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Abstract

In this brief communication, we provide an overview of
the density-based shape description framework and the de-
tails of the runs we have submitted to the SHREC’07 Wa-
tertight Models Track. We also present the results of an
improved matching scheme leading to more effective 3D re-
trieval.

1 Introduction

Density-based shape description is a framework to ex-
tract 3D shape descriptors from local surface features char-
acterizing the object geometry [1, 2]. The feature informa-
tion is processed with the kernel methodology for density
estimation (KDE) [3] and the probability density function
(pdf) of the local feature is estimated at chosen target points.
The shape descriptor vector is then simply a discretized
version of this probability density. This density-based ap-
proach provides a mechanism to convert local shape evi-
dences, using KDE, into a global shape description. Our re-
cent work on density-based shape descriptors [1, 2] for 3D
object retrieval has proven that this scheme is both computa-
tionally rapid and effective compared to other state-of-the-
art descriptors. In this brief communication, we provide an
overview of the density-based shape description framework
in Section 2 and the details of the runs we have submitted to
the SHREC’07 Watertight Models Track in Section 3. More
details about the methods and its performance can be found
in [1, 2].

2 Overview of the Description Framework

A density-based descriptor of a 3D shape is defined as
the discretized pdf of some surface featureS taking values
within a subspaceRS of Rm. The featureS is local to
the surface patch and treated as a random variable. For an

objectOl represented as a triangular mesh, evaluating the
featureS at each triangle and/or vertex, we can obtain a set
of observations aboutS, that we callthe source set, denoted
as {sk ∈ RS}K

k=1. Let f(·|Ol) be the pdf ofS. Using
the source set{sk ∈ RS}K

k=1, the value of this pdf at an
arbitrarym-dimensional pointt (which is in the range space
RS of the featureS) can be estimated by the following KDE
equation [3]:

f(t|Ol) =
K∑

k=1

wk |H|−1K(H−1(t− sk)), (1)

whereK : Rm → R is a kernel function,H is a m × m
matrix composed of a set of design parameters called band-
width parameters, andwk is the importance weight asso-
ciated with thekth observationsk. Suppose that we have
specified a finite set of pointsRS = {tn ∈ RS}N

n=1, called
the target set, within RS . The density-based descriptor
fS|Ol

for the objectOl (with respect to the featureS) is
then simply anN -dimensional vector whose entries consist
of the pdf values computed at the target setRS = {tn ∈
RS}N

n=1, that is, fS|Ol
= [f(t1|Ol), . . . , f(tN |Ol)] . To

convert this general framework into a practical description
scheme, we have to address the following issues:

Feature Design:Which surface features should be used
to capture local characteristics of the surface? (See Section
2.1.)

Target Selection:How to determine the targetstn ∈ RS

at which we will evaluate the KDE equation in (1)? (See
Section 2.2.)

Density Estimation:How to choose the kernel function
K, how to set the bandwidth parameter matrixH in (1) and
how to evaluate this equation in a computationally efficient
manner? (See Section 2.3.)

2.1 Feature Design

In the following, we assume that the 3D object is em-
bedded in a canonical reference frame ofR3 whose origin



coincides with the center of mass of the object. The ref-
erence frame can be computed using the continuous PCA
approach [4].

1. Radial distanceR measures the distance of a surface
point Q to the origin (centroid). Though not an effec-
tive shape feature all by itself; when coupled to other
local surface features, it helps to manifest their distrib-
ution at varying radii.

2. Radial directionR̂ is a unit-norm vector(R̂x, R̂y, R̂z)
collinear with the ray traced from the origin to a sur-
face pointQ. This unit-norm vector is obviously scale-
invariant.

3. Normal directionN̂ is simply the unit normal vec-
tor at a surface point and represented as a 3-tuple
(N̂x, N̂y, N̂z). Similar to the radial direction̂R, the
normalN̂ is scale invariant.

4. Radial-normal alignmentA is the absolute cosine of
the angle between the radial and normal directions and

is computed asA =
∣∣∣〈R̂, N̂

〉∣∣∣ ∈ [0, 1]. This fea-

ture measures crudely how the surface deviates locally
from sphericity. For example, if the local surface ap-
proximates a spherical cap, then the radial and normal
directions align, and the alignmentA approaches unity.

5. Tangent-plane distanceD stands for the absolute value
of the distance between the tangent plane at a surface
pointQ and the origin. This scalar featureD is related
to the radial distanceR by D = R.A.

6. Shape indexSI provides a local categorization of the
shape into primitive forms such as spherical cap and
cup, rut, ridge, trough, or saddle. In the present work,
we consider the following parameterization

SI =
1
2
−

(
2
π

)
arctan

(
κ1 + κ2

κ1 − κ2

)
,

whereκ1 andκ2 are the principal curvatures at the sur-
face point.SI is confined within the range[0, 1] and
not defined whenκ1 = κ1 = 0 (planar patch).

Our previous work [1, 2] has shown that the density-
based framework is more effective when we consider the
joining of the local features described above, to obtain even
higher dimensional features. In the present work, we con-
sider three such instances:

Radial featureS1 is obtained by augmenting the scale-
invariant radial direction vectorR̂ with the rotation-
invariant radial distanceR. The resulting 4-tupleS1 ,
(R, R̂x, R̂y, R̂z) can be viewed as an alternative to Carte-
sian coordinate representation of the surface point. In this

parameterization, however, the distance and direction infor-
mation are decoupled. With this decoupling, the range of in-
dividual features can be determined independently. In fact,
R̂ lies on the unit 2-sphere, and the scalarR lies on the
interval (0, rmax), wherermax depends on the size of the
surface.

Tangent plane featureS2 is obtained by joining the tan-
gent plane distanceD with the normal directionN̂, pro-
viding a 4-dimensional vectorS2 , (D, N̂x, N̂y, N̂z) that
corresponds to the representation of the local tangent plane.
As in the radial case, this representation also separates the
distance and direction information concerning the tangent
plane.

Finally, we definea third featureS3 , (R,A, SI),
which aims at encoding the interaction between the ra-
dial and normal directions through the alignment featureA
and at adding further local surface information through the
shape indexSI. Again the radial distanceR augments the
two-tuple(A,SI) to capture the characteristics of the shape
at different distances from the center of the object.

In our runs, we will use the discretized pdfs of all these
three features as descriptors and combine their individual
discrimination capabilities (see Section 3).

2.2 Target Selection

The targets sets for our local features occur as the
Cartesian products of their individual constituents. For
instance, theS1-feature is composed of a scalar feature
R ∈ (0, rmax) and a unit-norm 3-vector̂R ∈ S2. Accord-
ingly to determine the target setRS1 , we first uniformly
sample the interval(0, rmax) to obtain a distance setRR,
then partition the unit 2-sphere using the octahedron sub-
division scheme described in [1, 6] to obtain a direction
setRR̂, and finally take their Cartesian products to obtain
RS1 = RR ×RR̂. Note thatrmax depends on the type of
scale normalization applied to the object. The target set for
S2 = (D, N̂x, N̂y, N̂z) can be obtained likewise. Finally
the target set forS3 is given byRS3 = RR ×RA ×RSI ,
where bothRA andRSI are uniformly sampled versions
of the interval[0, 1] since bothA andSI share the same
unit-interval as range.

2.3 Density Estimation

It is known that the particular functional form of the ker-
nel does not significantly affect the accuracy of KDE [3].
In our scheme, we choose the Gaussian kernel since there
exists a fast algorithm, the fast Gauss transform (FGT) [5],
to rapidly evaluate large KDE sums inO(K + N) instead
of O(KN)-complexity of direct evaluation, whereK is the
number of sources andN is the number of targets.



The setting of the bandwidth matrixH has been shown
to be critical for accurate density estimation [3], which in
turn affects shape discrimination and retrieval performance
[1]. The optimal bandwidth for KDE depends on the un-
known density itself [3], making the appropriate choice of
the bandwidth parameter a challenging problem. Guided by
the results of our previous work in [1], we set the bandwidth
parameter by averaging all object-level bandwidths given by
Scott’s rule [3] or by averaging the covariance matrix of the
observations over the objects.

3 Experiments

Prior to descriptor computation, all models have been
normalized so that descriptors are translation, rotation, flip-
ping and scale invariant. For translation invariance, the ob-
ject’s center of mass is considered as the origin of the co-
ordinate frame. For rotation and flipping invariance, we ap-
plied the continuous PCA algorithm [4]. For isotropic scale
invariance, we calculate a scale factor so that the average
point-to-origin distance is unity.

In each of the three runs that we have submitted to the
SHREC’07 Watertight Models Track, we have used three
different density-based descriptors:S1 = (R, R̂x, R̂y, R̂z),
S2 , (D, N̂x, N̂y, N̂z), andS3 = (R,A, SI). Again in
each of the runs, we have calculated the bandwidth matrix,
required by the KDE, by averaging the covariance matri-
ces of the observations over the meshes. We have used the
l1-metric to obtain three distance measures (each of which
corresponds to one ofS1, S2, andS3) that we sum up to ob-
tain a final dissimilarity value between each pair of objects.
The runs differ in the following aspects:

Run 1. The mesh is reoriented so that the angle between
radial and normal directions at a surface point is always
acute.

Run 2. The orientation of the mesh is kept as given by
the list of triangles and theradial-normal alignmentfeature

is definedwith the absolute value, i.e.,A =
∣∣∣〈R̂, N̂

〉∣∣∣ ∈
[0, 1].

Run 3. The orientation of the mesh is kept as given by
the list of triangles and theradial-normal alignmentfeature

is definedwithout the absolute value, i.e.,A =
〈
R̂, N̂

〉
∈

[−1, 1].
The DCG performance of these runs on the SHREC’07

Watertight Database are 85.0%, 84.0%, and 84.9% respec-
tively. As we have pointed out earlier in this section, these
results have been obtained using thel1-metric. However,
as we explain in the sequel, the discrimination ability of
S1- andS2-descriptors can be further increased by exploit-
ing a certain property of the directional featuresR̂ andN̂
involved in these descriptors respectively. Since these fea-
tures are explicity parameterized by Cartesian coordinates,

i.e., R̂ = (R̂x, R̂y, R̂z) andN̂ = (N̂x, N̂y, N̂z), an error
in the labeling or the sign ofx-,y- or z-axes alters the re-
sulting pdf completely, leading to an unreliable descriptor.
PCA-based normalization methods usually assign the axes
based on the eigenvalue of the covariance matrix, and if two
eigenvalues are close to each other there remains an ambi-
guity about which is the correct one. Assigning a sign to an
axis is also problematic.

A matching scheme to circumvent discrimination errors
to such undesirable situations can be implemented by con-
sidering all possible configurations of the Cartesian coordi-
nate system. The first axis can be labeled as one of 6 the
elements of the set{x+, x−, y+, y−, z+, z−}, let this be
x+; the second axis can be labeled as one of the 4 elements
of the set{y+, y−, z+, z−}, let this bey+; finally the re-
maining axis can be labeled as eitherz+ or z−. Clearly,
there are6× 4× 2 = 48 such configurations. A naive way
to achieve invariance against mislabelings is to compute, for
a given mesh, 48 different descriptors each of which corre-
sponding to a fixed coordinate labeling. The dissimilarity
between two objects can then be calculated as the minimum
of 48 distance values obtained by holding one descriptor
fixed and alternating the other over the 48 configurations.
Such a naive approach is computationally and memory-wise
impractical.

Hopefully, since the target sets of thêR- andN̂-features
arise from a uniform sampling of the unit 2-sphere by oc-
tahedron subdivision [6], a descriptor corresponding to a
certain labeling of the coordinate system can be derived
from one another by just permuting the entries appropri-
ately. To give an example, lettn = (tn,x, tn,y, tn,z) be a
fixed target in the target setRR̂ ∈ S2 (or RN̂ ∈ S2 iden-
tically). Octahedron subdivision ensures that, for instance,
tn′ = (tn,y, tn,x, tn,z) is also in the target set (actually, all
the 48 possibilities are in the target set). Thus, evaluating 48
distance values between two descriptors as described above,
is just a matter of holding one descriptor fixed and permut-
ing the entries of the other appropriately. The final dissimi-
larity value is simply the minimum among these 48 distance
values. This metric adds a factor of 48 to the overall match-
ing complexity, way smarter then calculating and storing 48
descriptors each of which corresponding to a different la-
beling of the coordinate system.

The improvements gained by the matching scheme are
tabulated in Table 1 for each of the runs. In this table, we
provide DCG figures corresponding to single descriptorsS1

andS2 as well. Observe that, in all runs/cases, the improved
matching scheme does indeed improve the discrimination
as measured by the DCG gain, percent increase in DCG. It
appears thatS1 benefits more from this improvement than
S2, DCG gains being 4.8% and 2.8% respectively. Enriched
by theS3-descriptor (which is invariant to all affine trans-
formations but scale through theR-component), the overall



Table 1. DCG Performance of the Improved
Matching Scheme
Run Desc. l1 Imp. l1 Gain (%)

1 S1 74.4 78.0 4.8
S2 80.3 82.6 2.9

S1 + S2 80.9 84.2 4.1
S1 + S2 + S3 85.0 86.7 2

2 S1 73.2 76.8 4.9
S2 78.7 81.0 2.8

S1 + S2 80.1 83.1 3.7
S1 + S2 + S3 84.0 85.4 1.7

3 S1 73.3 76.8 4.8
S2 78.9 81.1 2.8

S1 + S2 80.1 83.1 3.7
S1 + S2 + S3 84.9 86.3 1.6

descriptor in Run 1 achieves a DCG of 86.7% on the Water-
tight Models database.

It’s also instructive to take a classwise look to the DCG
performance in order to see what kind of discrimination
can be achieved by the density-based framework on a
database where classification semantics are topologically-
guided (see Figure 1 in the main paper in this proceed-
ings). In Table 2, we display classwise averaged DCGs
and their standard deviations. From this table, we observe
that the density-based descriptor performs nearly perfectly
for the “Ant” and “Plier” classes with DCGs of 99.3% and
99.2% respectively. Worst DCG is obtained for the “Vase”
class (DCG=60.1%) with a rather high standard deviation
of 12.5%, indicating an inhomogeneity of the shapes within
the class. The latter fact corroborates with the visual inves-
tigation of Figure 1 in the the main paper in this proceed-
ings: the “Vase” instances differ significantly in geometry
and appearence.

4 Conclusion

Discrimination performance of density-based descrip-
tors have already been established in [1, 2] through ex-
periments on two different databases: Princeton Shape
Benchmark and Sculpteur (see references therein for these
databases). In the present paper, we have experimentally
demonstrated that the density-based framework provides
adequate discrimination also on the SHREC’07 Watertight
database. The density-based description framework being
geometrical by foundation, it’s comforting to see that it en-
ables effective retrieval on a database where shape equiva-
lences are topologically-induced. We also remark that our
framework is computationally very efficient [1, 2] thanks to
the fast Gauss transform [5], it’s not demanding in terms of

Table 2. Classwise DCG Performance of the
Density-Based Framework

Class Avg. DCG (%) St. Dev. DCG (%)
Ant 99.3 1.1

Armadillo 93.8 10.5
Bearing 74.8 14.9

Bird 73.0 11.5
Bust 82.7 9.9
Chair 98.3 1.7
Cup 85.8 16.3
Fish 94.7 6.7

Four-legged 93.2 10.3
Glasses 88.9 11.1
Hand 79.3 13.0

Human 85.2 11.6
Mechanic 95.9 10.8
Octopus 70.0 14.0
Plane 93.1 14.5
Plier 99.2 1.2

Spring 80.0 17.1
Table 84.4 21.6
Teddy 98.7 1.8
Vase 61.4 12.5

mesh quality and degeneracies, and is able to support mul-
tiple 3D modalities be they 3D point cloud, mesh, or para-
metric surfaces. Our research on effective 3D retrieval con-
tinues with score fusion and similarity learning, guided by
statistical techniques, which are able to incorporate domain-
specific classification semantics to the matching scheme.
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