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Abstract—We consider the use of adaptive modulation scheme  The power allocation problem can be equivalently consid-
for multiple transmit and multiple receive antenna system within-  ered as so-calletit allocation problent over multiple spatial
stantaneous channel information known to both the receiver and  channels if the target link quality is fixed. The bit allocation
the transmitter. We derive an efficient bit allocation algorithm . . TR o
which maximizes the transmission rate for a given transmit power. pro_blem |n_volve_s solving an optlmlzatlon problem with |nte_ger
The a|gorithm is genera”y a greedy a|g0rithm; however, we derive Va”ables, in which the Optlmum bit allocation over the multlple
a sufficient condition for the bit allocation algorithm to be glob- channels is determined to minimize the total transmit power for
ally optimal, which is found to be satisfied in all digital modula- g given number of transmission bits. That is, the cost function
o s ol oot iy o e & a1 e 1l reqired wransmi power for wansmiing the gven
gap between the channel capacity and the throughput of adaptive number o_f bits with a_target link quality _satlsfled. The channel
modulation. gain matrix characterizes the cost function.

One contribution of this paper is that the bit allocation prob-
lem is formulated as an optimization problem, and then an effi-
cient bit allocation algorithm is derived. The derived algorithm

is a greedy algorithm, which generally may not be the global

The adaptive modulation for scalar channels was studieddatimum. However, we derive a sufficient condition for the bit
[1]. The fundamental concept of adaptive modulation is that tigélocation algorithm to be globally optimal, which is found to
system parameters in the physical layer are adaptively chan§&dsatisfied in all\/-ary digital modulation schemes.
based on the channel status to increase the communication linkVe are also interested in the average transmission rate that
quality, mostly, transmission rate. This paper considers usifgn be affordable with adaptive modulation in MIMO systems
the adaptive modulation method in multiple antenna channe®d how far the average rate is away from the channel capacity.
In particular, we focus on the power allocation problem ovéie consider an adaptive modulation scheme that changes the
multiple spatial channels. modulation order of\/-ary QAM, M € {0,2,2%,...,28}, de-

In recent years, multiple antenna communication Syste,ﬂgnding on the channel state. The simulation results show that
have gathered much attention for high-rate transmission oJBf average transmission rate of the adaptive uncadeary
wireless channels. Telatar [2] showed the information-theoref®AM is about 9 dB away from the channel capacity when the
capacity of multiple-input multiple-output (MIMO) channelstarget symbol error probability is set 10~°.
with flat fading.

If the channel state information is known to both the trans- Il. SYSTEM MODEL

mitter and the receiver, an MIMO channel can be decomposedye consider a point-to-point flat fading channel with mul-
into parallel independent single-input single-output (SISQple antennas at both the transmitter and the receiver. The
channels by employing appropriate operations at the transmitrmber of transmit antennas is denotedttgnd the number

ter and the receiver. The resulting decomposed channels gfeeceive antennas by We consider a linear discrete channel
characterized by the channel gain matrix, i.e., the gains of thydel

decomposed channels are determined to be the singular values y=Hx+w Q)

of the channel gain matrix. After decomposing the channel into . . . .
parallel channgls, the remaining problell?n is h?)w to allocate tH’é‘eFEX <€ C*!is the }rgn_smﬂted signaky € .CTXI IS the
transmit power over the decomposed channels to maximize {ﬁgewe:jﬂs[gnalﬂ € € is the channel gain matrix, and
total transmission rate. The adaptive modulation for multipi& < C™" is the zero-mean complex Gaussian noise with co-

. : : ) = i i -
antenna channels is concerned with adaptation of modulati mnce%?_{yvv; ) 57"‘ f‘;m [é]’ w;zja_\ssume thldﬂ 'é aran
parameters in spatial as well as temporal domain. om matrix independent 6f andw. 1115 a compiex Laussian

I. INTRODUCTION

IThe bit allocation problem has been also studied for multi-carrier communi-
This research was supported by CoRe research grant No. Cor00-10074 @atébn applications; there, computationally efficient suboptimum schemes have
by a research grant from Ericsson. been focused because the number of parallel channels is usually large.



matrix with i.i.d. entries, each entry having independent real TABLE

and imaginary parts with zero-mean and variance 1/2. And]HE REQUIRED SYMBOL ENERGY PER NOISE DENSITY 1B, g(n), oF
we assume a power constraint on the transmitted signal witfjARY QAM WHEN THE TARGET SYMBOL ERROR PROBABILITY IS10™".
E{x'x} < Pr.
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If the channel state information is known at both the trans-

mitter and the receiver, the channel can be decomposed into

parallel non-interfering SISO channels by using singular value [1l. OPTIMUM BIT ALLOCATION

decomposition (SVD)H = UXV', whereU € C™ " and  When the channel state information is known to both the

V € C™* are unitary, and&: € R™* contains the sigular val- transmitter and the receiver, after decomposing the channel into

ues witho; is thei-th singular value offf. If the transmitter s, parallel channels as in the previous section, the remaining

knows the channel matri¥/ (or V), x = Vs is transmitted problem is how to allocate the transmit power over the decom-

wheres € C**! is the modulation symbol vector. And, at theposed channels to maximize the total transmission rate. One

receiver, by pre-multiplying by UT we have obvious strategy from information theory is to allocate more
¥ =Ys+w (2) Ppower to better channe! aS\i.vafce.r—fiIIing [4]. The water-filling

assumes that there exists infinitely masgntinuouslevels of
wherey = U'y, andw = Ufw. Sincem 2 rank(H) < power. But, in the adaptive modulation withi-ary modulation,

min(t,r), (2) can be rewritten as we needliscrete-valueghower to transmit one more additional
_ oisi +wi, 1<i<m bit with a given link quality satisfied. Therefore, the power al-
i = Wi, otherwise () location in adaptive modulation for MIMO systems is to find

the optimum way to allocate the available transmit power over
multiple parallel channels with each having dscretelevels
which are determined by the modulation scheme and its chan-
nel gain.

where the subscript indicates thei-th element of the corre-
sponding vector. Note that sinéé and V" are unitary matrix,
E{s's} = E{x'x} and E{ww'} = E{ww'}. From (3), we
can see that, for a given chant€] we haven independent par- Since the channel gain of theth decomposed channel is

allel Gaussian channels with the¢h channel having a gaim;. o, the received signal-to-noise ratio (SNR) is givendi?,,
Therefore, the demodulation for the transmitted symbol vectoh ..« p is the transmit SNR of thei-th channel. Note that
s becomes simple: just demodulate each channel independepily.. e assume a normalized noise with unit variance, the

with a decision variablg;. transmit power on a decomposed channel equals to the transmit

B. Transmit Beamforming and Maximal-Ratio Combining  SNR. Therefore, if we denote the required SNR 4dr= 2",
i.e. n bits transmission per channel use, 4fy:), the required

We also consider a transmit beamforming and maximal—ratt|roansmit power with a channel gain is given by
combining (MRC) at the receiver for comparison. In this case,
the modulation symbol is now a scalaand the principle eigen- g(n)
vector of H' H is employed as the beamforming weight, i.e., Pi(n) = =57 n=1,..., max. ®)

x = vis. And, at the receiver side, the weighting vector is set '

toh = Hv,/||Hv||, which equals tax;, the principle eigen- Consider that we transmit; € N = {0,1,2,...,nmax} bits
vector of H H', then the decision variable is given by over thei-th channell < ¢ < m, we call this abit allocation

n = (n1,...,n,) € N™. Then, the total transmit power, the
cost function in this optimization problem, is given by

The resulting channel is a single Gaussian channel with a chan- - -

nel gaino; and E{|w|?} = 1. We place the same input power _ _ N o
constraint,E{|s|2} < PT- f(n) - f(nla---anm) - Zrz(nz) - ;azg(nz) (6)

gthyzals—i—ﬁ). (4)

i=1

C. M-ary QAM wherea; = 1/0? and without loss of generality we assume that
We considerM-ary QAM with M € {0,21,22,....28}, o1 >03>...> 0, >0,500<a; <as <...<ay.

which corresponds to transmitting0, 1,2, ...,8} bits per For simpler notation, we define

channel use. Since the decision boundary in the QAM con- a

stellation is not rectangular wheld = 32 and128 as shown An = g(n) —g(n—1),

in Figure 1, we use Craig’s method [3] to obtain the exact ”'éhdn(i),l as a vector with same elementsméxcepti-th ele-

merical values for the probability of symbol error. Table | SUM,ent reduced by one. Since we are dealing with a non-negative
matrizes the required symbol energy per noise density, Whichriﬁegemi c N. it is more useful to define
denoted byg(n) for M = 2", when the target symbol error ’

probablllty (SER) isL0—5. ney—1 £ (nl, ey N1, [nz — 1}+, MNjg1ye--s nm) . (7)



where[z]* £ max{0, z}. which is the set of all bit allocations that are corresponding to
Theorem 1:Consider two bit allocationsn and k, with N bits transmission per channel use. We also define a subset
n; > k; for somei and the total transmit powers with two bitof SV with a parametea € SV as set of all the vectors i

allocations satisfying (n) < f(k). Then, with thei-th element less than theh element of, i.e.,
f(n(i)_l) < f(k(z)—l) (8) va(a) = {I‘l ‘nec SNandni < ai} i=1,...,m.
with a sufficient condition We can see tha§ = |JI”, DN (a), for somea € SV. And,
we also define
0< Ay, <A, 9)
Proof: Sincef(n)— f(k) < 0, the hypothesis on the total Df)_1(a) £ {ng_1:neSM(a)}.

transmit powers can be rewritten as
Then, from the above definitions we can easily see the follow-

n ing Lemma.
Zl ajlg(n;) — g(k;)] <0 Lemma 1: For some vectoa € SV,
=
m
After subtracting the-th term from both sides, we have SN-1 — U D(I\i’)_l(a)_ (10)

m =1
4 . 4 4 , . We can divide the minimizing problem over a variable space,
Z;aj l9(n3) = g(ky)] < ailg (k) = g(ni)] say S, into two stages: First, de: number of minimizations
jj;éi over the subset variable spaces, $3yi = 1,...,m, where
S = UX, D;; and secondly, find the final minimizing point

From the above, we can show the inequality (8). among them minimizing points obtained from the first step.

Fg 1) — flka 1) The following Lemma summarizes this idea.
®-1 -1 . Lemma 2: Suppose the variable space for the optimization,
e N _ N o S = U}*, D;, andn} is the minimizing point over the subset
= ailg(ni = 1) — gk = D] + 2_:1% l9(n5) = 9(k;)] spaceD;, i.e., f(n}) = minyep, f(n). Then, the minimizing
;‘;i pointn* over the whole spac§ is given by

IN

ailg(ni — 1) — g(ki — V)] + ai[g(k:) — g(ni)]
ai{lg(ki) — g(ki — 1)] = [g(n;) — g(n; — 1)]}
= al(Akz - Am) <0

f(n*) = min f(n) = min f(n;). (11)
nc )

Lemma 3: Suppose that is the minimizing pointins?, i.e.,
f(a) = min,csn f(n) and thatg(n) satisfies the following
The last inequality is satisfied under the sufficient condition (gyondition,

Hence, the theorem was proved. [ 0<A; <Ay <. < Ap,,,- 12)

Example 1:Assumem =2 N = {0,1,... ; 8}, and b.lt al- Then,a;,_; is the the minimizing point iﬂ)%_l(a) c SN-1,
locationn = (7,5) is the optimal in transmitting 12 bits perThat is,
channel user (see Figure 2). That is,

flagy_1) =  min  f(n) fori=1,...,m. (13)
J(7.5) = min [l k). O nen )
k’fiif}‘z Proof: Sincef(a) = min,csn f(n), f(a) < f(k) for
allk € S¥. By Theorem 1, it implies that
Applying Theorem 1,

N o) f Il N
£(6,5) < £(5,6), £(4.7), £(3.8) andf(7,4) < £(8,3) fea-) = Sk forallk e 5 -

Since we defined®()) (a) = {ku-1:keSN(a)}, (14)is

Therefore, equivalent to (13). [ ]
. . From Lemma 1, 2 and 3, we can derive the following Theo-
k1, ks) = 6,5), f(7,4)}. R ’ . . .
kk?zgéﬁlll f(h1s ko) = mind £(6,5), (T, 4)} rem which is directly related to the optimum bit allocation al-
1 2=

Harithm.

We want to generalize the idea in the above Example a _ . . . . ) o
derive an efficient bit allocation algorithm based on Theorem 1. Theorem 2:If ais the bit allocation withV bits transmission
t minimizes the transmit power, i.¢(a) = min,cs~ f(n),

Before doing that, we need a set of definitions for the subsetdB? ; . X , . ¥
all possible bit allocationgy™. then the optimum bit allocatioh with N — 1 bits transmission

is given by

neSN-1

SV&{n:> n;=Nandn; €N,;i=1,...,m} f(b) £ min f(n)=min f(ag-1)- (15)
i=1



Proof: For the optimization problem ove&d¥ —!, we con- andv is the water-filling level satisfying
sider the subset@é\i’)f1 c SN-11<i<m,asinLemmal,

and apply two steps optimization stated in Lemma 2, then we “ +

can egsil); arrive thpe rer)uIt by Lemma (3). | Z [V B 1/0732} = Pr. (18)
From the above Theorem 2, we derive an efficient bit alloca- =1

tion algorithm as is summarized as follows: The cost function of (6) is determined by the channel ma-
1) Start WithN = m - npax; andn* = (Rmax, - - -, Pmax)- X H, or more precisely byo, ..., 0., }; and, for a channel

2) N — N —1;¢" = argmini<i<pm f(n’(kz.)fl), thenn* «— realization, the optimum bit allocation can be solved with the
n’(*i*)il. _algorithm described in th_e previqus section. Then, the max-
3) Repeat Step 2 untjf(n*) < Pp. Otherwise, stop. imum number of transmission bits, let us sByPr; H) =

wheren’,., | as a vector with same elementsrof excepti*- R(o1,...,0m; Pr), is simply the sum of all the elements of

th element reduced by one as defined in (7). the bit allocation, i.e.,

Since the cost function, the total transmit power, has a form m
of f(n) = 3312, aig(n;), by noticing the factf(nf,, ;) = R(Pp;H) = Zn;‘,
f(n*) —a; A+, the second step in the above bit allocation al- i=1

orithm is equivalent to . : . .
g d wheren} is thei-th element of the optimum bit allocatiax*.

2) N = N =1 @7 = argmaxi<i<m 0ildn;, thenn® < Therefore, for a given transmit power constrait, the aver-
N{y—1, f(07) — f(07) — max; a; An;. age bits per channel use, that is offered by adaptive modulation,
The above bit algorithm always gives the bit allocation th@lan pe expressed as,
maximizes the total number of transmission bits for a given
power constraint, since the resulting bit allocativhfor each R(Pr) = Eg{R(Pr; H)}
N always provides the minimum transmit power. The algo- / /
-+ [ R(o

rithm is, in general, greedy algorithmwhich may not be the = Ly Om; Pr)p(on, ... o) doy - - doy,
global optimum, since it follows the best way at each stage (19)
without care of the previous path, regardless of the character-

istics of the cost function. In this section, we have shown thﬁtherep(al, ..., o) is the joint probability density function

the derived bit allocation algorithm provides the globally optigs {o;}, which can be found in literature, e.g., [2]. However
mum point under a sufficient condition (12), which is satisfiednfortunately, it is not easy to find any closed-form expression

for all M-ary digital modulation schemes. for R(oy,...,0m; Pr). Instead, we resort to the solutions from
One can also develop, with the same principle, an equivalgRg pit allocation algorithm.
bit allocation algorithm that goes the reverse direction: We ran simulations to evaluate the throughput of adaptive
1) StartwithN = 0; andn* = (0,...,0). modulation. We consideret/-ary QAM with required SER of
2) N« N+ 1ingyp < n%4d" = argmini<i<m a;Anz 41, 107°, and used the required transmit power (or transmit SNR)
thenn* < ng., ., f(n*) < f(n*) + min; ¢; A,z 1. for each transmission big(n),n = 0,1,...,8, that are shown
3) Repeat Step 2 untif(n*) > Pr. Otherwise, stop and in the Table | in Section Il. Figures 3 shows the results when
n* «— Ngyp. t = {1,2,3,4} andr = 2. We can see that the throughput
wheren(;y 11 £ (n1,..., i1, + 1,nig1, o) - of adaptive modulation is away 9-10 dB from the channel ca-

pacity calculated from (16). One apparent observation is that as
PrincreaseR(Pr) — m nmax, because at higRr all m chan-
IV. THROUGHPUT OFADAPTIVE M-ARY QAM nels are utilized withh,,,« bits transmission on each channel.

) ) ] Before R(Pr) is saturated, the throughput is almost parallel to
The ergodic channel capacity of MIMO channels with P (Py).

fect channel state information known to both the transmitter andg e obvious way to reduce the gap to the channel capacity

the receiver is given by is to employ channel codes. If the perfect channel is known
to both sides so that the MIMO channel can be decomposed
C(Pr) = Ex{C(Pr; H)} (16) into non-interfering parallel channels, there is no need to use

. i vector channel coding that needs high complexity, and con-
whereE;{-} is the expectation over the random channel Mg ntional scalar channel coding for each channel is sufficient.
trix H, andC(Pr; H) is the conditional capacity for & giventhe throughput of adaptive modulation with independent scalar
channel realizatio, which is given by [2] codings can be obtained using a similar approach, because we

m separated the power allocation problem in the MIMO channel
C(Pr; H) = Z [logz(l/af)rr (17) from the modulation issues. That is, once the required transmit
P— power{g(n)} that accounts for the effect of channel coding is

1=



obtained, we can obtain the throughput by just substituting the
new{g(n)} in the bit allocation algorithm.

The beamforming strategy described in Section Il needs less
information about the channel (only; and o, are necessary
at the transmitter). In Figure 4, we compared the performance
of the transmit beamforming with the channel decomposition
method using SVD. Whet®r is low, the transmit beamform-
ing scheme shows a comparable performance to the channel £
decomposition method. This is because at low transmit power
only the best spatial channel is used most of the time. There-
fore, the two schemes give little difference in performance. But,
as Pr increases, the other remaining channels are starting to be 8
utilized; hence, the channel decomposition method outperforms
the transmit beamforming counterpart.
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V. CONCLUSION

We consider the use of adaptive modulation scheme
for MIMO channels with instantaneous channel information
known to both the receiver and transmitter. An efficient bit al- Throughput of Adaptive M-ary QAM: r = 2
location algorithm is derived and its optimality is proved under 30[[= = Channel Gapacity ((= L, 2. 3, 4 from the botiom)
a sufficient condition, which is satisfied in alf-ary modula- ~© Adaptive Modulation (t=1, 2, 3, 4 from the bottom) oy
tion schemes. It is found that whéd-ary QAM is used with a ‘
target symbol error probability afo—> there is about 9 dB gap
between the channel capacity and the throughput of adaptive
modulation. And, it is also shown that a transmit beamforming
scheme, which needs less channel information, gives a compa-
rable performance when the power constraint is low. Relaxing
the assumption of perfect channel information at both commu-
nication sides needs further studies.

Fig. 2. Example of bit allocation algorithmr{ = 2, nmax = 8).
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