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Abstract

This paper investigates the accuracy of the linear component that forms part of an overall
Hammerstein model-structure estimate, and a key finding is that the process of estimating the
non-linear element can have a strong effect on the associated estimate of the linear dynamics.
Furthermore, this effect is not explained simply by way of considering how the input spectrum is
changed by the non-linearity. Instead, it arises that the linear model-estimate variability may be
dominated by a term that depends on the frequency response ofthe linear system itself. Amongst
other things, the main results derived here have experimentdesign implications for Hammerstein
system estimation.
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1 Introduction

Over the last decade there has been intense activity devotedto quantifying the estimation error that
arises due to undermodelling; see, for example, [9, 15, 1, 17, 28, 24] and the references therein.

However, as exposed by Guo and Ljung [5], when the undermodelling is due only to linear time-
invariant (LTI) model mismatch and is significant, then thisindicates that model validation has not
been adequately performed. Conversely, if undermodellingexists in the presence of proper model
validation, then the estimation error involved must be no larger than any measurement-noise induced
error, so that the total error can be measured by merely doubling the variance error quantification [5].

In recognition of this dispatch of the error quantification issue in the linear system case, the atten-
tion here is on non-linear systems; in particular, those of the Hammerstein class [25]. In this instance,
if the non-linearity is ignored and only a linear model is fitted to the data, then the estimation bias
is likely to be so large that any error bounds based on variance error quantifications will be strongly
misleading.

For example, consider the case of fitting ann = 25th order finite impulse response (FIR) model
to input-output measurements of the system (sampling interval T = 1s)G(q) = ZOH � 1(s+ 1)(2s + 1)� = 0:1548q + 0:0939(q � 0:6065)(q � 0:3679) (1)

when the input sequencefutg is unit variance Gaussian distributed white noise and the output fytg
is corrupted by Gaussian white noise, with variance�2 = 0:001. Then the true and estimated linear
systems (together with confidence bounds) for a typical datarealisation are shown in figure 1(a).
Clearly, since the true and estimated systems lie within theconfidence regions, then these bounds (for�This work was supported by the Australian Research Council and the Centre for Integrated Dynamics and Control.
This author is with the Department of Electrical and Computer Engineering, University of Newcastle, Australia and can be
contacted at email:brett@ee.newcastle.edu.au or FAX: +61 2 49 21 69 93yThis author is also with the Department of Electrical and Computer Engineering, University of Newcastle, Australia
and can be contacted at email:shgibson@ee.newcastle.edu.au or FAX: +61 2 49 21 69 93
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Nyquist plot of estimated system together with confidence regions

(a) FIR model fitted to linear system
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Nyquist plot of estimated system together with confidence regions

(b) FIR model fitted to Hammerstein system, con-
fidence ellipses generated using noise variance
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Nyquist plot of estimated system together with confidence regions

(c) Same as figure 1(b), but with confidence el-
lipses generated using estimated noise variance

Figure 1:Nyquist Plots of the true system (dot-dashed line) and the estimated FIR model (solid line).
The ellipses are the 95% confidence bounds associated with the FIR model. The top two (a),(b)
plots involve using the true measurement noise variance in the computation of confidence ellipses, the
bottom (c) plot uses an estimate of this variance formed fromthe prediction error residuals.

this data realisation) are an informative indication of overall model accuracy.
However, now suppose that the input is saturated symmetrically when its magnitude exceeds� =1:0 so that the true system is of Hammerstein type [25]. In this case, if the same25th order linear FIR

model is fitted to the data then (again for a typical realisation) the estimation results and confidence
bounds are shown in figure 1(b). As can be seen, there is a dramatic difference between figures 1(a)
and 1(b) in the reliability of the confidence region error quantifications. The error bound validity
has been destroyed in figure 1(b) by estimation bias, which inturn has been induced by the model
structure being linear and the true system being non-linear. The ellipsoids shown in 1(a) and 1(b)
are true confidence regions in that the true measurement noise variance�2 = 0:001 has been used
in computing them. However, it is also of interest to consider the more practical case in which this
variance is estimated as a sample average from the prediction error residuals. This situation is shown
in figure 1(c). Note that even though the error quantificationhas been enlarged by virtue of the
prediction residuals accounting for undermodelling erroras well as measurement noise, they still do
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not form an accurate quantification for the true estimation error.
In reaction to these sorts of difficulties, many investigations [9, 15, 1, 17, 28, 24] have sought to

derive alternative error quantification methods that account for both the bias and variance error so that
the error bounds in figure 1(b) may be replaced by more informative ones.

This paper is motivated by a different strategy of actually estimating the non-linearity (as well as
the linear component) via a prediction error framework and then, since in this instance the true system
is in the model class, again using confidence region error bounds as model uncertainty quantification
(as in figure 1(a)).

A key concern in pursuing this approach involves the question: what price is paid, in terms of the
quality of the linear system estimate, by including a parameterisation of a non-linear component in
the model structure? Certainly any bias error should be eliminated via the model class being enriched
to encompass the true system, but what of the variance error component which is included in the total
error?

Put another way, while in recognition of the fact that a modelis useless without accompanying
(reliable) error bounds, the central goal of any system identification exercise must be to obtain the most
accurate model possible. Is this achieved by ignoring non-linearities and then quantifying associated
undermodelling errors, or is it achieved by including non-linearity in the model structure and then
using a variance error quantification to evaluate the total error? Answering this latter question involves
measuring how the variance error is affected by any non-linearities, and providing this quantification
is the goal of the paper.

To further précis the work following, it is founded on a widely used approximate expression for
the variability of an FIR model estimatebG(q) which was derived in [14] as

Var
n bG(ej!)o � nN �2�u(!) : (2)

HereN is the length of the data recordsfytg andfutg, �u(!) is the spectral density offutg, �2 is
the variance of any white measurement noise, andn is the order of the FIR model.

Furthermore, in the Hammerstein system case, the actual system input is a signalxt = X(ut; �)
(whereX(ut; �) is a memoryless and possibly non-linear function ofut that is parameterised by a
vector�) so it would be natural to suppose that the effect ofX(�; �) would be to modify the variance
error for the linear system estimate as

Var
n bG(ej!)o � nN �2�x(!) (3)

where (of course)�x(!) is the spectral density offxtg.
The main result of this paper is to show, both empirically andanalytically, that in fact

Var
n bG(ej!)o � 1N " n�2�x(!) + 14 � dd� log �x(!)�TP�� dd� log �x(!)� j bG(ej!)j2# (4)

is a more accurate estimate of the variability of the linear FIR system estimate. HereP�=N is
the covariance matrix for the estimate of the parameterisation � of the nonlinearity, and the vectordlog�x(!)=d� measures the sensitivity of the spectrum ofX(ut; �) to changes in�.

The key point is that (4) quantitatively establishes not only that identifying a non-linearity entails
an unavoidable cost on the accuracy of the linear system estimate, but also that this cost actually
depends on the dynamics of the linear part; compare this latter point with the expression (2) where the
variability of bG is invariant to the true systemG itself.
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2 Problem formulation

The Hammerstein class of non-linear systems studied here may be represented by a model structure
of the form [16, 23, 25],yt = G(q; �)xt(�) + et; xt(�) = X(ut; �): (5)

HereX(�; �) is a memoryless non-linear function parameterised by the vector� and operating on the
wide-sense stationry inputfutg, while fetg is an i.i.d., zero mean white noise process that represents
corruptions in the output measurementfytg, andG(q; �) is a linear and time invariant strictly stable
system parameterised in the forward shift operatorq and by a vector�. The identification problem
then becomes one of estimating the composite parameter vector� , [�T ; �T ℄T ; n , dimf�g; ` , dimf�g; m = n+ ` , dimf�g (6)

on the basis of observations offytg andfutg. When it is necessary to be explicit about the dimen-
sions of the parameter vectors, the symbols�m, �n and�` will be substituted for those given in (6);
otherwise, in the interests of readability, these superscripts will be omitted.

For the solution of this estimation problem, a prediction-error or maximum likelihood approach
[10, 21] may be taken in which the mean square optimal one stepahead predictorbyt(�) is calculated
as byt(�) = G(q; �)xt(�) (7)

with the associated prediction error"t(�) , yt � byt(�) = yt �G(q; �)xt(�): (8)

In turn, this can be employed to define a “least-squares” estimation criterion ofVN (�) = 12N NXt=1 "2t (�) (9)

with an associated prediction error estimate (theN subscript indicating dependence onN data sam-
ples) b�N , argmin�2Rm VN (�): (10)

As an aside, whenfetg is Gaussian distributed then (modulo initial conditions) (10) is also the Max-
imum Likelihood estimate. However, under the much more relaxed assumptions ofE fetg = 0,
E
�et2	 = �2 < 1 and E

�jetj4+Æ	 < 1 for someÆ > 0 (Ef�g denotes expectation over the
probability space that any random variable components are defined upon), then the following strong
consistency result is available [10, 11] (see also [8] for early work in this area)limN!1 b�N = �Æ w.p.1; �Æ , argmin�2Rm limN!1E fVN (�)g : (11)

Furthermore, as precursed in the introduction, the errorG(ej!; b�N ) � G(ej!) in the resulting esti-
mateG(ej!; b�N ) of any true underlying linear dynamicsG(ej!) may be decomposed as (�Æ is the
component of�Æ defined in (11) consistent with (6))G(ej!; b�N )�G(ej!) = hG(ej!; b�N )�G(ej!; �Æ)i+ �G(ej!; �Æ)�G(ej!)�
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where the last term (the so-called “bias error”) is due to theestimation model structure (5) not be-
ing rich enough to encompass the true data generation mechanism, and the first term (the so-called
“variance error”) is due to the measurement noise.

As already mentioned, the quantification of the second termG(ej!; �Æ)�G(ej!) has already been
the subject of much research during the last decade [9, 15, 17, 28]. However, because of the challeng-
ing nature of the problem, it still appears to be open and hence the topic of ongoing investigation.

In recognition of this, the present work examines the following question: in situations where it
is possible to extend the model structure richness so as to render the bias errorG(ej!; �Æ) � G(ej!)
negligible, then what price is paid in terms of overall errorincrease by virtue of a possible increase
in the variance errorG(ej!; b�N ) � G(ej!; �Æ)? For example, to continue the simulation example
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Nyquist plot of estimated system together with confidence regions

Figure 2: Nyquist plot of the (dash-dot line) true linear component within a Hammerstein structure
together with its (solid line) least squares estimate when the latter forms part of a Hammerstein model
structure. The ellipses are 95% confidence regions.

presented in the introduction, the bias error induced by ignoring a static input non-linearity is shown
in figure 1(b) to be very large, but by way of contrast, if the possibility of this non-linearity is included
in the model structure so that it may be estimated (via (5)-(10)), then the results are shown in figure 2.

Clearly, with the removal of the bias error, the overall error is now much smaller. But a price of
increased variance errorG(ej!; b�N )�G(ej!; �Æ) has been paid. That is, the 95% confidence ellipses
that quantify the variance error are larger in figure 2 than infigure 1(b) where no non-linearity is
present in the model structure.

The remainder of this paper is devoted to deriving (and then examining the consequences of) a
simple approximate expression of engineering relevance that quantifies this variance error, and which
has already been presented in equation (4).
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3 Frequency Domain Analysis

To analyse the question just introduced, the error quantification approach taken in this paper involves
deriving frequency domain expressions, and this strategy has been inspired by its successful history [6,
14, 12].

Now, to this point, the discussion of the structure of the linear dynamicsG(q; �N ) has been fo-
cused on FIR models. In what follows, this paper will in fact address a generalisation expressible
as G(q; �N ) = nXk=1 �kBk(q) (12)

where Bk(q) , p1� j�kj2(q � �k) k�1Yr=1�1� �rqq � �r � ; B1(q) , p1� j�1j2q � �1 : (13)

The terms�k 2 D , fjzj 2 C : jzj < 1g are user-chosen fixed poles in the linear model structure, and
the selection�k = 0; k = 1; 2; : : : ; n renders (12) as an FIR model as a special case. The motivation
for allowing the flexibility of arbitrary fixed poles�1; � � � ; �n is to allow the incorporation of prior
knowledge into the estimation problem in the interests of increasing estimation accuracy [7, 26, 18].

The use of such a model structure has a rich history, of which [7, 20, 26, 27] represents a recent
part. In particular, and as discussed in [18], the expression (12) ispreciselyequivalent to a ‘fixed
denominator’ model structureG0(q; �0N ) = �0nqn�1 + � � �+ �02q + �01(q � �1)(q � �2) � � � (q � �n) (14)

in the sense that for any�N there exists a�0N such thatG0(q; �0N ) = G(q; �N ). Furthermore, un-
der the least-squares estimation criterion proposed (9) here, then (modulo numerical considerations)G0(q; b�0N ) = G(q; b�N ).

The key motivation for considering the formulation (12) rather than the simpler one (14) is that
theBk(q) transfer functions in (12) are orthonormal in the sense thathBk;B`i = 12� Z ��� Bk(ej!)B`(ej!)d! = Æ(k � l)
whereÆ is Kronecker’s delta function. This property turns out to beessential in the development of
certain results that have been derived in [18, 19] and will beemployed here. That is, the orthonormal
formulation (12) can be considered as an analysis tool that provides results pertinent to other (perhaps
more direct) model structures such as (14).

With these comments on the model structure in mind, the following theorem provides a formal
statement (together with formal proof) of the paper’s main result.

Theorem 1. Consider the model structure defined by (5), (12) together with the prediction error esti-
mateG(q; b�N ) defined by (5)–(10). Suppose that

1. The innovationsfetg satisfyE fetg = 0, E
�e2t	 , �2 <1, E

�jetj4+Æ	 <1 for someÆ > 0,
andfetg is uncorrelated with the inputfutg;

2. The signalfxtg defined in (5) together withfx0tg defined asx0t , dX(ut; �)=d� are (jointly)
wide-sense stationary with auto spectra�x(!), �x0(!) and cross spectrum�xx0(!) which are
all Lipschitz continuous of some order� > 0;
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3. The true systemG(q);X(u) is in the model class;

4. The available data is such that the model structure (5) is parameter identifiable.

Then remembering thatn = dimf�g where� parameterises the linear system estimatelimn!1 limN!1 NKn(!)E
njG(ej!; b�nN )�G(ej!; �nÆ )j2o= �2�x(!) + 14 � dd� log �x(!)�T P�� dd� log �x(!)�� limn!1 jG(ej!; �nÆ )j2Kn(!) (15)

where P� , limN;n!1NCovfb�Ng (16)= �2 � 12� Z ��� jG(ej!)j2��x(!)�x0(!)� �?xx0(!)�xx0(!)�x(!) �d!��1 (17)Kn(!) , nXk=1 jBk(ej!)j2 = nXk=1 1� j�kj2jej! � �kj2 : (18)

Proof. See Appendix A. The proof presented there rests on results developed in [19] for scalar func-
tions, but which are extended in Appendix B to the case of vector valued functions. This is required
in order to accommodate vector valued terms such as�xx0(!) when` = dimf�g > 1.

4 Ramifications

There are several conclusions that can be drawn from Theorem1 which are presented in the following
subsections.

4.1 Approximation of Estimation Errors

The most direct result to be drawn from Theorem 1 is that, under an assumption that bothN andn
are large enough for the convergence in (15) to have essentially occurred, then multiplying both sides
of (15) byKn(!)=N provides an approximation of the variance error as

Var
nG(ej!; b�N )o � 1N "�2Kn(!)�x(!) + 14 � dd� log �x(!)�T P�� dd� log �x(!)� jG(ej! ; b�N )j2# :

(19)

HereP� is the covariance matrix for the (scaled) estimate
pN b�N of the parameterisation of the

memory-less input non-linearity, which from Theorem 1 may also be approximated by the frequency
domain expression

Varfb�Ng = P�N � �2N � 12� Z ��� jG(ej!; b�N )j2��x(!)�x0(!)� �?xx0(!)�xx0(!)�x(!) �d!��1 : (20)

Of course, it is obvious to question the accuracy of such approximating procedures. In particular, how
large shouldN andn be for (19) and (20) to be an informative and accurate quantification?

Answering this question with full rigor would involve providing hard error bounds on the differ-
ences between the left and right hand sides of (19) and (20), and this would appear intractable. As
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an alternative, this paper adopts an approach inx6 (also taken in related works [12, 14, 18]) of exam-
ining the issue via Monte-Carlo simulation examples. The ensuing results provide evidence that, in
fact, (19) and (20) can provide a highly accurate approximation in cases of quite moderate data lengthN and model ordern that are consistent with what would typically be encountered in engineering
practice.

Furthermore, as presented in detail in [18], a key reason foremploying the orthonormal parame-
terisation (12) (as opposed to a more direct one such as (14))is to accelerate the convergence (inn)
of (19) by means of choosing a basis that is ‘adapted’ to the quantities that are to be approximated.
A manifestation of this approach is the presence of the weighting termKn(!) in (19) which is deter-
mined solely by the choice of fixed poles�1; � � � ; �n in the model structure. In the special FIR case of�k = 0, thenKn(!) = n in which case (19) becomes the expression (4) used in the introduction.

4.2 Identifiability of the memoryless non-linearity

Another interesting aspect of Theorem 1 is that it provides insight into when the non-linearity param-
eterised by� is identifiable. Specifically, the spectral weighting in thedefinition (17) forP� shows
that identifiability is lost (P� becomes unbounded) whenever�x(!)�x0(!) = �?xx0(!)�xx0(!) for
all ! and locally around�Æ (which is defined via�Æ in (11)).

To gain understanding of this principle, notice that if there is a linear relationshipx0t(�Æ) =K(q)xt(�Æ) for some stableK(q), then for the case in which dimf�g = ` = 1,j�x0xj2 = jK(ej!)j2�2x(!) = �jK(ej!)j2�x(!)��x(!) = �x0(!)�x(!)
so that�x(!)�x0(!)� �?xx0(!)�xx0(!) = 0. Therefore, the weighting�x(!)�x0(!)� j�x0x(!)j2�x(!)
can be interpreted as a measure of the non-linearity of the relationship betweenxt(�) andx0t(�).

That is, the approximate expression (20) indicates that theaccuracy of the estimate of the non-
linear component increases (its variance decreases) as themapping betweenxt = X(ut; �) and its
sensitivityx0t = dX(ut; �)=d� to changes in� becomes ‘more non-linear’, and in the case in which
the mapping is purely linear, then the accuracy becomes so poor that in fact identifiability is lost.

This general principle provides, for example, a direct means to derive (the well known fact) that
PRBS signals cannot be used for the identification of dead-zones or saturations; seex5.1 following.

It is important to clarify that this discussion of identifiability has considered the memoryless non-
linearity in isolation. A related, but different issue is that of the identifiability of the overall parame-
terisation�T = [�T ; �T ℄ for the combined linear and non-linear model structure components.

For example, the modelX(ut; �) might (in isolation) be parameter identifiable, but if it is such
that for any� 2 R there always exists two parameters�1; �2 such thatX(�ut; �1) = X(ut; �2)
then estimation of an overall gain term is involved. This implies that if used in combination with a
subsequent linear structureG(q; �) that also allows for estimation of an overall gain, then the joint
parameterisation�T = [�T ; �T ℄ cannot hope to be identifiable. The results of this paper do not address
this joint identifiability issue, and indeed condition 4 of Theorem 1 assumes joint identifiability.
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4.3 Interaction between Linear and Non-linear components

The approximations (19) and (20) reveal how the estimation accuracies of the linear and non-linear
components of a Hammerstein model structure are inter-twined, and in turn this provides insight into
some unique aspects of the estimation problem for Hammerstein model structures.

Firstly, it should be pointed out that a key conclusion to arise from the seminal work [12, 14] is
the fundamental principle that the variability of alinear system estimate is invariant to the true linear
dynamics, and instead (see (2)) depends only on the experimental conditions of data lengthN , chosen
model ordern and signal-to-noise ratio [10].

In contrast, the expression (19), by way of the term� dd� log �x(!)�T P�� dd� log �x(!)� jG(ej!; b�N )j2 (21)

shows that in the Hammerstein model case, the estimation accuracy is far from system-invariant.
Instead (because of the componentjG(ej!; b�N )j2), it depends on the true linear dynamics as well as
(because of the componentdlog�x(!)=d�) the static input non-linearity, and an explanation for why
this phenomenon occurs is provided inx4.4 following.

Indeed, as will be illustrated inx6 following, the term (21) can easily dominate the complete
expression (19). In particular, the presence of thelog term means that (21) will be likely to play a
significant role in (19) in frequency regions where�x(!) is small.

Turning now to the expression (20) quantifying the accuracyof the non-linear block estimate, note
that it too is far from invariant to the true underlying system. Firstly, by means of thejG(ej!; b�N )j2
term, it clearly depends on the linear dynamics. More specifically, (20) indicates that in order for the
estimateb�N to be accurate, thenjG(ej!j2 must have reasonable gain in frequency regions in which
the mapping between�x and�x0 indicates non-linearity betweenxt andx0t.

Perhaps more suprisingly though, the expression (20) showsthat the accuracy with whichb�N may
be estimated, is not dependent on the total number of parameters that are estimated. To be specific, in
the purely linear system case, expressions such as (2) illustrate a principle that the estimation accuracy
decreases as more parametersn are estimated. In contrast, the quantification (20) is invariant ton,
and thus there is a decoupling in that the accuracy of the estimate of the non-linear component is
not affected by the complexity of the model structure used toestimate the linear component. This
principle is illustrated via simulation example in figure 7(b).

4.4 Measurement Error to Frequency Domain Error: A General Principle

Clearly, as just discussed, the expression (19) resulting from Theorem 1 indicates several aspects
of achievable estimation accuracy that are quite differentto what might be expected from previous
studies of linear system identification.

In turn, this naturally leads to the question ‘is there a moregeneral principle applying, that can
encompass a wide variety of cases, and lead to results such as(2) and (19) as special cases?’.

This section hypothesises and then tests such a general principle, and by way of this provides an
explanation of the underlying mechanism for some of the conclusions made inx4.1-4.3. The principle
proposed here is that the previous results are hypothesisedto be manifestations of a general principle:

The relative frequency domain estimation error timesN is equal to the relative sensitivity
of the model-based predictionby to the model parameters.

That is, by denoting relative estimation error asd bG= bG and relative sensitivity of model predictions
asdby=by, then one could hypothesise that the well known approximation (2) together with the new
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one (19) are both manifestations of a more fundamental principle which ensures that the following
equation holds: N Varf bGgj bGj2 � N jd bGj2j bGj2 = (dby)2by2 : (22)

To test this hypothesis, it is now shown to lead to (19), (and hence also (2)) as a special case. Firstly,
on noting that according to the model structurebyt = G(q; �)xt(�) then (22) becomesN jd bGj2 = (dby)2by2 j bGj2 = (dby)2j bGj2x2 j bGj2 = (dby)2x2 : (23)

Now, in the Hammerstein case, there are two factors contributing to dby - sensitivities ofG(q; �) to� and sensitivities ofX(�; �) to � so that(dby)2 = (d bG)2x2 + j bGj2(dx)2. Therefore, assuming for
simplicity that� is scalarN jd bGj2 = (dby)2x2 = 1x2 h(d bG)2x2 + j bGj2(dx)2i= 1x2 24




d bGd� 




2 kd�k2x2 + j bGj2�dxd��2 (d�)235 : (24)

Now, according to the model structure (12),dG(q; �)=d�k = Bk(q) so thatkdG(ej!; �)=d�k2 =Pk jBk(ej!)j2 = Kn(!). Furthermore, with the measurementkd�k2 , Efkb�N � �Æk2g then via a
well-known [10] Taylor series expansion argument ((�0) denotes differentiation with respect to� about
the point�Æ)kd�k2 = Trf[E�V 00N	℄�1[E�V 0N	℄[E�V 00N	℄�1g = �2Trf[E�V 00N	℄�1g = �2�x
where the second equality follows by means of the assumptionof the true system being in the model
class, and the third equality follows from a well known spectral representation ofE fV 00Ng℄[10, 14].

Using these expressions in (24) together with the measurements (d�)2 = Ef(b�N � �Æ)2g = P�
andx2 = �x then providesN jdGj2 = Kn(!) �2�x(!) + jGj2 14x4 �dx2d� �2 (d�)2= Kn(!) �2�x(!) + jGj2P��12 dd� log �x(!)�2

(25)

which is the quantification (19).
Therefore, the presence of the (perhaps unexpected) termjG(ej!; b�N )j2 arises, according to the

hypothesis (22), because uncertainties in the nature of thenon-linearityX(�; �) are mapped throughG(q; b�N ) before manifesting themselves in the output prediction error.

5 Analytical Examples

Clearly, a key issue in using the results of Theorem 1 is that of understanding the nature of the spectral
densities�x(!), �x0(!) and�xx0(!). Because these densities arise via signals passed through anon-
linearityX(�; �), the question of evaluating them may be non-trivial.
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However, consider the case whenfutg is i.i.d. with�u(!) then a constant. In this case, since it
is well known that an arbitrary (measurable) function of an i.i.d. process yields an i.i.d. process (see
Theorem B.9), thenfxt(�)g, fx0t(�)g are both i.i.d. and hence�x(!) , �2x; �x0(!) , �2x0 and �xx0(!) , �2xx0
are all constants.

The question then arises as to how these constants�2x, �2x0 and�2xx0 all relate to the input spectrum�u(!) and the nature of the non-linearityX(�; �). A general discussion of this issue quickly becomes
very complicated [22], so in an effort to maximise insight, this paper proceeds by considering the
two specific (and common) non-linearities of saturation anddead-zone. As well, in the interests of
concreteness, specific distributions for the i.i.d. inputfutg will be supposed.

5.1 Saturation Non-linearity

The saturation non-linearity may be specified (for�2 < �1) as follows:X(u; �) = 8><>:u ;u 2 [�2; �1℄�1 ;u < �1�2 ;u > �2: (26)

In this case, suppose that the inputfutg is i.i.d. with uniform density defined by:p(ut) = 8<: 12� ; jutj � �0 ;otherwise: (27)

Then for this scenario the spectral densities required in the approximation (15) are provided by the
following Lemma.

Lemma 5.1. For the case of a saturation non-linearity (26) which is symmetric in that� , �1 = ��2
(see figure 3(a)) and for a uniformly distributed i.i.d. input futg according to (27), then for� > �:�x(!) = �23�(3�� 2�); �xx0(!) = ���� �� � ; �x0(!) = �� �� :
Proof. Clearly, when� > � (otherwiseE

�x2t (�)	 = E
�u2t	 = �2=3),

E
�x2t (�)	 = Z 1�1X2(u; �)p(u)du= 12� �Z ��� u2du+ Z �� �2du+ Z ��� �2du�= �23� (3�� 2�):

Furthermore, on consideration of figure 3(b) which showsdX(ut; �)=d� plotted as a function ofu,
for � > � (otherwiseE

�x0t(�)2	 = 0)

E
n�x0t(�)�2o = Z 1�1 �dX(u; �)d� �2 p(u)du= Z 1� p(u)du+ Z ���1 p(u)du= 1� ��:
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Finally, again on consideration of figure 3, for� > 0 (otherwiseE fxt(�)x0t(�)g = 0)

E
�xt(�)x0t(�)	 = Z �� �p(u)du+ Z ���� �p(u)du = ��1� ��� :

α

α

X(u,    )

u > 0

u < 0

u

u

(a) Symmetric saturation output as a function of
saturation level (�)

α
u

−α

1

dX(u,   )
d

α
α

(b) Sensitivity of the output of a symmetric satu-
ration function to its saturation level (�)

Figure 3:Symmetric Saturation Function.

Using these expressions in (19) then gives the variance approximation

E
����G(ej!; b�N )�G(ej!; �nÆ )���2� � 3�2�2N �(3�� 2�) �Kn(!) + 3jG(ej!; �Æ)j2kGk2 ��� �� �� ;

(28)

where kGk2 , 12� Z ��� jG(ej!; �Æ)j2d!:
An important conclusion that can be drawn from (28) (apart from the fact that it depends onjG(ej! ; �Æ)j,
which has already been commented on) is that it indicates theexistence of an optimal input excitation
power.

That is, in the linear case, the estimation accuracy is proportional to 1=�u(!) so that the more
input excitation power, the better. However, as shown by (28), in the non-linear case with input
saturation, (neglecting the common constants) the overallvariability consists of two terms, one of
which Kn(!)�(3�� 2�)
decreases monotonically with increasing input power�u(!) = �2=3, and the second term of which3�(3�� 2�) ��� �� � jG(ej!; �Æ)j2kGk2
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increases monotonically with increasing�u(!) = �2=3. As a result, for every frequency! there is an
optimal input power (in the sense of minimising the variability of the estimate) given by the solution
of (3t2 � 4t+ 2) = 23 kGk2jG(ej!; �Æ)j2Kn(!) (29)

wheret = �=�.
At first, this principle that an optimal input power exists, and hence that increasing the input power

may lead to a degraded estimate, might seem counter-intuitive. However, once exposed via (15) and
(28), it is undersood to arise from the fact that as� is increased, the probability of a realisation ofut being below the saturation level isdecreasedand hence an increased� leads to an input sequencefutg which provides less ‘exploration’ of the non-linearity. Asa result, the variability of the estimate
is increased. Vice-versa, if� is too small (only slightly larger than�), then again the non-linearity is
not explored since there is a low probability thatut will explore the saturation limit�.

Another common excitation used in the practice of system identification is the Pseudo-Random
Binary Noise Sequence (PRBS) [10]. This can be modelled as ani.i.d. process with binomial (dis-
crete) density p(ut) = (0:5 ;ut = �0:5 ;ut = ��: (30)

In this case the required spectral densities are as follows.

Lemma 5.2. For futg i.i.d. with binomial distribution (30) andX(ut; �) being the saturation non-
linearity (26) which is symmetric(� , �1 = ��2) then for� > ��x(!) = �2; �xx0(!) = �; �x0(!) = 1:
Proof.

E
�xt(�)2	 = 0:5 � �2 + 0:5� �2 = �2;

E
�xt(�)x0t(�)	 = 1� �� 0:5 + (�1)� (��)� 0:5 = �;
E
�[x0t(�)℄2	 = 12 � 0:5 + (�1)2 � 0:5 = 1:

Therefore, in the PRBS case, a difficulty is encountered in that the term�x(!)�x0(!) � j�xx0(!)j2
arising in the componentP� of (15) becomes:�x(!)�x0(!)� j�xx0(!)j2 = �2 � �2 = 0;
and hence the second term in (15) is infinite.

This problem is a manifestation of the phenomenon introduced in x3, wherein it is noted that
the complete linear/non-linear structure of a Hammersteinsystem is identifiable only if the mapping
betweenxt(�) andx0t(�) is non-linear.

That is, even though a PRBS input is widely and successfully used for estimating purely linear
systems, it is inappropriate when saturations are involvedsince in this case the effect of the non-
linearity can be described as X(ut; �) = ��ut ;� > �
and hence the non-linearity actually appears to be a linear gain.

While, once made, this conclusion appears obvious (and is already well known), the fact that it is
embedded in the variance approximation (15) highlights theutility of that expression.
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5.2 Dead-zone Non-linearity

This non-linearity has the following mathematical description (for �2 < �1):X(u; �) = 8><>:u� �1 ;u > �1;0 ;u 2 [�2; �1℄;u+ �2 ;u < �2: (31)

Repeating the sort of analysis conducted for the case of a saturation non-linearity now proceeds as
follows:

Lemma 5.3. For the case of the dead-zone non-linearity (31) which is symmetric in that� , �1 =��2 (see figure 4(a)) and independent, uniformly distributed inputfutg according to (27) then for� > � �x(!) = (�� �)33� ; �x0(!) = 1� ��; �xx0(!) = �(�� �)22�
.

Proof. When� > 0 (otherwiseE
�x2t (�)	 = 0)

E
�x2t (�)	 = Z 1�1X2(u; �)p(u)du= Z �� (u� �)2p(u)du+ Z ���� (�+ u)2p(u)du= (�� �)33� :

Furthermore, on consideration of figure 3, for� > � (otherwiseE
n[x0t(�)℄2o = 0)

E
n�x0t(�)�2o = Z 1�1 �dX(u; �)d� �2 p(u)du= Z 1� p(u)du+ Z ���1 p(u)du= 12� Z �� du+ 12� Z ���� du = 1� ��:

E
�xt(�)x0t(�)	 = Z 1� (u� �)(�1)p(u)du + Z ���1 (u+ �)(+1)p(u)du= �12� �Z �� (u� �)du� Z ���� (u+ �)du�= �(�� �)22� :

Therefore, �x(!)�x(!)�x0(!)� j�x0x(!)j2 = 4��� �;
14
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Figure 4:Symmetric Dead-zone Function.�12 dd� log �x(!)�2 = 14  dd� log��� �3� �3!2 = 94(�� �)2 ;
and hence via (19)

E
����G(ej!; b�N )�G(ej!; �nÆ )���2� � 3�2N �(�� �)3 �Kn(!) + 3jG(ej! ; �Æ)j2kGk2 � : (32)

Therefore, in this dead-zone non-linearity case, the inputpower�u(!) = �2=3 should be made as
large as possible. However, an interesting (and perhaps unexpected) phenomenon is that via (20) and
using the same method which led to (32), then

Varfb�Ng � P�N = �2N 4�(�� �) 1kGk2 :
Therefore, the variability of the estimateb�N of the non-linearity is subject to a ‘noise floor’, of

Varfb�Ng > 4�2N 1kGk2 : (33)

Once exposed, this principle may be understood by the fact that the manifestation of the non-linearity
on an inputjutj > � is to transform it tout�� (depending upon the sign of the input). Therefore, the
effect (of size�) of the non-linearity is not magnified by using largerut, and hence its size relative to
any measurement noise cannot be increased. This leads to the‘noise floor’ which cannot be altered
by choice offutg.

Finally, when estimation involves a Hammerstein system consisting of a dead-zone in series with
a linear system and a Pseudo-Random Binary Noise Sequence (PRBS) [10] is used as an input exci-
tation, then the spectral densities required by (15)are supplied by Lemma 5.4.

Lemma 5.4. For futg i.i.d. with binomial distribution (30) andX(ut; �) being the dead-zone non-
linearity (31) which is symmetric(� , �1 = ��2) then for� > ��x(!) = (�� �)2; �xx0(!) = �� �; �x0(!) = 1:
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Proof. The following equations may be derived by an examination of figure 4.

E
�xt(�)2	 = 0:5� (�� �)2 + 0:5� (�� �)2 = (�� �)2;

E
�xt(�)x0t(�)	 = 0:5� (�� �)� (�1) + 0:5 � (�� �)� (1) = �� �;
E
�[x0t(�)℄2	 = 0:5� 1 + 0:5� 1 = 1:

Inserting the expressions given in Lemma 5.4 into the termkGkx of (15) yields�x(!)�x0(!)� j�xx0(!)j2 = (�� �)2 � (�� �)2 = 0:
Thus the magnitude of the second term in (15) is infinite. As for the case of the saturation non-
linearity, this condition has arisen because the dead-zonenon-linearity acts as a static gain of size(�� �)=� when subjected to a PRBS input.

6 Simulation Examples

Having derived the variance approximations (19),(20), it is of course important to test their accuracy.
While some theoretical analysis involving convergence rates in the supporting Theorem 1 is possible
by using the results in [19], this will not provide any hard bounds on the accuracy of (19) for finite
model ordern.

Therefore, in order to study this issue, experimental testing seems the only viable option. Consider
then the motivational example provided in the introductionwherein the system (4) has its input-output
response observed in the case where the outputfytg is corrupted by i.i.d. zero mean Gaussian noise of
standard deviation� = 0:001, and with inputfutg being an i.i.d. zero mean and uniformly distributed
process with�2u = E

�u2t	 = 1. Consider further the situation introduced around figure 2 where a
symmetric saturation of level� = 0:5 affects the input, and which is estimated together with a25th
order FIR model for the linear dynamicsG(q).

Then the true variabilityE
njG(ej!; b�N )�G(ej!; �Æ)j2o can be estimated via a Monte-Carlo

simulation over different measurement noise and input realisations. This was done for 1000 such
realisations each overN = 3000 data points and the results are displayed in figure 5 with the ensuing
sample variability shown as a solid line.

Also shown in that figure as a dash-dot line is the approximation (19) for this variability, calculated
as (28). The agreement is excellent. The dashed line on the same figure is the approximation (3) that,
as was discussed in the introduction, might at first glance beexpected to be appropriate. However,
as is clear from figure 5(a), this is not the case, and it is in fact vital to use the extra term that exists
in (19); clearly the ‘low-pass’ effect invoked by the presence of thejG(ej!; �Æ)j2 term dominates the
approximation in such a way as to render it qualitatively as well as quantitatively “correct”.

For the situation whereX(ut; �) is a symmetric dead-zone, with� = 0:5 then the corresponding
Monte-Carlo simulation results are shown in figure 5(b). Again, excellent agreement between the
Monte-Carlo estimate of the variability (solid line) and the new approximation (4) (formulated as
(32)) is illustrated.

These examples provide encouraging empirical evidence forthe utility of the approximation (19),
but a key issue is that its derivation rests onn being ‘large’ so that the underlying Fourier reconstruc-
tions have effectively converged.

To test the robustness of this dependence the previously described simulation involving a satu-
ration non-linearity was repeated with the FIR model order reduced from 25 to 15. The resulting
comparison of the Monte-Carlo estimated variability ofG(ej!; b�N ) versus the approximation (19) is
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shown in figure 6(a). While the accuracy illustrated in figure6(a) is somewhat degraded (relative to the
higher order case profiled in figure 5(a)) the expression (19)is still a highly informative quantification
of true variability, even for what may be considered a “low” model order.

To complete this simulation study section, some previous conclusions that were made on the
basis of (19) are tested. Firstly, it was discussed that for the case of uniformly distributed input and
saturation non-linearity then an optimal input power existed in the sense that (via the solution of (29))
it minimised the variability ofG(ej!; b�N ) at a specific frequency!.

The presence of this optimum is illustrated once again via Monte-Carlo simulation where, under
the same conditions as previously reported for the saturation non-linearity case (and forn = 25),
the true variability ofG(ej!; b�N ) is estimated over 1000 realisations and at various input powers
quantified by� (see (27)) and where�u = �2=3. This is shown as the solid line in figure 6(b), and is
profiled against the approximation (19) which in this case appears as (28). The presence of an optimal
power around�u = 0:25 is clear.

In the case of input dead-zone, it was discussed around (32) that another consequence of the
approximation (20) was the indication that a ‘noise floor’ existed on Varfb�Ng in the sense that, no
matter how large the input power excitation, a lower limit onVarfb�Ng existed and was given by (33).
This lower limit is shown as the horizontal dash-dot line in figure 7(a). On that same figure, the 1000
run Monte-Carlo sample variance estimate of Varfb�Ng is shown as a solid line for various values of�. The ‘noise floor’ phenomenon is clearly exposed.

Finally, it was discussed inx4.3 that (20) indicated that the achievable estimation accuracy for
the non-linear component should be invariant to the dimension n of the model used for the linear
component. This phenomenon, for the dead-zone case just discussed, is illustrated in figure 7(b)
whereP� is shown for a range ofn. Clearly, oncen becomes large enough for the true system to be
approximately in the model class (so that Theorem 1 and its ramifications apply), then as indicated by
(20), further increases inn have no impact on the varianceP�.
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Figure 5:Variability of an25th order FIR estimate of the linear part of a Hammerstein system. Solid
line is a Monte–Carlo estimate of true variability, dashed line is the pre-existing approximation (2)
and the dash-dotted line is the new approximation (4). In theleft hand figure, the case of a saturation
non-linearity is shown, while the right hand figure illustrates the case of a dead-zone non-linearity
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Figure 6:Hammerstein System Estimate Variability, with the solid line being a Monte–Carlo estimate
of true estimate variability and the non-linearity being ofsaturation type. In the left hand figure, the
variability of a15th order FIR estimate of the linear model component is shown, with the dashed line
the pre-existing approximation (2) and the dash-dotted line the new approximation (4). The right hand
figure shows the variability of a25th order FIR estimate of the linear model component, but at a single
frequency and for a range of input spectral powers. The dash-dotted line is the new approximation
(28).

7 To Model or to Bound?

This paper began by considering the question of whether or not the inclusion of a non-linear com-
ponent in a model structure was justified in terms of the tradeoff between decreasing bias error, but
increasing variance error. Having now quantified the variance error via (19) some answer to this mo-
tivating issue is possible, but only once the bias errorG(ej!) �G(ej!; �Æ) is clarified. Via (5)–(11),
in the case where bias arises by ignoring a non-linearity in the true model, then the resultant estima-
tion error will depend upon the spectral density�" of "t(�) = G(q)xt � G(q; �)ut which may be
expressed as�"(!) = jG(ej!)j2�x(!) + jG(ej!; �)j2�u(!)�G(ej!)G(ej! ; �)�xu(!)�G(ej!)G(ej!; �)�xu(!)= �u(!)"����G(ej!; �) �G(ej!)�xu(!)�u(!) ����2 + jG(ej!)j2 �x(!)�u(!) � �����xu(!)�u(!) ����2!# : (34)

Therefore, according to (9)–(11) and by Parseval’s Theorem, the bias error can be characterised by
representingG(ej!; �Æ) asG(ej!; �Æ) = argmin�2Rn Z ��� ����G(ej!; �)�G(ej!)�xu(!)�u(!) ����2�u(!) d!: (35)

Clearly then (and as expected) whenever an input nonlinearity is present so that the cross-spectrum�xu(!) is not equal to the auto-spectrum�u(!), then bias error will be incurred. In general, it
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stein system. Solid line is Monte–Carlo estimate of true variability and the dash-dotted line is the
approximation (20). In the left-hand figure the case of dead-zone non-linearity and varying input
power is considered. In the right hand figure a saturation non-linearity is used and the influence of
linear system model ordern is shown.

is not possible to use (35) to exactly quantify the bias error. However, in the case in whichfutg
is i.i.d. so that the spectral densities become constants itis evident from (35) thatG(ej!; �Æ) =G(ej!)�xu(!)=�u(!). Consequently, in this case, the increased bias error�b incurred by choosing
a model structure that ignores a static input non-linearityis�b , jG(ej!)�G(ej!; �Æ)j2 = jG(ej!)j2�1� �xu(!)�u(!) �2 : (36)

At the same time, it is evident from (20) that (in the same caseof futg being i.i.d.) the increase�v in
variance error that is incurred by including a static non-linearity in the model structure is given by�v = �24N jG(ej!)j2kGk2 � dd� log �x(!)�2� �x(!)�x(!)�x0(!)� �?xx0(!)�xx0(!)� : (37)

The question of choosing a model structure that minimises the total estimation error then reduces to
comparing the relative sizes of�b and�v. In relation to this, notice firstly that because of the1=N
factor in�v, then for long enough data lengths�v will always be less than�b regardless of other
experimental conditions.

This provides an argument that generically, if in doubt, it is better to attempt the estimation of the
non-linearity and suffer (perhaps unnecessarily) an increase�v in estimation error, than it is to ignore
the possibility of the non-linearity and risk the much larger bias error�b. Of course, if feasible, it is
better again to use a model validation procedure in order to assess the presence of the non-linearity.

However, with this in mind, the key point made by the expressions�v and�b is that in no way is
there any generic evidence to support a policy of ignoring non-linearities and bounding the resultant
bias error as opposed to a strategy of including the non-linearity in the model structure and estimating
it, and this answer directly addresses the motivating question posed in the introduction of this paper.
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For example, returning to the dead-zone non-linearity ofx5.2 where the inputut is i.i.d. uni-
formly distributed in[��; �℄ and with symmetric dead-zone in[��; �℄, then using the values for�x;�x0 ;�xx0 and�u calculated inx5.2 together with the following lemma

Lemma 7.1. For the case of the dead-zone non-linearity (31) which is symmetric in that� , �1 =��2 (see figure 4(a)) and independent, uniformly distributed inputfutg according to (27) then for� > � �xu(!) = (�� �)2(2�+ �)6�
Proof.

p(x = A; u = B) = 8>>>>>>>>><>>>>>>>>>:
12� ;u 2 [��; �℄; x = 012� ; juj > �; x = u0 ;Otherwise

Therefore

E fxtutg = 12� Z �� u(u� �) du+ 12� Z ���� u(u+ �) du = (�� �)2(2�+ �)6�
allows the calculation �v = �2N jG(ej!; b�N )j2kGk2 9�(�� �)3 (38)�b = �(3�2 � �2)2�3 jG(ej!)j2: (39)

In this instance then, for a given degree of non-linearity asmeasured by the dead-zone limit�, then
(39) shows that the only factor that can decrease bias error�b is a large input amplitude� (so that
most input realisations are outside the deadzone), but by (38), this same strategy decreases the variance
error�v as well. Therefore, and as per the previous comments for the generic situation, it would seem
difficult to encounter a situation in which�v would not be smaller than�b, in which case estimation
of the full non-linear structure is clearly most appropriate.

8 Extensions to Other Model Structures

The discussion to here has focussed on the ‘FIR-like’ class of model structures represented by (12)
or an equivalent formulation such as (14). Clearly though, it is of interest to ascertain whether the
quantifications (19), (20) (and hence also their implications) are applicable to other model structures
as well. For example, consider the ARX model structureA(q)yt = B(q)ut + C(q)et
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where A(q) , a00 + a01q + � � �+ a0n�1qn�1 + qn;B(q) , b00 + b01q + � � �+ b0n�1qn�1;C(q) , nYk=1(q � �k):
HereC(q)=A(q) is a noise model with fixed zerosf�kg, with the most common choice [10] being�k = 0.

This structure can be represented in an equivalent orthonormally parameterised form"1 + nXk=1 akBk(q)# yt = " nXk=1 bkBk(q)# ut + et
where thefBkg are as per (13) but with the polesf�kg being chosen as the zeros ofC(q). In turn, this
provides a definition for the termKn(!) =Pnk=1 jBk(ej!)j2 appearing in (19) so that the applicabil-
ity of that approximation to the ARX case may be tested via Monte–Carlo simulation.
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(b) Dead-zone Non-linearity

Figure 8:Variability of an8th order ARX model estimate of the linear part of a Hammerstein system.
Solid line is Monte–Carlo estimate of true variability, dashed line is the pre-existing approximation (2)
and the dash-dotted line is the new approximation (4). In theleft hand figure, the case of a saturation
non-linearity is shown, while the right hand figure illustrates the case of a dead-zone non-linearity

The results of such a test are shown in figure 8. In that figure, as per the results presented inx 6, the
system (1) was used with the inputs, measurement noise levels and non-linearities being as detailed inx 6 and with 1000 trials being used in the Monte-Carlo estimateof the true sample variability. Here
the common choice�k = 0 was made so thatKn(!) = n.

The close agreement between the approximation (19) shown asthe dash–dot line and the Monte–
Carlo estimate of true variability shown as the solid line indicates that indeed, (19) may be used in
cases more general than the ‘FIR-like’ case for which it was derived via Theorem 1.
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To provide more detailed analysis as to why the approximation (19) is applicable to the ARX case
when it was derived for the FIR-like case is beyond the scope of this paper but, as an indication of the
issues involved, the reader is referred to [18].

9 Conclusions

The purpose of this paper has been to examine how the estimation accuracy of the linear portion of a
Hammerstein model structure is affected by the mutual estimation of the non-linear component. This
was addressed by deriving approximate expressions for the frequency domain variability of the linear
and non-linear elements. Although these were established theoretically via Theorem 1 for FIR-like
structures, they were shown via simulation to hold for ARX structures as well, and this indicates that
the conclusions drawn from Theorem 1 will hold in a wider setting than just FIR modelling.

Although little emphasis has been given to the issue in the fore-going text, the central tools em-
ployed here are those of generalised Fourier and Toeplitz matrix analysis which have been developed
in previous works [19, 18], but are extended here in the appendices to address certain novel issues that
arise in the proof of Theorem 1.
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A Proof of Theorem 1

The key tools used in the proof of Theorem 1 are related to those presented in the earlier works [19,
18], but extended in Appendix B to provide certain multivariable generalisations that are required to
accommodate the case when` = dimf�g > 1. Also presented in Appendix B (Lemmas B.7 and B.6)
are new results on the asymptotic algebraic properties of generalised Toeplitz matrices.

More specifically, the idea of a “generalised Toeplitz matrix” Mn(F ) which was introduced in [19]
is extended here such that whenF is an arbitrary matrix-valued function on[��; �℄,Mn(F ) , 12� Z ��� �n(ej!)�?n(ej!)
 F (!) d!: (A.40)

where �n(q) , [B1(q); : : : ;Bn(q)℄T
with the ‘basis functions’Bk(q) being defined in (13).

Also,
 is the Kronecker tensor product operator defined as follows.If A is anm�n -dimensional
matrix such that[A℄k;` = ak` andB is an` � p -dimensional matrix thenA 
 B is then` �mp -
dimensional matrix given byA
B , 26664 a11B a12B : : : a1nBa21B a22B : : : a2nB

...
...

...am1B am2B : : : amnB 37775:
With this defined, the proof of Theorem 1 proceeds as follows.

Proof. Quantification of the variability of the estimateb�N (around the value�Æ to which it is converg-
ing) may be achieved from the asymptotic distributional result [10, 13] (subscripts on square matrices
indicate their dimension) pN(b�N � �Æ) D�! N (0; Pm): (A.41)

The covariance matrixPm in this expression is assumed to be positive definite and is defined in terms
of two other matricesRm andQm as Pm , R�1m QmR�1m (A.42)

which themselves are defined asRm , limN!1 d2d��T E fVN (�)g= limN!1 1N NXt=1 "E
� t(�Æ) Tt (�Æ)	� E

("t(�Æ)�d t(�)d� �T)# ; (A.43)Qm , limN!1E

( dd�VN (�)� dd�VN (�)�T)= limN!1 1N NXt=1 NX̀=1 E
� t(�Æ) T̀ (�Æ)"t(�Æ)"`(�Æ)	 (A.44)
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where t is the “predictor gradient” defined as t(�) , dbyt(�)d� : (A.45)

Now, under the assumptions that the underlying true system is in the model class and that the data is
such that the model structure is parameter identifiable, then "t(�mÆ ) = et. This implies that

E

("t(�mÆ )�d t(�m)d�m �T) = E

(et�d t(�m)d�m �T) = E fetgE

(�d t(�m)d�m �T) = 0
(this follows by the zero-meanness ofet which is independent of t, the latter depending only on past
data) and hence Rm , limN!1 1N NXt=1 E

� t(�mÆ ) Tt (�mÆ )	 : (A.46)

Similarly, again assuming that"t(�mÆ ) = et, thenQm , limN!1 1N NXt=1 NX̀=1 E
� t(�mÆ ) T̀ (�mÆ )ete`	 = �2 limN!1 1N NXt=1 E

� t(�mÆ ) Tt (�mÆ )	 = �2Rm
so thatPm = �2R�1m :

To proceed further, a key step is to expressPm = �2R�1m via a frequency domain formulation.
This may be achieved by noting that under the model structure(5), (12) for which the predictor (7)
applies, then the predictor gradient t(�m) defined by (A.45) is given as t(�m) = �dG(q; �)d�T xt(�); G(q; �)dX(ut; �)d�T �T = � �n(ej!) 00 G(q; �) � � xtx0t �
where �n(q) , [B1(q); : : : ;Bn(q)℄T ; x0t , dd�X(ut; �): (A.47)

Therefore, under an assumption thatfxtg andfx0tg are jointly stationary [10] with associated (auto)spectral
densities�x(!) and�x0(!) and joint density�xx0(!), then via (A.46),Rm may be represented as (I`
is the`� ` identity matrix)Rm = 12� Z ��� � �n(ej!) 00 I`G(ej!; �nÆ ) � � �x(!) �xx0(!)�?xx0(!) �x0(!) � � �?n(ej!) 00 I`G(ej!; �nÆ ) � d!= 12� Z ��� � �n(ej!)�x(!)�?n(ej!) �n(ej!)�xx0(!)G(ej!; �nÆ )G(ej!; �nÆ )�?xx0(!)�?n(ej!) jG(ej! ; �nÆ )j2�x0(!) � d!:
However, using the generalised Toeplitz matrix definition (A.40), thenRm is expressible in partitioned
form as Rm = " Mn(�x) Mn(�xx0)e�Æe�TÆMn(�?xx0) e�TÆMn(�x0)e�Æ # (A.48)

wheree�Æ , �nÆ 
 I`. Now, the convergence result (A.41) yieldspN(b�N � �nÆ ) D�! N (0; P�) asN!1; (A.49)
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whereP� is defined via Pm = �2R�1m = � P� P��TP��T P� � :
Furthermore, since G(q; b�N )�G(q; �nÆ ) = �Tn (q)(b�N � �nÆ );
then the variance error in the estimateG(q; b�N ) of the linear dynamicsG(q) may be quantified aslimN!1NE

����G(ej!; b�N )�G(ej!; �nÆ )���2� = �?n(ej!)P��n(ej!): (A.50)

Furthermore, using the formula for the inverse of a partitioned matrix [3, 29] and the matrix inversion
lemma [4],limN!1NCovfb�Ng = P� , �2 he�TÆMn(�x0)e�Æ � e�TÆMn(�x0x)M�1n (�x)Mn(�xx0)e�Æi�1:
SimilarlylimN!1NCovfb�Ng = P� = �2 hMn(�x)�Mn(�xx0)e�Æ[e�TÆMn(�x0)e�Æ℄�1e�TÆMn(�?xx0)i�1= �2M�1n (�x) +M�1n (�x)
n(!)M�1n (�x);
where 
n(!) ,Mn(�xx0)e�ÆP�e�TÆMn(�?xx0):
Substituting this into (A.50) providesNKn(!)E

����G(ej!; b�N )�G(ej!; �nÆ )���2� = �2Kn(!)�?n(ej!)M�1n (�x)�n(ej!)+ �2Kn(!)�?n(ej!)M�1n (�x)
n(!)M�1n (�x)�n(ej!) (A.51)

where Kn(!) , nXk=1 jBk(ej!)j2:
The point of the normalisation byKn(!) is that via the results of [19], (see Theorem B.1),limn!1 �2Kn(!)�?n(ej!)M�1n (�x)�n(ej!) = �2�x(!) (A.52)

which yields the first term in (15). The second term in (A.51) may be dealt with by noting that������?n(ej!) �M�1n (�x)
n(!)M�1n (�x)�Mn(1=�x)
n(!)Mn(1=�x)��n(ej!)Kn(!) ������ ������?n(ej!) �M�1n (�x)�Mn(1=�x)�
n(!)M�1n (�x)�n(ej!)Kn(!) �����+������?n(ej!)Mn(1=�x)
n(!) �Mn(1=�x)�M�1n (�x)��n(ej!)Kn(!) ����� (A.53)
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The first term in (A.53) above can be bounded using the Cauchy-Schwarz inequality as������?n(ej!) �M�1n (�x)�Mn(1=�x)�
n(!)M�1n (�x)�n(ej!)Kn(!) �����2� �?n(ej!) �M�1n (�x)�Mn(1=�x)�2 �n(ej!)Kn(!) � �?n(ej!)M�1n (�x)
2n(!)M�1n (�x)�n(ej!)Kn(!) :
However, via Theorem B.1limn!1 �?n(ej!) �M�1n (�x)�Mn(1=�x)�2 �n(ej!)Kn(!) = 0:
In addition, sinceKn(!) = �?n(ej!)�n(ej!) and [19]kMn(f)k2 � max!2[��;�℄ jf(!)j then by the as-

sumption of parameter identifiability which implies thatkP�k2 <1 and hence thatk
nk2 <1�?n(ej!)M�1n (�x)
2n(!)M�1n (�x)�n(ej!)Kn(!) � k
nk22kM�1n (�x)k22� k
nk22 max!2[��;�℄ 1�2x(!)< 1
and therefore the first term in (A.53) converges to zero asn ! 1 and8! 2 [��; �℄. The second
term of (A.53) can then be shown to tend to zero asn ! 1 in a similar manner. Therefore using
these developments together with two successive applications of Lemma B.2,limn!1 1Kn(!)�?n(ej!)M�1n (�x)
n(!)M�1n (�x)�n(ej!)= limn!1 1Kn(!)�?n(ej!)Mn (1=�x)
n(!)Mn (1=�x) �n(ej!)= 1�2x(!) limn!1 1Kn(!)�?n(ej!)Mn(�xx0)e�ÆP�e�TÆMn(�?xx0)�n(ej!)= 1�2x(!)�xx0(!)P��?xx0(!)� limn!1 jG(ej!; �nÆ )j2Kn(!)= 14 � dd� log �x(!)�T P�� dd� log �x(!)�� limn!1 jG(ej! ; �nÆ )j2Kn(!) :
In progressing to the last line, we have used the fact that�x0x(!) = 1X�=�1E

�xt(�) dd�xt+� (�)� e�j!�= 12 dd� 1X�=�1E fxt(�)xt+� (�)g e�j!�= 12 dd��x(!; �) = 12�x(!) dd� log �x(!):
This establishes (15). To prove (17), note that via Lemma B.6,limn!1 kMn(F )Mn(H)�Mn(FH)k = 0;
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where the norm is a special one defined there. Applying this principle then leads to the approximationlimn!1 P��2 = limn!1 he�TÆMn(�x0)e�Æ � e�TÆMn(�?xx0)M�1n (�x)Mn(�xx0)e�Æi�1= limn!1�e�TÆMn��x0 � �?xx0�xx0�x � e�Æ��1= limn!1� 12� Z ��� jG(ej!; �nÆ )j2��x(!)�x0(!)��?xx0(!)�xx0(!)�x(!) � d!��1:
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B Technical Lemmata

Theorem B.1. Suppose that the scalar valued functionf(!) is Lipschitz continuous of some order� > 0 and that in the definition of thefBkg forming the�n (and henceMn(�)) that the polesf�kg
satisfyj�kj � 1� Æ for someÆ > 0. Then for any integerk (possibly negative)limn!1 1Kn(!)�?n(ej!)M�kn (f)�n(ej�) = (f�k(!) ;! = �0 ;! 6= �
componentwise and uniformly on! 2 [��; �℄.
Proof. See Corollary 5.3 of [19].

Lemma B.2. Let F (!) 2 C1�` be a row vector valued function which is componentwise Lipschitz
continuous of some order� > 0, and letQ 2 R`n�`n be a symmetric, positive definite matrix withkQk2 < 1 for all n. Suppose also that in the definition of thefBkg forming the�n (and henceMn(�)) that the polesf�kg satisfyj�kj � 1� Æ for someÆ > 0. Then for all! 2 [��; �℄limn!1 1Kn(!)�?n(ej!)Mn(F )QMn(F T )�n(ej!) = F (!) limn!1 1Kn(!)e�?n(ej!)Qe�n(ej!)F T (!);
where Kn(!) , nXk=1 jBk(ej!)j2 = nXk=1 1� j�kj2jej! � �kj2 ; e�n(ej!) , �n(ej!)
 I`:
Proof. Begin by definingeF (!) andL aseF , diag(F ); L , ones(`; 1) , [1; 1; : : : ; 1℄T :
and further define for a fixed! 2 [��; �℄ a function eG(�) , eF (�)� eF (!) of �. Now by Lemma B.3�?n(ej!)Mn(F )QMn(F T )�n(ej!) = LT e�?n(ej!)Mn( eF )QMn( eF )e�n(ej!)L:
Therefore, sinceLT e�?n(ej!)[In 
 eF ℄ = F e�?n(ej!) then1Kn(!) ����?n(ej!)Mn(F )QMn(F T )�n(ej!)� F (!)e�?n(ej!)Qe�n(ej!)F T (!)���= 1Kn(!) ���LT e�?n(ej!)Mn( eF )QMn( eF )e�n(ej!)L� F (!)e�?n(ej!)Qe�n(ej!)F T (!)���� 1Kn(!) ���LT e�?n(ej!)Mn( eG)QMn( eG)e�n(ej!)L���+ 2Kn(!) ���LT e�?n(ej!)Mn( eG)Qe�n(ej!)F T (!)���= 1Kn(!) ���LT e�?n(ej!)Mn( eG)QMn( eG)e�n(ej!)L���+ 2Kn(!) ����?n(ej!)Mn(G)Qe�n(ej!)F T (!)���
where the last line follows by Lemma B.3. However, by Lemma B.4 and sinceG(!) = 0 whilekQk2 <1limn!1 1Kn(!)�?n(ej!)Mn(G)Qe�n(ej!) = G(!) limn!1 1Kn(!)e�?n(ej!)Qe�n(ej!) = 0:
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Furthermore, by the Cauchy–Schwarz inequality and Lemma B.3limn!1 1Kn(!) ���LT e�?n(ej!)Mn( eG)QMn( eG)e�n(ej!)L��� (B.54)� kQk2 limn!1 1Kn(!) ���LT e�?n(ej!)Mn( eG)Mn( eG)e�n(ej!)L��� (B.55)= kQk2 limn!1 1Kn(!) ���?n(ej!)Mn(G)Mn(GT )�n(ej!)�� : (B.56)� kQk2 X̀r=1 �����?n(ej!)M2n([G℄r)�n(ej!)Kn(!) ���� (B.57)

Finally, by Lemma B.1 limn!1 �?n(ej!)M2n([G℄r)�n(ej!)Kn(!) = [G(!)℄2r = 0:
Lemma B.3. LetF (!) 2 C1�` be a row-vector valued function. Then�?n(ej!)Mn(F ) = LT [�n(ej!)
 I`℄Mn( eF );
where eF , diag(F ); L , ones(`; 1) , [1; 1; : : : ; 1℄T :
Proof. LT [�n(ej!)
 I`℄Mn( eF ) = LT 12� Z ���[�?n(ej!)
 I`℄[�n(ej�)�?n(ej�)
 eF (�)℄d�= 12� Z ���[�?n(ej!)
 LT ℄[�n(ej�)�?n(ej�)
 eF (�)℄d�= 12� Z ���[�?n(ej!)�n(ej�)�?n(ej�)℄
 [LT eF (�)℄d�= �?n(ej!) � 12� Z �� �n(ej�)�?n(ej�)
 F (�)d��= �?n(ej!)Mn(F ):
Lemma B.4. Let F (!) 2 C1�` be a row vector valued function which is componentwise Lipschitz
continuous of some order� > 0, and letQ 2 R`n�`n be a symmetric, positive definite matrix withkQk2 < 1. Suppose also that in the definition of thefBkg forming the�n (and henceMn(�)) that
the polesf�kg satisfyj�kj � 1� Æ for someÆ > 0. Then for all! 2 [��; �℄ and denoting by[�℄k thek’th element of a vector� limn!1 1Kn(!)�?n(ej!)Mn(F )Qe�n(ej!)�k = �F (!) limn!1 1Kn(!)e�?n(ej!)Qe�n(ej!)�k
where Kn(!) , nXk=1 jBk(ej!)j2 = nXk=1 1� j�kj2jej! � �kj2 ; e�n(ej!) , �n(ej!)
 I`:
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Proof. Define, for a given fixed! 2 [��; �℄, the functioneG(�) = eF (�)� eF (!) of �. ThenMn( eF ) =Mn( eG) + In 
 eF (!) and therefore, by Lemma B.3�?n(ej!)Mn(F )Qe�n(ej!) = LT e�?n(ej!)Mn( eF )Qe�n(ej!)= LT e�?n(ej!)Mn( eG)Qe�n(ej!) + LT e�?n(ej!)[In 
 eF (!)℄Qe�n(ej!) :(B.58)

Considering now the second term in (B.58)LT e�?n(ej!)[In 
 eF (!)℄Qe�n(ej!) = [�?n(ej!)
 LT ℄[In 
 eF (!)℄Qe�n(ej!)= [�?n(ej!)
 [LT eF (!)℄℄Qe�n(ej!)= [�?n(ej!)
 F (!)℄Qe�n(ej!)= F (!)e�?n(ej!)Qe�n(ej!):
Therefore, (B.58) leads to1Kn(!) ���h�?n(ej!)Mn(F )Qe�n(ej!)ik � hF (!)e�?n(ej!)Qe�n(ej!)ik���= 1Kn(!) ���hLT e�?n(ej!)Mn( eG)Qe�n(ej!)ik���� 1Kn(!) X̀p=1 ����he�?n(ej!)Mn( eG)Qe�n(ej!)ip;k���� :
However, since the matrix2-norm is invariant under a similarity transformation1Kn(!) ����he�?n(ej!)Mn( eG)Qe�n(ej!)ip;k����= 1Kn(!) ������e�?n(ej!)M 12n ( eG) �M 12n ( eG)QM� 12n ( eG)�M 12n ( eG)e�n(ej!)�p;k������ kQk2Kn(!) ����he�?n(ej!)Mn( eG)e�n(ej!)ip;k����
where the matrix square roots and inverse square roots are guaranteed to exist by virtue ofMn( eG) > 0
being guaranteed [19] because the assumed continuity ofeF implies eG 6= 0 (or else it is identically
zero, in which case the Lemma is trivially shown because thenF is a constant). Finally, by Lemma B.5limn!1"e�?n(ej!)Mn( eG)e�n(ej!)Kn(!) #p;k = [ eG(!)℄p;k = 0:
Lemma B.5. SupposeF (!) 2 C��` is a matrix valued function which is componentwise Lipschitz
continuous of some order� > 0 on [��; �℄. Suppose also that in the definition of thefBkg forming
the�n (and henceMn(�)) that the polesf�kg satisfyj�kj � 1� Æ for someÆ > 0. Thenlimn!1� 1Kn(!) [�?n(ej!)
 I`℄Mn(F )[�n(ej!)
 I`℄�k;p = [F (!)℄k;p :
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Proof. � [�?n(ej!)
 I`℄Mn(F )[�n(ej!)
 I`℄Kn(!) �k;p= � 1Kn(!) 12� Z ���[�?n(ej!)
 I`℄[�n(ej�)�?n(ej�)
 F (�)℄[�n(ej!)
 I`℄d��k;p= 12�Kn(!) Z ��� �?n(ej!)�n(ej�)�?n(ej�)�n(ej!)[F (�)℄k;pd�= 1Kn(!)�?n(ej!)Mn([F ℄k;p)�n(ej!):
This expression converges to[F (!)℄k;p asn!1 as a consequence of Lemma B.1.

Lemma B.6. Suppose thatF (!) 2 R`�� andH(!) 2 R��` are arbitrary, positive, matrix-valued
functions which are componentwise Lipschitz continuous functions of order� > 0 for all ! 2 [��; �℄
and that eachj�kj in the definition ofMn(�) satisfiesj�kj � 1 � Æ for someÆ > 0. Suppose also that� 2 Rn and thatk�k1 <1. Thenlimn!1 ���[[�? 
 I`℄[Mn(F )Mn(H)�Mn(FH)℄[� 
 I`℄℄k;p��� = 0;
where[�℄k;p denotes thek; p0th entry of a matrix.

Proof. This follows directly from Lemma B.7 on noticing that[Mn(F )Mn(H)�Mn(FH)℄k;p = �Xr=1Mn([F ℄k;r)Mn([H℄r;p)� �Xr=1Mn([F ℄k;r[H℄r;p)
and that ifk�k1 <1 then9C <1, � > 0 such thatj�kj < Ck1=2+� .
Lemma B.7. Suppose thatf(!) andh(!) are positive and Lipschitz continuous functions of order� > 0 for all ! 2 [��; �℄, and that each�k in the definition ofMn(�) satisfiesj�kj � Æ < 1 for someÆ > 0. Then kMn(f)Mn(h)�Mn(fh)k ! 0 asn!1;
where the normk � k is defined for any matrixQ 2 Cn�n as kQk , supx2� x?Qxx?x where the set� is

defined for someC1 <1 and some" > 0 as� , fx 2 Cn : jxkj < C1k1=2+� g:
Proof. By Lemma B.8 anyx 2 � may be written asx = �ny, wherey 2 Cn and�n = " �n(ej!1)pKn(!1) ; �n(ej!2)pKn(!2) ; : : : ; �n(ej!n)pKn(!n)#
where the frequencies!1; !2; � � � ; !n may be chosen arbitrarily subject to them all being distinctfrom
one another. Denoting the elements ofy asy1; y2; � � � ; yn and using[�℄k;` to denote thek; `0th element
of a matrixlimn!1 jx?[Mn(f)Mn(h) �Mn(fh)℄xj = limn!1 jy?�?n[Mn(f)Mn(h)�Mn(fh)℄�nyj� limn!1 nXk=1 nX̀=1 jyky`j ���[�?n[Mn(f)Mn(h)�Mn(fh)℄�n℄k;`��� :
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Using the Cauchy-Schwarz Inequality and Theorem 5.1 in [19],���[�?n[Mn(f)Mn(h)�Mn(fh)℄�n℄k;`���2= ������?n(ej!k)[Mn(f)Mn(h) �Mn(fh)℄�n(ej!`)pKn(!k)pKn(!`) �����2� �?n(ej!k)[Mn(f)Mn(h)�Mn(fh)℄[Mn(f)Mn(h)�Mn(fh)℄?�n(ej!k)Kn(!k)� Mn ���+2 log4 n;
for some constantM . Therefore,nXk=1 nX̀=1 jyky`j ���[�?n[Mn(f)Mn(h)�Mn(fh)℄�n℄k;`��� � qCn ���+2 log2 n nXk=1 jykj!2 :
Furthermore jxkj � min1�`�n j[�n℄k;`j nX̀=1 jy`j; 8k 2 [1; n℄:
Therefore, via the assumption that9 C such thatjxkj � Cn1=2+� for some� > 0, and also by the

assumption ofj�kj � 1� Æ for someÆ > 0, so that by Lemma 4.2 of [19]j[�n℄k;`j � Æ=2, there exists
aC 0 > 0 such that Cn1=2+� � min1�`�n j[�n℄k;`j nX̀=1 jy`j � C 0pn nX̀=1 jy`j:
Therefore

nX̀=1 jy`j � C 00n� for someC 00 <1 so that for someC 000 <1,kMn(f)Mn(h)�Mn(fh)k � C 000 log2 nn�n�=(2�+4) ! 0 asn!1:
Lemma B.8. The vectors

��n(ej!k) : 1 � k � n; !k 2 [��; �℄; !` 6= !k	 spanCn.

Proof. Suppose not. Then9x 2 Cn, x 6= 0 such thatxT�n(ej!k) = 0 for all 1 � k � n: (B.59)

However, denoting the elements ofx asx1; x2; : : : ; xn thenxT�n(z) = Pnk=1 xkBk(z) which, by
construction, is annth-order rational function ofz of relative degree 1, therefore possessingn � 1
zeros. Hence,xT�n(z) can be zero for at mostn� 1 distinct values ofz, and hence (B.59) cannot be
satisfied forn distinct values off!kg.
Theorem B.9. If X and Y are independent random variables andf and g are Borel measurable
functions, thenf(X) andg(Y ) are independent random variables.
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Proof. Let B`; Bm 2 B1, whereB1 is the Euclidean Borel field onR1, and letP be the relevant
probability measure. Then

Pf(f(X) 2 B`) \ (g(Y ) 2 Bm)g = Pf(X 2 f�1(B`)) \ (Y 2 g�1(Bm))g= PfX 2 f�1(B`)g:PfY 2 g�1(Bm)g= Pff(X) 2 B`g:Pfg(Y ) 2 Bmg:
Since this is true for every choice ofB` andBm, f(X) andg(Y ) are independent.
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[21] B. PÖTSCHER AND I. PRUCHA, Dynamic Nonlinear Econometrics Models, Springer-Verlag,
Berlin-Heidelberg, 1997.

[22] R. PRICE, A useful theorem for nonlinear devices having gaussian inputs, IRE Transactions on
Information Theory, 4 (1958), pp. 69–72.

[23] S. RANGAN , G. WOLODKIN, AND K. POOLLA, New results for Hammerstein system identifica-
tion, in Proceedings of the 34th IEEE Conference on Decision and Control, 1995, pp. 697–702.

[24] R. SMITH AND M. DAHLEH, The Modelling of Uncertainty in Control Systems, Springer Verlag,
1994.
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