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Abstract

We review topics on formal language aspects of patterns. The main results on
the equivalence and inclusion problems are presented. We discuss open problems,
in particular, concerning pattern language decision problems and ambiguity in pat-
terns.

1 Introduction

Besides using generative or recognition devices, we can define formal languages by giving a
pattern, or patterns, that all strings in the language should follow. For example, a pattern
ryr mandates that all strings in the language must have a prefix that occurs also as a
suffix of the string and that, furthermore, the given prefix and suffix do not overlap. The
formal definition of patterns and pattern languages is due to Angluin [2, 3]. Patterns are
commonly used in the extended regular expressions in systems like Perl, Python or egrep
that allow backreferencing [1, 5, 10]. Roughly speaking, backreferences act as variables in
patterns.

A pattern is a string of terminals and variable symbols. The corresponding language is
obtained by uniformly replacing the variables with arbitrary terminal strings in the case
of E-patterns and by non-empty terminal strings in the case of NE-patterns (non-erasing
patterns). Here uniformly means that all occurrences of the same variable are substituted
by the same string.

The family of pattern languages is in some sense orthogonal to the Chomsky hierarchy.
From a language theoretic point of view an interesting property is that while the equiva-
lence of NE-patterns is decidable, inclusion is undecidable for both NE- and E-patterns.
On the other hand, it remains an open question whether we can decide equivalence of
E-patterns and only some partial results are known [18, 30].

In this paper we survey results and open problems concerning pattern languages. The
second section presents basic definitions and properties of NE- and E-pattern languages.



Sections 3 and 4 discuss the equivalence and inclusion problem, in particular, some ap-
proaches to attack the open E-pattern equivalence problem. Section 5 discusses unam-
biguity and degrees of ambiguity for pattern languages, an area where several important
questions remain open. In the last section we briefly describe other related topics, namely
applications of pattern languages in computational learning theory, as well as, generaliza-
tions of pattern languages. In particular, there remains much unexplored territory and
open questions within the realm of pattern systems [28, 29].

2 Basic Properties of Pattern Languages

In the following let 3 be a finite alphabet, elements of 3 are called terminals. The set of
(non-empty) finite strings over X is ¥* (X7) and A denotes the empty string.

By a pattern we mean a finite non-empty string over X UV where V' is an enumerable
set of variables.

We make the convention that elements of ¥ are denoted by symbols 0, 1 or lower-case
letters from the initial part of the alphabet, and variables are denoted by lower-case letters
from the end of the alphabet, possibly with subscripts (symbols x,y, z, 2, ¢/, 2', 21, 2o, . . .).
Patterns are typically denoted by lower-case Greek letters. The set of variables occurring
in a pattern a is var(a).

Let s be a function from V to ¥*. The function s is extended to a morphism from
(XU V)* — 3* that is stable for terminals by setting: s(a) = a for all a € 3, and
s(af) = s(a)s(B) for all o, € (XU V)*. We denote by Sy the set of all morphisms
(X UV)* — ¥* that are stable for terminals.

In the above definition it is convenient to allow the set of variables V' to be infinite since
patterns defining languages over an alphabet ¥ may require arbitrarily many variables
(whereas the terminal alphabet is fixed). As we will observe, the complexity of certain
questions concerning pattern languages will essentially change if we would restrict consid-
eration to a fixed finite set of variables. On the other hand, any fixed pattern can contain
only finitely many variables. When specifying a function in Sy y it is common that we
specify only the values of the variables that occur in the pattern(s) under consideration.

Especially from the point of view of decidability properties, it turns out to be an
essential distinction whether or not the variables can be substituted by the empty string.
For NE-patterns we allow only non-empty strings substituted for the variables, whereas in
E-patterns the variables can be replaced also by the empty string. The original definition
of Angluin [2, 3] uses NE-patterns. The first paper to systematically consider E-patterns
is probably [13].

Strictly speaking, the difference between NE- and E-patterns concerns the languages
defined by the patterns, and not the actual patterns as syntactic constructs. However,
following common terminology we speak about NE-patterns and E-patterns with the
meaning that in NE-patterns the variables have to be substituted with a non-erasing
(that is, A-free) morphism in Sy and in E-patterns the variables can be substituted by
an arbitrary morphism in Sy, y.



Definition 2.1 The language denoted by an E-pattern o € (V U X)7T is
Lpy(a)={we X" |w=s(a) for some s € Sy v }.
The language denoted by an NE-pattern o € (V UX)T is
Lyex(a) ={w e X" | w=s(a) for some non-erasing s € Sx. v }.

If 33 is known from the context we write simply just Lr(a) and Lyg(«).
The class of Z-pattern languages, Z € {E, NE}, over the alphabet ¥ is denoted Ly ..

We say that NE-patterns (respectively, E-patterns) a and 3 are equivalent if Ly p(a) =

Lyg(0) (respectively, Li(a) = Lg(f)).

The following basic properties are established already in [2] for NE-pattern languages.
The corresponding results for E-patterns are obtained by a simple modification of the
same arguments.

Proposition 2.1 Let ¥ be an alphabet of at least two symbols and Z € {E,NE}. Then

1. Ly is incomparable with the classes of reqular languages and contezt-free languages.
Ly, is contained in the context-sensitive languages.

2. Ly is not closed under any of the following operations: union, intersection, com-
plement, Kleene plus and star, morphism or inverse morphism.

3. Lz s closed under concatenation and reversal.

Note that already the simple (E- or NE-) pattern zx denotes a non-context-free lan-
guage when ¥ has at least two symbols.
We define for patterns the following “less general than” and “equivalent to” relations.

Definition 2.2 Let o and (3 be patterns over ¥ and V.
1. a < B iff a = h(B) for some h stable for terminals.
2. a <, 0 iff a« = h(B) for some non-erasing h that is stable for terminals.

3. a=piff a« = h(B) for some h that is a renaming of the variables.

If v = h(B) we say that 7 is an instance of . If, additionally, v € ¥* it is called a
terminal instance. The above definitions will be useful for determining whether two given
patterns denote the same language. The notions have obvious analogies in rewriting
systems with variables, and connections to rewriting systems will be discussed in the next
section [21].

The language defined by a Z-pattern o, Z € {E, NE}, can now be expressed as

Lps(a)={we X |w<a}, Lypx(o) ={we X |w <, a}
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It is immediate that the relations <, and < are transitive. For any patterns o and
B, a <y [ (respectively, @ < [3) implies that Lyg(a) C Lygp(8) (respectively, Lg(a) C
Lg(B)). It is easy to see [2] that

a = fif and only if @ <, fand § <, a. (1)

It is important to note that, on the other hand, there is no known simple character-
ization of patterns o and 3 that satisfy o < 8 and § < «. This will have implications
when trying to decide the equivalence of E-patterns [18, 30].

The NP-completeness of the uniform membership problem for NE- and E-patterns is
established respectively in [2] and [17].

Theorem 2.1 Let Z € {E,NE}. The problem of deciding whether w € Lz(«a), for a
given terminal word w € X* and pattern a, 1s NP-complete.

Intuitively, the difficulty of the membership problem is caused by the fact that if w is a
terminal instance of pattern o, w = h(«), the morphism h need not be unique. Questions
of this type relate to the notion of ambiguity in patterns that will be discussed later.
It is not difficult to see that the membership problem can be solved in polynomial time
for a fixed pattern « (the polynomial depending on «). Also, if « is a linear pattern
(any variable has at most one occurrence), the uniform membership problem reduces
to the string matching problem and it can be solved in linear time by the well-known
Knuth-Morris-Pratt algorithm [22].

Besides the language denoted by a pattern, we can consider also patterns that in a
certain sense approximate a “sample” set of strings. The samples considered in compu-
tational learning theory are typically finite.

Let ¥ be an alphabet and F' a subset of ¥7. We say that a Z-pattern, Z € {E, NE},
a is descriptive of the sample F' if F C Ly (), and there is no Z-pattern 3 such that
F g Lzyz(ﬁ) C LZ,E(O‘)-

Theorem 2.2 Let Z € {E,NFE}. Every finite sample F' has a descriptive Z-pattern and
the pattern can be constructed algorithmically.

The result was originally proved in [2] for NE-patterns, however the algorithm obtained
from the proof is quite inefficient. A polynomial time algorithm for finding a pattern
(of maximum length) that is descriptive within the class of all NE-patterns containing
variables from an a priori fixed finite set is given in [16]. The construction of an E-pattern
descriptive of a finite sample [17] is different and it is not known whether this can be done
efficiently, for example, in polynomial time. Also it is not known whether infinite samples
(e.g., given as a regular or a context-free language) necessarily have a descriptive sample,
see [17].

In computational learning theory it is common that we have a set of positive samples
that should be included in the language and a set of negative samples that should be
excluded from the language. The pattern consistency problem asks whether for given finite
samples F and F, there exists a pattern « such that Fy C Lyg(a) and FoN Lyg(a) = 0.
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Theorem 2.3 [20] The pattern consistency problem is complete for the class X5 .

Above ©F = NP denotes the second level in the polynomial time hierarchy. The proof
requires that the set of variables is not fixed.

3 The Equivalence and the Inclusion Problem

In formal language theory pattern languages are one of the few known naturally defined
families for which equivalence is decidable (in the case of NE-patterns) and inclusion is
undecidable (for both NE- and E-patterns). What is even more surprising is that estab-
lishing the decidability of NE-pattern equivalence is not too difficult (below we outline the
proof following [2]), and because of this it was generally conjectured that also inclusion
should be decidable. On the other hand, the decidability of equivalence for E-patterns
remains an open question. After reviewing the known (un)decidability results we will
discuss some special cases of this problem.

In the following we assume that ¥ has cardinality at least 2 and let a,b € ¥ be two
fixed distinct symbols. (In the case card(X) = 1, pattern languages over X are regular
and equivalence can be determined easily.) Let V = {x1,z9,...}. We define a particular
sample that is useful for deciding the equivalence of two NE-patterns.

Consider the following set of morphisms stable for terminals, where g; is defined for
all j > 1:

fa(zi) = a, folzi) =0, gj(z;) = { Zg;# ; , 121
Then for a given pattern o we define F(a) = {f.(), fo(a)} U{gi(a) | i > 1}.

Clearly F'(«) is a finite language, and we have F'(a) C L(«). Note that if o contains no
variables, then F(«) = L(a) = {a}, if a contains only one variable then card(F(«)) = 2,
and if o contains n > 2 variables then card(F(«)) = n + 2.

The usefulness of the sample F'(«) is based on the following lemma from [2].

Lemma 3.1 Let o and ( be patterns such that |a| = |G| and F(a) C Lyg(B). Then
a <, f.

Lemma 3.2 Let o and 3 be patterns such that |o| = |3]. Then
Lyp(e) C Lyg(B) iff o <4 B8

Proof. If Lyp(a) C Lyg(B) then F(a) C Lyg(f) and Lemma 3.1 gives o <, . The
implication in the other direction is immediate. O

Theorem 3.1 [2| For any patterns o and 3:

Lyg(a) = Lyp(B) iff a =



Proof. If Lyg(a) = Lyg(B) then necessarily |a| = |f3| since the morphisms used for
substituting the variables are non-erasing. Then Lemma 3.2 gives a <, ( and 3 <, «,
and further by (1), a = 5. The converse implication is immediate. O

The proof of Theorem 3.1 actually gives a linear time algorithm for testing language
equivalence of NE-patterns. Consequently the following result may seem surprising.

Theorem 3.2 [18] Let Z be either E or NE. Given a terminal alphabet > and two patterns
a, € (X UV)* it is undecidable whether or not

Lyy(a) C Lyzx(B).

We omit the proof of Theorem 3.2 which is quite long and can be found in [18]. The
construction uses a reduction from the problem of determining whether a nondeterministic
2-counter automaton has an accepting computation. The latter question is known to be
undecidable [15].

We may ask why is the inclusion problem difficult. Recall that o <, [ implies that
Lyg(a) C Lyg(B). Also, from Lemma 3.2 we know that the converse holds in the special
case when |a| = ||. However, the converse does not need to hold for patterns of different
lengths.

Example 3.1 Let ¥ = {0, 1} and consider patterns « = 0x10zx1 and § = xzzy. Consider
an arbitrary w € Lyg(a), w = OulOuul where u € X*. If u = Ov, we can write
w = 0-0-v100v0v1 which isin Ly g (). Similarly, if u = 1v, we can write w = 01v1-01v1-v1
which again is in Lyg(3). On the other hand, clearly « £ f.

The above example shows that the inclusion Lyg(a) € Lyg(f) can hold for two
patterns a and 3 that seemingly do not have any connection.
The inclusion problem is known to be decidable in certain special cases.

Theorem 3.3 [13, 18] The inclusion problem is decidable for terminal-free E-patterns,
(that is, patterns o, 3 € V1),

On the other hand, it should be noted that the decidability of the inclusion problem
for terminal-free NE-patterns is still open.

The method of defining words by using a substitution for the variables has an obvious
similarity to the way in which variables are used in rewriting systems. It turns out that
the pattern language inclusion problem has an interesting connection to questions on
rewriting systems. We present here only the basic ideas, for details of the connection
between pattern languages and rewriting systems we refer the reader to [21, 22], and [4]
is a general reference for rewriting systems.

A word rewriting system with variables (WRSV) is a finite set R of rewrite rules
u — v, where u,v € (VUX)*. Here X is an alphabet V is a finite set of variables. Ground
instances (or simply, instances) of the left sides of the rules are obtained by subsituting
strings of ¥7 for the variables. In our terminology, a ground instance of w € (V U X)* is



any string h(w) where h € Sy is non-erasing. A string z € X* is said to be reducible by
R if z contains contains a subword that is an instance of the left side of some rule in R.

The ground reducibility problem for WRSV’s [21, 22] asks whether all ground instances
of a fixed string w € (V U X)* are reducible by a given WRSV R.

Theorem 3.4 [21] Ground reducibility is undecidable for WRSV'’s.

The result of Theorem 3.4 appears quite similar to the inclusion problem for NE-
pattern languages, however, the questions are not precisely the same since inclusion of
the language of an NE-pattern « in the language defined by pattern  means that any
instance of « has to be an instance of § (as opposed to just having a subword that is an
instance of 3). However, this distinction can be overcome by noting that if a € ¥ and
variables =,y do not appear in the pattern 3, then Lyg(aca) C Lyg(zfy) if and only if
all instances of « are reducible with a rule having 3 as the left side. Thus, Theorem 3.2
implies that ground reducibility is undecidable even for WRSV’s having a single rule.

Finally it may be noted that the ground reducibility problem for term rewriting sys-
tems [4] is decidable. When viewed as term rewriting systems, WRSV’s are rewriting
systems over a signature consisting of one binary associative operator (concatenation)
and finitely many constant symbols, and the presence of associative functions makes the
problem more complex.

4 Equivalence of E-pattern Languages

We have seen that two NE-patterns are language equivalent if and only if they are identical
up to a renaming of variables. However, no such characterization is known for E-patterns
and it remains an open question whether E-pattern equivalence is decidable. In order to
deal with E-pattern equivalence we introduce the following definition.

Definition 4.1 Let o« € (XU V)" be a pattern. By the standard representation of a we
mean the decomposition
O = QUL U * * * Oy ] Uy Oy (2)

where g, i, €V, a; € VY for1<i<m—1,u; €7, 1<j<m.

The terminal segment of the standard representation (2) is the m-tuple of terminal
words (uy, U, ..., Uy). Patterns a and B are said to be similar if the standard represen-
tations of a and (B have the same terminal segment.

The notion of similarity is well-defined because the standard representation of a pattern
is unique. The following result appears in [13] (case 1.) and in [17, 18].

Theorem 4.1 Let o, f € (S U V)T and assume that L s(a) = Lex(0).

1. If card(X) > 3 then o and [ are necessarily similar.



2. Assume that card(X) > 4 and let

O = QU U+ Q1 Uy Oy, 3 = Bour Brtag -+ - B 1 U B

(Note that by 1. above we know that  and (3 have to be similar.)
Then we have further Ly y.(c;) = Lgx(6;), 0 <i < m.

However, conversely if a and (3 are similar and satisfy Lg »(a;) = Lgx(3), 0 <i<m
(using the above notations), this is not sufficient to guarantee that Lg s (a) = Lgx(0)
[18]. Also, the result of Theorem 4.1 does not hold if the terminal alphabet has only two
letters, as is seen by the below example.

Example 4.1 Let ¥ = {0,1} and choose o = z01y0z, = x0y10z. It is easy to verify
(both languages are, in fact, reqular) that Ly x(«) = Lgx(B), however o and (8 are not
stmilar.

We can prove that for similar E-patterns the equivalence problem, and even the inclu-
sion problem, is decidable provided that the terminal alphabet contains two letters not
occurring in the patterns.

Definition 4.2 Let V. = {zy,...,x,} be a set of variables and ¥ an alphabet with
card(X) > 2. For every pair of distinct letters a,b € X and an integer k > 0 we de-
fine a morphism Ty a5 1 V — {a,b}* by

Thap(Ti) = ab®  laab® g bt g, 1< <.

In the above definition and the following results in this section we restrict the set
of variables V' to be finite. This does not cause loss of generality since V' can always be
chosen large enough to contain all variables occurring in the patterns under consideration.

Theorem 4.2 [30] Let o, € (XU V)T be similar patterns. If ¥ contains two distinct
letters a and b not occurring in o and 3, then the following statements are equivalent:

1. Lgx(a) C Lpx(f)
2. Tiglab(®) € Lix(B)
3. There exists a morphism h : var(3) — var(«a)* such that h(5) = .

Corollary 4.1 [30] For two similar patterns o, [ and an alphabet ¥ containing two
distinct terminals not appearing in « and (3, it is decidable whether or not Ly, C Ly x.(f).

Theorems 4.1 and 4.2 give also the following;:

Corollary 4.2 [30] If card(X) > 3, the equivalence problem for E-pattern languages is
decidable whenever the underlying alphabet 3 contains two terminals that do not occur in
the patterns.



Note that inclusion is decidable for terminal-free E-patterns (Theorem 3.3). In spite of
this, in Corollary 4.2 we need the assumption card(X) > 3, since in the case card(3) = 2
E-pattern language equivalence does not imply similarity of the patterns, as observed in
Example 4.1.

The above results seem to indicate that E-pattern equivalence becomes “easier” if we
introduce new letters to the terminal alphabet. However, it remains an open question
whether E-pattern equivalence is preserved under alphabet extensions when the original
alphabet has at least three symbols [30], that is, does the equivalence

Lps(a) =Lpx(8) & Lgy(a)=Lgs(B)

hold for card(X) > 3, a, f € (XUV)*, and X' = XU{a}, a ¢ X. We know from Example 4.1
that E-pattern equivalence does not have the above extension property when card(X) = 2.

The fact that an E-pattern may contain many superfluous variables (that are not
“needed” to define the language) seems to be a major cause of difficulty in deciding
whether two E-patterns are equivalent. For example, if a terminal-free E-pattern a con-
tains some variable that occurs exactly once, then « is equivalent to the pattern x. Thus,
very “different looking” E-patterns may be equivalent. Ohlebusch and Ukkonen have
introduced a general variable elimination technique that is defined by a computable re-
duction relation and can be used to solve E-pattern equivalence in certain special cases.
For details we refer the reader to [30].

5 Ambiguity

The classical language theoretic notions of unambiguity and degrees of ambiguity have
natural counterparts in languages defined by patterns. Consider the pattern a = zyx and
w = a*ba®. There exist three different non-erasing homomorphisms h such that w = h(a),
that is, the degree of ambiguity of w with respect to the NE-pattern «a is three. Below
we present the main definitions and some results without proofs concerning ambiguity in
patterns. The reader is referred to [25, 26] for more information.

Let « be a pattern and w a terminal string. We denote by Sy («,w,¥), Z € {E, NE},
the set of morphisms (in case Z = N E, non-erasing morphisms) stable for terminals with
domain var(a) such that h(a) = w. Note that for the purposes of ambiguity, morphisms
that agree on variables occurring in the pattern should be considered identical.

Definition 5.1 Let a be a Z-pattern, 7Z € {E,NE}. The degree of ambiguity of « is
k>14f

1. card(Sz(a,w, X)) < k for all w € ¥*, and
2. card(Sz (o, w, X)) =k for some w € X*.

If there s no k > 1 as above, then the degree of ambiguity of « is infinite.



A Z-pattern language L is ambiguous of degree k > 1 if L = Lz(«) for some pattern
« with ambiguity £ and L is not denoted by any Z-pattern of ambiguity degree less than
k. If no k as above exists we say that the ambiguity degree of L is infinite. If L has
ambiguity degree k = 1 it is said to be unambiguous. Otherwise L is said to be inherently
ambiguous.

From Theorem 3.1 we get immediately the following.

Theorem 5.1 The degree of ambiguity of an NE-pattern o equals the degree of ambiguity
of the language Lyp(c).

Note that E-patterns do not have the same property. For example, X* is denoted by the
E-pattern . Hence X* is unambiguous, however, it is denoted also by the E-pattern xy
that has infinite ambiguity degree.

Theorem 5.2 [25] Given a Z-pattern o, Z € {E, NE}, and a natural number k, we can
effectively decide whether « is ambiguous of degree at least k.

Consequently, we can effectively decide whether a pattern has ambiguity equal to
given k > 1, has ambiguity strictly less than given k, or is unambiguous. However, the
decidability of the question whether the degree of ambiguity of a pattern is infinite remains
open [25]. The proof of Theorem 5.2 relies on Makanin’s algorithm that can be extended
to solve finite systems of equations and inequations [8]. The condition that the degree of
ambiguity of a pattern is infinite cannot, at least not straightforwardly, be expressed in
this way.

Theorems 5.2 and 5.1 can be combined to decide algorithmically whether an NE-
pattern language is ambiguous of any fixed degree k. The corresponding question remains
open for E-pattern languages. Here the situation is essentially more complicated since
even the decidability of E-pattern equivalence remains open [30].

While it is easy to construct patterns of ambiguity degree 1 or of ambiguity degree
infinite, it is generally difficult to prove that a given pattern has a finite degree of ambiguity
greater than one. It is shown in [25, 26] that the pattern zabzbcayabcy has ambiguity
exactly 2 (as an NE- or E-pattern). Following our convention for the notation, here z,
y are variables and a, b, ¢ are terminals. The “best” known example of a pattern that
is ambiguous of degree 3 has length 324 and the shortest word that has three different
decompositions according to this pattern has length 1018 [25, 26]. More generally we have
the following result.

Theorem 5.3 [25, 26] For any m > 0 and n > 0, a Z-pattern, Z € {E, NE}, with the
degree of ambiguity exactly 23" can be effectively constructed.

The main open question is whether for all £ > 1 there is a pattern oy that is ambiguous
of degree exactly k.
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6 Related Topics

Here we briefly mention and give pointers to further topics related to patterns that have
been omitted above due to space limitations. A general overview of pattern languages
and further references can be found also in [28, 32].

Inductive inference and computational learning theory

Applications in learning theory were the original motivation for studying pattern lan-
guages [2, 3]. As we briefly discussed in Section 2, patterns are a very natural model for
representing a sample set of strings that is, for instance, growing through a learning pro-
cess. As examples of non-regular languages that can be learned in the limit from positive
data, pattern languages have gained much interest in the machine learning community.
Pattern languages can be learned in polynomial time if the set of variables is fixed or
if we drop the requirement of consistency [23]. Inductive inference results for patterns
using combinatorics on words type techniques are presented in [24]. Recent references on
learning pattern languages are [12, 14, 31].

Unavoidable patterns

Here we have used patterns to define languages. In some situations it is more relevant
to ask questions like: does there exist arbitrarily long words (that is, an infinite word) over
3 that avoids a given pattern? For example, the pattern zx is avoidable if 3 has three
letters but unavoidable on a binary alphabet. This direction of research was initiated by
A. Thue almost a hundred years ago and recent references can be found in [6, 7].

Pattern systems

Generative devices based on patterns have been considered in [9, 27] and a more gen-
eral model of pattern systems is introduced in [29]. In a pattern system we are given
a finite set of terminal words for each variable, and variables occurring in patterns are
uniformly replaced by these terminal words, yielding a new set of terminal words asso-
ciated with each variable. The above process is iterated and, furthermore, the process
can be done synchronously or non-synchronously. Pattern systems define a considerably
larger language family than ordinary E- or NE-patterns. Results on the comparison of
languages defined by pattern systems with known language families can be found in [11].
There remain many interesting open questions in the area of pattern systems.
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