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ial weight labelings on Azte
 diamond graphs lead to sum-produ
t identitiesthrough a re
ursive formula of Kuo. The weight assigned to ea
h perfe
t mat
hingof the graph is a Laurent monomial, and the identities in these monomials 
ombineto give Weyl's 
hara
ter formula for the representation with highest weight � (thehalf sum of the positive roots) for the 
lassi
al Lie algebras.Choose a positive integer n and label the 2n � 2n 
he
kerboard matrix style. TheAzte
 diamond of order n is the subset of this 
he
kerboard 
onsisting of the squareswhose 
oordinates (i; j) satisfy jj � ij � n and (n + 1) � i + j � (3n + 1). Thus, in anAzte
 diamond of order n there will be 2n rows having 2; 4; : : : ; 2n; 2n; : : : ; 4; 2 squaresfrom top to bottom, as in Figure 1. A domino 
overs two adja
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papers establish 
onne
tions between domino tilings of Azte
 diamonds and alternatingsign matri
es, whi
h in turn are related to a host of topi
s | su
h as states in the\square i
e" model, 
omplete monotone triangles, and des
ending plane partitions (seefor example, [Br℄).A monotone triangle is a triangular array T of positive integers whi
h stri
tly in
reasefrom left to right along its rows and weakly in
rease left to right along all of its diagonals.When the bottom row 
onsists of 1; 2; : : : ; as in the example below, then T is said to bea 
omplete monotone triangle. 22 41 3 41 2 3 4As shown in [EKLP1, Se
. 4℄, the number AD(n) of domino tilings of the Azte
diamond of order n is given by AD(n) = PT2Tn+1 2#(T ), where the sum is over the setTn+1 of 
omplete monotone triangles T with n+1 rows, and #(T ) is the number of entriesin T that do not o

ur in the row dire
tly beneath it. In the above example #(T ) = 1.Se
tion 5 of [EKLP2℄ 
onne
ts these ideas with the representation theory of the 
omplexgeneral linear group GLn+1 (or equivalently of its Lie algebra gln+1). Let V = C n+1 andlet X = �2(V ), the se
ond exterior power of V . Assume ai are positive integers satisfyinga1 < a2 < � � � < an+1. Consider the 
hara
terg(x1; : : : ; xn+1) := Ch�	a 
 �(X)�of the tensor produ
t module 	a
�(X), where 	a is the irredu
ible GLn+1-module withhighest weight a = (a1 � 1; a2 � 2; : : : ; an+1 � (n+ 1)) and �(X) =Ln(n+1)=2j=0 �j(X), theexterior algebra generated by X (regarded as a GLn+1-module). In [EKLP2, Se
. 5℄, itis argued that g(1; 1; : : : ; 1) =PT 2#(T ), where T ranges over all monotone triangles withbottom row a1 < a2 < � � � < an+1. The 
ase ai = i for all i = 1; : : : ; n + 1 
orrespondsto the 
omplete monotone triangles. However, g(1; 1; : : : ; 1) is also the dimension of the
orresponding module, whi
h in this parti
ular 
ase is the one-dimensional GLn+1-module	0 with highest weight 0 = (0; : : : ; 0) tensored with �(X). Thus,AD(n) = XT2Tn+1 2#(T ) = g(1; 1; : : : ; 1) = dim�	0 
 �(X)� = 1� 2n(n+1)=2:The purpose of this arti
le is to establish a new 
onne
tion between domino tilings ofthe Azte
 diamond and the representation theory of all the 
lassi
al Lie algebras. For thiswe spe
ialize Stanley's weight labeling of the Azte
 diamond graph and show that thespe
ialized weight of a perfe
t mat
hing of the graph 
orresponds to a Laurent monomialin Weyl's 
hara
ter formula for 	�, the irredu
ible representation of sln+1 with highestweight �, where � is half the sum of the positive roots. The number of times a givenmonomial o

urs, whi
h is the dimension of the weight spa
e in the Lie sense, is pre
iselythe ele
troni
 journal of 
ombinatori
s 11 (2004), #R28 2



the number of mat
hings of a given weight. Thus, the perfe
t mat
hings of the Azte
diamond graph 
an be used to index a basis for 	�. In a similar fashion, we show thatperfe
t mat
hings on pairs of Azte
 diamond graphs 
an be used to index a basis for	� for the 
lassi
al Lie algebras of types Bn, Cn, and Dn. These Lie algebras were not
onsidered in [EKLP1, EKLP2℄.The Azte
 diamond graph of order n is the dual graph to the Azte
 diamond of ordern in whi
h the verti
es are the squares and an edge joins two verti
es if and only if the
orresponding squares are adja
ent in the Azte
 diamond. A perfe
t mat
hing on theAzte
 diamond graph is a subgraph 
ontaining all the verti
es su
h that ea
h vertex hasorder exa
tly 1. Identifying ea
h edge in a perfe
t mat
hing with a domino shows that theperfe
t mat
hings on the Azte
 diamond graph are in bije
tive 
orresponden
e with thetilings of the Azte
 diamond. See Figure 2 for a mat
hing on the order 2 Azte
 diamondgraph.It will be easier to work with the Azte
 diamond graphs rotated 45 degrees 
ounter-
lo
kwise to produ
e a �gure su
h as Figure 3. Then one may lo
ate an edge by therow i and 
olumn j that it lies in, where i = 1; 2; : : : ; 2n and j = 1; 2; : : : ; 2n. Givenan Azte
 diamond graph of order n 
alled A, let ANE denote the Azte
 diamond graphof order n � 1 whi
h 
ontains the northeasternmost edge of A in row 1 and 
olumn 2n,�tting snugly in the northeast 
orner of A. Similarly, de�ne (n� 1)-order Azte
 diamondsubgraphs ANW , ASW , and ASE. Let Amid be the (n� 2)-order Azte
 diamond subgraphof A lying dire
tly in the middle, 
on
entri
 with A.For the rest of the paper, Azte
 diamond graphs have edge weights. Figure 3 showsan Azte
 diamond graph whose edges are weighted with integers. Given a mat
hing m ofthe Azte
 diamond graph A, de�ne the weight of the mat
hing $(m) to be the produ
tof the weights of all the edges in the mat
hing. Then the weight of the Azte
 graph A is$(A) =Pm$(m), the sum over all mat
hings of A. Using the tilted version of the Azte
diamond graph, Kuo [K℄ proved the following theorem:Theorem 1 (Kuo) Let A be a weighted Azte
 diamond graph of order n. Also, let$NE; $NW ; $SW ; $SE be the weights of the northeasternmost, northwesternmost, south-westernmost, and southeasternmost edges of A, respe
tively. Then$(A) = $SW �$NE �$(ANW ) �$(ASE) +$NW �$SE �$(ASW ) �$(ANE)$(Amid) :Stanley proposed the weight labeling displayed in Figure 6. We �rst learned aboutthis labeling and the next theorem, whi
h gives a produ
t expression for the weight sum,from a talk by J. Propp [P℄. The method of proof outlined in the talk relied on \lo
altransformations." (Compare also [C2℄ for related weight labelings.)Theorem 2 Let A be a weighted Azte
 diamond graph of order n with weight labeling asin Figure 6. Thenthe ele
troni
 journal of 
ombinatori
s 11 (2004), #R28 3



$(A) = Y1�i�`�n (y2i�1y2` + z2i�1z2`) :Here we present an alternate proof based on Kuo's result.Proof. When n = 1, the Azte
 diamond graph A 
onsists of one box with labelsy1; z1; y2; z2 on its NW, NE, SE, SW edges respe
tively. There are two mat
hings, andthe sum of their weights is y1y2 + z1z2, so that the result holds in this 
ase. When n = 2,one may use Figure 5 to verify that the weighted sum is as follows:8Xi=1 $(mi) = y21y2y3y24 + y1y3y24z1z2 + y21y2y4z3z4 + y1y4z1z2z3z4+z21z2z3z24 + y3y4z21z2z4 + y1y2z1z3z24 + y1y2y3y4z1z4= (y1y2 + z1z2)(y1y4 + z1z4)(y3y4 + z3z4):Pro
eeding indu
tively, we obtain from Kuo's re
ursive theorem that
$(A) = (y1y2n + z1z2n) Y1�i�`�n�1 (y2i�1y2` + z2i�1z2`) Y2�p�r�n (y2p�1y2r + z2p�1z2r)Y2�a�b�n�1 (y2a�1y2b + z2a�1z2b)= Y1�i�`�n (y2i�1y2` + z2i�1z2`) :By setting yj = 1 = zj for all j = 1; : : : ; n in this expression, we see that the numberof mat
hings, and hen
e the number AD(n) of domino tilings of the Azte
 diamond oforder n, is 2n(n+1)=2. In [EKLP1℄, four proofs of that result are presented. Ciu
u [C1℄has shown that AD(n) = 2nAD(n � 1), from whi
h AD(n) = 2n(n+1)=2 is an immediate
onsequen
e. In fa
t, Ciu
u proves a more general re
urren
e for perfe
t mat
hings of
ellular graphs.Next we 
onsider four di�erent weight labelings of the Azte
 diamond graph of ordern, whi
h are pi
tured in Figures 7, 8, 9, and 10. All are spe
ializations of the Stanleylabeling.Corollary 1 Let P be an Azte
 diamond graph of order n withWeight Labeling A,y2i�1 = x�1i y2i = xi+1z2i�1 = xi z2i = x�1i+1;the ele
troni
 journal of 
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for 1 � i � n. Then $(P ) = Y1�i<j�n+1(xix�1j + x�1j xi):Proof. From the theorem we obtain$(P ) = Y1�i�`�n �x�1i x`+1 + xix�1`+1� = Y1�i<j�n+1 �x�1i xj + xix�1j �upon setting j = `+ 1.Corollary 2 Let P be an Azte
 diamond graph of order n withWeight Labeling B,x0 = 1y2i�1 = x�1i�1 y2i = xiz2i�1 = xi�1 z2i = x�1i ;for 1 � i � n. Then$(P ) = Y1�i<j�n(xix�1j + x�1i xj) Y1�k�n(xk + x�1k ):Proof. $(P ) = Y1�i�j�n �x�1i�1xj + xi�1x�1j �= Y1�j�n �xj + x�1j � Y1�i<j�n �x�1i xj + xix�1j � :Corollary 3 Let P be an Azte
 diamond graph of order n withWeight Labeling C,y2i�1 = x�1i y2i = x�1iz2i�1 = xi z2i = xi;for 1 � i � n. Then$(P ) = Y1�i�j�n(xixj + x�1i x�1j ) = Y1�k�n(x2k + x�2k ) Y1�i<j�n(xixj + x�1i x�1j ):
the ele
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Corollary 4 Let P be an Azte
 diamond graph of order n withWeight Labeling D,y2i�1 = x�1i y2i = x�1i+1z2i�1 = xi z2i = xi+1;for 1 � i � n. Then $(P ) = Y1�i<j�n+1(xixj + x�1i x�1j ):Suppose g is a �nite-dimensional simple 
omplex Lie algebra 
orresponding to anirredu
ible root system �. Let �+ denote the positive roots, W be the Weyl group, l(w)be the length of an element w 2 W , and let � = 12P�2�+ �. Let 	� denote the irredu
iblerepresentation of g with highest weight �. Applying the Weyl 
hara
ter and denominatorformulas (as in [FH℄ or [H℄ for example), one sees thatCh(	�) = Pw2W(�1)l(w)ew(2�)Pw2W(�1)l(w)ew(�) = Pw2W(�1)l(w)(e2)w(�)Pw2W(�1)l(w)ew(�)= Q�2�+(e2)�=2 � (e2)��=2Q�2�+ e�=2 � e��=2 = Q�2�+ e� � e��Q�2�+ e�=2 � e��=2= Y�2�+(e�=2 + e��=2):When the produ
t is expanded, ea
h fa
tor 
ontributes one of either e�=2 or e��=2 toea
h term, so that ea
h term in the sum 
ontributes one to the dimension. Hen
e, thedimension of 	� is 2j�+j. The number of roots as well as a des
ription of the positive rootsfor the 
lassi
al Lie algebras are given in Figure 11. The ve
tors f"1; "2; : : : ; "ng appearingin this table form an orthonormal basis of unit ve
tors with respe
t to the usual innerprodu
t in Rn. Additional information about root systems 
an be found in [B℄ or [H℄.Theorem 3 Let P be an Azte
 diamond graph of order n with Weight Labeling A. Let 	�be the irredu
ible representation with highest weight � for type An. Substituting xi = e"i=2for i = 1; 2; : : : ; n+ 1 in the weight labeling gives$(P ) = Ch(	�):Proof. The theorem follows immediately from Corollary 1.Similarly, we have the following theorems, whose results are summarized in Figure 12.the ele
troni
 journal of 
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Theorem 4 Let P be an Azte
 diamond graph of order n with Weight Labeling B, andlet Q be an Azte
 diamond graph of order n � 1 with Weight Labeling D. Assume 	� isthe irredu
ible representation with highest weight � for type Bn. Substituting xi = e"i=2for i = 1; 2; : : : ; n in the weight labelings for both Azte
 diamond graphs gives$(P )$(Q) = Ch(	�):Theorem 5 Let P be an Azte
 diamond graph of order n with Weight Labeling C, andlet Q be an Azte
 diamond graph of order n � 1 with Weight Labeling A. Assume 	� bethe irredu
ible representation with highest weight � for type Cn. Substituting xi = e"i=2for i = 1; 2; : : : ; n in the weight labelings for both Azte
 diamond graphs gives$(P )$(Q) = Ch(	�):Theorem 6 Let P and Q be Azte
 diamonds graph of order n�1 with Weight Labeling Dand Weight Labeling A respe
tively. Let 	� be the irredu
ible representation with highestweight � for type Dn. Substituting xi = e"i=2 for i = 1; 2; : : : ; n in the weight labelings forboth Azte
 diamond graphs gives$(P )$(Q) = Ch(	�):The 
hara
ter re
ords the dimensions of the weight spa
es in an irredu
ible represen-tation 	� with highest weight �. The weight spa
e 	�� asso
iated to the weight � is a
ommon eigenspa
e for a Cartan subalgebra h of the simple Lie algebra, where h 2 h a
tswith eigenvalue �(h). Thus, the 
hara
ter is given byCh(	�) =X� dim(	��)e�:The theorems above treat the spe
ial 
ase where � = �. Applying Theorem 3, we haveX� dim(	��)e� = Ch(	�)= $(P )= X� jM(P )�je�;where M(P ) is the set of all perfe
t mat
hings of the Azte
 diamond graph P of order nwith Weight Labeling A, andM(P )� is the set of all those mat
hings having weight �. Byequating the 
oeÆ
ients of ea
h monomial in the sum, we see that the set of mat
hingsin M(P ) of weight � is equinumerous with a set of basis ve
tors for the weight spa
ethe ele
troni
 journal of 
ombinatori
s 11 (2004), #R28 7



	�� . Thus, these mat
hings 
an be used to index a basis for that weight spa
e. Thereare analogous interpretations of the other theorems using pairs of mat
hings of Azte
diamond graphs.In this paper, we have indexed a basis of the irredu
ible representation with highestweight � for the 
lassi
al Lie algebras by the perfe
t mat
hings of the Azte
 diamondgraph. The mat
hings of other graphs (su
h as the ones asso
iated to fortresses anddungeons in [Y℄, [C2℄, and [P2℄) may have similar interesting Lie theoreti
 interpretations.Figures
Figure 1: Azte
 diamonds of order 1 and order 2

r r r rr r r rr rr r r rrr rr r rr rr r
Figure 2: Azte
 diamond graph of order 2 and a mat
hing on it

������ ������r rr r������ ������r rr r������ ������r rr r������ ������r rr r4 1 2 19 1 6 58 3 6 43 2 2 1
Figure 3: Azte
 diamond graph rotated 45 degrees with integer edge weights
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p pp pp pp p���� q1 ���� q2Figure 4: All mat
hings of the Azte
 diamond graph of order 1
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Figure 6: Azte
 graph of order 4 with Stanley's weight labeling
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Type Number of Positive Roots Positive RootsAn �n+12 � f"i � "j j 1 � i < j � n+ 1gBn n2 f"i � "j j 1 � i < j � ngSf"i j 1 � i � ngCn n2 f"i � "j j 1 � i < j � ngSf2"i j 1 � i � ngDn n(n� 1) f"i � "j j 1 � i < j � ngFigure 11: Positive Roots

Type Formula Des
ription of P Des
ription of QAn Ch(	�) = $(P ) Order nWeight Labeling ABn Ch(	�) = $(P )$(Q) Order n Order n� 1Weight Labeling B Weight Labeling DCn Ch(	�) = $(P )$(Q) Order n Order n� 1Weight Labeling C Weight Labeling ADn Ch(	�) = $(P )$(Q) Order n� 1 Order n� 1Weight Labeling D Weight Labeling AFigure 12: Summary of the theorems
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