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AbstractWe present a mathematical de�nition of a hardware description language that admitsa semantics-preserving translation to a subset of VHDL. The language is based onthe VHDL model of event-driven simulation and includes behavioral and structuralcircuit descriptions, the basic VHDL propagation delay mechanisms, and both zeroand nonzero delays. It has been formally encoded in the computational logic ofBoyer and Moore, which provides a LISP implementation as well as a facility formechanical proof-checking. We prove a number of basic properties of the simulator,which we apply to the analysis of gate-level designs of a one-bit adder and a d-
ip-
op.



A Formalization of a Subset of VHDLTechnical Report #98 11 IntroductionThe VHSIC Hardware Description Language [2] (VHDL) has gained wide acceptanceas a tool for hardware design and simulation. However, the limitations of simulationas a method of design validation are well known. A formal veri�cation system basedon VHDL would therefore have clear practical value. Naturally, a prerequisite forany such system is a precise understanding of VHDL semantics. Unfortunately,VHDL was not intended for formal analysis; it is not surprising that its semanticsare complicated and obscure.The objective of this paper is a rigorous exposition of a core subset of VHDLthat is small enough to admit a clear and simple semantic de�nition, but exten-sive enough to provide realistic descriptions of interesting circuits. Thus, we avoidcomplicated language constructs and focus on the VHDL models of time, signalbehavior, propagation delay, and event-driven simulation.Since we are not concerned with syntactic issues, our language de�nition is basedon an abstract syntax that is more amenable to direct formal analysis than thatdescribed in [2]. The correspondence between the two is given by a translator fromour language to VHDL, which is described elsewhere [3]. Here, we concentrateon a mathematical treatment of the abstract language. This begins in Section 3,where we present the notions of time and waveform, on which the semantics of thelanguage are based. We also de�ne two waveform transformations that embody themain propagation delay modes of VHDL, transport and inertial, and derive theirfundamental properties.In Section 4, we describe the form and execution of behavioral modules, which areused to model gates and also to specify abstractly the behavior of circuits. Section 5discusses structural modules, which provide hierarchical descriptions of circuits interms of connections among their components. For the purpose of illustration, weexhibit the actual VHDL code generated by the translator for modules of both types.The semantics of the language are given by an interpreter function, sim, whichproduces a list of waveforms that represent the output generated by a module inresponse to a given list of input waveforms. The de�nition of sim is presented inSection 6, along with a number of basic results pertaining to its behavior. Finally, asapplications of these results, we derive behavioral speci�cations of several modules.Our proof methodology may be seen as a precise formulation of the informal reason-ing that is commonly employed by hardware engineers in the analysis of circuits [5].One consequence of our commitment to adhere to the VHDL standard is afaithful implementation of the \delta delay" mechanism, which provides for the



2simulation of zero-delay devices. We note, however, that our exposition could beshortened signi�cantly if we were to require all delays to be positive. In particular,the de�nitions of time, structural module, and sim are greatly complicated by thedelta delay feature.The design of our language is based on S-expressions, the data objects of LISP,which are de�ned in Section 2. This choice was motivated by our desire to supportits analysis with the use of the Nqthm system of Boyer and Moore [1]. Nqthm isbased on a constructive formal logic for which the intended model is the domain ofS-expressions. Thus, there is a correspondence between the formulas of this logicand informal propositions about S-expressions. A user of the system may extendthe logic by adding axioms that correspond to de�nitions of computable functionsover this domain.Mechanical support for the Nqthm logic is provided by a LISP implementationthat includes (1) an evaluator that computes values of functions de�ned in the logic,and (2) a theorem prover that may be used to derive logical consequences of theaxioms. Since these theorems may be interpreted as propositions about functionsof S-expressions, the prover may be used to verify mechanically the correctnessof properties of these functions that have been derived by traditional (informal)mathematical methods.All of the functions involved in the construction of our language, which we shalldescribe informally, meet the computability requirement for encoding as Nqthmde�nitions [1]. In fact, we have developed an Nqthm theory that formalizes thesefunctions, including the module recognizers that form the syntax of the language,the interpreter that constitutes its semantics, and various procedures for derivingbehavioral speci�cations of its programs. Thus, we have a complete LISP imple-mentation of our language, provided by the Nqthm evaluator.Moreover, all of our results, which are justi�ed by informal (but mathematicallyrigorous) proofs, correspond in a natural way to Nqthm formulas. Thus, these proofscould, in principle, be checked mechanically by the Nqthm prover. At the time ofthis writing, signi�cant progress has been made toward this objective; its completionremains a goal of our research.Another bene�t of the Nqthm formalization is that it provides a basis for a LISPimplementation of the translator from our language to VHDL [3]. This potentiallyallows commercial VHDL synthesis tools to be used to implement our programs insilicon. As another application of more immediate interest, we have actually exe-cuted the translations of many of our programs using the Vantage VHDL simulator.For the simulations that we have tested, which include all of those described herein,



A Formalization of a Subset of VHDLTechnical Report #98 3the Vantage results were identical to those produced by our LISP-based interpreter.Aside from the practical advantage of increased e�ciency, this o�ers evidence thatwe have achieved our goal of semantically capturing the VHDL subset in which weare interested. Indeed, in the absence of any formal semantics for VHDL itself, theseempirical observations provide the most convincing evidence possible.2 S-expressionsAlong with the set N of natural numbers, we posit a set B = fT ;Fg and an in�niteset L, the elements of which are called Boolean and literal atoms, respectively. Thesethree sets are assumed to be pairwise disjoint, and any element of their union iscalled an atom. We further assume that no atom is an ordered pair of atoms,and we recursively de�ne an S-expression to be an atom or an ordered pair of S-expressions. S denotes the set of all S-expressions. Three basic operations on S arede�ned: If z = (x; y) 2 S� S, then car(z) = x, cdr(z) = y, and cons(x; y) = z.We also assume the existence of various distinct literal atoms, which we shallmention as we proceed. Among these is the atom INFINITY. We de�ne a generalizednumber to be an atom that is either INFINITY or an element of N. Both the orderrelation and the addition operation on N are extended to the set of generalizednumbers in the natural manner: for any n 2 N, n < INFINITY and n+ INFINITY =INFINITY + n = INFINITY.A list is an S-expression that is either the literal atom NIL or an ordered pairz 2 S � S such that cdr(z) is a list. The list NIL is denoted alternatively as (),and a non-NIL list z is denoted as (a1 : : : an), where a1 = car(z) and (a2 : : : an)denotes cdr(z). In this case, n is the length of z, and a1; : : : ; an are its members. For1 � i � n, nth(i; z) is de�ned to be ai. A list is a bit vector if each of its membersis a Boolean atom.A function f : Bn ! B is an n-ary Boolean function. The following Booleanfunctions are called elementary: the 0-ary functions t0 and f0, with values T and F ,respectively; the unary function not1; the binary functions and2, or2, nand2, nor2,xor2; and the ternary functions and3, or3, nand3, nor3, xor3. The de�nitions ofthese functions are assumed to be understood.For the purpose of encoding Boolean function calls, we also assume that eachelementary Boolean function f is associated with a unique literal atom �f that isdenoted with the same name as f . Thus, the function not1 is associated with theliteral atom not1 = NOT1. We de�ne a Boolean term over a list L of distinct literal



4atoms to be an S-expression that is either (a) a member of L, or (b) a list ( �f �1 : : : �n),where f is an n-ary elementary Boolean function and each �i is an Boolean termover L.Let L = (s1 : : : sk) be a list of distinct literal atoms and let V = (v1 : : : vk) be abit vector. Then pairlist(L; V ) is the list A = ((s1; v1) : : : (sk; vk)), which is calledan association list. If � is a Boolean term over L, then we de�ne eval(�; A) to be(a) vi, if � = si, or (b) f(eval(�1; A); : : : ; eval(�n; A)), if � = ( �f �1 : : : �n).3 WaveformsLet T be the quotient set determined by the equivalence relation on N [ N�Nthat identi�es each n 2 N with the pair (n; 0) 2 N�N. An element of T is calleda time object. Thus, any element of N or N�N denotes a unique time object, withthe understanding that for n 2 N, n and (n; 0) denote the same object.T is ordered according to the lexicographic order on N�N, which is consistentwith the natural ordering of N: for time objects t1 = (m1; k1) and t2 = (m2; k2),t1 � t2 i� m1 � m2 and either m1 < m2 or k1 � k2. Thus the minimum element ofT is the time object that is denoted alternatively as 0 or (0; 0). For t1; t2 2 T, theinterval ft 2 T : t1 � t < t2g will be denoted as [t1; t2).An event is an ordered pair e = (v; t), where v = value(e) 2 B and t = time(e) 2T. Let w = ((vn; tn) : : : (v0; t0)) be a list of events. If ti > ti�1 and vi 6= vi�1 for0 < i � n, and t0 = 0, then w is a waveform. We de�ne ŵ : T ! B by ŵ(t) = vj,where j is the greatest value of i satisfying ti � t; ŵ(t) is called the value of wat t. Note that ŵ1 = ŵ2 i� w1 = w2. If t = tj, then we shall say that w has anew value at t. We also de�ne the history of w relative to t to be the waveformhist(w; t) = ((vj; tj) : : : (v0; t0)).A packet is a list of waveforms, p = (w1 : : : wn), n � 0. For any t 2 T, thevalue of p at t is the bit vector p̂(t) = (ŵ1(t) : : : ŵn(t)); p has a new value at tif any member of p does. The history of p relative to t is the packet hist(p; t) =(hist(w1; t) : : : hist(wn; t)).The behavior of each signal occurring in a circuit will be modeled as a wave-form. During the course of a simulation, these waveforms are updated at varioustimes. When a waveform is considered in the context of a current time t0, each ofits members e is viewed as a past, current, or future event, according to the rela-tionship between time(e) and t0. Past and present events are immutable, but futureevents are subject to deletion as they are superceded by newly scheduled events, as



A Formalization of a Subset of VHDLTechnical Report #98 5described below.Whenever a new event e is to be scheduled for a signal, time(e) is computedfrom the current time t0 = (m; k) and a delay d 2 N that is associated with thesignal, by means of an addition operation from T�N to T, de�ned as follows:(m; k)� d = ( (m+ d; 0) if d 6= 0(m; k + 1) if d = 0:The possibility of zero-delay devices, as provided by VHDL, is the sole reason for ourordered-pair model of time. The above de�nition of addition suggests the followinginterpretation for the components of a time object: the global component representsthe number of time units, which we arbitrarily take to be picoseconds, that haveelapsed since the start of a simulation; the delta component represents the numberof successive zero-delay events that have been scheduled during the current timeunit.Thus, regardless of delay, when a new event e = (v; tv) is scheduled on a waveformw at time t0, we have t0 < tv. The scheduling may be performed by either of twoprocedures, corresponding to the transport and inertial delay modes of VHDL. Thesimpler of these is transport mode, in which each event (v0; t0) with t0 � tv is deletedfrom w, and e is then consed to the result, unless that result already has value v attv. The updated waveform w0 is computed as the value of transport(w; v; tv), whichis de�ned recursively as follows:(1) Let car(w) = (vf ; tf). If tf � tv, then w0 = transport(cdr(w); v; tv); otherwise:(2) If vf = v, then w0 = w; otherwise:(3) w0 = cons((v; tv); w).Alternatively, w0 may be described in terms of the function ŵ0:ŵ0(t) = ( v if t � tvŵ(t) if t < tv:Inertial mode is somewhat more complicated: every event (v0; t0) with t0 > t0 isdeleted from w, and if ŵ(t0) 6= v, then a single event with value v is consed to theresult. If ŵ(tv) = v, then the time of this event is the time of the last event of wthat precedes tv; otherwise, it is tv. Note that this procedure takes the current timet0 as an additional argument, and requires that t0 < tv. The recursive de�nition ofw0 = inertial(w; v; t0; tv) is given as follows:



6 (1) Let �w = hist(w; t0). If ŵ(t0) = v, then w0 = �w; otherwise:(2) Let car(w) = (vf ; tf). If tf � tv, then w0 = inertial(cdr(w); v; t0; tv); other-wise:(3) If vf = v, then w0 = cons((v; tf); �w); otherwise:(4) w0 = cons((v; tv); �w).The following is a useful summary of both propagation functions. Each resultmay be proved by a straightforward induction. Note that (b) is consistent with ourearlier informal observation that past and present events are immutable:Lemma 3.1 Let w be a waveform, let t0, t1, and tv be time objects with t0 < tv,and let w0 be either transport(w; v; tv) or inertial(w; v; t0; tv). Then(a) ŵ0(t) = v for t � tv;(b) ŵ0(t) = ŵ(t) for t � t0;(c) if t1 � t0 � t2 � tv and ŵ(t) = u for t 2 [t1; t2), then ŵ0(t) = u for t 2 [t1; t2).A similar induction shows that both procedures are \idempotent" in the followingsense:Lemma 3.2 If w is a waveform and t0, tv; t00, t0v are time objects with t0 < tv,t00 < t0v, t0 < t00, and tv < t0v, then(a) transport(transport(w; v; tv); v; t0v) = transport(w; v; tv);(b) inertial(inertial(w; v; t0; tv); v; t00; t0v) = inertial(w; v; t0; tv).4 Behavioral ModulesThe simplest programs of our language are the behavioral modules, which containexplicit information concerning propagation delay and the functional dependence ofoutputs on inputs.A behavioral module is a list M = (BEHAV I O T P D), where(1) BEHAV is the identifying literal atom for modules of this type;(2) I = I(M) = (r1 : : : rm) is a list of literal atoms called the inputs of M ;



A Formalization of a Subset of VHDLTechnical Report #98 7(3) O = O(M) = (s1 : : : sn) is a list of literal atoms called the outputs of M ;(4) T = T (M) = (�1 : : : �n) is a list of elementary Boolean terms over I(M),called the output terms of M ;(5) D = D(M) = (d1 : : : dn) is a list of natural numbers, the delays of M ;(6) P = P (M) = (p1 : : : pn) is a list of literal atoms called the propagation modesof M , each of which is either TRANSPORT or INERTIAL.The members of the list (r1 : : : rm s1 : : : sn) are required to be distinct and arecalled the signals of M .Note that each output is associated with a term, a mode, and a delay. If everyterm is either an atom or a list of atoms, (i.e., contains no nested function calls),then M is primitive.Gates are generally modeled as primitive modules with inertial delays. For ex-ample, we represent a simple 2-input nand gate as the primitive module nand2:(BEHAV (A B) (C) ((NAND2 A B)) (2000) (INERTIAL))We may de�ne a similar behavioral module, with n inputs and 1 output, correspond-ing to each elementary n-ary Boolean function, arbitrarily taking the delay to be2000 in each case. In the sequel, we shall refer to these primitive modules withoutexplicitly listing their de�nitions.Transport mode is often used to model wires along which pulses of arbitrarilysmall duration are propagated to the delayed signal. For the purpose of illustration,the following primitive module m is de�ned to have one output of each propagationmode:(BEHAV (A B) (C D)((NAND2 A B) (NOT1 A))(2000 5000)(INERTIAL TRANSPORT))The VHDL code generated by Kaufmann's translator for m is displayed in Fig-ure 1(a). Note that our time units are interpreted by the translator as picoseconds,and hence the delays are expressed as 2 and 5 nanoseconds. Note also that there isno mention of inertial delay in the translation, since this is the VHDL default mode.Another example of a behavioral module is the 1-bit adder adder1:



8

ENTITY adder2 ISPORT (a,b,c: IN BIT; l,h: OUT BIT)END adder1;ARCHITECTURE adder2 OF adder2 ISENTITY m IS COMPONENT nandPORT(a,b: IN BIT; c,d: OUT BIT) PORT(a,b: IN BIT; l,h: OUT BIT);END m; END COMPONENT;SIGNAL t1,t2,t3,t4,t5,t6,t7: BIT;ARCHITECTURE m OF m IS BEGINBEGIN I1: nand PORT MAP (a,b,t1);c <= a NAND b AFTER 2 NS; I2: nand PORT MAP (a,t1,t2);d <= TRANSPORT NOT a AFTER 5 NS; I3: nand PORT MAP (b,t1,t3);END m; I4: nand PORT MAP (t2,t3,t4);I5: nand PORT MAP (c,t4,t5);I6: nand PORT MAP (c,t5,t7);I7: nand PORT MAP (t5,t4,t6);I8: nand PORT MAP (t5,t1,h);I9: nand PORT MAP (t7,t6,l);(a) (b)Figure 1: VHDL Code



A Formalization of a Subset of VHDLTechnical Report #98 9(BEHAV (A B C) (L H)((XOR3 A B C) (OR2 (AND2 A (OR2 B C)) (AND2 B C)))(12000 10000)(INERTIAL INERTIAL))The two outputs of this module represent the 2-bit sum of the three input bits. Sincethe higher-order \carry" output bit is not expressed as an elementary function ofthe inputs, this is not a primitive module.Let s = nth(j; O(M)) be an output of a behavioral module M . Let � =nth(j; T (M)) be the corresponding term. For any bit vector V of the same lengthas I(M), we de�ne the combinational value of s w.r.t. V ascv(s; V;M) = eval(�; pairlist(I(M); V )):We shall say that a list of waveforms is an input (resp., output) packet for amodule M if it has the same length as I(M) (resp., O(M)). The semantics ofbehavioral modules are de�ned by a function exec of four arguments: (1) a moduleM , (2) an input packet pin for M , (3) an output packet pout = (w1 : : : wn) for M ,and (4) a time object t0. The value of exec(M; pin; pout; t0) is the updated outputpacket p0out = (w01 : : : w0n) that results from \executing" M at t0. It is de�ned asfollows: For i = 1; : : : ; n, let vi be the combinational value of nth(i; O(M)) w.r.t.p̂in(t0), and let ti = t0 � nth(i; D(M)). Then w0i is either transport(wi; vi; ti) orinertial(wi; vi; t0; ti), according to nth(i; P (M)).Our �rst observation concerning the behavior of exec is that its value dependsonly on the current values of the input:Lemma 4.1 Let p1 and p2 be input packets and let pout be an output packet for abehavioral module M . For any t0 2 T, if p̂1(t0) = p̂2(t0), then exec(M; p1; pout; t0)= exec(M; p2; pout; t0).Two other basic properties may be derived as consequences of Lemmas 3.1(b)and 3.2:Lemma 4.2 Let pin and pout be an input packet and an output packet for a behav-ioral module M . For any t0 2 T, hist(exec(M; pin; pout; t0); t0) = hist(pout; t0).Lemma 4.3 Let pin and pout be an input packet and an output packet for a behav-ioral module M and let t0 and t1 be time objects. If t0 < t1 and p̂in(t0) = p̂in(t1),then exec(M; pin; exec(M; pin; pout; t0); t1) = exec(M; pin; pout; t0).



105 Structural ModulesOur language also includes modules that represent hierarchically constructed cir-cuits. These structures contain information concerning interconnections among themodules of which they are composed.A structural module is a list M = (STRUCT I O S LI LO), where(1) STRUCT is the identifying literal atom for modules of this type;(2) I = I(M) = (r1 : : : rm) is a list of literal atoms called the (global) inputs ofM ;(3) O = O(M) = (s1 : : : sn) is a list of literal atoms called the (global) outputs ofM ;(4) S = S(M) = (�1 : : : �k) is a list of (structural or behavioral) modules, calledthe submodules of M ;(5) LI = LI(M) = (A1 : : : Ak), where for j = 1; : : : ; k, Aj = (aj1 : : : ajmj ) is alist of literal atoms called the jth local inputs of M , and mj is the length ofI(�j);(6) LO = (B1 : : : Bk), where for j = 1; : : : ; k, Bj = (bj1 : : : bjnj) is a list of literalatoms called the jth local outputs of M , and nj is the length of O(�j).The members of the list (r1 : : : rm b11 : : : b1n1 : : : bk1 : : : bknk), consisting of the globalinputs and all local outputs, are required to be distinct and are called the signalsof M . There is no such constraint on the global outputs or local inputs, but eachlocal input must be a signal of M , and each global output must be a local output.Note that the local inputs and outputs of M correspond to its submodules.Thus, intuitively, the submodules of a structure generate signals that are distinctfrom each other and from the structure's inputs. Each signal may be connected toarbitrarily many submodule inputs. A signal other than a global input may serveas any number of global outputs, but global inputs and outputs are distinct.One additional constraint must be imposed on structural modules: in order toensure that any simulation (as de�ned in the next section) of a module terminates,our structures are required to be free of zero-delay cyclic paths. Several preliminaryde�nitions will be needed in order to make this notion precise.



A Formalization of a Subset of VHDLTechnical Report #98 11We shall de�ne a computable function that measures the (possibly in�nite) maxi-mum length of any path of signals within a structure along which the total delay is 0.The de�nition will be based on an auxiliary function, �(M; s; E; L), the argumentsof which are to be understood as follows:(1) M may be either the top-level structure or one of its components at any levelof the hierarchy;(2) s is a signal of M ;(3) E = (e1 : : : en) is a list of generalized numbers corresponding to O(M). Foreach i, ei is intended to represent the maximum length of any path that startsat the ith output and leads out of M . Such a list is called an environment forM ;(4) L is a list of signals of M , each of which is known to lie on some in�nite path.Under these assumptions, we may think of � = �(M; s; E; L) as the maximum lengthof a path starting at s. It is computed recursively as follows:(1) If s is a member of L, then � = INFINITY. Otherwise:(2) Let �1 = maxfei : s = sig, where O(M) = (s1 : : : sn). (If this set is empty,then �1 = 0.)(3) Suppose M is behavioral. Let D(M) = (d1 : : : dn). If s is an input of M andsome di > 0, then let �2 = 1 +maxfei : di = 0g; otherwise, �2 = 0.(4) Suppose M is structural with S(M) = (�1 : : : �k). For each i, 1 � i � k,let nth(i; LI(M)) = (ai1 : : : aimi), nth(i; LO(M)) = (bi1 : : : bini), I(�i) =(�i1 : : : �imi), and let Ei be the environment (�i1 : : : �ini) for �i, where for1 � k � ni, �ik = �(M; bik; E; cons(s; L)). Let �ij = �(�i; �ij; Ei; NIL) fori = 1; : : : ; k and j = 1; : : : ; mi. Let �2 = maxf�ij : s = aijg.(5) � = max(�1;�2).The function � is de�ned by by �(M; s; E) = �(M; s; E; NIL). Next, we de�nethe relative �-depth of a module M with respect to an environment E to be thenumber � computed as follows:



12(1) Let D0 be the maximum value of �(M; s; E) over all signals s of M . If M isbehavioral, then � = D0. Otherwise:(2) LetM be structural with S(M) = (�1 : : : �k). For 1 � i � k, let nth(i; LO(M))= (bi1 : : : bini) and let Di be the relative �-depth of �i with respect to theenvironment (�(M; bi1; E) : : :�(M; bini ; E)). Then � = max(D0; D1; : : : ; Dk).Finally, we de�ne the �-depth of M to be its relative �-depth with respect tothe environment (0 : : : 0). This represents the length of the longest 0-delay paththrough M . If it is not INFINITY, we shall say that M is �-acyclic. All structuralmodules in our language are required to have this property.Although we have gone to considerable e�ort to formalize the VHDL \delta de-lay" mechanism, the examples in which we are interested exhibit only positive delays.Our �rst example is the structural module adder2, composed of nine nand gatesand intended as a gate-level \implementation" of the behavioral module adder1:(STRUCT (A B C) (L H)(nand2 nand2 nand2 nand2 nand2 nand2 nand2 nand2 nand2)((A B) (A T1) (B T1) (T2 T3) (C T4) (T5 T4) (C T5) (T5 T1) (T7 T6))((T1) (T2) (T3) (T4) (T5) (T6) (T7) (H) (L)))The VHDL code for adder2 is shown in Figure 1(b), and a circuit diagram appearsin Figure 2(b). Later, we shall compare the behaviors of adder1 and adder2.Of course, a signal path may be cyclic, provided that some signal in the path isassociated with a positive delay. This is an important feature of our language, as itallows the modeling of state-holding devices. Figure 2(a) shows a clocked d-
ip-
op,which is modeled by the structural module dff:(STRUCT(CLK D)(Q QN)(nand2 nand2 nand3 nand2 nand2 nand2)((B2 B1) (A1 CLK) (B1 CLK B2) (A2 D) (B1 QN) (Q A2))((A1) (B1) (A2) (B2) (Q) (QN) (A2)))The submodules include �ve 2-input nand gates and a 3-input nand gate nand3,which is similarly de�ned with an inertial delay of 2000.We shall de�ne the semantics of structural modules by means of a functionstep, based on the exec function of Section 4. Note that the notions of input andoutput packets may be naturally applied to any module. For a structural module
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T5Figure 2: (a) D-Flip-Flop (b) 1-Bit AdderM , however, instead of a simple output packet, the third argument of step mustbe an object that consists of a waveform corresponding to each signal generated byeach component of M . Thus, for any module M , we de�ne a bundle for M to be alist B such that (a) if M is behavioral, then B is an output packet for M ; (b) if Mis a structure with S(M) = (�1 : : : �k), then B = (�1 : : : �k), where �i is a bundlefor �i, i = 1; : : : ; k.Let B be a bundle for a moduleM and let s be a signal ofM that is not an inputof M . The waveform for s determined by B is the waveform w that is computedas follows: (a) if M is behavioral and s = nth(j; O(M)), then w = nth(j; B);(b) if M is structural and s = nth(j; nth(i; LO(M))), then w is the waveform fornth(j; O(nth(i; S(M))) determined by nth(i; B).The output packet for M determined by B, denoted as outp(M;B), is de�ned asfollows: (a) if M is behavioral, then outp(M;B) = B; (b) if M is structural withO(M) = (s1 : : : sn), then outp(M;B) = (w1 : : : wn), where for 1 � j � n, wj is thewaveform for sj determined by B.Let M be a structural module with nth(i; LI(M)) = (ai1 : : : aini). Let p be aninput packet and let B be a bundle forM . The ith input packet determined by p andB, denoted as inp(i;M; p; B), is the input packet (w1 : : : wm) for nth(i; S(M)), wherefor 1 � j � m, wj is computed as follows: (a) if sj is a global input nth(k; I(M)),then wj = nth(k; p); (b) if sj is a local output, then wj is the waveform for sjdetermined by B.We may now de�ne step. Let p and B be an input packet and a bundle, respec-tively, for an arbitrary moduleM , and let t 2 T. Then step(M; p;B; t) is the bundleB0, de�ned as follows: (a) if M is behavioral, then B0 = exec(M; p;B; t) if p has a



14new value at t, and B0 = B if not; (b) if M is structural with S(M) = (�1 : : : �k)and B = (�1 : : : �k), then B0 = (� 01 : : : � 0k), where � 0i = step(�i; inp(i;M; p; B); �i; t).Thus, the execution of a structure at time t amounts to the execution of eachbehavioral component for which the value of some input signal changes at t.We have the following generalization of Lemma 4.1:Lemma 5.1 Let p1 and p2 be input packets and let B be a bundle for a module M .Let t0 2 T. If hist(p1; t0) = hist(p2; t0), then step(M; p1; B; t0) = step(M; p2; B; t0):The history of a structural bundle (�1 : : : �k) relative to a time t is recursivelyde�ned as hist(B; t) = (hist(�1; t) : : : hist(�k; t)). Lemma 4.2 may be generalizedas follows:Lemma 5.2 Let p and B be an input packet and a bundle for a module M . Forany t0 2 T, hist(step(M; p;B; t0); t0) = hist(B; t0).6 SimulationLet p and B be an input packet and a bundle for a module M . For any t 2 T, wede�ne tnext(t; p; B;M) to be the minimum element of the set of all t0 2 T that occuras times of events in the waveforms of p and B and that satisfy t0 > t, if this set isnonempty; otherwise, tnext(t; p; B;M) is unde�ned.A simulation ofM consists of repeated applications of step, which are performedby the function run. For t0; tf 2 T, we de�ne run(M; p;B; t0; tf ) to be the bundleB0 that is computed recursively as follows: Let tnext = tnext(t0; p; B;M). If tnext isde�ned and tnext � tf , then B0 = run(M; p; step(M; p;B; tnext); tnext; tf); otherwise,B0 = B.It is not obvious that this is a valid recursive de�nition, i.e., that it is satis�edby a unique function. This may be established by exhibiting some measure of thearguments that decreases with each recursive call. More precisely, it su�ces tode�ne a function meas such that under the assumptions imposed on the argumentsof run, meas(M; p; step(M; p;B; tnext); tnext; tf ) � meas(M; p;B; t0; tf )with respect to some well-founded order \�". (In fact, this is the requirement foradmissibility of Nqthm function de�nitions.)



A Formalization of a Subset of VHDLTechnical Report #98 15We may construct an appropriate measure based on a function �(M; p;B) thatcomputes an upper bound on the delta component of any time object that occursin any waveform during the course of a simulation. For each signal s of M or anymodule occurring in M , this function computes the sum of (a) the length of thelongest 0-delay path through M starting at s and (b) the largest delta componentthat occurs in the waveform of p or B that corresponds to s. �(M; p;B) is themaximum of these sums. (We omit the actual recursive de�nition of �, whichparallels that of �-depth.)Now, if t0 = (mi; ki) and tf = (mf ; kf), then we de�nemeas(M; p;B; t0; tf) = (mf �mi; �(M; p;B)� ki):It may be shown that with respect to the lexicographic order \�" on N�N, thisfunction satis�es the property stated above. Note that its de�nition, and hence thatof run, ultimately depends on the assumption that M is �-acyclic.The function meas provides an induction scheme for deriving properties of run.The following, for example, is proved by induction as an immediate consequence ofLemma 5.2:Lemma 6.1 Let p and B be an input packet and a bundle for a module M . Forany t0; tf 2 T, hist(run(M; p;B; t0; tf ); t0) = hist(B; t0).The next lemma, similarly proved by induction, provides for the decompositionof a simulation interval:Lemma 6.2 If p and B are an input packet and a bundle for a module M , andt0 � t0 � tf , then run(M; p;B; t0; tf ) = run(M; p; run(M; p;B; t0; t0); t0; tf):Another property of run that is important in the analysis of circuit behavioris the following basic result, which describes the behavior of a structural modulein terms of that of its components. It is interesting that its proof requires thetwo properties of step that are stated in Lemmas 5.1 and 5.2, namely that moduleexecution is neither predictive (with respect to input) nor retroactive (with respectto output).Lemma 6.3 Let p and A = (�1 : : : �k) be an input packet and a bundle for astructural module M with S(M) = (�1 : : : �k). Let t0; t1 2 T and B = (�1 : : : �k) =run(M; p;A; ; t0; t1). Then �i = run(�i; bi; �i; t0; t1); where bi = inp(i;M; p; B),i = 1; : : : ; k.



16 Proof: Let A0 = (�01 : : : �0k) = step(M; p;A; t0), where t0 = tnext(t0; p; A;M).Then by de�nition of step, �0i = step(�i; ai; �i; t0), where ai = inp(i;M; p; A), and byde�nition of run, B = run(M; p;A0; t0; t1). By induction, we may assume that �i =run(�i; bi; �0i; t0; t1). It follows from Lemmas 5.2 and 6.1 that hist(A; t0) = hist(B; t0).Consequently, hist(ai; t0) = hist(bi; t0). By Lemma 5.1, �0i = step(�i; bi; �i; t0). Thus,we have �i = run(�i; bi; step(�i; bi; �i; t0); t0; t1) = run(�i; bi; �i; t0; t1):2The de�nition of our top-level simulation function sim depends on run as wellas a function init, which generates an initial bundle from a module and an inputpacket. First, for a given module M , we de�ne the bundle B0(M):(1) If M is behavioral, then B0(M) is the output packet (w0 : : : w0) for M , wherew0 = ((F ; 0)).(2) IfM is structural and S(M) = (�1 : : : �k), then B0(M) = (B0(�1) : : : B0(�k)):Thus, every waveform of B0(M) is the trivial w0, which has the constant valueŵ0(t) = F . Prior to simulation, each of these waveforms is updated by executingevery behavioral component of M . The result is the bundle init(M; p), de�ned asfollows:(1) If M is behavioral, then init(M; p) = exec(M; p;B0(M); 0);(2) If M is structural with S(M) = (�1 : : : �k), theninit(M; p) = (init(�1; inp(1;M; p; B0(M))) : : : init(�k; inp(k;M; p; B0(M)))).Now, given an input packet p for M and a time object t, we de�nesim(M; p; t) = run(M; p; init(M; p); 0; t):We note the following restatements of Lemmas 6.2 and 6.3:Lemma 6.4 If p is an input packet for a module M , and t1 � t2, thensim(M; p; t2) = run(M; p; sim(M; p; t1); t1; t2):Lemma 6.5 Let p be an input packet for a structural module M with S(M) =(�1 : : : �k). Let t 2 T and B = (�1 : : : �k) = sim(M; p; t). Then �i = sim(�i; bi; t);where bi = inp(i;M; p; B), i = 1; : : : ; k.
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6525 2615Figure 3: Simulation of mAs a simple example, a simulation of the primitive module m is illustrated inFigure 3. The waveforms corresponding to the inputs A and B arewA = ((T ; 60000) (F ; 21000) (T ; 20000) (F ; 10000) (T ; 0))and wB = ((T ; 70000) (F ; 30000) (T ; 0));respectively. These are shown along with the waveformswC = (((F ; 72000) (T ; 12000) (F ; 0)))and wD = ((F ; 65000) (T ; 26000) (F ; 25000) (T ; 15000) (F ; 0))of the output sim(m; (wAwB); 80000) = (wC wD):This example exhibits a fundamental di�erence between transport and inertialdelay: an input pulse of duration less than the delay, as occurs in wA, is not re
ectedin an inertial output.All of the simulation results that we report herein were produced by the Nqthmimplementation of sim and have been matched with the output of the correspond-ing Vantage simulations of the VHDL translations of these modules. One furtherobservation is warranted, however, in support of the claim that our language de�ni-tion adheres to the VHDL standard [2]. There is an apparent discrepancy betweenthe de�nition of sim and the standard: in our language, each output waveform ofa behavioral module is updated whenever there is a change in any input value. InVHDL, on the other hand, in the absence of any instruction to the contrary (i.e.,an explicit \sensitivity list"), a signal's waveform is updated only in response tochanges in those inputs on which the signal is functionally dependent.Consider, for example, the output D of the module m. The VHDL code corre-sponding to this signal (Figure 1) is executed only in response to events of the inputwaveform wA. However, according to our de�nitions of exec and step, its waveformis also updated whenever the value of B changes, e.g., at time 30000 in our example.



18 Nonetheless, as illustrated in Figure 3, the behavior of this output signal iscompletely independent from that of B, in accordance with the VHDL standard. Inorder to understand this, consider the waveform w that represents this signal beforethe execution of m at time 21000. The updated waveform after this execution isw0 = transport(w; T ; 26000). Although w0 is further updated when the value of Bchanges at 30000, the value of (NOT1 A) remains T , and hence, by Lemma 3.2, theresulting waveform is transport(w0; T ; 35000) = w0.The above argument is based on the simple observation that at the time of anychange in input during a simulation of a behavioral module, the output packet is theresult of executing the module at that time. In fact, an interesting property of oursimulator is that this holds true even when there is no input change, i.e, regardlessof whether the execution actually occurs:Lemma 6.6 Let p be an input packet for a behavioral module M , let t 2 T, and letB = sim(M; p; t). Then B = exec(M; p;B; t).Proof: Let B0 = exec(M; p;B0; t0) and B1 = run(M; p;B0; t0; t1). It is easilyshown by induction and Lemma 4.3 that B1 = exec(M; p;B1; t1). The lemma is aninstance of this result, with t0 = t, B0 = init(M; p), t1 = t, and B1 = B. 27 Analysis of Circuit BehaviorWe make use of Lemma 6.6 in the proof of the following useful characterization ofbehavioral modules:Lemma 7.1 Let s = nth(j; O(M)) be the jth output of a behavioral module M , letd = nth(j;D(M)) be the corresponding delay, and let w = nth(j; sim(M; p; tf )).Assume that for all t 2 [t1; t2), the combinational value of s w.r.t. p̂(t) is v,where t1 + d � t2 and t1 � tf . Then for all t 2 [t1 + d; t2 + d), ŵ(t) = v.Proof: Let p1 = sim(M; p; t1). According to Lemma 6.6, p1 = exec(M; p; p1; t1).It follows from Lemma 3.1(a) that the value of nth(j; p1) is v for all t � t1 + d.We claim that if p0 is any output packet for M such that nth(j; p0) has value vthroughout [t1 + d; t2 + d), then so does nth(j; run(M; p; p0; t0; tf )), for any t0 � t1.Once this claim is proved, the lemma will follow from Lemma 6.4 upon substitutingp1 and t1 for p0 and t0.
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Figure 4: Simulation of adder1 and adder2The claim is proved by induction. It su�ces to show that if p has a new valueat t00 = tnext(t0; p; p0;M), and p00 = exec(M; p; p0; t00), then nth(j; p00) has value vthroughout [t1 + d; t2 + d).If t00 � t2, then the desired result follows from Lemma 3.1(c). Thus, we mayassume t00 < t2 and hence, the combinational value of s w.r.t. p̂(t00) is v. In this case,nth(j; p00) has value v on [t1 + d; t00 + d) by Lemma 3.1(c), and on [t00 + d; t2 + d) byLemma 3.1(a). 2In Figure 4, we illustrate Lemma 7.1 with a simulation of the behavioral moduleadder1. We also compare the result of this simulation with the corresponding outputof the combinational structure adder2. Note, for example, that the �rst output Lof adder1, with corresponding term (XOR3 A B C), has the combinational value Fthroughout the interval from 40000 to 80000, and thus, since its delay is 12000,the actual value of the signal is F from 52000 to 92000. The behavior of adder2 issomewhat more complicated, although for stable inputs, the two modules eventuallyproduce the same values.



20 It is possible, however, to establish behavioral speci�cations of combinational(i.e., acyclic) structures, such as adder2, that are similar to (although somewhatweaker than) Lemma 7.1. The derivation of these speci�cations is straightforward,involving successive applications of Lemma 7.1 to the signals along the various pathsthat connect inputs to outputs.Proposition 7.1 Let p = (wAwBwC) be an input packet for adder2, let t1; t2; tf 2 T,and let sim(adder2; p; tf) = ((wT1) (wT2) (wT3) (wT4) (wT5) (wT6) (wT7) (wH) (wL)):Let t1 � 12000 � t2 � tf . Suppose that for all t 2 [t1; t2), ŵA(t) = vA, ŵB(t) = vB,and ŵC(t) = vC. Then for all t 2 [t1 � 12000; t2 � 4000), ŵL(t) = xor3(vA; vB; vC);for all t 2 [t1 � 10000; t2 � 4000), ŵH(t) = or2(and2(vA; or2(vB; vC)); and2(vB; vC)).Proof: We shall concentrate on wL; the analysis of wH is similar. We mayassume t1 � 8000 � t2. Applying Lemma 6.5 with i = 1, we have (wT1) =sim(nand2; (wA wB); tf). By Lemma 7.1, for t 2 [t1 � 2000; t2 � 2000), ŵT1(t) =nand2(vA; vB). We abbreviate this value as vT1. Similar applications of the sametwo lemmas yield the following:ŵT2(t) = nand2(vA; vT1) = vT2 for t 2 [t1 � 4000; t2 � 2000);;ŵT3(t) = nand2(vT1; vB) = vT3 for t 2 [t1 � 4000; t2 � 2000);ŵT4(t) = nand2(vT2; vT3) = vT4 for t 2 [t1 � 6000; t2 � 4000);ŵT5(t) = nand2(vT4; vC) = vT5 for t 2 [t1 � 8000; t2 � 2000);ŵT6(t) = nand2(vT4; vT5) = vT6 for t 2 [t1 � 10000; t2 � 4000);ŵT7(t) = nand2(vT5; vC) = vT7 for t 2 [t1 � 10000; t2 � 2000);ŵL(t) = nand2(vT6; vT7) for t 2 [t1 � 12000; t2 � 4000).Expansion of the abbreviations vT1; : : : ; vT7 yields an expression for nand2(vT6; vT7)that may be shown to be tautologically equivalent to xor3(vA; vB; vC). 2Note that for the hypothesis of Proposition 7.1 requires that each input main-tain a constant value over a �xed interval, the length of which is the total delayalong the longest path that connects the output to an input. The conclusion ap-plies to the interval that results from shifting the lower and upper endpoints ofthis interval by the delays along the longest and shortest paths, respectively. Inthe simulation displayed in Figure 4, for example, the input is constant over theinterval [20000; 40000), and hence the computed value of L is valid on the interval[32000; 44000). The generalization of this proposition to to arbitrary combinationalcircuits is straightforward [4].Similar reasoning may be applied to state-holding (i.e., cyclic) circuits. Ananalysis of an interesting class of such circuits, based on the 
ip-
op dff of Section 5,may be found in [4]. Here we consider only the basic 
ip-
op itself.
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Figure 5: Simulation of dffThe intended behavior of this device depends on the assumptions that the CLKinput behaves as a regular clock pulse and that the value of the D input does notchange too close to a rising edge, i.e., a time when CLK assumes the value T . Underthese conditions, an output event can occur only during a short period following arising edge. The value assumed by Q following a rising edge is the value of D at theedge, and the new value of QN is its negation.In the sample simulation shown in Fig. 5, rising edges occur at multiples of20 ns. During the �rst cycle, the behavior of Q is erratic as the circuit reaches asettled state. Over the next two cycles, Q behaves as described above. The behaviorbecomes erratic again during the cycle following the rising edge at 60 ns, because achange in D occurs too close to the edge.A precise speci�cation of dff is given by the following. Its proof is an elaborationof the informal argument found in [5]:Proposition 7.2 Let p = (wCLK wD) be an input packet for dff. Assume thatŵCLK(t) = ( F for t 2 [t�; t+) [ [t0�; t0+)T for t 2 [t+; t0�);where t� � 6000 � t+, t+ � 4000 � t0�, and t0� � 2000 � t0+. Assume also thatŵD(t) = v fort 2 [td; t+ � 2000);where td � 4000 � t+. Let sim(dff; p; tf) = ((wA1) (wB1) (wA2) (wB2) (wQ) (wQN)),where tf � t0+. Then ŵQ(t) = v and ŵQN(t) = not1(v) for t 2 [t+� 6000; t0+� 4000):Proof: Applying Lemmas 7.1 and 6.5, we have ŵA2(t) = ŵB1(t) = T for t 2 [t��2000; t+�2000) and for t 2 [t0��2000; t0+�2000). Let t1 = max(t��2000; td). Then



22t1� 4000 � t+. Applying the same two lemmas again, we have ŵB2(t) = not1(v) fort 2 [t1 � 2000; t+ � 4000), and hence ŵA1(t) = v for t 2 [t1 � 4000; t+ � 4000).We shall consider the case v = F ; the case v = T is similar. In this case,ŵB1(t) = T for t 2 [t1�6000; t+�6000), and ŵA2(t) = F for t 2 t+�2000; t+�6000).Let t2 be the least time such that t2 > t+ � 2000 and some waveform in theset fwA1; wB1; wA2; wB2g assumes a new value at t2. Then ŵA1(t) = ŵA2(t) = F andŵB1(t) = ŵB2(t) = T for t 2 [t+ � 2000; t2). Since t2 � t+ � 4000, it follows thatŵB1(t) = ŵB2(t) = T and ŵA1(t) = F for t 2 [t+ � 4000; t2 � 4000). Similarly,ŵA2(t) = F for t 2 [t+ � 4000; min(t2 � 4000; t0� � 2000)). Thus, only wA2 canpossibly assume a new value at t2, and this requires that t2 � t0� � 2000.Thus, ŵB1(t) = T and ŵA2(t) = F for t 2 [t+ � 2000; t0� � 2000). It followsthat ŵQN(t) = T for t 2 [t+ � 4000; t0� � 4000), and hence ŵQ(t) = F for t 2[t+ � 6000; t0� � 6000). Let t3 be the least time such that t3 > t+ � 6000 and eitherwQ or wQN assumes a new value at t3. By an argument similar to the above, it iseasily shown that t3 � t0+ � 4000. 2References[1] Boyer, R. S. and Moore, J, A Computational Logic Handbook, Academic Press,Boston, 1988.[2] Institute of Electrical and Electronic Engineers, Draft Standard VHDL LanguageReference Manual, 1993.[3] Kaufmann, M., A Translator from an HDL of David Russino� to VHDL, InternalNote 278, Computational Logic, Inc., July 1993.[4] Russino�, D., Speci�cation and Veri�cation of Gate-Level VHDL Models of Syn-chronous and Asynchronous Circuits, forthcoming technical report, Computa-tional Logic, Inc.[5] Taub, H. and Schilling, D., Digital Integrated Electronics, McGraw-Hill, NewYork, 1977.


