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Abstract

This paper investigates the accuracy of the linear compothe forms part of an overall
Hammerstein model-structure estimate, and a key findinbas the process of estimating the
non-linear element can have a strong effect on the assdagestimate of the linear dynamics.
Furthermore, this effect is not explained simply by way ofisidering how the input spectrum is
changed by the non-linearity. Instead, it arises that theali model-estimate variability may be
dominated by a term that depends on the frequency respotise liiear system itself. Amongst
other things, the main results derived here have experingesign implications for Hammerstein
system estimation.
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1 Introduction

Over the last decade there has been intense activity detotgaantifying the estimation error that
arises due to undermodelling; see, for example, [9, 15, 128,724] and the references therein.

However, as exposed by Guo and Ljung [5], when the underrtioges due only to linear time-
invariant (LT1) model mismatch and is significant, then timdicates that model validation has not
been adequately performed. Conversely, if undermodebixigts in the presence of proper model
validation, then the estimation error involved must be ngdathan any measurement-noise induced
error, so that the total error can be measured by merely dayubite variance error quantification [5].

In recognition of this dispatch of the error quantificatissue in the linear system case, the atten-
tion here is on non-linear systems; in particular, thosédeftiammerstein class [25]. In this instance,
if the non-linearity is ignored and only a linear model isdiittto the data, then the estimation bias
is likely to be so large that any error bounds based on vagianmr quantifications will be strongly
misleading.

For example, consider the case of fittingrar= 25" order finite impulse response (FIR) model
to input-output measurements of the system (samplingviat@r = 1s)

1 ~ 0.1548¢ + 0.0939
(s+1)(2s+1)J (g —0.6065)(¢ — 0.3679)

when the input sequende, } is unit variance Gaussian distributed white noise and thliputyy, }

is corrupted by Gaussian white noise, with variande= 0.001. Then the true and estimated linear

systems (together with confidence bounds) for a typical deddisation are shown in figure 1(a).

Clearly, since the true and estimated systems lie withirctmgidence regions, then these bounds (for
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(a) FIR model fitted to linear system (b) FIR model fitted to Hammerstein system, con-
fidence ellipses generated using noise variance
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(c) Same as figure 1(b), but with confidence el-
lipses generated using estimated noise variance

Figure 1:Nyquist Plots of the true system (dot-dashed line) and ttimated FIR model (solid line).
The ellipses are the 95% confidence bounds associated vetiFIfR model. The top two (a),(b)
plots involve using the true measurement noise variandesicomputation of confidence ellipses, the
bottom (c) plot uses an estimate of this variance formed ff@prediction error residuals.

this data realisation) are an informative indication ofralemodel accuracy.

However, now suppose that the input is saturated symmbyrighen its magnitude exceeds=
1.0 so that the true system is of Hammerstein type [25]. In théecH the sam@&5*" order linear FIR
model is fitted to the data then (again for a typical realsgtithe estimation results and confidence
bounds are shown in figure 1(b). As can be seen, there is a ticadifference between figures 1(a)
and 1(b) in the reliability of the confidence region error giifécations. The error bound validity
has been destroyed in figure 1(b) by estimation bias, whidhrim has been induced by the model
structure being linear and the true system being non-lingée ellipsoids shown in 1(a) and 1(b)
are true confidence regions in that the true measuremenrg Raisances? = 0.001 has been used
in computing them. However, it is also of interest to consifhe more practical case in which this
variance is estimated as a sample average from the predmtior residuals. This situation is shown
in figure 1(c). Note that even though the error quantificati@s been enlarged by virtue of the
prediction residuals accounting for undermodelling easmvell as measurement noise, they still do



not form an accurate quantification for the true estimatiware

In reaction to these sorts of difficulties, many investigas [9, 15, 1, 17, 28, 24] have sought to
derive alternative error quantification methods that aotder both the bias and variance error so that
the error bounds in figure 1(b) may be replaced by more inftimanes.

This paper is motivated by a different strategy of actuadijireating the non-linearity (as well as
the linear component) via a prediction error framework dreht since in this instance the true system
is in the model class, again using confidence region erront®as model uncertainty quantification
(as in figure 1(a)).

A key concern in pursuing this approach involves the quastichat price is paid, in terms of the
quality of the linear system estimate, by including a partanigation of a non-linear component in
the model structure? Certainly any bias error should beieited via the model class being enriched
to encompass the true system, but what of the variance emopanent which is included in the total
error?

Put another way, while in recognition of the fact that a madelseless without accompanying
(reliable) error bounds, the central goal of any systemtifleation exercise must be to obtain the most
accurate model possible. Is this achieved by ignoring inwealities and then quantifying associated
undermodelling errors, or is it achieved by including noredrity in the model structure and then
using a variance error quantification to evaluate the total@ Answering this latter question involves
measuring how the variance error is affected by any norafities, and providing this quantification
is the goal of the paper.

To further précis the work following, it is founded on a wigeised approximate expression for
the variability of an FIR model estima@(q) which was derived in [14] as

n 0'2

Var{@(ej“’)} ~ No,@) (2)

Here N is the length of the data recordg;} and{u,}, ®,(w) is the spectral density dfu;}, o2 is
the variance of any white measurement noise,arglthe order of the FIR model.

Furthermore, in the Hammerstein system case, the actuginsysput is a signat; = X (u¢, «)
(where X (us, @) is @ memoryless and possibly non-linear functiorupthat is parameterised by a
vectora) so it would be natural to suppose that the effeckdf, o) would be to modify the variance
error for the linear system estimate as

2

Qi ~ L _9
Var{G(e )} S m 3)
where (of course®, (w) is the spectral density dfz, }.
The main result of this paper is to show, both empirically andlytically, that in fact
Var{é(e-fw)} ~ L ”—”2+1 4 og @ (w) TP 4 oga (w) ] |G(e7)[? ()
~N<I>I(w)4dagm “\da ®7°

is a more accurate estimate of the variability of the line#R Bystem estimate. Herg,/N is
the covariance matrix for the estimate of the parametéoisat of the nonlinearity, and the vector
dlog ®,(w)/da measures the sensitivity of the spectrumXdfu,, «) to changes in.

The key point is that (4) quantitatively establishes noydhéat identifying a non-linearity entails
an unavoidable cost on the accuracy of the linear systermatstj but also that this cost actually
depends on the dynamics of the linear part; compare thex fadtint with the expression (2) where the
variability of @ is invariant to the true systed itself.



2 Problem formulation

The Hammerstein class of non-linear systems studied heyebmaepresented by a model structure
of the form [16, 23, 25],

yr = G(q, B)mi(c) + ey, zi(a) = X (ug, ). (5)

Here X (-, @) is a memoryless non-linear function parameterised by tletover and operating on the
wide-sense stationry inpyt, }, while {e; } is an i.i.d., zero mean white noise process that represents
corruptions in the output measuremdnt }, andG(q, 8) is a linear and time invariant strictly stable
system parameterised in the forward shift opergtand by a vectoys. The identification problem
then becomes one of estimating the composite parametarvect

02 8",a"".  n2dim{g}, £2dim{a}, m=n+¢2dim{H} (6)

on the basis of observations 6f;} and{u;}. When it is necessary to be explicit about the dimen-
sions of the parameter vectors, the symlgdts 5™ anda! will be substituted for those given in (6);
otherwise, in the interests of readability, these supgtscwill be omitted.

For the solution of this estimation problem, a predictioree or maximum likelihood approach
[10, 21] may be taken in which the mean square optimal oneadtepd predictog; () is calculated
as

y1(0) = G(g, B)zi(a) (7)

with the associated prediction error

et(0) £ yr — ue(0) =y — G(q, B) (). (8)

In turn, this can be employed to define a “least-squaresinasitbn criterion of

1
Vi (0) = IN Z 5?(9) ©)
t=1

with an associated prediction error estimate (Meubscript indicating dependence dhdata sam-
ples)

Oy 2 arg min Vy (6). (10)
9cR™
As an aside, whefie; } is Gaussian distributed then (modulo initial conditions))(is also the Max-
imum Likelihood estimate. However, under the much morexedaassumptions dt {¢;} = 0,
E{e?} = 0? < oo andE {|e;|"*’} < oo for somes > 0 (E{-} denotes expectation over the
probability space that any random variable components efieetl upon), then the following strong
consistency result is available [10, 11] (see also [8] falye&ork in this area)

lim Oy =60, w.p.L 6, 2 argmin lim E{Vy(6)}. (11)
N—o0 pcrm N—oo

Furthermore, as precursed in the introduction, the efror, EN) — G(e’*) in the resulting esti-
mateG(e/*, Bx) of any true underlying linear dynamics(e/“) may be decomposed a8, (is the
component of), defined in (11) consistent with (6))

G(e, By) = G(e™) = |G(e™, By) = G(e™, o)] + [G(e™, .) = G(e)]



where the last term (the so-called “bias error”) is due toeékBmation model structure (5) not be-
ing rich enough to encompass the true data generation misainaand the first term (the so-called
“variance error”) is due to the measurement noise.

As already mentioned, the quantification of the second &(w“, 3,) — G(e/*) has already been
the subject of much research during the last decade [9, 128l.7However, because of the challeng-
ing nature of the problem, it still appears to be open and &éme topic of ongoing investigation.

In recognition of this, the present work examines the follgyvquestion: in situations where it
is possible to extend the model structure richness so asitterehe bias errofi (e/, 5,) — G(eI)
negligible, then what price is paid in terms of overall erecrease by virtue of a possible increase
in the variance errof7(e/*, By) — G(e/*, 3,)? For example, to continue the simulation example
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Figure 2: Nyquist plot of the (dash-dot line) true linear componenthim a Hammerstein structure
together with its (solid line) least squares estimate winerlatter forms part of a Hammerstein model
structure. The ellipses are 95% confidence regions.

presented in the introduction, the bias error induced bgrigg a static input non-linearity is shown
in figure 1(b) to be very large, but by way of contrast, if thesgibility of this non-linearity is included
in the model structure so that it may be estimated (via (8))(1hen the results are shown in figure 2.
Clearly, with the removal of the bias error, the overall eiionow much smaller. But a price of
increased variance errét(e’*, BN) —G(e??, B,) has been paid. That is, the 95% confidence ellipses
that quantify the variance error are larger in figure 2 thariignre 1(b) where no non-linearity is
present in the model structure.
The remainder of this paper is devoted to deriving (and themméning the consequences of) a
simple approximate expression of engineering relevargeghantifies this variance error, and which
has already been presented in equation (4).



3 Frequency Domain Analysis

To analyse the question just introduced, the error quaatifin approach taken in this paper involves
deriving frequency domain expressions, and this strategybleen inspired by its successful history [6,
14, 12].

Now, to this point, the discussion of the structure of thedindynamics=(q, 5x) has been fo-
cused on FIR models. In what follows, this paper will in fadtleess a generalisation expressible
as

G(q,BN) = Z BB (q (12)

where

Bula) 2 Vl‘g’“'QH(lf’"q» Bi(g) & VI I0F, 13
(¢—&) L \a—& q—&
Thetermst, € D 2 {|z| € C:|z| < 1} are user-chosen fixed poles in the linear model structurk, an
the selectiorf, = 0,k = 1,2,... ,n renders (12) as an FIR model as a special case. The motivation
for allowing the flexibility of arbitrary fixed poles;, - - , &, is to allow the incorporation of prior
knowledge into the estimation problem in the interests oféasing estimation accuracy [7, 26, 18].
The use of such a model structure has a rich history, of whicl2(Q), 26, 27] represents a recent
part. In particular, and as discussed in [18], the expres€l@) is preciselyequivalent to a ‘fixed
denominator’ model structure

BLg" '+ + Bha+ By
(g—&)(g—&) - (g—¢&)

in the sense that for anyy there exists &, such thatG'(q, 5%) = G(q,Bn). Furthermore, un-
der the least-squares estimation criterion proposed (@) tieen (modulo numerical considerations)

The key motivation for considering the formulation (12)hat than the simpler one (14) is that
the By (q) transfer functions in (12) are orthonormal in the sense that

G'(g,Py) = (14)

BB = 5 [ Bl BleFdw = 8(k - 1
whered is Kronecker’s delta function. This property turns out todssential in the development of
certain results that have been derived in [18, 19] and wikimployed here. That is, the orthonormal
formulation (12) can be considered as an analysis tool tlegiges results pertinent to other (perhaps
more direct) model structures such as (14).

With these comments on the model structure in mind, the atlg theorem provides a formal
statement (together with formal proof) of the paper’'s maisuit.

Theorem 1. Consider the model structure defined by (5), (12) togethtr thie prediction error esti-
mateG(q, 5 ) defined by (5)—(10). Suppose that

1. The innovationge,} satisfyE {e;} = 0, E {e?} £ 0?2 < o0, E {|es|***} < oo for somes > 0,
and{e; } is uncorrelated with the inpuu, };

2. The signalz;} defined in (5) together withz}} defined ast;, £ d X (uy, o) /dc are (jointly)
wide-sense stationary with auto specfra(w), ¢,/ (w) and cross spectrun®,,- (w) which are
all Lipschitz continuous of some order> 0;

6



3. The true syster@(q), X (u) is in the model class;
4. The available data is such that the model structure (5aimmeter identifiable.

Then remembering that = dim{/} wheres parameterises the linear system estimate

N N .
Jim tim o SELG(E BY) - G, 5
o 1 ! d |G, B
= 3. () +3 (alog @m(w)> P, (alog (I’m(w)> X 7711_>r£>1C Ko@) (15)
where
P, = lim NCoV{ay} (16)
1 [ : Dy (W) Py (W) — X, (w) Py -t
N n w n 17
K) & B = 5 S (18)
k=1

Proof. See Appendix A. The proof presented there rests on resulsajeed in [19] for scalar func-
tions, but which are extended in Appendix B to the case oforeelued functions. This is required
in order to accommodate vector valued terms sucth gs(w) when? = dim{a} > 1. O

4 Ramifications

There are several conclusions that can be drawn from Thebrehich are presented in the following
subsections.

4.1 Approximation of Estimation Errors

The most direct result to be drawn from Theorem 1 is that, uadeassumption that botN andn
are large enough for the convergence in (15) to have esBgmig@urred, then multiplying both sides
of (15) by K, (w)/N provides an approximation of the variance error as

1

Var{G(ej“, EN)} o

%&5)) +i (%log %(w)) P, (%log (I’m(w)> G(ej‘”,BN)QI .
(19)

Here P, is the covariance matrix for the (scaled) estimgf@& ay of the parameterisation of the
memory-less input non-linearity, which from Theorem 1 méspde approximated by the frequency
domain expression

Var{ay} = };] (]f\j [ 1 /’r G(7, Br) 2 (@m(w)@wf(w)%(q;%m,(w)@m,(w)) dw]l_ o0

—T

Of course, it is obvious to question the accuracy of such@pprating procedures. In particular, how

large shouldV andn be for (19) and (20) to be an informative and accurate quaatifin?
Answering this question with full rigor would involve praling hard error bounds on the differ-

ences between the left and right hand sides of (19) and (&d)ttas would appear intractable. As

7



an alternative, this paper adopts an approad}6italso taken in related works [12, 14, 18]) of exam-
ining the issue via Monte-Carlo simulation examples. Theuerg results provide evidence that, in
fact, (19) and (20) can provide a highly accurate approxionan cases of quite moderate data length
N and model ordern that are consistent with what would typically be encourtddreengineering
practice.

Furthermore, as presented in detail in [18], a key reasomerigploying the orthonormal parame-
terisation (12) (as opposed to a more direct one such asigl#))accelerate the convergence %in
of (19) by means of choosing a basis that is ‘adapted’ to tlstties that are to be approximated.
A manifestation of this approach is the presence of the wigiglterm K, (w) in (19) which is deter-
mined solely by the choice of fixed polé€s, - - - , &, in the model structure. In the special FIR case of
&, = 0, thenK,(w) = n in which case (19) becomes the expression (4) used in tredinttion.

4.2 ldentifiability of the memoryless non-linearity

Another interesting aspect of Theorem 1 is that it proviscesght into when the non-linearity param-
eterised by is identifiable. Specifically, the spectral weighting in thefinition (17) for P, shows
that identifiability is lost £, becomes unbounded) whenevey(w)®,/(w) = ®F  (w) Py (w) for
all w and locally aroundv, (which is defined vid, in (11)).

To gain understanding of this principle, notice that if thés a linear relationship:}(«,) =
K (q)z:(as) for some stable((q), then for the case in which difa} = ¢ =1,

0o ? = [K ()03 (w) = (IK ()P4 (w)) a(w) = P (w) Pa(w)

so that®, (w) P, (w) — @ (w)Pya (w) = 0. Therefore, the weighting

can be interpreted as a measure of the non-linearity of taéamship between;, (o) andz}(«).

That is, the approximate expression (20) indicates thattlveiracy of the estimate of the non-
linear component increases (its variance decreases) asapping between; = X (us, o) and its
sensitivity z;, = dX (u;, @) /da to changes inv becomes ‘more non-linear’, and in the case in which
the mapping is purely linear, then the accuracy becomes sotpat in fact identifiability is lost.

This general principle provides, for example, a direct nseanderive (the well known fact) that
PRBS signals cannot be used for the identification of deagsor saturations; s&8.1 following.

It is important to clarify that this discussion of identifildy has considered the memoryless non-
linearity in isolation. A related, but different issue isattof the identifiability of the overall parame-
terisationd” = |57, o] for the combined linear and non-linear model structure conents.

For example, the modeX (u;, «) might (in isolation) be parameter identifiable, but if it isch
that for any¢ € R there always exists two parameters o such that

X (Cuy, 1) = X (uy, )

then estimation of an overall gain term is involved. This i@ that if used in combination with a
subsequent linear structu€g(q, ) that also allows for estimation of an overall gain, then thietj
parameterisatiof” = [37, o] cannot hope to be identifiable. The results of this paper tladdress
this joint identifiability issue, and indeed condition 4 didorem 1 assumes joint identifiability.



4.3 Interaction between Linear and Non-linear components

The approximations (19) and (20) reveal how the estimatmmuiacies of the linear and non-linear
components of a Hammerstein model structure are intereyiand in turn this provides insight into
some unique aspects of the estimation problem for Hamnienrstedel structures.

Firstly, it should be pointed out that a key conclusion tearfrom the seminal work [12, 14] is
the fundamental principle that the variability ofiaear system estimate is invariant to the true linear
dynamics, and instead (see (2)) depends only on the expgahwonditions of data lengthV, chosen
model ordem and signal-to-noise ratio [10].

In contrast, the expression (19), by way of the term

T

(di log @z(w)> P, (i log @z(w)) G, )2 (21)
o da

shows that in the Hammerstein model case, the estimatiowramc is far from system-invariant.

Instead (because of the compongfite’”, 5y )|?), it depends on the true linear dynamics as well as

(because of the componetibg ¢, (w)/d «) the static input non-linearity, and an explanation for why

this phenomenon occurs is provideds4 following.

Indeed, as will be illustrated g6 following, the term (21) can easily dominate the complete
expression (19). In particular, the presence oflihieterm means that (21) will be likely to play a
significant role in (19) in frequency regions whebpg(w) is small.

Turning now to the expression (20) quantifying the accuidre non-linear block estimate, note
that it too is far from invariant to the true underlying systeFirstly, by means of thz (e/*, By ) |2
term, it clearly depends on the linear dynamics. More speifi, (20) indicates that in order for the
estimaten v to be accurate, thejdi (e/“|? must have reasonable gain in frequency regions in which
the mapping betweed, and®,, indicates non-linearity between andz}.

Perhaps more suprisingly though, the expression (20) sttmtshe accuracy with which may
be estimated, is not dependent on the total number of paeasriiiat are estimated. To be specific, in
the purely linear system case, expressions such as (Zjalles principle that the estimation accuracy
decreases as more parameterare estimated. In contrast, the quantification (20) is iaverto n,
and thus there is a decoupling in that the accuracy of thenasti of the non-linear component is
not affected by the complexity of the model structure useddiimate the linear component. This
principle is illustrated via simulation example in figuréy.(

4.4 Measurement Error to Frequency Domain Error: A General Principle

Clearly, as just discussed, the expression (19) resultiogn fTheorem 1 indicates several aspects
of achievable estimation accuracy that are quite diffeterwhat might be expected from previous
studies of linear system identification.

In turn, this naturally leads to the question ‘is there a mygaeral principle applying, that can
encompass a wide variety of cases, and lead to results si2hasd (19) as special cases?’.

This section hypothesises and then tests such a generaiptginrand by way of this provides an
explanation of the underlying mechanism for some of the kkmiens made i§4.1-4.3. The principle
proposed here is that the previous results are hypothegidasimanifestations of a general principle:

The relative frequency domain estimation error timéss equal to the relative sensitivity
of the model-based predictianto the model parameters.

That is, by denoting relative estimation errorda@/@ and relative sensitivity of model predictions
asdy/y, then one could hypothesise that the well known approxionag?) together with the new



one (19) are both manifestations of a more fundamental ipignevhich ensures that the following
equation holds:

var{G dG12  (dp)?
ar{}_N\AIZ(AyQ)_ 22)
G2 G2 Y

To test this hypothesis, it is now shown to lead to (19), (amdck also (2)) as a special case. Firstly,
on noting that according to the model structgye= G(q, 8)x:(«) then (22) becomes

N|dG? = =
96 9 1G22 a?

Now, in the Hammerstein case, there are two factgrs comimiglm dy - sensitivities ofG(q, 5) to
3 and sensitivities of{ (-, o) to « so that(dy)? = (dG)?z? + |G|?(dz)?. Therefore, assuming for
simplicity thata is scalar

dy 1 ~ ~
NJdG)? = (T) - —2[(dG)2m2+|G\2(dm)2}

xr
1
= - L
Now, according to the model structure (12)7(q, 8)/dBr = Bi(q) so that||dG(e‘7“’,ﬂ)/dﬁ||2 =
S, |Bk(ed%)[> = K, (w). Furthermore, with the measuremefats |2 2 E{||3y — 5.]|2} then via a

well-known [10] Taylor series expansion argumer) @enotes differentiation with respectfaabout
the pointg,)

dG

l\)

apii + G (&) (W} @

2
— _ _ g
la]* = Tr{ BV} "E{VANIE{VR}] '} = " THE{VV}] '} = &~
where the second equality follows by means of the assumpfitime true system being in the model
class, and the third equality follows from a well known spalctepresentation dE {V }][10, 14].
Using these expressions in (24) together with the measursrfién)? = E{(ay — a.)?} = P,
andz? = &, then provides

2 2\ 2
NUGP = Ky(w)=> +02i<di> (dav)?

D, (w) 4zt \ da
o’ 2
= Kal)gos + 6P (G4 0 20)) (25)

which is the quantification (19).

Therefore, the presence of the (perhaps unexpected)|@fe~, EN)\Q arises, according to the
hypothesis (22), because uncertainties in the nature aidhdinearity X (-, o) are mapped through
G(q, BN) before manifesting themselves in the output predictionrerr

5 Analytical Examples
Clearly, a key issue in using the results of Theorem 1 is thahderstanding the nature of the spectral

densitiesd, (w), ®,»(w) and®,,, (w). Because these densities arise via signals passed throwgh a
linearity X (-, ), the question of evaluating them may be non-trivial.
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However, consider the case whém, } is i.i.d. with ®,(w) then a constant. In this case, since it
is well known that an arbitrary (measurable) function of aili process yields an i.i.d. process (see
Theorem B.9), thedz; ()}, {z}(«)} are both i.i.d. and hence

D,(w) £ 02, By (w) £ o2 and O, (w) 202,

are all constants.

The question then arises as to how these constgnts?, ando? , all relate to the input spectrum
®,,(w) and the nature of the non-linearify(-, o). A general discussion of this issue quickly becomes
very complicated [22], so in an effort to maximise insiglttistpaper proceeds by considering the
two specific (and common) non-linearities of saturation dadd-zone. As well, in the interests of
concreteness, specific distributions for the i.i.d. input} will be supposed.

5.1 Saturation Non-linearity

The saturation non-linearity may be specified {dor< «;) as follows:
u o su € [ag, o]
X(u,0) =< a1 ju<a (26)

Qs U > Q.

In this case, suppose that the ingut } is i.i.d. with uniform density defined by:

1
plus) = {m ul <2 @7)

0 ; otherwise

Then for this scenario the spectral densities required engjproximation (15) are provided by the
following Lemma.

Lemma 5.1. For the case of a saturation non-linearity (26) which is syetmic in thate 2 oy = —as
(see figure 3(a)) and for a uniformly distributed i.i.d. indu, } according to (27), then fok > «:

A—« A—«

T, b =a(25), e =25

a(w) = 33

Proof. Clearly, whem\ > « (otherwiseE {z7(a)} = E {uf} = A?/3),

E{z;(a)} :/ X2 (u, a)p(u)du

—Q
= o\ (/ u’du + /a a’du + //\ a2d11,>

o2
= A—2
3)\(3 @).

Furthermore, on consideration of figure 3(b) which shelas(u,, o) /da plotted as a function of,
for X > a (otherwiseE {z}(a)?} = 0)

E{[a}(e)]*} =

N
: .L



Finally, again on consideration of figure 3, for> 0 (otherwiseE {z;(a)z} ()} = 0)

E{zi(a)zi(a)} = /: ap(u)du + /a ap(u)du = « (1 - %) .

—-A

X(u,a) dX(ua)
da

u>0

e e e e e e e - - -

u<o

(a) Symmetric saturation output as a function of (b) Sensitivity of the output of a symmetric satu-
saturation leveld) ration function to its saturation levek}

Figure 3:Symmetric Saturation Function.
Using these expressions in (19) then gives the varianceozippation

2\ _ 307 A 3G, B2 (A —a
}“a2N<3A2a> [K"(“’” R ( o )]( |
28

e {6, Bn) - Gl 2)

where
1 T .
Te L / G, ) Pdw.
2 J_,

An important conclusion that can be drawn from (28) (apantfthe fact that it depends ¢@ (e/“, 3.)|,
which has already been commented on) is that it indicatesxiséence of an optimal input excitation
power.

That is, in the linear case, the estimation accuracy is ptimpal to1/®,(w) so that the more
input excitation power, the better. However, as shown by),(#8the non-linear case with input
saturation, (neglecting the common constants) the ovesaiébility consists of two terms, one of
which

Kn(w)A
(3 — 2a)
decreases monotonically with increasing input podg(w) = A?/3, and the second term of which

3A A—a) |G, Bo)|”
(3/\2&)( a ) 1G]
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increases monotonically with increasifg (w) = A\?/3. As aresult, for every frequeneythere is an
optimal input power (in the sense of minimising the varidpibf the estimate) given by the solution
of

IG11*

G, g ) =9

(3t — 4t +2) = 2
3
wheret = \/a.

Atfirst, this principle that an optimal input power existadehence that increasing the input power
may lead to a degraded estimate, might seem counter-rguitiowever, once exposed via (15) and
(28), it is undersood to arise from the fact that)as increased, the probability of a realisation of
uy being below the saturation level decreasednd hence an increasedeads to an input sequence
{u;} which provides less ‘exploration’ of the non-linearity. Asesult, the variability of the estimate
is increased. Vice-versa, K is too small (only slightly larger than), then again the non-linearity is
not explored since there is a low probability thatwill explore the saturation limity.

Another common excitation used in the practice of systemtitieation is the Pseudo-Random
Binary Noise Sequence (PRBS) [10]. This can be modelled as.@nprocess with binomial (dis-
crete) density

0.5 ;ur=A
w) — 1 S 30
p(ut) {0.5 = — A, (30)
In this case the required spectral densities are as follows.

Lemma 5.2. For {u,;} i.i.d. with binomial distribution (30) andX (u;, «) being the saturation non-
linearity (26) which is symmetritn = a1 = —ay) then ford > o

(I)I(w) = O[2, (I)mm’(w) = aQ, (I),q;l(w) =1.

Proof.
E{z(a)’} = 05xa”+05xa”=0a’
E{z(a)zi(a)} = 1xax05+(-1)x(~a)x05=a,
E{lz}(@)]’} = 1"x05+(-1)?x05=1.

O

Therefore, in the PRBS case, a difficulty is encountered a tife term®,, (w)® ./ (w) — [ @0 (w)[?
arising in the componen, of (15) becomes:

Do (w) Py (W) — [Py (w)|* = 0 — a® =0,

and hence the second term in (15) is infinite.

This problem is a manifestation of the phenomenon introduoe3, wherein it is noted that
the complete linear/non-linear structure of a Hammersdgstem is identifiable only if the mapping
betweenz,(«) andz}(«) is non-linear.

That is, even though a PRBS input is widely and successfigd dor estimating purely linear
systems, it is inappropriate when saturations are involiede in this case the effect of the non-
linearity can be described as

(8

X(ug, ) = X'ut A >«

and hence the non-linearity actually appears to be a lingiar g
While, once made, this conclusion appears obvious (anddady well known), the fact that it is
embedded in the variance approximation (15) highlightsutiigy of that expression.

13



5.2 Dead-zone Non-linearity
This non-linearity has the following mathematical destoip (for as < a;):
uU— o1 U > o,

X(u,a) =<0 su € Jag, o), (31)

u+ay ;u < a.

Repeating the sort of analysis conducted for the case ofuaasi@in non-linearity now proceeds as
follows:

Lemma 5.3. For the case of the dead-zone non-linearity (31) which ismsgtric in thata = o) =
—ay (see figure 4(a)) and independent, uniformly distributepuif, } according to (27) then for
A> o

—a)? o )2
(I)T(w) :(>\37>\)a (I)w’(w)zlf_a (pmm’(w) :7%

Proof. WhenX > 0 (otherwiseE {z}(a)} = 0)
E{z}(a)} = / X2(u, a)p(u)du

_ '/{;\(u — a)?p(u)du + /a(a + u)?p(u)du

Furthermore, on consideration of figure 3, for> « (otherwiseE {[x;(a)]Q} =0)

e{l@]’} = [ [W]pmd

— 00
[e.e] —
= / p(u)du +/ p(u)du
(e} — 00
IR @ «
e —_— d A —_— d [l — 1 — T
A u + 3NN U \

—Q

E {xt(a)x;(a)} = /Oc(u —a)(=1)p(u)du + / (u+ a)(+1)p(u)du

S [, )
= — u— «a)du — u + a)du
m(.a( u— [t a)
B (A —a)?
a 22
O
Therefore,




X(u,a ) dX(ua )
da

!
1] : u
—a

(a) Symmetric dead-zone output as a function of  (b) Sensitivity of the output of a symmetric dead-
dead-zone levek) zone function to its deadzone level)(

Figure 4:Symmetric Dead-zone Function.

2
li10 D, (w) 2—1 i10 A—a) —79
2da 877 2 \da B\ 73 T 10— )2

and hence via (19)

2 N302 A 3|G(e7, B,)|?
b= i ot = S e

Therefore, in this dead-zone non-linearity case, the imowter ®,(w) = A\%/3 should be made as
large as possible. However, an interesting (and perhapgoeoted) phenomenon is that via (20) and
using the same method which led to (32), then

P, o* 4X 1
N NQA-a)llG*
Therefore, the variability of the estimadey of the non-linearity is subject to a ‘noise floor’, of
40 1
N |G*
Once exposed, this principle may be understood by the fatttle manifestation of the non-linearity
on an inpuu;| > « is to transform it tou; = « (depending upon the sign of the input). Therefore, the
effect (of sizen) of the non-linearity is not magnified by using larger and hence its size relative to
any measurement noise cannot be increased. This leads ‘twtke floor which cannot be altered
by choice of{u;}.

Finally, when estimation involves a Hammerstein systensistimg of a dead-zone in series with

a linear system and a Pseudo-Random Binary Noise SequeR&S|H10] is used as an input exci-
tation, then the spectral densities required by (15)arplggpby Lemma 5.4.

E { G, By) = G 2)

Var{ay} ~

Var{ay} > (33)

Lemma 5.4. For {u,;} i.i.d. with binomial distribution (30) andX (u,, ) being the dead-zone non-
linearity (31) which is symmetrity £ a7 = —ay) then forh > «

q)z(w) = (>\ - a)Q, Dy (w) =)\—aq, @m/(w) =1.
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Proof. The following equations may be derived by an examinationgufré 4.

E{z(a)’} = 05x(A—a)’+05x%x (a—N)?=(A—a)
E{zi(a)zj(@)} = 05x(A—a)x(-1)+05x (@ —A) x (1) =X —a,
E{lz}(@))’} = 05x1+05x1=1.

Inserting the expressions given in Lemma 5.4 into the tgfif), of (15) yields
@I(w)@m/(w) - |(I)m’(w)‘2 = (>‘ - 04)2 - (>\ — Oé)2 =0.

Thus the magnitude of the second term in (15) is infinite. Astli@ case of the saturation non-
linearity, this condition has arisen because the dead-nonelinearity acts as a static gain of size
(A — @)/ when subjected to a PRBS input.

6 Simulation Examples

Having derived the variance approximations (19),(20) ificourse important to test their accuracy.
While some theoretical analysis involving convergencesat the supporting Theorem 1 is possible
by using the results in [19], this will not provide any hardunds on the accuracy of (19) for finite
model ordern.

Therefore, in order to study this issue, experimentaligsieems the only viable option. Consider
then the motivational example provided in the introductidrerein the system (4) has its input-output
response observed in the case where the oydtputis corrupted by i.i.d. zero mean Gaussian noise of
standard deviatioa = 0.001, and with input{«, } being an i.i.d. zero mean and uniformly distributed
process withy2 = E {u}} = 1. Consider further the situation introduced around figuretzre a
symmetric saturation of level = (.5 affects the input, and which is estimated together wifts’&
order FIR model for the linear dynamicg(q).

Then the true variabilitye {\G(ej‘”,ﬁN) — G(ed¥, ,80)|2} can be estimated via a Monte-Carlo

simulation over different measurement noise and inputigatidns. This was done for 1000 such
realisations each ove¥ = 3000 data points and the results are displayed in figure 5 with tiseieg
sample variability shown as a solid line.

Also shown in that figure as a dash-dot line is the approxonatl9) for this variability, calculated
as (28). The agreement is excellent. The dashed line on the Bgure is the approximation (3) that,
as was discussed in the introduction, might at first glancexpected to be appropriate. However,
as is clear from figure 5(a), this is not the case, and it is @ ¥#al to use the extra term that exists
in (19); clearly the ‘low-pass’ effect invoked by the preserof the|G(e/*, 3,)|? term dominates the
approximation in such a way as to render it qualitatively ad as quantitatively “correct”.

For the situation wher& (u,, o) is a symmetric dead-zone, with= 0.5 then the corresponding
Monte-Carlo simulation results are shown in figure 5(b). ig&xcellent agreement between the
Monte-Carlo estimate of the variability (solid line) ancethew approximation (4) (formulated as
(32)) is illustrated.

These examples provide encouraging empirical evidenaiéautility of the approximation (19),
but a key issue is that its derivation restsioheing ‘large’ so that the underlying Fourier reconstruc-
tions have effectively converged.

To test the robustness of this dependence the previoustyibled simulation involving a satu-
ration non-linearity was repeated with the FIR model ordmtuced from 25 to 15. The resulting
comparison of the Monte-Carlo estimated variability&fe’*, By) versus the approximation (19) is
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shown in figure 6(a). While the accuracy illustrated in figbfe) is somewhat degraded (relative to the
higher order case profiled in figure 5(a)) the expression i€8iill a highly informative quantification
of true variability, even for what may be considered a “lowddel order.

To complete this simulation study section, some previouklesions that were made on the
basis of (19) are tested. Firstly, it was discussed thathfercase of uniformly distributed input and
saturation non-linearity then an optimal input power eedsin the sense that (via the solution of (29))
it minimised the variability of7' (e, By) at a specific frequenay.

The presence of this optimum is illustrated once again viatéd&arlo simulation where, under
the same conditions as previously reported for the saturaton-linearity case (and for = 25),
the true variability ofG(e/*, By) is estimated over 1000 realisations and at various inputep®w
quantified by\ (see (27)) and wheré,, = \?/3. This is shown as the solid line in figure 6(b), and is
profiled against the approximation (19) which in this cageeaps as (28). The presence of an optimal
power aroundb,, = 0.25 is clear.

In the case of input dead-zone, it was discussed around Kja2)ahother consequence of the
approximation (20) was the indication that a ‘noise floorisead on Va{ay } in the sense that, no
matter how large the input power excitation, a lower limit\var { &y } existed and was given by (33).
This lower limit is shown as the horizontal dash-dot line gufie 7(a). On that same figure, the 1000
run Monte-Carlo sample variance estimate of {4y } is shown as a solid line for various values of
A. The ‘noise floor’ phenomenon is clearly exposed.

Finally, it was discussed if4.3 that (20) indicated that the achievable estimation raogyufor
the non-linear component should be invariant to the dinmensi of the model used for the linear
component. This phenomenon, for the dead-zone case justsdid, is illustrated in figure 7(b)
where P, is shown for a range af. Clearly, oncen becomes large enough for the true system to be
approximately in the model class (so that Theorem 1 andntsfi@ations apply), then as indicated by
(20), further increases in have no impact on the varianég, .

Sample Variances of FIR/Hammerstein model vs Theory Sample Variances of FIR/Hammerstein model vs Theory
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(a) Saturation Non-linearity (b) Dead-zone Non-linearity

Figure 5:Variability of an25" order FIR estimate of the linear part of a Hammerstein systSoiid
line is a Monte—Carlo estimate of true variability, dash@tklis the pre-existing approximation (2)
and the dash-dotted line is the new approximation (4). Ineffthand figure, the case of a saturation
non-linearity is shown, while the right hand figure illusiea the case of a dead-zone non-linearity
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Figure 6:Hammerstein System Estimate Variability, with the sofid lbeing a Monte—Carlo estimate
of true estimate variability and the non-linearity beingsafturation type. In the left hand figure, the
variability of a 15" order FIR estimate of the linear model component is showth, tive dashed line
the pre-existing approximation (2) and the dash-dotted thre new approximation (4). The right hand
figure shows the variability of 25" order FIR estimate of the linear model component, but at glsin
frequency and for a range of input spectral powers. The disted line is the new approximation
(28).

7 To Model or to Bound?

This paper began by considering the question of whether ptheoinclusion of a non-linear com-
ponent in a model structure was justified in terms of the w#deetween decreasing bias error, but
increasing variance error. Having now quantified the vaaerror via (19) some answer to this mo-
tivating issue is possible, but only once the bias eff6#’“) — G(e/*, 3,) is clarified. Via (5)—(11),

in the case where bias arises by ignoring a non-linearithénttue model, then the resultant estima-
tion error will depend upon the spectral density of ¢,(8) = G(q)x: — G(q, 5)us which may be
expressed as

O.(w) = |G 0u(w) + |G(e, ) Pu(w) — G(")G (eI, B)Dpu(w) — G(e72)G(eM, B) D yu(w)
Dy (w) ? iw D, (w) Dy (w) ?
y(w) G )‘2 <¢'7t(w) N ‘ Py (w) )

Therefore, according to (9)—(11) and by Parseval's Thepttm bias error can be characterised by
representingz(e/*, 3,) as

0. | G, 8) - G(e) (34)

G(e, Bu) = arg min / e, p) - Gl

BER™ —7

?,(w) dw. (35)

Clearly then (and as expected) whenever an input nonliyeigrpresent so that the cross-spectrum
®,.,(w) is not equal to the auto-spectrufin, (w), then bias error will be incurred. In general, it
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Figure 7:Variability P, of the estimated (Symmetric dead-zone) non-linear pamnoéta Hammer-
stein system. Solid line is Monte—Carlo estimate of trueabdity and the dash-dotted line is the
approximation (20). In the left-hand figure the case of deade non-linearity and varying input
power is considered. In the right hand figure a saturationtioearity is used and the influence of
linear system model order is shown.

is not possible to use (35) to exactly quantify the bias ertdowever, in the case in whicfu,}
is i.i.d. so that the spectral densities become constarissavident from (35) that7(¢/“, 8,) =
G (/) ®,, (w) /@, (w). Consequently, in this case, the increased bias éxgancurred by choosing
a model structure that ignores a static input non-lineasity

j ] j (I):Bu ?
A& [G(e) = G, ) = |Gl (1 - 2 (36)
Py (w)
At the same time, it is evident from (20) that (in the same @dde:; } being i.i.d.) the increasd, in
variance error that is incurred by including a static novedrity in the model structure is given by

P [GE)E [ d 2 Bele)
Av - EW <£ log @T(w)> ((I)z(w)q)m’ (w) - q);T’(w)(I)TTI(w)> ‘ (37)

The question of choosing a model structure that minimiseddtal estimation error then reduces to
comparing the relative sizes df, andA,. In relation to this, notice firstly that because of theVv
factor in A,, then for long enough data lengths, will always be less thar\, regardless of other
experimental conditions.

This provides an argument that generically, if in doubts ibetter to attempt the estimation of the
non-linearity and suffer (perhaps unnecessarily) an as®a , in estimation error, than it is to ignore
the possibility of the non-linearity and risk the much larbes errorA,. Of course, if feasible, it is
better again to use a model validation procedure in ordessess the presence of the non-linearity.

However, with this in mind, the key point made by the expr@ssi\, andA, is that in no way is
there any generic evidence to support a policy of ignoring-inmearities and bounding the resultant
bias error as opposed to a strategy of including the noradityein the model structure and estimating
it, and this answer directly addresses the motivating gquregtosed in the introduction of this paper.
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For example, returning to the dead-zone non-linearity®® where the input; is i.i.d. uni-
formly distributed in[—X, A] and with symmetric dead-zone [r-«, o], then using the values for
d,, 0., D, andd,, calculated ir5.2 together with the following lemma

Lemma 7.1. For the case of the dead-zone non-linearity (31) which ismsgtric in thata = o) =
—ay (see figure 4(a)) and independent, uniformly distributepuif, } according to (27) then for
A> o

A —a)?(2A+ o)

D, =
) -
Proof.
(1 e _
oy U €l-a,al,z=0
1
p(z = A,u= B) =X o\ lul > a,z =u
0 ;Otherwise
L
Therefore
I 1 [ A —a)?(2A + )
E{xtut}ﬁ/a u(u—a)du—i-ﬁ'i/\ u(u+ a)du = o

allows the calculation

o2 |G(e, BN)[2 9A
A, == i 38
NIGE (- a)p (38)

2 2

ay = S e (39)
In this instance then, for a given degree of non-linearitynessured by the dead-zone limit then
(39) shows that the only factor that can decrease bias &gas a large input amplitude (so that
most input realisations are outside the deadzone), butd)ytds same strategy decreases the variance
error A, as well. Therefore, and as per the previous comments forgherg situation, it would seem
difficult to encounter a situation in which, would not be smaller than\,, in which case estimation
of the full non-linear structure is clearly most appropeiat

8 Extensions to Other Model Structures

The discussion to here has focussed on the ‘FIR-like’ clasaamlel structures represented by (12)
or an equivalent formulation such as (14). Clearly thougls bf interest to ascertain whether the
quantifications (19), (20) (and hence also their impligajoare applicable to other model structures
as well. For example, consider the ARX model structure

A(q)ys = B(q)ut + C(q)es
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where

Alg) = ag+aig+ - +a, " 44",
Blg) £ by+bg+---+b, 44" ",

n
Clg) 2 [Ia—4)

k=1

Here C(q)/A(q) is a noise model with fixed zerdg }, with the most common choice [10] being

& = 0.
This structure can be represented in an equivalent ortiealty parameterised form

= [Z b Bk(q)
k=1

where the{ By, } are as per (13) but with the polés;, } being chosen as the zeros@fq). In turn, this
provides a definition for the termi,, (w) = >_1_, |Br(e’“)|? appearing in (19) so that the applicabil-
ity of that approximation to the ARX case may be tested via tde@arlo simulation.

ut—i—et

1+ arBi(q)
k=1

Sample Variances of ARX/Hammerstein model vs Theory Sample Variances of ARX/Hammerstein model vs Theory
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Figure 8:Variability of an8"* order ARX model estimate of the linear part of a Hammerstestesy.
Solid line is Monte—Carlo estimate of true variability, tasl line is the pre-existing approximation (2)
and the dash-dotted line is the new approximation (4). Inéfichand figure, the case of a saturation
non-linearity is shown, while the right hand figure illusiea the case of a dead-zone non-linearity

The results of such a test are shown in figure 8. In that figerpeathe results presentedsi, the
system (1) was used with the inputs, measurement noiselamdlnon-linearities being as detailed in
§ 6 and with 1000 trials being used in the Monte-Carlo estinoétine true sample variability. Here
the common choic€, = 0 was made so that', (w) = n.

The close agreement between the approximation (19) shothreatash—dot line and the Monte—
Carlo estimate of true variability shown as the solid lindigates that indeed, (19) may be used in
cases more general than the ‘FIR-like’ case for which it werdved via Theorem 1.
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To provide more detailed analysis as to why the approximatl®) is applicable to the ARX case
when it was derived for the FIR-like case is beyond the scdplei®paper but, as an indication of the
issues involved, the reader is referred to [18].

9 Conclusions

The purpose of this paper has been to examine how the esiimedturacy of the linear portion of a
Hammerstein model structure is affected by the mutual egiom of the non-linear component. This
was addressed by deriving approximate expressions forglgeiéncy domain variability of the linear
and non-linear elements. Although these were establigheatdtically via Theorem 1 for FIR-like
structures, they were shown via simulation to hold for ARXistures as well, and this indicates that
the conclusions drawn from Theorem 1 will hold in a widerisetthan just FIR modelling.

Although little emphasis has been given to the issue in the-doing text, the central tools em-
ployed here are those of generalised Fourier and Toeplitexranalysis which have been developed
in previous works [19, 18], but are extended here in the agiges to address certain novel issues that
arise in the proof of Theorem 1.
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A Proof of Theorem 1

The key tools used in the proof of Theorem 1 are related toetipossented in the earlier works [19,
18], but extended in Appendix B to provide certain multiadtie generalisations that are required to
accommodate the case wher- dim{a} > 1. Also presented in Appendix B (Lemmas B.7 and B.6)
are new results on the asymptotic algebraic properties méigdised Toeplitz matrices.

More specifically, the idea of a “generalised Toeplitz métii7,, (F') which was introduced in [19]
is extended here such that wheris an arbitrary matrix-valued function da-, ],

M, (F) = ! /W T, (/)TE () ® F(w) dw. (A.40)

:%'771-

where

Tn(q) 2 [Bi(q). ... ,Ba(q)]"

with the ‘basis functionsBy (¢) being defined in (13).

Also, ® is the Kronecker tensor product operator defined as folldfvg.is anm x n -dimensional
matrix such thafA]; , = ax, and B is an’ x p -dimensional matrix then! ® B is thent x mp -
dimensional matrix given by

a]]B a]QB amB
A®Bé (1,21B (J,QQB (I,QnB
amiB amaB ... amnB

With this defined, the proof of Theorem 1 proceeds as follows.

Proof. Quantification of the variability of the estimafiey (around the valué, to which it is converg-
ing) may be achieved from the asymptotic distributionaulefd 0, 13] (subscripts on square matrices
indicate their dimension)

VN @By — 0,) 25 N(0, P,). (A.41)

The covariance matri¥,, in this expression is assumed to be positive definite andfisetein terms
of two other matrices?,,, and(,,, as

Pn 2 R,'QnR,) (A.42)

which themselves are defined as

R, = lim d—E{VN(e)}

T
E {1 (0.)usf (&)}—E{et(ea (=) }] (n.43)

A d g
Qm = ngTIOOE{@VN(G) (@VN(H)) }
1 N N
= Jim <> > E{yu(0e)ui (0o)er(o)en(Be) } (A.44)
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where); is the “predictor gradient” defined as

Py () 2 d%ée). (A.45)

Now, under the assumptions that the underlying true systemthe model class and that the data is
such that the model structure is parameter identifiabley £h@.") = e;. This implies that

my (A0 _ dgu(0™)\" | _ dygu(0™)\" | _
E{&t(90)< dom > =E (& aom —E{ef}E aom =0
(this follows by the zero-meannessegfwhich is independent af;, the latter depending only on past
data) and hence

A 3 1 Al m m
Ry £ lim — ; E {9 (00)9 (05)} . (A.46)

Similarly, again assuming thaf(6”") = e;, then

N N N
AL 1 my, T (gm 29 1 my, .1 (gm _ 2
Qm - ]\}E}noc N tz] ZZ] E {Tpt(eo )'Z/J/ (00 )eteﬂ} =0 ]\}E)noo N tz] E {wt(ao )'lpf (90 )} =0 Rm
so thatP,, = o*R,,".
To proceed further, a key step is to expréss = o2R,,! via a frequency domain formulation.
This may be achieved by noting that under the model strugt);g(12) for which the predictor (7)
applies, then the predictor gradiept(6™) defined by (A.45) is given as

e [dG(q,B) dX (up, @)]" [ Tp(ei®) 0 T
R O e e e
where
Pa@) 2 [Bi(@). - Bal@]”. 202 - X(uy,a). (A.47)

da

Therefore, under an assumption thai} and{z,} are jointly stationary [10] with associated (auto)spéctra
densitiesd, (w) and®,, (w) and joint densityd,., (w), then via (A.46),R,,, may be represented ak (
is the/ x ¢ identity matrix)

—T

: ﬂ[ Ly (e7) @y (w)Th ()  Tn(e/*) Py ()G (ed?, B2)
G

(ejw’ﬁg)q);ml (w)Fz(ej‘”) |G(e-7w,5f})|2@m’ (w) } dw.

2 ),

However, using the generalised Toeplitz matrix definitidrdQ), thenR,,, is expressible in partitioned
form as

Mn((I)T) Mn((ﬁmw’)/go
m= | ~ - 2 A.48
[ ﬂZMn(Q;I’) ﬂZMn(Qm’)ﬁo ( )

Whereﬁo £ 4" ® I,. Now, the convergence result (A.41) yields
VN (By — A1) =5 N(0, P) asN—o0, (A.49)
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where Py is defined via

P P
_  2p—1 _ B BaT
P,=0"R,, [ Py P, } .

Furthermore, since
G(q, Bv) — Glg.B2) = T'L(q)(Bn — BE),

then the variance error in the estimaég, EN) of the linear dynamic&:(¢q) may be quantified as

lim NE {G(eﬂ"”,@v) — G, BY)

N—o00

2 . .
} = % (e?) PgT,, (7¢). (A.50)

Furthermore, using the formula for the inverse of a partiid matrix [3, 29] and the matrix inversion
lemma [4],

th NCOV{(/J’\N} — P()/ 2 0.2 [EZM”(@‘T’)EO — BZMT)(émlm)Mgl(@T)Mn(éIm’)go} Tl

Similarly

Jim NCoV{Bx}=Ps = 0% |Mu(®) — Ma(®yr) ol BT M (@) o]~ B Mo (@3,0)]

= UQMJI((I)I) + M;l(q)w)Qn(w)Mgl(q)w),
where
O (W) 2 My (D) BoPoBl My (DF,).

Substituting this into (A.50) provides

N iw 7 iw any|? B o2 . . jus
Kn(w)E{G(€7 ,,BN)_G(eJ 750) } = Kn(w)rn(e7 )Mn (Q)I)Fn(e7 )
where

Ko(w) 2 37 [By(e)[2
k=1

The point of the normalisation bif,, (w) is that via the results of [19], (see Theorem B.1),

2 0_2

Iy ()M, (@)1, () = 5.0 (A.52)

which yields the first term in (15). The second term in (A.58ynbe dealt with by noting that

lim

o
n—oo K, (w)

n n

F;,(ejw) [Mil(Qz)Qn(w)Mil((bw) - Mn(l/(bw)Qn(w)Mn(l/(bm)] Fn(e‘jw)

U (e79) [M, 1(@,) — My (1/@4)] Qp(w) M, (9,)T(e7)
K, (w)

IN

F;,(ejw)Mn(l/q)z)Qn(w) [Mn(l/(bz) - Mﬁl(q)x)] Fn(e‘jw)

% (o) n (A.53)
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The first term in (A.53) above can be bounded using the CaGdiywwarz inequality as
U5 (0) [My () = My(1/,)] Qu(w) My (9)T0 () |
K, (w)

D () [M, 1 (@2) = Mo(1/82)] Ta(e)  TH(5) M, (8,)02 ()M, (24)T0(¢)

n

- Kn(w) Kﬂ(w)

However, via Theorem B.1

i Do) (M1 (@) — M, (1/®,)]" Do ()

=0.
n—00 Kn(w)

In addition, sincekK,, (w) = I'%(e/*)T, (/) and [19]|| M., (f)]2 < max }|f(w)| then by the as-
we|—m,T

sumption of parameter identifiability which implies thgt, |2 < co and hence thal2, |2 < oo

T (ed) M, Y (®,) Q2 (w) M, (D), (e7)

n

< QIR M T (®,)2
() <l M, (@)1

< 19,2

< Ml p w2

< o0

and therefore the first term in (A.53) converges to zermas oo andVw € [, w]. The second
term of (A.53) can then be shown to tend to zermas> oo in a similar manner. Therefore using
these developments together with two successive applicatf Lemma B.2,

Jim, g T () My (@) 2 (@) My (@)D ()

n

FZ(ej‘“)Mn (1/®@z) QO (w) My, (1/24) Fn(e'jw)

) 1 . ~ o~ .
— lim T* (/%) My, (® 40 ) Bo Pa ST My, (®%,)T (€7%)

G, )P
By (W) Py®* K
w) zat (W) Pa @7, (w) X n1—>r£>lc K, (w)

1 T Jjw Aany|2
- ilog@m(w) P, ilog@m(w) o lim GBI
4 \ da da

n—oo K, (w)

In progressing to the last line, we have used the fact that

- d |
S,y (w) = E E {mt(a)amt—kr(a)} oWt
1d & o
- Eda’f _ E{zi(a)zi4r (o)} e’
1d 1 d
= —— B — 1 P )

This establishes (15). To prove (17), note that via Lemma B.6

lim HMn(F)Mn(H) - Mn(FH)” =0,

n— 00
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where the norm is a special one defined there. Applying thicjpe then leads to the approximation

r - ~ -1
Jim 5= (5 M (@) = B M (05,0 M, (8) Mo (@200)5.
[~ O* Dy ~ 1"
n—oo | D,
= lim -i " ‘G(P]'w /Bn)‘Z (I)fli(w)(bm’(w) B (I);z’(w)q)mm’(w) dw -
n—oo |2 . T° D, (w) )
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B Technical Lemmata

Theorem B.1. Suppose that the scalar valued functipfw) is Lipschitz continuous of some order
n > 0 and that in the definition of thés,.} forming thel',, (and hencel/,(-)) that the poles{¢;}
satisfy|¢x| < 1 — ¢ for somed > 0. Then for any integek (possibly negative)

FRw) sw=A

0 TwE N

(N . A
nlgroloK( )F (e )Mnk(f)rn(e])\){

componentwise and uniformly ane [—, 7.
Proof. See Corollary 5.3 of [19]. O

LemmaB.2. Let F(w) € C'** be a row vector valued function which is componentwise hipsc
continuous of some order > 0, and letQ € R™* be a symmetric, positive definite matrix with
Q|2 < oo for all n. Suppose also that in the definition of thB;} forming thel',, (and hence
M, (-)) that the poleg¢ } satisfy|é,| < 1 — o for somes > 0. Then for allw € [—n, 7]

T () QT (7)) FT (w),

lim

n—oo K, (w) Ffl(ejw)Mn(F)QMR(FT)FH(@?'M) — F(w

) n'aoo Kn(w)

where

(1>

1 — g2 =~ :
By (e’*) , I, (e?) =T, ® I,.
Zlk g T el
Proof. Begin by definingF (w) andL as
F 2 diag(F), L2oneg/1)21,1,...,1]".
and further define for a fixed € [, ] a functionG(0) £ F(0) — F(w) of . Now by Lemma B.3
T* (/) M, (F)QM, (FT\T,,(e/%) = LTT* (e/*) M, (F)QM, (F)T,(¢’*)L.

Therefore, sincd T* (¢/“)[I,, ® F| = F I'* (/%) then

Knl(w) F;(ejw)Mn(F)QMn(FT)Fn(ejw) _ F(w)f;(ejw)an(ejw)FT(w)‘
= T | E T MU F)QM, (), ()1~ PP () Q) P ()
< o |V THEIMU@RMET L] + g BT )M (G)QT () (o)
1 T [ jw ~ ~ ~ iw 2 . i ~ s
= o [P THEIMAOIQM O T )L + = [Th ) Mo (@) ()T ()

where the last line follows by Lemma B.3. However, by Lemmad Bnd sinceG(w) = 0 while
1Ql]2 < o0

T #) M, (G)QT (¢7) = Glw) lim ==TA()QEA(e) =0,

lim
n—oo K, (w)
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Furthermore, by the Cauchy—Schwarz inequality and LemrBa B.

Jim \LTF*(eW) My (G)QMy (G) T ()L (B.54)
< QI lim ﬁ LT () My (G) Mo (G)E ()1 (8.55)
= QI lim #( T3 (e7) My (G) M (GT)Dy (7). (B.56)
< )M (G )T (e7) (B.57)
Ky (w)
Finally, by Lemma B.1
T (/) M, ([G]r)Ta(e?) _
lim_ % () =[G =0
O
LemmaB.3. Let F(w) € C'** be a row-vector valued function. Then
(€)M (F) = LT[0y () @ 1My (F),
where
F 2 diag(F), L2oneg/1)21,1,...,1]".
Proof.
LU0 (7)) @ I My (F) — LT—/ 1% (%) @ LT (€)1 (1) @ F(0)]do
- % ﬂ (/%) @ LMD (e/7)T5 (e)7) ® F(o)]do
= 5 [ EHEIEa T @ (LT F(o)ldo
= Th(e) [%/ﬂ T, (/)% (e17) ® F(o)do
= Th(e/*)M,(F).
O

Lemma B.4. Let F(w) € C'** be a row vector valued function which is componentwise hipsc
continuous of some order > 0, and letQ € R™* be a symmetric, positive definite matrix with
IQll2 < oo. Suppose also that in the definition of th, } forming thel’,, (and henceM,,(-)) that
the poles{¢} satisfy|¢,| < 1 — ¢ for somed > 0. Then for allw € [, 7] and denoting by-] the
k'th element of a vector

i L * (eI T, = w) lim L ps eI\ QT,, (/¢
i e ML FIQE )] = [F(0) fim TR )

k
where

n n

Ko(w) £ 1B = 3 e N O WEOEYA

elw — &yl
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Proof. Define, for a given fixed) € [, 7], the functionG(c) = F(0)—F(w) of 0. ThenM,,(F) =
M, (G) + I, ® F(w) and therefore, by LemmaB.3

Th(e") My (F)QTa (™) = L'T}(e/) My (F)QTn ()

= LTT3(e) My (G)QT () + LT (7)1, ® F(w)]QTy (™) (B.58)

Considering now the second term in (B.58)

% () ® LY)[I, ® F(w)]QT5 ()

[T () ® [LTﬁ(wzﬂan(ej“’)
[[7(e7) ® F(w)]QTn ()

= F(w)T(e/)QTn(e™),

LT ()l ® F@)lQTy (™) =

Therefore, (B.58) leads to

k

[T Mu(F)QR ()] - [P @)@l |
|

LT () Mo (G)QF (7))

k

1
< Row) 2

However, since the matri-norm is invariant under a similarity transformation

[T M (@)QT()]

1 "~ i .
Ky (w) (€)M (G)QTn (¢! ):|p,k
1 -N* jw 3 (A 3 (A -1 5 Lo S
= Kn(w) _Fn(€7 )Mn (G) |:Mn (G)QMn (G):| M, (G)Fn(,7 ):|10J€
Y T
< Ky (w) _Fn(eJ )M, (G)Ty, (¢ )}p’k

where the matrix square roots and inverse square roots aramgfeed to exist by virtue éf, (G) >0
being guaranteed [19] because the assumed COﬂtInUIE/IUfpheSG # 0 (or else it is identically
zero, in which case the Lemma is trivially shown because thema constant). Finally, by LemmaB.5

. [fz((ﬂw)Mn(é)fn(ﬂw)] _ [é(uJ)}p,k = 0.
.k

n—yoo Kn(w)

O

Lemma B.5. Supposé'(w) € C"* is a matrix valued function which is componentwise Lipgchit
continuous of some order > 0 on [—m, 7]. Suppose also that in the definition of t8; } forming
theT,, (and henceV/,,(-)) that the poleq ¢, } satisfy|¢,| < 1 — ¢ for somed > 0. Then

[T7(e7) @ 1] My (F)[Ty (") @ 1] - [F (@)l p -

lim
n—oo | Ky (w)
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Proof.

[[Fﬂeﬂ'“) ® I M, (F)[Tn () ® If]

Kn(w) k,p

B [Knl(w) % T [F:l(eyw) ® IA [Fn(ejo')rz(e-io') X F(O’)][Fn(€7w) ® Ié]dO' kvp

L (7)Tn(77) 05 (e77)Dn () [F (0) ]k pdo

|
DO
)
=N
'\\
3 Bl

= T T M (Pl Tale).

This expression converges [tB(w)]x , asn — oo as a consequence of Lemma B.1. O

Lemma B.6. Suppose thaf'(w) € R**¥ and H(w) € R¥** are arbitrary, positive, matrix-valued
functions which are componentwise Lipschitz continuonstfons of order; > 0 for all w € [—n, 7]
and that each¢y| in the definition ofA,, () satisfiesé,| < 1 — ¢ for somed > 0. Suppose also that
f € R™ and that||5]|; < co. Then

Jim [ @ TIIM, (F) Mo () — Mo (FID]B 6 T, | = 0

where[ -] , denotes thé, p'th entry of a matrix.

Proof. This follows directly from Lemma B.7 on noticing that
(M (F)My(H) — My (FH)]gp = Z My ([Fle) Mo ([Hlrp) = Y Ma((Flir [Hlrp)

and that if|| 5]|1 < oo then3C < oo, € > 0 such that S| < k1/2+e

Lemma B.7. Suppose thaf (w) and h(w) are positive and Lipschitz continuous functions of order
n > 0 forall w € [—7, x|, and that eaclgy, in the definition of?/,,(-) satisfies¢,| < § < 1 for some
0 > 0. Then

| My (f)Mpn(h) — My(fh)|]| — 0asn — oo,

*

where the nornj| - || is defined for any matrix) € C"*" as||Q|| £ sup ’ ?T where the sefil is
zell LT

defined for somé€’; < oc and some > 0 as

n Cy
Proof. By Lemma B.8 any: € II may be written as: = A, y, wherey € C" and
Ln(ed91) T (ev2) [, (ed9n)
A, = , e
\/Kn(wl) \/Kn(WQ) Ky (wn)
where the frequencies; , ws, - - - , w, May be chosen arbitrarily subject to them all being distiran
one another. Denoting the elementg@isy, y2, - - - , y,, and using-], , to denote thé:, ¢'th element
of a matrix
nh_g.lc |T [M (f)Mn(h) - Mn(fh)}’r‘ = nh_{{.lc |"/*A [ (f)Mn(h) - Mn(fh)}Anm
< lim z Z Tyl |[NGIMa (F) M ()~ Ma(fR)]An]
> k=1 =1
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Using the Cauchy-Schwarz Inequality and Theorem 5.1 in,[19]

NS EM ()Mo (B) — M (P [

I (€)M (F) M (h) — My, (FR)]Tn (e7) |

\/Kn(wk)\/Kn(wl)
Th (%) [Min (f) My (h) — My (fh)][Mn (f) Mn(h) — M (fh)]*Tn (/)
- Kn(wk)

—n 4
< Mnn+2 log” n,

for some constan¥/. Therefore,

n n o n 2
SO Tl | (A5 Mo (1) Mo () = My (FR)] Al | < \/onmloan(Zyk> .

k=1 /(=1 k=1

Furthermore

n
> min [[A vk € [1,n].
ok > min ] n]k,tf|;|yea € [1,n]

Therefore, via the assumption thatC' such thatz;| < —/ate for somee > 0, and also by the
n :

assumption of¢;| < 1—6 for somed > 0, so that by Lemma 4.2 of [19]A,, ] ¢| > /2, there exists
aC’ > 0 such that

C - C' &
m > 12}41;171 |[An}k,£ ; |U2| > % ; ‘W|

n
O”
Therefore " || < — for someC” < oo so that for som&”” < oo,
oy
=

C"log?n

1M (F)Ma () = Mo (FB)]| < -8 T

— 0asn — oo.

U
Lemma B.8. The vectorg{T,, (e/“¥) : 1 < k < n, wy € [, ], ws # wy } spanC”.
Proof. Suppose not. Thefiz € C", z # 0 such that
1T, (") =0 foralll <k <n. (B.59)
However, denoting the elementsofaszi, za, ... , 7, thenz'T,,(2) = >°}_, 2Bk (2) which, by

construction, is am'*-order rational function ot of relative degree 1, therefore possessing 1
zeros. Hence; T, (z) can be zero for at most — 1 distinct values of, and hence (B.59) cannot be
satisfied fom distinct values of wy }. O

Theorem B.9. If X andY are independent random variables aiidand g are Borel measurable
functions, thery (X) andg(Y') are independent random variables.
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Proof. Let By, B,, € B', whereB' is the Euclidean Borel field oR', and letP be the relevant
probability measure. Then

P{f(X)eB)N(g(Y)€Bn)} = P{X e f'(B))N(Y €g ' (Bn))}

P{X € f '(B)}PLY € g (Bn)}
= P{f(X) € B}.P{g(Y) € B}

Since this is true for every choice &f, andB,,,, f(X) andg(Y') are independent. O
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