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1 Introdu
tionA graph Ĝ is 
alled a k-lift of a \base graph" G if there is a k : 1 
overingmap � : V (Ĝ)! V (G). Namely, if y1; : : : ; yd 2 G are the neighbors of x 2 G,then every x0 2 ��1(x) has exa
tly one vertex in ea
h of the subsets ��1(yi).See [4℄ for a general introdu
tion to graph lifts.The study of lifts of graphs has fo
used mainly on random lifts [4, 5, 6, 14, 11℄.In parti
ular, Amit and Linial show in [5℄ that w.h.p. a random k-lift hasa stri
tly positive edge expansion. It is not hard to see that the eigenvaluesof the base graph are also eigenvalues of the lifted graph. These are 
alledby Joel Friedman the \old" eigenvalues of the lifted graph. In [11℄ he showsthat w.h.p. a random k-lift of a d-regular graph on n verti
es is \weaklyRamanujan". Namely, that all eigenvalues but, perhaps, those of the basegraph, are, in absolute value, O(d3=4). In both 
ases the probability tends to1 as k tends to in�nity.Here we study 2-lifts of graphs, and show (in Theorem 3.1) that every graphof maximal degree d has a 2-lift with all new eigenvalues O(qd log3 d) inabsolute value. We 
onje
ture that, at least for regular graphs, this 
an beimproved to 2pd� 1. It is not hard to show (e.g., using the Alon-Boppanabound [15℄) that if this 
onje
ture is true, it is tight.We also show how to use this result to 
onstru
t expander graphs. Namely,We give a polynomial time algorithm for 
onstru
ting arbitrarily large d-regular graphs, with se
ond eigenvalue O(qd log3 d).A key ingredient in the proof is the following lemma (Lemma 3.3): Let A bea real symmetri
 matrix su
h that the l1 norm of ea
h row of A is at mostd. Let � = maxx;y2f0;1gn;supp(x)\supp(y)=; jxAyjjjxjjjjyjj, and assume � < d. Then thespe
tral radius of A is bounded by 
� log(d=�), for some universal 
onstant
.As a 
orollary, we get the following 
onverse for the Expander Mixing Lemma:Let G be a d-regular graph on n verti
es, su
h that for every two subsets ofverti
es, A and B, je(A;B)� djAjjBj=nj � �qjAjjBj for some � < d. Thenall eigenvalues of G but the �rst are, in absolute value, O(� log(d=�)).
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2 De�nitionsLet G = (V;E) be a graph on n verti
es, and let A be its adja
en
y matrix.Let �1 � �2 � : : : � �n be the eigenvalues of A. We say that G is an(n; d; �) � expander if G is d-regular, and maxi=2;:::;n j�ij � �. When � =2pd� 1 we say that su
h a graph is Ramanujan. When � = ~O(pd) we saythat su
h a graph is Quasi-Ramanujan.A signing of the edges of G is a fun
tion s : E(G) ! f�1; 1g. The signedadja
en
y matrix of a graph G with a signing s has rows and 
olumns indexedby the verti
es of G. The (x; y) entry is s(x; y) if (x; y) 2 E and 0 otherwise.A 2-lift of G, asso
iated with a signing s, is a graph Ĝ de�ned as follows.Asso
iated with every vertex x 2 V are two verti
es, x0 and x1, 
alled the�ber of x. If (x; y) 2 E, and s(x; y) = 1 then the 
orresponding edges in Ĝare (x0; y0) and (x1; y1). If s(x; y) = �1, then the 
orresponding edges in Ĝare (x0; y1) and (x1; y0). The graph G is 
alled the base graph, and Ĝ a 2-liftof G. By the spe
tral radius of a signing we refer to the spe
tral radius ofthe 
orresponding signed adja
en
y matrix. When the spe
tral radius of asigning of a d-regular graph is ~O(pd) we say that the signing (or the lift) isQuasi-Ramanujan.For v; u 2 f�1; 0; 1gn, denote S(u) = supp(u), and S(u; v) = supp(u) [supp(v).It will be 
onvenient to assume that V (G) = f1; : : : ; ng.3 Quasi-Ramanujan 2-Lifts and Quasi-RamanujanGraphs3.1 PreliminariesThe eigenvalues of a 2-lift of G 
an be easily 
hara
terized in terms of theadja
en
y matrix and the signed adja
en
y matrix:Lemma 3.1 Let A be the adja
en
y matrix of a graph G, and As the signedadja
en
y matrix asso
iated with a 2-lift Ĝ. Then every eigenvalue of A andevery eigenvalue of As are eigenvalues of Ĝ. Furthermore, the multipli
ity ofea
h eigenvalue of Ĝ is the sum of its multipli
ities in A and As.3



Proof: It is not hard to see that the adja
en
y matrix of Ĝ is:Â =  A1 A2A2 A1 !Where A1 is the adja
en
y matrix of (V; s�1(1)) and A2 the adja
en
y matrixof (V; s�1(�1)). (So A = A1 + A2, As = A1 � A2). Let v be an eigenve
torof A with eigenvalue �. It is easy to 
he
k that v̂ = (v v) is an eigenve
torof Â with eigenvalue �.Similarly, if u is an eigenve
tor of As with eigenvalue �, then û = (u �u) isan eigenve
tor of Â with eigenvalue �:As the v̂'s and û's are perpendi
ular and 2n in number, they are all theeigenve
tors of Â.Hen
eforth we follow Friedman's ([11℄) nomen
lature, and 
all the eigenvaluesof A the old eigenvalues of Ĝ, and those of As the new ones.Consider the following s
heme for 
onstru
ting (n; d; �)-expanders. Startwith G0 = kd+1, the 
omplete graph on d + 1 verti
es 1 . Its eigenvaluesare d, with multipli
ity 1, and �1, with multipli
ity d. We want to de�neGi as a 2-lift of Gi�1, su
h that all new eigenvalues are in the range [��; �℄.Assuming su
h a 2-lifts always exist, the Gi 
onstitute an in�nite family of(n; d; �)-expanders.It is therefore natural to look for the smallest � = �(d) su
h that every graphof degree at most d has a 2-lift, with new eigenvalues in the range [��; �℄.In other words, a signing with spe
tral radius � �.We note that �(d) � 2pd� 1 follows from the Alon-Boppana bound. Wenext observe:Proposition 3.1 Let G be a d-regular graph whi
h 
ontains a vertex thatdoes not belong to any 
y
le of bounded length, then no signing of G hasspe
tral radius below 2pd� 1� o(1).To see this, note �rst that all signing of a tree have the same spe
tral radius.This follows e.g., from the easy fa
t that any 2-lift of a tree is a union of twodisjoint trees, isomorphi
 to the base graph. The assumption implies that G1We 
ould start with any small d-regular graph with a large spe
tral gap. Su
h graphsare easy to �nd. 4



Figure 1: The Railway Graph. Edges where the signing is �1 are bold.
ontains an indu
ed subgraph that is a full d-ary tree T of unbounded radius.The spe
tral radius of T is 2pd� 1� o(1). The 
on
lusion follows now fromthe interla
ing prin
iple of eigenvalues.There are several interesting examples of arbitrarily large d-regular graphs forwhi
h there is a signing with spe
tral radius bounded away from 2pd� 1.One su
h example is the 3-regular graph R de�ned as follows. V (R) =f0; : : : ; 2k � 1g � f0; 1g. For i 2 [2k℄; j 2 f0; 1g, the neighbors of (i; j) 2 Rare ((i� 1) mod 2k; j), ((i+1) mod 2k; j) and (i; 1� j). De�ne s, a signingof R, to be �1 on the edges ((2i; 0); (2i; 1)), for i 2 f0; : : : ; k � 1g, and 1elsewhere (see Figure 1). Let As be the signed adja
en
y matrix. It is easyto see that A2s is a matrix with 3 on the diagonal, and two 1's in ea
h rowand 
olumn. Thus, its spe
tral radius is 5, and that of As is p5 < 2p2.3.2 Quasi-ramanujan 2-lifts for every graphBased on extensive 
omputer simulations we 
onje
ture that every graph hasa signing with small spe
tral radius:Conje
ture 3.1 Every d-regular graph has a signing with spe
tral radius atmost 2pd� 1.In this subse
tion we show a 
lose upper bound:Theorem 3.1 Every graph of maximal degree d has a signing with spe
tralradius O(qd � log3 d). 5



The theorem follows immediately from the following two lemmata (alongwith Lemma 3.1). The �rst shows that with positive probability the Raylieghquotient is small for ve
tors in v; u 2 f�1; 0; 1gn. The se
ond shows that thisis essentially a suÆ
ient 
ondition for all eigenvalues being small.Lemma 3.2 For every graph of maximal degree d, there exists a signing ssu
h that for all v; u 2 f�1; 0; 1gn the following holds:jvtAsujjjvjjjjujj � 10qd log d; (1)where As is the signed adja
en
y matrix.Lemma 3.3 Let A be an n�n real symmetri
 matrix su
h that the l1 normof ea
h row in A is at most d. Assume that for any two ve
tors, u; v 2 f0; 1gn,with supp(u) \ supp(v) = ;: juAvjjjujjjjvjj � �;and that all diagonal entries of A are, in absolute value, O(�(log(d=�)+1)).Then the spe
tral radius of A is O(�(log(d=�) + 1)).Proof: (Lemma 3.2) First note that it's enough to prove this for u's and v'ssu
h that S(u; v) is a 
onne
ted subgraph. Indeed, assume that the 
laimholds for all 
onne
ted subgraphs and suppose that S(u; v) is not 
onne
ted.Split u and v a

ording to the 
onne
ted 
omponents of S(u; v), and applythe 
laim to ea
h 
omponent separately. Summing these up and using theCau
hy-S
hwartz inequality, we 
on
lude that the 
laim for u and v as well.So hen
eforth we assume that S(u; v) is a 
onne
ted.Consider some u; v 2 f�1; 0; 1gn. Suppose we 
hoose the sign of ea
h edgeuniformly at random. Denote the resulting signed adja
en
y matrix by As,and by Eu;v the \bad" event that jvtAsujjjvjjjjujj > 10pd log d. Assume w.l.o.g.that jS(u)j � 12 jS(u; v)j. By the Cherno� inequality (vtAsu is the sum ofindependent variables, attaining values of either �1 or �2):Pr[Eu;v℄ � 2exp(�100d log djS(u)jjS(v)j8je(S(u); S(v))j )� 2exp(�100d log djS(u)jjS(v)j8djS(v)j )< d(�10jS(u;v)j)6



We want to use the Lov�asz Lo
al Lemma [8℄, with the following dependen
ygraph on the Eu;v: There is an edge between Eu;v and Eu0;v0 i� S(u; v) \S(u0; v0) 6= ;. Denote k = jS(u; v)j. How many neighbors, Eu0;v0 , does Eu;vhave, with jS(u0; v0)j = l?Sin
e we are interested only in 
onne
ted subsets, this is 
learly bounded bythe number of rooted dire
ted subtrees on l verti
es, with a root in S(u; v).Fix a labeling on the the verti
es of G. We en
ode ea
h su
h subtree T by anumber in [k℄ (the root) and a ve
tor 
T 2 f0; 1g(l�1)d. We 
onstru
t 
T byd bits at a time. At ea
h stage we en
ode whi
h neighbors of the "
urrent"vertex are its 
hildren in the subtree. The "
urrent" vertex is initially theroot, and afterwards it is the least unen
oded vertex in the subtree whoseparent was already en
oded. Hen
e the number of 1's in 
T is l� 1, so thereare at most k�d(l�1)l�1 � � kdl�1 su
h trees (a similiar argument appears in [13℄.The bound on the number of trees is essentially tight by [2℄).In order to apply the Lo
al Lemma, we need to de�ne for su
h u and v anumbers 0 � Xu;v < 1. It is required that:Xu;v Y(u0;v0):Eu;v�Eu0;v0(1�Xu0;v0) � d�10jS(u;v)j: (2)Observe that for S � [n℄ there are at most 24jSj distin
t pairs v; u 2 f�1; 0; 1gnwith su
h that S(u; v) = S.For all u; v set Xu;v = d�3k, where k = jS(u; v)j. Then in (2) we get:Xu;v � Y(u0;v0):Eu;v�Eu0;v0(1�Xu0;v0) = d�3k nYl=1(1� d�3l)kdl24l �d�3kexp(�k nXl=1 d�3ldl24l) � d�3ke�2k > d�10kas required.Proof: (Lemma 3.3) For simpli
ity, assume that all diagonal entries of Aare zeros. We explain at the end of the proof how to deal with a generalmatrix (but in fa
t it does not matter for the purpose of this paper).First note that our assumptions imply that for any u 2 f0; 1gn,juAujjjujj2 � 2� :7



For any u1; u2 2 f0; 1gn su
h S(u1) \ S(u2) = ; we have thatju1Au2j � �jju1jjjju2jj: (3)Let u 2 f0; 1gn, and denote k = jS(u)j. Set K = � kk=2�. Summing upinequality (3) over all subsets of S(u) of size k=2, we have that:Xu1:S(u1)�S(u);jS(u1)j=k=2u1A(u� u1) � K�k=2:For ea
h i 6= j 2 S(u), ai;j is added up � k�2k=2�1� times in the sum on the LHS,hen
e (sin
e diagonal entries are zero): k � 2k=2� 1!uAu � K�k=2;or: uAu � �2k:Next, it follows that for any u; v 2 f�1; 0; 1gn, su
h that S(u) = S(v), orS(u) \ S(v) = ;: juAvjjjujjjjvjj � 4�:Fix u; v 2 f�1; 0; 1gn. Denote u = u+ � u� and v = v+ � v�, whereu+; u�; v+; v� 2 f0; 1gn, and S(u+) \ S(u�) = S(v+) \ (v�) = ;.juAvj = j(u+ � u�)A(v+ � v�)j� 2�(jju+jjjjv+jj+ jju+jjjjv�jj+ jju�jjjjv+jj+ jju�jjjjv�jj)� 4�qjju+jj2jjv+jj2 + jju+jj2jjv�jj2 + jju�jj2jjv+jj2 + jju�jj2jjv�jj2= 4�q(jju+jj2 + jju�jj2)(jjv+jj2 + jjv�jj2) = 4�jjujjjjvjjThe �rst inequality follows from our assumption on ve
tors in f0; 1gn, andthe se
ond from the l2 to l1 norm ratio.Fix x 2 Rn. We need to show that jxAxjjjxjj2 = O(� log(d=�)). By losing only amultipli
ative fa
tor of 2, we may assume that the absolute value of everynon-zero entry in x is a negative powers of 2: Clearly we may assume thatjjxjj1 < 12 . To bound the e�e
t of rounding the 
oordinates, denote xi =8



�(1 + Æi)2ti , with 0 � Æi � 1 and ti < �1, an integer. Now round x to ave
tor x0 by 
hoosing the value of x0i to be sign(xi) � 2ti+1 with probability Æiand sign(xi) � 2ti with probability 1� Æi. The expe
tation of x0i is xi. As the
oordinates of x0 are 
hosen independently, and the diagonal entries of A are0's, the expe
tation of x0Ax0 is xAx. Thus, there's a rounding, x0, of x, su
hthat jxAxj � jx0Ax0j. Clearly jjx0jj2 � 2jjxjj2, so jxAxjjjxjj2 � 2 jx0Ax0jjjx0jj2 .Denote Si = fj : xj = �2�ig, si = jSij. Denote by k the maximal index isu
h that si > 0. Denote by xi the sign ve
tor of x restri
ted to Si, thatis, the ve
tor whose j'th 
oordinate is the sign of xj if j 2 Si, and zerootherwise. By our assumptions, for all 1 � i � j � k:jxiAxjj � �psisj: (4)Also, sin
e the l1 norm of ea
h row is at most d, for all 1 � i � k:Xj jxiAxjj � dsi: (5)We wish to bound: jxAxjjjxjj2 � Pki;j=1 jxiAxjj2�(i+j)Pi 2�2isi : (6)Denote 
 = log(d=�), qi = si2�2i and Q = Pi qi. Add up inequalities (4) and(5) as follows. For i = j multiply inequality (4) by 2�2i. When i < j � i+ 
multiply it by 2�(i+j)+1. Multiply inequality (5) by 2�(2i+
). (We ignoreinequalities (4) when j > i+ 
.)We get that:Xi 2�2ijxiAxij+Xi Xi<j�i+
 2�(i+j)+1jxiAxjj+Xi 2�(2i+
)Xj jxiAxjj�Xi �qi +Xi Xi<j<i+
 2�pqiqj +Xi 2�
d � qi� �Xi qi + �Xi Xi<j<i+
(qi + qj) + 2�
dXi �qi< (2�
d+ 2
�)Xi qi = (�+ � log(d=�))Q:Note that the denominator in (6) is Q, so to prove the lemma it's enough toshow that the numerator,Xi<j 2�(i+j+1)jxiAxjj+Xi 2�2ijxiAxij; (7)9



is bounded byXi 2�2ijxiAxij+Xi Xi�j�i+
 2�(i+j)+1jxiAxjj+Xi 2�(2i+
)Xj jxiAxjj: (8)Indeed, let us 
ompare the 
oeÆ
ients of the terms jxiAxjj in both expres-sions (Sin
e jxiAxjj = jxjAxij, it's enough to 
onsider i � j). For i = j this
oeÆ
ient is 2�2i in (7), and 2�2i + 2�(2i+
) in (8). For i < j � i + 
, it is2�(i+j)+1 in (7), and in (8) it is 2�(i+j)+1 + 2�(2i+
) + 2�(2j+
). For j > i+ 
,in (7) the 
oeÆ
ient is again 2�(i+j)+1. In (8) it is:2�(2i+
) + 2�(2j+
) > 2�(2i+
) � 2�(i+j)+1:It remains to show that the lemma holds when the diagonal entries of A arenot zeros, but O(�(log(d=�)+1)) in absolute value. Denote B = A�D, withD the matrix having the entries of A on the diagonal, and zero elsewhere.We have that for any two ve
tors, u; v 2 f0; 1gn, with supp(u)\supp(v) = ;:juAvjjjujjjjvjj � �:For su
h ve
tors, uBv = uAv, so by applying the lemma to B, we getthat its spe
tral radius is O(�(log(d=�) + 1)). By the assumption on thediagonal entries of A, the spe
tral radius of D is O(�(log(d=�) + 1)) aswell. The spe
tral radius of B is at most the sum of these bounds - alsoO(�(log(d=�) + 1)).3.3 An expli
it 
onstru
tion of quasi-ramanujan graphsFor the purpose of building expanders, it is enough to prove a weaker versionof Theorem 3.1. Roughly, that every expander graph has a 2-lift with smallspe
tral radius. In this sub-se
tion we show that when the base graph is agood expander (in the sense of the de�nition below), then w.h.p. a random2-lift has a small spe
tral radius. We then derandomize the 
onstru
tion toget a deterministi
 polynomial time algorithm for 
onstru
ting arbitrarilylarge expander graphs.De�nition 3.1 We say that a graph G on n verti
es is (�; t)-sparse if forevery u; v 2 f0; 1gn, with jS(u; v)j � t,uAv � �jjujjjjvjj:10



Lemma 3.4 Let A be the adja
en
y matrix of a d-regular (
(d); logn)-sparseG graph on n verti
es, where 
(d) = 10pd log d. Then for a random signingof G (where the sign of ea
h edge is 
hosen uniformly at random) the followinghold w.h.p.:1. 8u; v 2 f�1; 0; 1gn : juAsvj � 
(d)jjujjjjvjj.2. Ĝ is (
(d); 1 + logn)-sparsewhere As is the random signed adja
en
y matrix, and Ĝ is the 
orresponding2-lift.Proof: Following the same arguments and notations as in the proof ofLemma 3.2, we have that there are at most n �dk 
onne
ted subsets of size k.With probability at most d�10k requirement (1) is violated for a given pairu; v su
h that jS(u; v)j = k. Sin
e for ea
h S there are at most 24jSj pairsu; v su
h that S(u; v) = S, by the union bound, w.h.p. no pair u; v su
h thatjS(u; v)j > logn violates (1). If jS(u; v)j � logn then by (2) there are simplynot enough edges between S(u) and S(v) for (1) to be violated.Next, we show that w.h.p. (2) holds as well. Let s be a signing, and de�ne A1,A2 and Â as in Lemma 3.1. Given u = (u1 u2); v = (v1 v2) 2 f0; 1gn�f0; 1gn,we wish to prove that uAv � 
(d)jjujjjjvjj. As in the proof of Lemma 3.2we may assume that S(u; v) is 
onne
ted - in fa
t, that it is 
onne
ted viathe edges between S(u) and S(v). Hen
e, we may assume that the ratioof the sizes of these subsets is at most d. De�ne x = u1 _ u2, y = v1 _ v2,x0 = u1^u2, and y0 = v1^v2 (the 
hara
teristi
 ve
tors of S(u1; u2), S(v1; v2),S(u1) \ S(u2) and S(v1) \ S(v2)). It is not hard to verify that:uÂv = u1A1v1 + u1A2v2 + u2A2v1 + u2A1v2 � xAy + x0Ay0:If jS(x; y)j � logn, then 
learly jS(x0; y0)j � logn and from the assumptionthat G is (
(d); logn)-sparsexAy + x0Ay0 � 
(d)(qjS(x)jjS(y)j+qjS(x0)jjS(y0)j):Observe that jS(u)j = jS(x)j + jS(x0)j and jS(v)j = jS(y)j + jS(y0)j, so inparti
ular uÂv � 
(d)qjS(u)jjS(v)j, and requirement (2) holds.So assume jS(x; y)j = jS(u; v)j = logn + 1. It is not hard to see that11



this entails S(u1; v1) \ S(u2; v2) = ;. In other words, S(u; v) 
ontains atmost one vertex from ea
h �ber. Hen
e, x0 = y0 = ~0 and jS(u)j = jS(x)j,jS(v)j = jS(y)j. Observe that the edges between S(u) and S(v) in Ĝ originatefrom edges between S(x) and S(y) in G in the following way - for ea
h edgebetween S(x) and S(y) in G there is, with probability 12 , an edge betweenS(u) and S(v) in Ĝ.Denote S = S(x; y), and assume w.l.o.g. that jS(y)j > 12 logn. As notedabove, jS(x)j � 1d jS(y)j. We now show that in fa
t jS(x)j � log dd jS(y)j.Assume for 
ontradi
tion that this is not the 
ase. Consider i 2 S(y)nS(x)and denote by Æi the number of its neighbors in S(x). Denote yi = y � ei.uAv � xAy = xAyi + Æi � 
(d)qjS(x)j(jS(y)j � 1) + Æi:So if 
(d)qjS(x)j(jS(y)j � 1) + Æi � 
(d)qjS(x)jjS(y)j we are done. Hen
ewe may assume Æi > 
(d)r jS(x)j2jS(y)j . Sin
e jS(x)jjS(y)j > 1d , Æi > 5plog d. A similarargument works for i 2 S(y) \ S(x). Sin
e there are at most djS(x)j edgesemanating from S(x), jS(x)jjS(y)j > 5plog dd . Repeating the argument above withthis better bound on the ratio entails that for all i 2 S(y), Æi > (5plog d)1:5.By 
ontinuing this bootstrapping argument we get that Æi > 25 log d, andjS(x)jjS(y)j > 25 log dd .Next we bound xAy. Averaging over all Snfig, for i 2 S(y) we have that:(jS(y)j � 2)xAy � jS(y)j
(d)q(jS(y)j � 1)jS(x)j:Hen
e the expe
tation of uÂv is at most 12

(d)jjujjjjvjj, where
 = qjS(y)j(jS(y)j � 1)jS(y)j � 2 � 1:1(assuming n is not very small). By the Cherno� bound, the probability thatuÂv > 
(d)jjujjjjvjj is at most:2exp(�0:92:2
(d)jjujjjjvjj) �exp(�0:2
(d)(logn+ 1)(5plog d)pd ) =exp(�10 log d(logn+ 1));12



Sin
e jS(x)jjS(y)j > 25 log dd , and jS(v)j > 12 logn.There are at most dlogn+14log n+1 pairs u; v with S(u; v) 
onne
ted and of sizelogn + 1, so by the union bound, w.h.p., requirement (2) holds.Corollary 3.1 Let A be the adja
en
y matrix of a d-regular (
(d); logn)-sparse G graph on n verti
es, where 
(d) = 10pd log d. Then there is adeterministi
 polynomial time algorithm for �nding a signing s of G su
hthat the following hold:1. The spe
tral radius of As is O(qd log3 d).2. Ĝ is (
(d); 1 + logn)-sparse,where As is the signed adja
en
y matrix, and Ĝ is the 
orresponding 2-lift.Proof: Consider a random signing s. For ea
h 
losed path p in G of lengthl = 2dlogne de�ne a random variable Yp equal to the produ
t of the signs ofits edges. From lemmas 3.4 and 3.3, the expe
ted value of the tra
e of Als,whi
h is the expe
ted value of the sum of these variables, is O(qd log3 d)l(sin
e l is even the sum is always positive). For ea
h u; v 2 f0; 1gn, withjS(u; v)j = logn + 1, and S(u; v) 
onne
ted, de�ne Zu;v to be dl if uÂv �
(d)jjujjjjvjj, and 0 otherwise. In the proof of Lemma 3.4 we've seen that theprobability that Zu;v is not 0 is at most d�10 log n, thus the expe
ted value ofZu;v is at most d�8 log n. Let Z be the sum of the Zu;v's. Re
all that there areat most n(4d)logn+1 pairs (u; v) su
h that jS(u; v)j = logn + 1, and S(u; v)
onne
ted. Hen
e, the expe
ted value of Z is less than d�6 log n.Let X = Y +Z. Note that the expe
ted value of X is approximately that ofY , O(qd log3 d)l. The expe
tation of Yp and Zu;v 
an be easily 
omputed evenwhen the sign of some of the edges is �xed, and that of the other is 
hosen atrandom. As there is only a polynomial number of variables, using the methodof 
onditional probabilities one 
an �nd a signing s su
h that the value of Xis at most its expe
tation. For this value of X, tr(Als) = Y = O(qd log3 d)l,and Z = 0 sin
e if Z 6= 0 then Z � dl. Clearly, the spe
tral radius of As isO(qd log3 d). In the proof of Lemma 3.4 we've seen that if G is (
(d); logn)-sparse then so is Ĝ, for any signing of G. For our 
hoi
e of s all Zu;v = 0,hen
e Ĝ is a
tually (
(d); logn + 1)-sparse.13



Re
all the 
onstru
tion from the beginning of this se
tion. Start with ad-regular graph G0 whi
h is an (n0; d; �) � expander expander, for � =10pd log d and n0 > d log2 n0. From the Expander Mixing Lemma (
f. [3℄),G0 is (�; logn0)-sparse. Iteratively 
hose Gi+1 to be a 2-lift of Gi a

ordingto Corollary 3.1, for i = 1; : : : ; log(n=n0). Clearly this is a polynomial timealgorithm that yields a (n; d; O(qd log3 d))-expander graph.3.4 Random 2-liftsTheorem 3.1 states that for every graph there exists a signing su
h thatthe spe
tral radius of the signed matrix is small. The proof shows thatfor a random signing, this happens with positive, yet exponentially small,probability. The following example shows that this is the best we 
an hopefor. In parti
ular, it is not true that for every graph a random signing yieldsa small spe
tral radius with high probability.Consider a graph 
omposed of n=(d+1) disjoint 
opies of Kd+1 (the 
ompletegraph on d + 1 verti
es). Call one su
h 
opy "bad" for a signing, if all theedges within the 
opy get the same sign. Suppose that for a signing s a bad
opy exists, and 
onsider x, the support ve
tor for the verti
es in that 
opy.jxAsxjjjxjj2 = d, and hen
e the spe
tral radius of As is d. Clearly, for a randomsigning, the probability that no bad 
opy exists is (1� 2�(d+12 ))n=d.However, for a random d-regular graph, it is true that a random 2-lift will,w.h.p., yield a signed matrix with small spe
tral radius. This follows from thefa
t that, w.h.p., a random d-regular graph is an (n; d; O(pd))-expander ([12,10, 9℄). In parti
ular, by the Expander Mixing Lemma, it is (O(pd); logn)-sparse. By Lemma 3.4, w.h.p., a random 2-lift yields a signed matrix withsmall spe
tral radius.4 Re
e
tions on Lemma 3.34.1 Finding the proof: LP-dualityAs the reader might have guessed, the proof for Lemma 3.3 was dis
overedby formulating the problem as a linear program. De�ne �i;j = jxiAxjj. Our14



assumptions translate to:81 � i � j � k : j�i;jj � �psisj;81 � i � k :Xj j�i;jj � dsi:We want to dedu
e an upper bound on jxAxj. In other words, we are asking,under these 
onstraints, how bigjxAxjjjxjj2 � Pki;j=1�i;j2�(i+j)Pi 2�2isi
an be.The dual program is to minimize:�Pi�j bi;jpsisj + dPi 
isiPi 2�2isiunder the 
onstraints:81 � i < j � k; bi;j + 
i + 
j � 2�(i+j)+181 � i � k; bi;i + 
i � 2�2i81 � i � j � k; bi;j � 081 � i � k; 
i � 0The following 
hoi
e of b's and 
's satis�es the 
onstraints, and gives thedesired bound. These indeed appear in the proof above:81 � i < j � k; j < i+ 
; bi;j = 2�(i+j)+181 � i < j � k; j � i + 
; bi;j = 081 � i � k; bi = 2�2i81 � i � k; 
i = 2�2i�
+1Note that we 
an further 
onstrain the Æ's, and perhaps get better boundsthis way. 15



4.2 TightnessLemma 3.3 is tight up to 
onstant fa
tors. To see this, 
onsider the n-dimensional ve
tor x whose i'th entry is 1=pi. Let A be the outer produ
t ofx with itself, that is, the matrix whose (i; j)'th entry is 1=pi � j. Clearly x isan eigenve
tor of A 
orresponding to the eigenvalue jjxjj2 = �(log(n)). Also,the sum of ea
h row in A is O(pn). To prove that the lemma is essentiallytight, we need to show that maxu;v2f0;1gn uAvjjujjjjvjj is 
onstant. Indeed, �x k; l 2[n℄. Let u; v 2 f0; 1gn be su
h that jjujj = k and jjvjj = l. As the entriesof A are de
reasing along the rows and the 
olumns, uAv is maximized forsu
h ve
tors when their support is the �rst k and l 
oordinates. For theseoptimal ve
tors, uAv = �(pk � l). Thus,maxu;v2f0;1gn uAvjjujjjjvjj = �(1):Clearly, this does not mean that the logarithmi
 fa
tors in Theorem 3.1 areindeed required.4.3 A 
onverse to the Expander Mixing LemmaThere are several approa
hes to expansion in graphs. A 
ombinatorial de�ni-tion says that a d-regular graph on n verti
es is an (n; d; 
)-vertex expanderif every set of verti
es, W , of size at most n=2, has at least 
jW j neighborsoutside itself. An algebrai
 de�nition says that su
h a graph is an (n; d; �)-expander if all eigenvalues but the largest are, in absolute value, at most �.The two notions are 
losely related. For example, it is known (
f. [3℄)that an (n; d; �)-expander is also an (n; d; d��2d )-vertex expander. Conversely,Alon shows in [1℄ that an (n; d; 
)-vertex expander is also an (n; d; d� 
24+2
2 )-expander. Roughly, these results show that one type of expansion impliesthe other. However, in all su
h results one impli
ation (from 
ombinatorialto algebrai
 expansion) is mu
h weaker than the other.For two subsets of verti
es, S and T , let e(S; T ) denote the number of edgesbetween them. A very useful property of (n; d; �)-expanders is known as theExpander Mixing Lemma (
f. [3℄): For every two subsets of verti
es, A and16



B, of an (n; d; �)-expander:je(A;B)� djAjjBj=nj � �qjAjjBj:Lemma 3.3 also implies a 
onverse to this well known fa
t:Corollary 4.1 Let G be a d-regular graph on n verti
es. Suppose that forany S; T � V (G), with S \ T = ;je(S; T )� jSjjT jdn j � �qjSjjT jThen all but the largest eigenvalue of G are bounded, in absolute value, byO(�(1 + log(d=�))).Proof: (Corollary 4.1) Let A be the adja
en
y matrix of G. Denote B =A� dnJ , where J is the all ones n� n matrix. Clearly B is symmetri
, andthe sum of the absolute value of the entries in ea
h row is at most 2d. The�rst eigenvalue of A is d. The other eigenvalues of A are also eigenvalues ofB. Thus, for the 
orollary to follow from Lemma 3.3 it suÆ
es to show thatfor any two ve
tors, u; v 2 f0; 1gn:juBvj = judnJv � uAvj � �jjujjjjvjj:This is exa
tly the hypothesis for the sets S(u) and S(v).It is known that for a random d-regular graph, w.h.p., the 
ondition in Corol-lary 4.1 holds with � = O(pd) (
f. [7℄). Hen
e, it follows from the 
orollarythat w.h.p., su
h a graph is an (n; d; O(pd log d))-expander. While this re-sult is weaker than previous ones ([12, 10, 9℄), the proof here is somewhatshorter and simpler.4.4 Algorithmi
 aspe
tLemma 3.3 is algorithmi
, in the sense that given a matrix with a largeeigenvalue, we 
an eÆ
iently 
onstru
t, from its eigenve
tor, a pair u; v 2f0; 1gn su
h S(u)\S(v) = ;, and juAvj � �jjujjjjvjj (There is a small 
aveat- in the proof we used a probabilisti
 argument for rounding the 
oordinates.17



This 
an be easily derandomized using the 
onditional probabilities method).In parti
ular, the largest eigenvalue in a d-regular graph with adja
en
ymatrix A is a log d approximation for � = maxx;y2f0;1gn;supp(x)\supp(y)=; jxAyjjjxjjjjyjj.In Lemma 3.2 we showed the with positive probablity a random signing hasa small spe
tral radius. It is interesting to �nd a sample spa
e where thishappens with high probability. We 
onje
ture that the following algorithmworks: Choose a signing at random. If some eigenvalue of the signed matrix isbig, use Lemma 3.3 to �nd a pair u; v 2 f0; 1gn su
h that juAvj � �jjujjjjvjj.Choose a signing at random for the edges between S(u) and S(v). Repeatuntil all eigenvalues are small.5 A
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