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Abstract

Assume that m,n and s are integers with m > 2,n > 4,0 < s < n and s is of the same
parity of m. The generalized honeycomb tori GHT (m,n,s) have been recognized as an
attractive architecture to existing torus interconnection networks in parallel and distributed
applications. Among the various families of graphs of GHT(m,n,s), numerous studies
are devoted to honeycomb hexagonal torus HT'(n) due to its nice symmetrical structure.
Although each vertex of HT'(n) is described by a three-dimensional coordinate (z,y, z), the
graph grows uniformly in the three directions. In this article, we propose a new class of graphs
extended from HT'(n), namely, deformed honeycomb torus DHT (h,l,r). DHT(h,l,7) is
defined to allow the graph to grow in the three independent dimensions. We prove that
this more general class of graphs still remains a subset of the generalized honeycomb torus.
Furthermore, for any given DHT(h,l,r), we have a concrete correspondence between its
vertex set and the associated GHT (m, n, s).

Keywords: Honeycomb torus, interconnection, network.



Chapter 1

Introduction

Network topology is a crucial factor for interconnection network since it determines the per-
formance of the network [6]. Stojmenovic [8] proposed three variations of honeycomb tori
by adding wraparound edges on honeycomb meshes, namely honeycomb rectangular torus,
honeycomb rhombic torus, and honeycomb hexagonal torus. These honeycomb tori have
been recognized as an attractive architecture to existing torus interconnection networks in
parallel and distributed applications and numerous studies are devoted to honeycomb hexag-
onal torus due to its nice symmetrical structure [2, 4, 5, 7, 8]. Cho and Hsu [3] proved that
all these honeycomb torus networks can be characterized in a unified way, and hence they
proposed a class of interconnection networks, the generalized honeycomb torus.

In this article, we are interested in a class of graphs extended from honeycomb hexag-
onal torus which we call the deformed honeycomb torus. In [8], each vertex of the honey-
comb hexagonal torus HT'(n) is described by a three-dimensional coordinate (g, yo, 29) even
though the graph grows uniformly in the three directions. (See Figure 1 for an illustration.)
In contrast to HT'(n), the deformed honeycomb torus DHT(h,[,r) is defined to allow the
graph to grow in the three independent dimensions. We prove that this more general class
of graphs still remains a subset of the generalized honeycomb torus GHT (m,n, s). Further-
more, for any given DHT'(h,[,r), we have a concrete correspondence between its vertex set
and the associated GHT(m,n, s).

In the following section, we give some graph terms that are used in this paper, a formal
definition of the generalized honeycomb torus GHT'(m,n,s) and that of the deformed hon-
eycomb torus DHT'(h,l,r). In Section 3, we show that every DHT (h,l,r) is a GHT (m,n, s)
by constructing an isomorphism between DHT'(h,l,r) and GHT(m,n,s) and hence every
deformed honeycomb torus is a generalized honeycomb torus.



(b) (c)

Figure 1.1: The graphs (a)HT'(1) (b)HT'(2) (c)HT(3).



Chapter 2

Preliminary

Usually, computer and communication networks are represented by graphs where vertices
represent processors and edges represent links between processors. In this paper, a net-
work is represented as an undirected graph. For the graph definition and notation we
follow [1]. G = (V,E) is a graph if V is a finite set and F is a subset of {(u,v) |
(u,v) is an unordered pair of V'}. We say that V' is the vertez set and E is the edge set of G.
Two vertices v and v are adjacent if (u,v) € E. A path is represented by (vo, v1, va, -+ , Ug).
We also write the path (vg,vi,ve, - ,vk) as (vo, Pr,vi, Viz1, -+, U5, Po, vy, -+ -, vy), where
P, is the path (vg,v1,---,v;-1,v;) and P is the path (v;,vj11,---,v_1,v). Hence, it
is possible to write a path (vg,v1, P,v1,v9,- -+ ,v;) if the length of P is zero. If a path
Q = (vg,v1,v9, -+ ,v}), then Q™! denotes the path (v, vp_1,- -+ ,v1,v0). A cycle is a path of
at least three vertices such that the first vertex and the last vertex are identical. Let C' be
a cycle and P be a path. We use |C| to denote the total number of distinct vertices/deges
on C' and |P| to denote the total number of distinct edges of P.

For any two positive integers r and d, we use [r]; to denote r (mod d). Let m,n and s
be positive integers with m > 2,n > 4, n and m + s are even. The generalized honeycomb
torus GHT(m, n, s) is the graph with the vertex set {(i,7) | 0 <i <m,0 < j < n} such that
(7,7) and (k,l) with ¢ < k are adjacent if they satisfy one of the following conditions:

Lo (k1) = (3, [j % 1]n);
2.0<i<m-—2,i+jisodd and (k,l) = (i +1,7);
3.1=0, jiseven, and (k,l) = (m —1,[j + s]a).

For example, the graph GHT(8,6,2) is shown in Figure 2. Obviously, any generalized
honeycomb torus is a 3-regular bipartite graph. Moreover, any generalized honeycomb torus
is vertex transitive.

Let h,l, and r be positive integers. Let G = DHT(h,l,r) be a deformed honeycomb
torus and G = G(V, E). The vertex set is defined by V(G) = U, {(i, k= 1) [r—k <i <
r+2h+k =2 UU e {0 14K =1) | r—1—k <i <r+1+2h—k—=1}UUgcpqy 1 10 7+ F) |



(0,0) (1,00 (2,0 (7,0)

Figure 2.1: The graph GHT(8,6,2).

k <i<2l+2h—k—2}. Let (i, j) and (x,y) be two vertices of V(G). Then e = ((7,5), (x,y))
is an edge of F(G) if and only if any of the following conditions holds:

l. j=yand |i —z| =1

2. jiseven,y=7+1,i=x and (i —r mod 2) = 1.

3. jisodd,y=j+1,i=x and (i — r mod 2) =0.

4. (i,j) = (r+2h—1+n,n) and (z,y) = (n,r +n) for 0 <n <[ —1.

5. (i,7)=(r—1—n,n) and (z,y)=(l+r+2h—n—-2l+n)for0<n<r—1.

6. (4,7) =(r—14mn,0) and (z,y) = ({—1+n,l+r—1) fornisodd and 1 <n <2h —1.

For example, the graph DHT(2,3,6) is shown Figure 4(a)(neglecting the numbers in the
square brace). It is obvious that HT'(n) = DHT(n,n,n) for n > 1.



Chapter 3

Every DHT(h,l,r) is a generalized
honeycomb torus

To prove that DHT(h,l,r) is a generalized honeycomb torus for any combination of h,l
and r, we consider the cases where [ < r without loss of generality. We will construct
an isomorphism between every DHT'(h,l,r) and its associated GHT(m,n,s) by mapping
each vertex of DHT'(h,l,r) to its corresponding vertex of the GHT (m,n, s). Let g.c.d.(a,b)
denote the greatest common divisor of two positive integers a and b and define gqg and ¢y by

go = g.cd.(l,r);
to = 2(hl+ hr+1r)/go.

For example, gy = 3 and ¢y = 24 for the graph DHT(2,3,6). We will use the symbols gg
and ty with above definition in the rest of the paper.

Lemma 1. If | =mgo, r = ngy and n > m, then

=== 1
ol e [

Case 1: m =n = 1. In this case, r = [ = gg. Then
r—1 r—1
- 1__J
=] = ==
ST ST
l r rd

Case 2: m=1and n > m.

Proof. It is obvious that

r—1 ngo — 1 ngo 1 1

) - [ -1 - - e
l mgo mgo mgo- 90

V—QOJ:{HQO—QOJ:LHQO_QOJ:{n_ljzn_l
[ mgo mgo  Myo
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Case 3: m # 1 and n > m. The remainder of n/m is [n],,. Since

n]m =n— {ﬁjmz 1,

m
we have
n
[ngO]mgo = MNngo — LﬂJ mgo
mgo
n
- s (2]
= gO[n]m
= 9o
Notice that if [1ngo|mgy > [b]mg, for some b < mgp, then {%—%% - ngoJ = L%J. We have
)= L ) = L) = 1
[ mgo  Myo mgo l
and
)= ) = ) =
! mgo  Myo mgo !
That is,
="
11 [
Thus,

Lemma 2. In DHT(h,l,r), we define some path patterns as follows.

Py(i, 5) ((4,9), G =1,7),- -, (i = £,5));

Po(isg) = ((1,7), (L +7r+2h—j—2,1+j));

Py(i,g) = ((5,7), (r +2h = 1 +1,4));

QGi,5) = ((4,§),Po(i,§),(l+r+2h—j—2,1+ ), PP"D N4 r+2n—j—21+7),
(r—1—j—1,1+7).

and Qt(Z7]> = <(%])7Q(%])7 (T—l—j—1,l+j),Qt_1('I"—l—j—1,l—l—j), (T—tl—j—l,tl+j)>
fort > 2. There are three more path patterns.



R(i,j) = {(i,9), PP" (i, 5), i — 2h — 2], ), QL%” (i — 20 — 2], j),
7“—]—1 -7 -
(r= { l Jl_ _1{ I Jl+)>
S(i,5) = ((i,§), Po(i,§),(l+r+2h—j—2,1+ ), PPC D4 r 4 20— j — 2,1+ ),
(l=r+4l+7),P(l—r+jl+7),0l+2h+j—1,1—r+7));
I e L R R
S(r—tir_]l_.lJl—j—l,H_jl_ Jl+j?,
(l+2h+{#JH]’—LZ—?HLL#JH]')).

(See Appendiz A for an illustration.)

Then |T(i,j)| = 4h+2r+2h Lf

J forany (i,j) = 2h4+r—1+k, k) € V(DHT(h,l,r)), 0 <

E<l-1.
Proof. It is obvious that |P{(i, )| =t and |Q'(¢, 7)| = 2t(h +1).
. . . r—j—1 , r—j—1 ,
TG = ()RG5, = | == |1 = =1, [ === 1+ j),
l l
r—j—1 ‘ r—7j—
Str— |1 =i -1, [~ JH—]),
r—j—1 —Jj—-1 ,
(1+2h+ ] z |t+i-ta-r+|f z |+
B - r=J-1, . gr—j-1 :
= [RGA IS0 - [T i1, [P )
— i1
= @h+))+ | —|a+2p+D-1)+
— i1
(1+2(r+h—1—q%Jl+j))+1)
-1 -1
— 2h+2j+L%J(zhm)+2r+2h—2L%JZ—2j
B r—j3—1
= 4h+2r+2h| ——|.
Lemma 3. For any g.c.d(n,m) =1 and n > m,
n—1 n—2 n—m
S e
n—1 n-—2 n—m 0 1 m—1
= ( 4t )= (—=+—+ —).
m m m m m m



Proof. We know that the remainder of n/m is [n],, then

Thus,

m m
n—1—-n-1, n—-2—[n—2, +n—m—[n—m]m
N m m m
n—1 n-—2 n—m n—1{, n— 2\, n— M|m
. oy nmy (U 2 el
m m m m m m
n—1 n-—2 n—m 0 1 m—1
- ) e )
m m m m m m

Lemma 4. There exist go disjoint cycles, Cy’s with 0 < k < go — 1, of DHT (h,l,r) such
2(hl + Ir + hr) go-1
that |Cy| = for any k and \J V(Cy) =V (DHT(h,l,r)).
k=0

90

l/g
Proof. We define C), = (T(Qh +7r—1+k, k)) " for 0 < k < go— 1. Figure 3 gives
an illustration for the cycles on DHT(2,3,6) and the details of these cycles are given in

Appendix B. Now, we want to show that |Cy| = 2(hi +;§ * hr)) 0<k<gyg—1.
Let : =2h+7r —1.
. [
0

— |T(i + k, k)| + T+ bk +go)| + -+ |T(i +k, k41— go)l
k-1 —(k+go) — 1
%J)+(4h+2r+2hv ( lgo) J)+
j )

J)+(4h+2r+2hv_l29°J)+~--

Pt (ah o+ 20 + 20

(+4h + 2r + QhL

=90

Lemme T2 (4h 4 op 4 2}{

+(4h + 2r + 2h VT_ZJ)



(4h+2r+2hL

90

l=mgo, r=ngo

90
[
—(4h + 2r) + 2h(
90
90
i(4h + 2r) + 2h(
90
90
90

9o
2(hl + Ir + hr)

90

2(hl + lr + hr)
9o

Hence |Cy| =

™= 9o

[

l
—(4h + 2r) + 2h(

l
—(4h 4 2r) + 2h(

L (ah +2r) + 21((

(n =1+ (n—m))-m-

" —2go

)+ @+ 20+ 20| +(4h+2r+2hVT_lJ)
" —24o

[« =

ngo — goJ n Vlgo — 290
mgo mg
n—2

|+
|

ngo —m
J+'._+Lgo 9o

™= 4go
)

D

n—m

o e

n—2 n —

L m
n—1

mgo
il
) -

0+ (m—

1

_|,__

m m
1 1)

2_ .m.

i(4h +2r) + 2h(n —
l
= (4h + 2r) + 20 ("L

z
~(4h + 2r) + 2h(

m

m)
— mgo
90

_l)

90

forall 0 <k <gy—1.

It is easy to see that each cycle Cj, starts with distinct vertex (2h +1 — 1+ k, k) for 0 <

k < go—1, and hence they are disjoint. Since | U Cix| = 2(hl+1r+hr) =
the union of Cj with 0 < k < gy — 1 spans V(DHT(h, l,r)).

go—1

\V(DHT(h,l,r))|,
O

From the construction of C} in Lemma 1, it is obvious that each C) consists of l T’s.

We shall call them the 1-st 7', the 2-nd T, -

l

, and the %

th T of C}, in the next lemma.

Since GHT (go, o, s) contains gq disjoint cycles {Cy }¢~" with equal length ¢, and Ui‘!ol Cr =
V(GHT(go,to, s)), the result of Lemma 1 suggests a possible isomorphism from DHT(h,l,r)
to GHT(go, to, s) for some positive integer s with go+s an even integer. To show that there is
a one-to-one correspondence between V(DHT (h,l,r)) and V(GHT(go, to,s)), we give each
vertex of DHT'(h,l,7) a new label in Definition ?? as follows.

Definition 1. Let k be an integer with 0 < k < go — 1 and Cy be the cycle obtained

by Lemma 1. Suppose that C = (vg, vy, - -

2(hl + lr + hr)

, Utg—1, Vo), Wwhere ty = T

10
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Figure 3.1: DHT(2,3,6) for Lemma 1.

mtr—1+k k), vy=(2h+r—1+k—1k) andv, 4 =2l —r+ |T=F=ltg=1);
( 0 l

k— go, 2l + V — k= ll+ o — 1Jl+k—go). We define a new coordinate [x,yl; for each vertex
vi, where 0 < i <ty — 1, on Cy as follows:

{Z:E—l—k]to

Figure 4 (a) gives an illustration about the new labeling method of DHT(2,3,6). By
aligning DHT (h,l,r) according to its new coordinates such that each vertex labeled [z, y]
is located at the intersection of the xth column and the yth row, we recognize that it is a
candidate of a generalized honeycomb torus GHT(go,to,s). More specifically, let (i,7) €
V(DHT(h,l,7)) and let its corresponding new label be [z,y]. Then the vertex (i,j) of

DHT(h,l,r) is associated with a unique vertex [z, y] of GHT(go, to, s), where go = g.c.d(l, ),
b 2(hl + lr + hr)
0=

and s is some integer to be determined. In the following paragraphs,
we derive the integer s.

Lemma 5. Let Cy be a cycle of DHT (h, 1, 1), where 0 < k < go— 1. Suppose that v = (i, j),
where 0 < j <1 —1, is a vertex on the p-th path T of Cy. Define w = j — [jlg,. Then p can
be determined by

If w =0, thenp=1,;
(1) if (r = D)|(r — w), then p = L=

r—1
If w # 0, (i1) if (r —=1) 1 (r —w), let «a be the least positive integer such that

(r="D|(r —w+al), then p = %jal.

11



[0,23]
[0,22]

0 1'234j56'7'8'

O
[0,0] [1,0] [2,0]
Figure 3.2: The isomorphic graphs (a)DHT'(2,3,6) and (b)GHT(3,24,17).
Proof. Let Cy = (vf,vf, -+ ,vf _j,vf) where vf = (2h +r — 14k, k) for 0 < k < g — 1.
According to Lemma 1, each cycle C}, starts from the vertex (2h+r—1+k, k) and follows the

path T". Thus we can determine the p-th path T of C; that passes the given vertex ’Ug = (1,7)
with 0 < 7 < [—1 by first finding the p-th path T of Cj that passes vg. Therefore w = j—[4]4-

Case 1: w = 0. That is, w = j — [j]4, = 0. It implies 0 < j < gy — 1. Since vertex v = (3, j),
0 <j <go—1 lies on the first T', we know p = 1.

Case 2: w # 0. A similar but tedious counting leads to the above result. The proof is
skipped. O

Example 1. If G = DHT(1,10,14), v; = (10,1), v = (14,7) and vs = (24,9), we have
go = 2.

Case 1: v; = (10,1), by Lemma ??, wy =1 — [1] = 0. Therefore, p = 1.

Case 2: vy = (14,7), by Lemma 7?7, wo =7 — [T]a =6 # 0. And
(r—1)=(14-10)[(14 - 6) = (r — w).
Therefore,




Case 3: v3 = (24,9), by Lemma ??, ws =9 —[9], =8 # 0 and
(r—1)=(14-10)1 (14 —-8) = (r — w).
We can find the least positive integer o = 1, such that
(r—0)=(14-10)|(14 =8+1-10) = (r —w+ o).

Then
_r—w+ozl_ 16

- 4.
p r—1 4

Theorem 1. Consider G = DHT(h,l,r) and the cycle Cy,_1 on G defined by Lemma 1.
Let the vertex v = (2h+r +1—2,1—1) lie on the p-th path T on Cy,_1, where p is obtained
with Lemma ??. There is an isomorphism between DHT(h,l,r) and GHT(go,to, s) where

to — go — 2h if L= go;
— p—2 _ [ — _ _
T - vin 2] on (|- L= ulr = Dy )= go—2h 14 g0
u=0
Proof. From the construction of Cj, in Lemma ??, we know that Cj, = (v&, of, - - ,vfo_l, o)

for 0 < k < gy — 1. Moreover, v = (2h 47 —2,0) and v3°"" = (2h 47 — 2, gy — 1). Since the
vertex vf of Cy is relabeled [k, [i — 1 — k]|, we can compute s by finding the row difference
of the two endvertices of an edge (a,b) where a € Cy_; and b € C;. We also notice that
a=2h+r+1-2,1-1)€Chp_1,b=2h+r+1-2,1) € Cy and (a,b) € E(DHT(h,l,7)).
Suppose that a is the n-th vertex on Cy,_; and b is the m-th vertex on Cj. It is easy to see
that s = [n — mjs,. We prove the theorem by the following two cases.

Case 1: [ = go. Now that
a=2h+r+1-21-1)=2h+r+1—-2,90—1)
Hence if we count from 'Ugofl, the position of a is
(2h+71—=2)—2h+r+1-2)]y + 1=l +1=-gl +1=to—go+ 1=t —go+ 1.

Thus,
n:to—(go—l)

By using P (2h4r—2,0) = ((2h+7r—2,0), (2h+7r—3,0),--- , (r—1,0)) and Ps(r—1,0) =
((r—1,0),(2h+r+1—2,1)), we know that m = (2h — 1) + 1 + 1 = 2h + 1. Therefore,

s=n—-—m=ty—go+1—2h+1)=1ty— go— 2h.

13



S | = DNWRROUNVONI0O

12 34567 8 910111213
]

Figure 3.4: A example for case 2 of Theorem ?7.

Case 2: | # go. By Lemma ?? and Lemma ??, we know that the vertex (2h+r+1—2,1—1)
is the first vertex of the p-th path T in Cy,_;. It is easy to know that |T'(2h+r—14+k, k)| =

14



T(2h+7r—1+k+go—1,k+ go—1)| by Lemma ?? and Lemma ?7?.

noo= TR =1+l 0- (=Dl (g0~ .0 -0 (= D]+ (o0 — )] g0
+HT2h+r—1+[l—=1-(r=0li+(go—1),l=1-(r=0D]i+ (90— 1))|
HI@b+r =14+ =2+ (= D]t (g0 — 1.2 (00~ D+ (g0 — D)
_|._...
HTRh+r—=1+[—(p—=2)-(r=Dhi+(go—1).[l—(®—2) - (r=Dhi+ (90— 1) +1

= T2h+7r—1,0)|+|TQh+r—14+[l—1-(r=0),[l—1-(r—0D])

+HTRh+r—1+[1=2-(r=D],[l=2-(r—=10)])
+ -+ |TCh+r—14[1=(p-=2)-(r =D)L= (p=2)-(r=0D})] —go+ 1

= D AT@h+r =1+ —u-(r =Dl —u- (r=0h) —g+1

u=0

Lemma 77 (4h+2r+2hv_U—O'l(’"_ml_1J)+(4h+gr+2hv—[l—l-l(r—l)]z—1J)

—|—---—|—(4h+2r+2hv_[l_(p_Ql)'(T_l)]l—lJ)

—go+1

= (p—l)[4h+2r]+2h(v_(l)_1j + V_[l_l'l(r_l)]’_lj T

N S MG RS T
= (p—l)[4h+2r]+2hp2(v_[l_u'l(r_ml_lj)—go+1.
And
m=2h—1)+1+1=2h+1
Hence

S = nNn—m

— (p—1)[4h + 2] thzq

u=0

r—[l—u-(r—1);,—1

J)—go—2h'
U

Now we illustrate how Theorem ?7 is used to find GHT (m,n,s) that is isomorphic to
the given DHT (h,l,r) by the following examples.

Example 2. Let G = DHT(2,3,6). Here
go = g.c.d(3,6) =3
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and

to = 2(hl+hr+1r)/go
= 2(2-34+2-6+3-6)/3
= 24.

Given a vertex v = 2h +r+1—2,01 —1) = (11,2), by Lemma ??, w = 2 — [2]3 = 0, then
p =1, so the vertex v lies on the 1-st path T' on Cyy_1 = Cy. By Theorem 77,

Thus, DHT(2,3,6) = GHT(3,24,17) as shown in Figure 4

Example 3. Let G = DHT(1,10,14). Here
go = g.c.d(10,14) = 2
and

t() = 2(hl + hr 4+ l?”)/go
= 2(1-10+1-14+10-14)/2
= 164.

Given a vertez v = (2h +r+1— 2,1 —1) = (24,9). By Case 3 of Example 1, p = 4. Hence
the vertex v lies on the 4-th path T' on Cyy—1 = Cy. By Theorem 77?7

s = (p_l)[4h+2r]+2hz(v_[Z_U(;_Ml_lj)—go—Qh
= 3(4+28)+2(ZL14—[10—1UO(—4)]10—1J)_2_2
_ 3'32+2q14— [10—100(—4)]10 — 1J N {14— [10—110(—4)]10 — 1J .
14021}, _,
{ 10 J>_
= 96.

Thus, DHT(1,10,14) =~ GHT(2, 164, 96).
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Appendix A

Examples For Lemma 77

Example 1: The path patterns P{(i,j), P»(i,7) and P3(4, ) for DHT(2,3,6).

S| mP N Wk Uy O X©

Figure A.1: The path patterns Pj(i,j), Py(i,j) and Ps(¢, ) for DHT(2,3,6).
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Example 2: The path pattern Q(i, j) for DHT(2,3,6).

S| PN Wk U 9 X®

Figure A.2: The path pattern Q(i,7) for DHT(2,3,6).

Example 3: The path pattern R(i, j) for DHT(2,3,6).

[ER
S =

a0
1

o |2 .
7 [\ ')'
ROt
X
I
o 1 2 3 4 5 6 17 8

Figure A.3: The path pattern R(i,7) for DHT(2,3,6).
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Example 4: The path pattern S(i,j) for DHT'(2,3,6).

S| =N WA OVONI X

Figure A.4: The path pattern S(i, j) for DHT(2,3,6).

Example 5: The path pattern T'(¢, 5) for DHT'(2,3,6) when | = gq.

[y
—
S| —m N WA UV Q0O O -

Figure A.5: The path pattern T'(i, j) for DHT(2,3,6) when [ = gj.
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Example 6: The path pattern T'(¢, j) for DHT(2,4,10) when | # go.

— ek ko o ek
O el \P AV SNV e )CN [o cNola Ny O RIS E NV, o)

12 34567 8 910111213
J

Figure A.6: The path pattern T'(7, j) for DHT(2,4,10) when [ # gq.

21



Appendix B

Example For Lemma 1

Example: We use Lemma 1 to obtain the three disjoint cycles {Cy, C,Co} of DHT(2,3,6)
such that Uy<x<2V (Cy) = V(DHT(2,3,6)) as follows.

Co =

(T(2-246—140,0))%3
(1(9,0))
6-0-1

((9,0), R(9,0), (6 — LTJ 3-0-1, L

S(6—L$J-3—0—1, Lﬁ_g_ J-3+0),

6—-0-1 6—-0-1

6—-0—-1

J-3+0),

+2-2+ ]

R(9,0),(2,3),5(2,3),(9,0))

9 J-3+O—1,3—6+L
0),
2(2+0) . . LMJ . o
0), P22t (9.0),(9 — 2.2 -2.0,0),0l"5 (9 — 2.2 -2.0,0),

J-3+0)>

9,
9,

(3
(
(
(6 — MJ 3-0—1, P_g_lj 340),P(2,3),(3+6+2-2-3-23+3),

3

pPHOE 3 4 642.2-3-23+3),(3-6+3,3+3),P5(3—6+3,3+3),
+2-243-1,3-6+3))

(9,0), P(9,0), (5,0),Q"(5,0), (2,3), P2(2,3),(8,6), P} (8,6), (0,6), P3(0,6), (9,0))

(9,0), P{(9,0),(5,0), P,(5,0),(3+6+2-2—-0—2,340),

PR 34 642.2-0-23+40),(6—3—0—1,340), P(2,3),(8,6), P5(8,6),

(0,6), P3(0,6), (9,0))

((9,0), P(9,0), (5,0), P, (5,0), (11,3), PY (11, 3), (2,3), P»(2,3), (8,6), PS(8,6), (0, 6),

P5(0,6),(9,0))

((9,0), (8,0), (7,0), (6,0), (5,0), (11, 3), (10, 3), (9,3), (8,3), (7,3), (6,3), (5,3), (4, 3),

(3,3),(2,3),(8,6),(7,6),(6,6), (5,6), (4,6), (3,6),(2,6), (1,6), (0,6), (9,0))

(3
(
(

22



c, =

(T(2-24+6—1+1,1))%3

— (T(10,1))
(QQUJamJ)m—WQZ%ZlJ3—1—1{6_;_W-3+n,
S@—L6_;_1y3—1—1{6_1_1y3+1%

6—-1-1 6—-1-1

3422+ | | 3+1-13-6+]
(10, 1), R(10,1), (1,4), 5(1, 4), (10, 1)
(10,1), P**™(10,1),(10 —2-2—-2-1,1),QL" 5 J(10-2-2-2-1,1),

|-3+1)

(
(
(
(

6-1-1 6-1-1
6 — LTJ -3-1-1,{ - J-3+1),P2(1,4),(3+6+2-2—4—2,3+4),

PR (31 642.2-4-23+4),(3—6+4,3+4),P3(3—6+4,3+4),
(34+2-2+4—1,3—6+4))

= ((10,1), PP(10,1),(4,1),Q (4,1),(1,4), P,(1,4),(7,7), P (7,7),(1,7), P3(1,7), (10,1))
= ((10,1), Pf(10,1),(4,1), Py (4,1),(34+6+2-2—1—-2,3+1),

PIET 34 642.2-1-2,3+1),(6-3—1—1,3+1), P(1,4),(7,7), PS(7,7),
(1,7), P3(1,7),(10,1))

((10,1), P8(10,1), (4,1), P»(4,1), (10,4), P (10,4), (1,4), P»(1,4), (7,7), PS(7,7),
(1,7), P3(1,7),(10,1))

((10,1),(9,1),(8,1),(7,1),(6,1),(5,1), (4, 1), (10,4),(9,4), (8,4), (7,4), (6,4), (5,4),
(4,4),(3,4),(2,4),(1,4),(7,7),(6,7),(5,7),(4,7),(3,7),(2,7),(1,7),(10,1))
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Cy =

(T(2-246—1+2,2))%3

= (T(11,2))
((11,2), R(11,2), (6 — L%J 3-2-1, Lﬁ_g_lj 342),
S(6—L6_2_1J.3—2—1,L6_2_1J-3+2),
(3+2- 2+L6 5_1J-3+2—1,3—6+L6_2_1J-3+2)>
(11,2), R(11,2), (0,5), S(0,5), (11, 2))
((11,2), P29 (11,2),(11 —2-2-2-2,2),QL" 5 J11-2.2-2.2,2),
(6—L6_3$J-3—2—1,L6_§_ J-3+2),P2(0,5),(3+6+2-2—5—2,3+5),

PR3 1 642.2-5-23+5),(3—6+5,3+5),P5(3—6+5,3+5),
(3+2-24+5-1,3—6+5))

= ((11,2), P}(11,2),(3,2),Q"(3,2),(0,5), P2(0,5),(6,8), P{'(6,8),(2,8), P5(2,8), (11,2))
= ((11,2), P§(11,2),(3,2), P»(3,2),(34+ 6 +2-2—2— 2,3+ 2),

PR 34 642.2-2-2,3+2),(6-3—2—1,3+2), P(0,5),(6,8), PA(6,8),
(2,8), P5(2,8), (11,2))

((11,2), P¥(11,2), (3,2), P»(3,2),(9,5), PY(9,5), (0,5), P»(0,5), (6,8), P{(6,8), (2,8),
P5(2,8), (11,2))

((11,2), (10,2), (9,2), (8,2), (7,2), (6,2), (5,2), (4,2), (3,2), (9,5), (8,5), (7,5), (6,5),
(5,5),(4,5),(3,5),(2,5),(1,5),(0,5),(6,8), (5,8), (4,8), (3,8),(2,8), (11, 2))
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