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Milnor numbers

I Let f : Cn+1 → C be a “tame” polynomial function.

I Coordinates x = x0, . . . , xn on Cn+1 and t on C.

I Partial derivatives ∂ = ∂x0 , . . . , ∂xn and ∂t .

I f has finite critical set Cf and discriminant Df (by tameness).

I Global Milnor number:

µ = dimCC[x ]/〈∂(f )〉 =
∑
x∈Cf

µx ,

where µx is local Milnor number at x ∈ Cf .

I f −1(t) homotopic to bouquet of µ−
∑

f (x)=t µx n-spheres.
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Monodromy

I f : Cn+1\Cf → C\Df is locally trivial fibration (by tameness).

I Hn(f −1(t)) = Zµ, t /∈ Df , form a local system S of rank µ.

I Monodromy: Π1

(
C\Df

)
acts on Hn(f −1(t)) by

“lifting closed loops along sections” in S.

I Sections of S are solutions of a differential system G .
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My Algorithms

My Algorithms...

I ...compute G , a direct image in D-modules,

I ...the monodromy around Df ,
I ...and much more:

I the spectrum and spectral pairs,
I the mixed Hodge structure over C,
I good bases of the Brieskorn lattice.

I ...are specialized but avoid complicated computations:

I no rings of differential operators,
I no Bernstein-Sato polynomials.

I ...are based on deep results by Claude Sabbah.

Mathias Schulze Gauss-Manin Systems in Singular



Outline
Tame polynomials

Brieskorn lattice
Algorithm

Milnor numbers
Monodromy
My Algorithms
References

My Algorithms

My Algorithms...

I ...compute G , a direct image in D-modules,

I ...the monodromy around Df ,

I ...and much more:

I the spectrum and spectral pairs,
I the mixed Hodge structure over C,
I good bases of the Brieskorn lattice.

I ...are specialized but avoid complicated computations:

I no rings of differential operators,
I no Bernstein-Sato polynomials.

I ...are based on deep results by Claude Sabbah.

Mathias Schulze Gauss-Manin Systems in Singular



Outline
Tame polynomials

Brieskorn lattice
Algorithm

Milnor numbers
Monodromy
My Algorithms
References

My Algorithms

My Algorithms...

I ...compute G , a direct image in D-modules,

I ...the monodromy around Df ,
I ...and much more:

I the spectrum and spectral pairs,
I the mixed Hodge structure over C,
I good bases of the Brieskorn lattice.

I ...are specialized but avoid complicated computations:

I no rings of differential operators,
I no Bernstein-Sato polynomials.

I ...are based on deep results by Claude Sabbah.

Mathias Schulze Gauss-Manin Systems in Singular



Outline
Tame polynomials

Brieskorn lattice
Algorithm

Milnor numbers
Monodromy
My Algorithms
References

My Algorithms

My Algorithms...

I ...compute G , a direct image in D-modules,

I ...the monodromy around Df ,
I ...and much more:

I the spectrum and spectral pairs,

I the mixed Hodge structure over C,
I good bases of the Brieskorn lattice.

I ...are specialized but avoid complicated computations:

I no rings of differential operators,
I no Bernstein-Sato polynomials.

I ...are based on deep results by Claude Sabbah.

Mathias Schulze Gauss-Manin Systems in Singular



Outline
Tame polynomials

Brieskorn lattice
Algorithm

Milnor numbers
Monodromy
My Algorithms
References

My Algorithms

My Algorithms...

I ...compute G , a direct image in D-modules,

I ...the monodromy around Df ,
I ...and much more:

I the spectrum and spectral pairs,
I the mixed Hodge structure over C,

I good bases of the Brieskorn lattice.

I ...are specialized but avoid complicated computations:

I no rings of differential operators,
I no Bernstein-Sato polynomials.

I ...are based on deep results by Claude Sabbah.

Mathias Schulze Gauss-Manin Systems in Singular



Outline
Tame polynomials

Brieskorn lattice
Algorithm

Milnor numbers
Monodromy
My Algorithms
References

My Algorithms

My Algorithms...

I ...compute G , a direct image in D-modules,

I ...the monodromy around Df ,
I ...and much more:

I the spectrum and spectral pairs,
I the mixed Hodge structure over C,
I good bases of the Brieskorn lattice.

I ...are specialized but avoid complicated computations:

I no rings of differential operators,
I no Bernstein-Sato polynomials.

I ...are based on deep results by Claude Sabbah.

Mathias Schulze Gauss-Manin Systems in Singular



Outline
Tame polynomials

Brieskorn lattice
Algorithm

Milnor numbers
Monodromy
My Algorithms
References

My Algorithms

My Algorithms...

I ...compute G , a direct image in D-modules,

I ...the monodromy around Df ,
I ...and much more:

I the spectrum and spectral pairs,
I the mixed Hodge structure over C,
I good bases of the Brieskorn lattice.

I ...are specialized but avoid complicated computations:

I no rings of differential operators,
I no Bernstein-Sato polynomials.

I ...are based on deep results by Claude Sabbah.

Mathias Schulze Gauss-Manin Systems in Singular



Outline
Tame polynomials

Brieskorn lattice
Algorithm

Milnor numbers
Monodromy
My Algorithms
References

My Algorithms

My Algorithms...

I ...compute G , a direct image in D-modules,

I ...the monodromy around Df ,
I ...and much more:

I the spectrum and spectral pairs,
I the mixed Hodge structure over C,
I good bases of the Brieskorn lattice.

I ...are specialized but avoid complicated computations:
I no rings of differential operators,

I no Bernstein-Sato polynomials.

I ...are based on deep results by Claude Sabbah.

Mathias Schulze Gauss-Manin Systems in Singular



Outline
Tame polynomials

Brieskorn lattice
Algorithm

Milnor numbers
Monodromy
My Algorithms
References

My Algorithms

My Algorithms...

I ...compute G , a direct image in D-modules,

I ...the monodromy around Df ,
I ...and much more:

I the spectrum and spectral pairs,
I the mixed Hodge structure over C,
I good bases of the Brieskorn lattice.

I ...are specialized but avoid complicated computations:
I no rings of differential operators,
I no Bernstein-Sato polynomials.

I ...are based on deep results by Claude Sabbah.

Mathias Schulze Gauss-Manin Systems in Singular



Outline
Tame polynomials

Brieskorn lattice
Algorithm

Milnor numbers
Monodromy
My Algorithms
References

My Algorithms

My Algorithms...

I ...compute G , a direct image in D-modules,

I ...the monodromy around Df ,
I ...and much more:

I the spectrum and spectral pairs,
I the mixed Hodge structure over C,
I good bases of the Brieskorn lattice.

I ...are specialized but avoid complicated computations:
I no rings of differential operators,
I no Bernstein-Sato polynomials.

I ...are based on deep results by Claude Sabbah.

Mathias Schulze Gauss-Manin Systems in Singular



Outline
Tame polynomials

Brieskorn lattice
Algorithm

Milnor numbers
Monodromy
My Algorithms
References

References

I Claude Sabbah, Hypergeometric periods for a tame
polynomial, math.AG/9805077 (1998).

I Antoine Douai, Très bonnes bases du réseau de Brieskorn d’un
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Gauss-Manin system

I Cohomology of fibres is encoded in Gauss-Manin system:

G = Hn(f+O) =
Ωn+1[∂t ]

(d − ∂tdf )
(
Ωn[∂t ]

)

I G is regular holonomic C[t, ∂t ]-module with invertible ∂t .

I t = [f ] on Ωn+1.
I ∂t = [∂t ] on G .

I θ = ∂−1
t = [df ◦ d−1] on Brieskorn lattice

H = img(Ωn+1) ⊆ G .
I Clearing denominators in d − ∂tdf = d − θ−1df yields

H =
Ωn+1[θ]

(df − θd)
(
Ωn[θ]

) ⊆ G = H[θ−1].

I Theorem (Sabbah): H is free C[θ]-module of rank µ.
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Module structure of H

I Recall that H is a C[θ, t]-module, θ = ∂−1
t .

I ∂t · | 1 = [∂t , t] = ∂tt − t∂t | · θ

⇒ 1 = θ−2tθ − θ−1t = [θ−2t, θ].

I Conclusion: θ−2t =: ∂θ ⇒ t = θ2∂θ ⇒ t = [f + θ2∂θ].

I φ-basis representation of t: φA = t(φ), A ∈ C[θ]µ×µ,

t ◦ φ = φ ◦ (A + θ2∂θ).

I Base change formula: φ′ = φU,

A′ = U−1(A + θ2∂θ)U.
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Good bases of H

I Theorem (Sabbah): ∃ good basis φ of H:

I t = A + θ2∂θ, A = A0 + θA1, Ai ∈ Cµ×µ,

I A1 =

α1

. . .

αµ

, αi ∈ Q, φi ∈ Vαi H.

I Monodromy around Df :

T∞ = exp
(
−2πi

(
grV1 (A0) + A1

))
.

I Spectrum of H: spec(H) = {α1, . . . , αµ}.
I Also spectral pairs (mixed Hodge numbers) can be read off.
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Example with Singular

I Let f = x + y + z + x2y2z2.

I φ = 1, θ2x−3θx2+x3, 5
2x , 10θ2x2− 25

2 θx3+ 5
2x4,−25

4 θx+ 25
4 x2.

I A =


0 0 0 −25

8 0
0 0 0 0 125

8
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0

 + θ


1
2 0 0 0 0
0 1 0 0 0
0 0 3

2 0 0
0 0 0 2 0
0 0 0 0 5

2

 .

I Monodromy around Df : T∞ = exp
(
−2πi

(
grV1 (A0) + A1

))

I 2× 2 Jordan block with eigenvalue 1.
I 3× 3 Jordan block with eigenvalue −1.

I Note: Ai inherit symmetries from mixed Hodge structure.
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Naive approach

I Identify Ωn+1 = C[x ] to get infinite C[θ]-presentation:

H =
Ωn+1[θ]

(df − θd)
(
Ωn[θ]

) =
C[x , θ]

(∂(f )− θ∂)
(
C[x , θ]n+1) .

I C[x , θ]≤k denotes polynomials of x-degree ≤ k.

I Truncate numerator and denominator of H:

Hk :=
C[x , θ]≤k

(∂(f )− θ∂)
(
C[x , θ]n+1) , Hk

l :=
C[x , θ]≤k

(∂(f )− θ∂)
(
C[x , θ]n+1

≤l

) .

I Canonical maps: Hk
l

πk
l

= for l�0
// // Hk � � ιk

= for k�0
// H.
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t-stable sublattice of H

I Recall the finitely presented C[θ]-module

Hk
l =

C[x , θ]≤k

(∂(f )− θ∂)
(
C[x , θ]n+1

≤l

)
∩ C[x , θ]≤k

.

I Can compute Hk
l from C[θ]-Gröbner basis g of

(∂(f )− θ∂)(C[x , θ]n+1
≤l )

w.r.t. monomial ordering on C[x , θ] refining x-degree.
I Let k0 minimal s.th. xα ∈ L(g) for k0 < |α| ≤ k.
I If k − k0 ≥ degx(f ) = degx(t) then Hk

l is t-stable.

I Can compute cyclic generators φ of Hk
l and φA = t(φ).

I Method of increasing k and l successively yields
t-stable sublattice Hk

l ⊆ H with equality for k � 0.
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V-filtration at infinity

I Coordinate at infinity: τ = θ−1 = ∂t , ∂τ = −θ2∂θ = −t.

I G regular C[t, ∂t ]-module implies for C[θ, ∂θ]-structure:

I G singular only in 0 and ∞.
I G regular at θ = ∞ and of type 1 at θ = 0.

I V-filtration V• on G at infinity:

I Vα is C[τ ]-lattice, α ∈ Q.
I N := τ∂τ + α is nilpotent on grVα (G ).

I Note:

I Can compute τ∂τ = −θ∂θ = −θ−1t.
I Vα+k = θkVα for k ∈ Z.
I Intermediate Vβ differ by generalized eigenspaces of τ∂τ .

I Algorithm to compute V = Vα:

I Compute τ∂τ -stable C[τ ]-lattice V :=
∑

k≥0(τ∂τ )k〈φ〉C[τ ].
I Base change: eigenvalues of −τ∂τ on V /τV in [α, α− 1).
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Spectrum test for equality

I Spectrum of F• on finite C-vector space V :

spec(F•) :=
{
α with multiplicity dimC

(
grFα(V )

)}
.

I C[θ]-lattice L ⊆ G defines L• by Lp := τpL.
I Spectrum of L: spec(L) := spec(V•(L/θL)).
I Lemma: For C[θ]-lattices L2 ⊆ L1 ⊆ G ,∑

spec(L1) ≤
∑

spec(L2) and equality implies L1 = L2.

I Identify spec(Li ) with spec
(
Li,•

(
grV[0,1)(G )

))
.

I Use linear algebra fact: subfiltrations equal iff
∑

spec equal.

I Algorithm to compute spectrum of L:

I Compute minimal V-Gröbner basis of L.
I V-degrees of basis elements form spec(L).

I Theorem (Sabbah): 1
µ

∑
spec(H) = n+1

2 .
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I V-degrees of basis elements form spec(L).

I Theorem (Sabbah): 1
µ

∑
spec(H) = n+1

2 .

Mathias Schulze Gauss-Manin Systems in Singular



Outline
Tame polynomials

Brieskorn lattice
Algorithm

Naive approach
t-stable sublattice of H
V-filtration at infinity
Spectrum test for equality
Algorithm for good bases

Spectrum test for equality

I Spectrum of F• on finite C-vector space V :

spec(F•) :=
{
α with multiplicity dimC

(
grFα(V )

)}
.

I C[θ]-lattice L ⊆ G defines L• by Lp := τpL.
I Spectrum of L: spec(L) := spec(V•(L/θL)).
I Lemma: For C[θ]-lattices L2 ⊆ L1 ⊆ G ,∑

spec(L1) ≤
∑

spec(L2) and equality implies L1 = L2.
I Identify spec(Li ) with spec

(
Li,•

(
grV[0,1)(G )

))
.

I Use linear algebra fact: subfiltrations equal iff
∑

spec equal.
I Algorithm to compute spectrum of L:

I Compute minimal V-Gröbner basis of L.
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Algorithm for good bases

I Theorem (Sabbah): N is strict w.r.t. H• on grV (G ).

I Compute H•
(
grV (G )

)
from V-Gröbner basis φ of H.

I Compute N-splitting:

Hk grVα (G ) =
⊕
j≥k

U j
α, N(U j

α) ⊆ U j−1
α .

I Choose lex. ordering: V-degree, U j
α > U j−1

α .
I Refine V-Gröbner basis to minimal Gröbner basis φ′ = φP.
I Compute good φ′ and

A′ = P−1(A + θ2∂θ)(P)

by simultaneous normal form & base change in P.
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α, N(U j

α) ⊆ U j−1
α .

I Choose lex. ordering: V-degree, U j
α > U j−1

α .
I Refine V-Gröbner basis to minimal Gröbner basis φ′ = φP.
I Compute good φ′ and

A′ = P−1(A + θ2∂θ)(P)

by simultaneous normal form & base change in P.
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