(n)zf �n � ZT2 a(z) dz; (6.13)where the average h: : : in is some linear mean over an interval about n whose size grows to1 as n ! 1. Let us ignore the fa
t that dn(z) depends on n, sin
e, as we shall justifybelow, it in fa
t 
onverges on average to a 
onstant independent of n. Hen
e by virtue of(6.13) �Xzf (tr dn(zf))2�R(n)zf �n � ZT2 D (tr dn(z))2 Endz: (6.14)14



In the semi
lassi
al limit the quantum dynami
s redu
es to the skew produ
t dynami
alsystem [16℄ Y : T2 � SU(2)! T2 � SU(2)(z; g) 7! (�(z); g1(z) g) (6.15)with g1(z) = exp (i� �B(q)). The nth iterate is then given byY n(z; g) = (�n(z); dn(z) g): (6.16)The right-hand-side of (6.14) 
an be viewed as a sequen
e of probability measures�n(F ) = ZT2 DF (Y n(z; 12))Endz; (6.17)if we put F (z; g) = (tr g)2. For F bounded on T2 � SU(2), this sequen
e is 
ontained ina 
ompa
t spa
e of probability measures, hen
e we �nd a 
onvergent subsequen
e nj withsome limit measure �, i.e. limj!1 �nj(F ) = �(F ): (6.18)Due to the h: : : in average we have, for n large,�n(F Æ Y r) � �n(F ); (6.19)for any �xed integer r. Moreover, (with the substitution w = �(z)) we have�n(F Æ Y ) = ZT2 DF ��n+1(z); dn+1(z)� En dz = ZT2 DF ��n(w); dn+1(��1(w))�En dw= ZT2 DF ��n(w); dn(w) g1(��1(w))�En dw = �n(F Æ 
1) (6.20)where 
1 is de�ned by 
1 : (z; g) 7! (z; g g1(��1(z))) : (6.21)Therefore, we have �n(F Æ 
1) � �n(F ), and similarly, sin
eZT2 F ��n+r(z); dn+r(z)� dz = ZT2 F ��n(z); dn(z) dr(��r(z))� dz; (6.22)for any �xed r 2 Z we obtain �n(F Æ 
r) � �n(F ); (6.23)15



with 
r : (z; g) 7! �z; g dr(��r(z))�. Thus, we 
on
lude that the limit measure � itselfmust be invariant, i.e. �(F Æ ~
r) = �(F ), for all r 2 Z. Clearly, sin
e � is invariant under
r, it is also invariant under 
�1r and in parti
ular we obtain the relation�(F Æ ~
r) � �(F ) with ~
r := 
r Æ 
�1r�1 : (z; g) 7! �z; g g1(��r(z))� : (6.24)So if, for almost all z 2 T2, we �nd a set V of integers su
h that the group generatedby fg1(���(z))g�2V is dense in SU(2), then the a
tion of that group is uniquely ergodi
 onSU(2) (see [28℄ for more details and referen
es on equidistribution on SU(2)), and we havethat d� = dz dg, where dg denotes Haar measure. Clearly it is always possible to satisfythe above 
ondition for any generi
 
hoi
e of g1, i.e. for any generi
 magneti
 �eld B(q),
f. se
tion 3.Sin
e the limit � of every 
onverging subsequen
e is unique, in fa
t every subsequen
e
onverges to �. That islimn!1ZT2�F (Y n(z; 12))�ndz = ZT2 ZSU(2) F (z; g) dz dg: (6.25)In our 
ase F (z; g) = (tr g)2, and by the 
hara
ter formula [29℄ZT2 ZSU(2) F (z; g) dz dg = ZSU(2)(tr g)2 dg = 1: (6.26)Therefore, for generi
 magneti
 �elds B(q), the asymptoti
s of the form fa
tor at small� is in the diagonal approximation given byK2(�; N) � 12� ; (6.27)whi
h is identi
al to the small � asymptoti
s of the CSE form fa
tor (6.6).7 Pie
ewise 
onstant magneti
 �eldsAs we have seen in the previous se
tion, the diagonal approximation works when the spinpre
ession be
omes equidistributed in SU(2). It is quite remarkable that this is not ane
essary 
ondition. Suppose for instan
e that the magneti
 �eld is pie
ewise 
onstant,su
h that g1(�1(z)), g1(�2(z)), : : : only takes values in a dis
rete set in SU(2). In this
ase the equidistribution theorem (6.25) holds with SU(2) repla
ed by �, where � is the�nite subgroup generated by fg1(�rz)gr,limn!1ZT2�F (Y n(z; 12))�ndz = 1j�jXg2� ZT2 F (z; g) dz; (7.1)where j�j is the order of �. NowK2(�; N) � 12� 1j�jXg2�(tr g)2: (7.2)16



If the representation of � in SU(2) is irredu
ible, we have as a 
onsequen
e of S
hur'sLemma (see, e.g., [29℄ for details) 1j�jXg2�(tr g)2 = 1; (7.3)as above. Irredu
ibility is guaranteed by our assumption in se
tion 3 that there be nove
tor r 6= 0 su
h that r �B(q) = 0 for all q. Hen
e we have againK2(�; N) � 12� � KCSE2 (�); (7.4)for � small.Let us 
omplement this argument by a numeri
al experiment. We 
hoose the magneti
�eld B(q) = 8>>><>>>:(�; 0; 0) if 0 � q < 1=6(0; �; 0) if 1=6 � q < 1=3(0; 0; �) if 1=3 � q < 1=2(0; 0; 0) if q = 1=2. (7.5)The symmetry 
onstraint B(1� q) = �B(q) determines the magneti
 �eld in the interval1=2 < q < 1. We also require periodi
ity, i.e. B(q +m) = B(q), m 2 Z. This parti
ular
hoi
e leads to the dis
rete group of Hamilton's quaternions,� = f�12;�i�x;�i�y;�i�zg: (7.6)The quantum maps U(A) and U(�) de�ned in (4.4) 
an also be easily diagonalized withthe magneti
 �eld given by (7.5). The statisti
s are 
learly CSE as shown in �g. 3. Thisout
ome 
ould be expe
ted for generi
 Anosov maps, sin
e the diagonal approximation forthe form fa
tor agrees, at small argument, with the random matrix predi
tion.In the 
ase of the unperturbed 
at map, however, we 
annot pro
eed as in se
tion 6 dueto the exponentially large number of �xed points sharing the same 
lassi
al a
tion [30, 23℄.Remarkably, we still observe CSE statisti
s (�g. 3). Similar pe
uliarities are found forarithmeti
 triangles with non-
onventional boundary 
onditions [31℄, non-arithmeti
 He
ketriangles [32℄ and hyperboli
 tetrahedra [33℄.A
knowledgmentWe gratefully a
knowledge helpful dis
ussions with Jens Bolte, Gris
ha Haag, Jon Keatingand Jonathan Robbins. S K was partly supported by Deuts
her Akademis
her Austaus
h-dienst (DAAD) under grant no. D/99/02553 and by Deuts
he Fors
hungsgemeins
haft(DFG) under 
ontra
t no. STE 241/10-1. F M was supported by a Royal So
iety DorothyHodgkin Fellowship during the period when this resear
h was 
ompleted.17



0.5 1 1.5 2 2.5 3
s

0.2

0.4

0.6

0.8

1

1.2

p(s)

COE

CUE

CSE

(a) Spa
ing distribution of U(A) as de�nedin (4.4) 0.5 1 1.5 2 2.5 3
s

0.2

0.4

0.6

0.8

1

I(s)

COE

CUE

CSE

Data(b) Cumulative spa
ing distribution of U(A)as de�ned in (4.4)

0.5 1 1.5 2 2.5 3
s

0.2

0.4

0.6

0.8

1

1.2

p(s)

COE

CUE

CSE

(
) Spa
ing distribution of U(�) as de�nedin (4.4). The perturbation parameter isk=0.32. 0.5 1 1.5 2 2.5 3
s

0.2

0.4

0.6

0.8

1

I(s)

COE

CUE

CSE

Data(d) Cumulative spa
ing distribution of U(�)as de�ned with k=0.32.Figure 3: Lo
al spe
tral statisti
s of the quantum 
at map (above) and of its perturbation(below) when the spin pre
ession is 
aused by the magneti
 �eld (7.5). The number ofeigenangles N is 1021.
18



A Quantum me
hani
s on the torusWe brie
y review quantum me
hani
s of systems whose 
lassi
al phase spa
e is the torusT2. For more details see [17, 34, 35℄.Be
ause of the topology of the torus, quantum states are taken to be periodi
 in bothposition and momentum representation, i.e. (q +m1) =  (q);  ̂(p+m2) =  ̂(p); m1; m2 2 Z (A.1)where  ̂(p) = 1p2�~ Z +1�1  (q)e� i~ qp dq: (A.2)The periodi
ity of the wavefun
tion in both bases has two important 
onsequen
es. Firstly,both  (q) and  ̂(p) are superpositions of delta fun
tions supported on the latti
es pointsq = 2�~ Q and p = 2�~ P respe
tively, where Q;P 2 Z, i.e. (q) = Xm2ZN�1XQ=0	(Q) Æ�q � QN +m� (A.3)with 	(Q + N) = 	(Q). Se
ondly, 2�~ must be an inverse integer, i.e. N = 1=2�~. Itfollows that the Hilbert spa
e may be identi�ed with the N -dimensional ve
tor spa
e HNwith inner produ
t (�;	) = 1N XQmodN �(Q)	(Q): (A.4)In order to quantize observables f 2 C1(T2) we need to introdu
e the translationoperators t1�(Q) = �(Q + 1) (A.5a)t2�(Q) = �(Q) exp�2�iN Q� ; (A.5b)whi
h may be viewed as the exponentials of the usual di�erentiation and multipli
ationoperators on the real line. For any m;n 2 Z, we have the following 
ommutation relationtm1 tn2 = exp�2�iN mn� tn2 tm1 : (A.6)Note that tN1 = tN2 = 1N . The Weyl-Heisenberg operators are de�ned byTN(n) = exp��iN n1n2� tn22 tn11 ; (A.7)19



where n = (n1; n2). We then have the following multipli
ation ruleTN (m)TN(n) = exp��iN ! (m;n)�TN (m+ n); (A.8)where ! (m;n) = m1n2 �m2n1 is the standard symple
ti
 form.Let f 2 C1(T2) be a 
lassi
al observable on T2 whose Fourier series is given byf(z) = Xm2Z2 f̂me2�iz�m; z = (p; q) 2 T2: (A.9)The Weyl quantization of f is de�ned asOpN(f) = Xm2Z2 f̂mTN(m) : (A.10)Sin
e OpN(f �) = OpN (f)y, OpN (f) is Hermitian if and only if f(z) is real.Semi
lassi
ally, quantum observables 
ommute, whi
h 
an be easily seen by expandingthe exponential in (A.8). More pre
isely, let f; g 2 C1(T2), thenOpN (f)OpN(g) � OpN(fg); N !1: (A.11)If f and g depend only on either p or q, the above relation is an identity for ea
h N .The quantization of 
lassi
al matrix-valued observables is analogous to the 
ase of s
alarfun
tions. Let g(z) be a 2 � 2 matrix su
h that gjk 2 C1(T2). We de�ne its Weylquantization as OpN(g) = �OpN(g11) OpN(g12)OpN(g21) OpN(g22):� (A.12)From (A.11) it follows thatOpN (gk : : : g2g1) � OpN(gk) : : :OpN(g2)OpN(g1); N !1: (A.13)Clearly, we have OpN (gy) = OpN(g)y: (A.14)If g(z) is unitary, 
ombining (A.13) and (A.14) yieldsOpN(g)OpN(g)y � 12N ; N !1; (A.15)that is OpN(g) is only semi
lassi
ally unitary.We 
an now formulate a version of Egorov's theorem [36℄ for matrix valued observables.Let Ut(�) = �UN(�) 00 UN (�)� ; (A.16)20



where UN(�) is the quantum propagator of an Anosov map �. We haveU�1t (�)OpN(g)Ut(�) = �UN (�)�1OpN(g11)UN (�) UN (�)�1OpN(g12)UN (�)UN (�)�1OpN(g21)UN (�) UN (�)�1OpN(g22)UN (�)�� �OpN(g11 Æ �) OpN(g12 Æ �)OpN(g21 Æ �) OpN(g22 Æ �)� = OpN(g Æ �); (A.17)as N !1. For 
at maps this relation is an identity.B Tra
e formula for matrix elementsThe following tra
e formula for matrix elements of quantum observables is a well knowngeneralization of Gutzwiller's tra
e formula [37, 38, 39℄. We will here present its derivationin the 
ase of general Anosov maps � on the torus T2, whi
h is parti
ularly 
lean andsimple. The formula is needed in se
tion 5.Suppose '1; : : : ; 'N is an orthogonal basis of eigenfun
tions of UN (�) with eigenphases!j, UN(�)'j = ei!j'j: (B.1)Claim: For any smooth 
lassi
al observable f 2 C1(T2) and n �xed we have in thesemi
lassi
al limit (N !1)NXj=1('j;OpN (f)'j) ein!j �Xzf f(zf)q�R(n)zf exp [2�iN (S�n(qf +m1; qf)�m2qf)℄ ; (B.2)where (m1; m2) =m are the winding numbers and zf are the �xed points of order n, i.e.�n(zf) = zf +m: (B.3)Furthermore, R(n)zf = det(Mnzf � I), where Mnzf = d�dz (zf) denotes the monodromy matrixand S�n generates the 
lassi
al map �n.The left-hand-side of (B.2) is of 
ourse the tra
e of UnN (�)OpN(f). Sin
eOpN(f) = X�2Z2 f̂�TN(�) ; (B.4)and be
ause f 2 C1(T2) implies that the 
oeÆ
ients f̂� are rapidly de
reasing, wemay without loss of generality 
onsider only the matrix elements UnN (�)TN(�). For� = 0; : : : ; N � 1 the fun
tionsÆ�(Q) = (pN (Q = � mod N)0 (Q 6= � mod N) (B.5)21



form an orthonormal basis of the Hilbert spa
e HN . Hen
e we may writeTr [UnN(�)TN(�)℄ = X�modN(Æ� ;UnN(�)TN(�)Æ�)= X�modN exp��iN �1�2� exp�2�iN �2(� � �1)� (Æ�;UnN(�)Æ���1)� X�modN exp�2�iN �2�� (Æ� ;UnN(�)Æ���1) (B.6)
for N large and k�k < N1=2�Æ, Æ > 0. As we shall justify below any smooth observable
an be well approximated with a suitable 
ut-o� in �. In the semi
lassi
al limit the matrixelements of UnN(�) are given by [18℄(Æ� ;UnN(�)Æ�0) � 1Mn MnXm1=0D� �N +m1; � 0N� exp �2�iNS�n � �N +m1; � 0N�� ; (B.7)where D(q2; q1) = � iN �2S�n(q2; q1)�q2�q1 �1=2 ; (B.8)S�n(q2; q1) is the 
lassi
al a
tion of the lift of �n on the 
overing plane [10℄, andMn dependson the unperturbed map and on n.Inserting (B.7) into (B.6) and applying the Poisson summation formula yieldsTr [UnN(�)TN(�)℄ � 1Mn MnXm1=0 Xm22ZN Z 1���� D �q +m1; q � �1N ��� exp h2�iN �S�n �q +m1; q � �1N ��m2q�i exp (2�i�2q) dq (B.9)In leading order (N !1) we have, uniformly for all � with k�k � N1=2�Æ,D �q +m1; q � �1N � � D(q +m1; q) (B.10)and S�n �q +m1; q � �1N � � S�n(q +m1; q)� �S�n(q +m1; q0)�q0 ����q0=q �1N� S�n(q +m1; q) + p(q)�1N (B.11)Inserting (B.10) into (B.9) givesTr [UnN(�)TN(�)℄ � 1Mn MnXm1=0 Xm22ZN Z 1���� exp [2�i (�1p(q) + �2q)℄��D(q +m1; q) exp [2�iN (S�n(q +m1; q)�m2q)℄ dq: (B.12)22



The above expression is the same as the formula that we would have obtained in de-termining the tra
e of the n-th propagator of an Anosov map with Dn(q1; q2) repla
edby Dn(q1; q2) exp(2�i� � z). Following the same steps whi
h lead to the tra
e formula ofAnosov maps [18, 10℄ we obtainTr [UnN (�)TN(�)℄ �Xzf exp(2�i� � zf)q�R(n)zf exp [2�iN (S�n(qf +m1; qf)�m2qf)℄ : (B.13)Let fN be a trun
ated Fourier approximation to f ,fN(z) = X�2Z2k�k<N1=2�Æ f̂� exp(2�i� � z): (B.14)Taking �nite linear 
ombinations, (B.13) yieldsNXj=1('j;OpN(fN)'j) ein!j �Xzf fN(zf)q�R(n)zf exp [2�iN (S�n(qf +m1; qf)�m2qf)℄ : (B.15)To 
on
lude the proof of our 
laim (B.2), we note that, sin
e the Fourier 
oeÆ
ients of fare de
reasing faster than any power, both�� NXj=1('j;OpN(f)'j) ein!j � ('j;OpN(fN)'j) ein!j �� � NXj=1 ��('j;OpN (f � fN)'j)j (B.16)and��Xzf f(zf)� fN (zf)q�R(n)zf exp [2�iN (S�n(qf +m1; qf)�m2qf)℄ �� �Xzf ��f(zf)� fN (zf)q�R(n)zf �� (B.17)are rapidly de
reasing, as N be
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