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Abstract We consider the design of line plans in public transport atimimmal total cost. Both, linear
and nonlinear integer programming are adequate and weuitiodeling approaches for this problem. We
present a heuristic variable fixing procedure which buildspooblem knowledge from both techniques.
We derive and compare lower bounds from different linedidzes in order to assess the quality of our
solutions. The involved integer linear programs are stifeeiged by means of problem specific valid in-
equalities. Computational results with practical datarfithe Dutch Railways indicate that our algorithm
gives excellent solutions within minutes of computationei
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1 Introduction

In a public transportation network, we refer tdiree as a route, or itinerary, together with the specification
of how often the route is operated. The line planning probigithe design of lines which meet several
operational constraints, most notably the passengersaddrfor transportation. The resulting line plan, or
route map, is visually known to anyone who ever traveled b, bnam, subway, or train. Two objectives
have been considered in the literature, and these refleletsiabés of the story, namely service versus cost
aspects. While travelers demand for convenient, ideshitgct connections [2, 3], transportation companies
are forced to make most efficient use of their resources §14], not least for the reason of market
deregulations. Minimization of the total cost is the goabaf investigation as well.

One main issue of our paper is to further the integration af aweas in mathematical programming
all too often regarded separatelyz. nonlinear and mixed integer optimization. While the laisea well
established technique in the planning of public rail tramwgion issues [4], the track towards the topic via
the former is practically unbeaten. In fact, mixed integenlinear models and algorithms appear not to
belong to the “traditional” operations research activeaaré his contrasts the tenor of the OR/MS Today
Special Issue on innovative education: Nonlinear optitiredeserves more emphasis [9].

In the cost optimal line planning context, Goossens et tigdnonstrate how to use lower bounds from
a binary linear program [6] in a branch-and-cut algorithmhil& the quality of lower bounds is excellent,
primal solutions of matching quality cannot be found in mreble time. In fact, the emphasis of previous
exact approaches is on lower bounds. Most recently, Fiscred Lodi [7] developed a general strategy



2 Michael R. Bussieck et al.

for obtaining feasible solutions to mixed integer prograamsl also make some computational progress on
our particular problem. The main purpose of this paper isisbify that an appropriate combination of two
models is suited to yield very high quality solutions withiery short computation time limits. After all,
this—and only this—is relevant to practitioners.

Our paper delivers updated material from [2] which has ayelaeen built on by other authors [8].
We contribute linear and nonlinear integer programs, orciviaie base our variable fixing algorithm. Our
successful use of a nonlinear model is a new and surprisimglalement in the design of line plans.

2 Cost Optimal Line Planning

In this section we formally describe the cost optimal linerpling problem and introduce our notation. We
do not repeat the practical background, and we refrain fromparing cost minimization with the direct
traveler approach; see e.qg., [3, 6] for details on both ssue

The underlying rail network is represented by a gr&phk- (V,E). Edgese € E model physical links
which connect stations given by the $etf vertices, cf. Figure 1 for an example. Only a predefinedstib
R of paths, and sometimes cycles@Grgualifies as possible itineraries along which trains cangerated.
The design of a liné = (r,$) requires the choice of a routes X and a frequency € ¥ C Z,, i.e., the
number of times the route is operated per hour. Unless otkerstated, we assume thatis an interval
of (small) integers, including zero. The length of route R in kilometers is denoted bym. A feasible
set of lines, or line plan, must also obey lower and upper be@™" and FI"® on the line frequency
requirement, i.e., on the total number of trains which trage linke € E per hour. In addition, for each
edgee € £ we are given its traffic loadle, that is, the total number of seats per hour which are to be
provided on the link. Our study is driven by the assumptiaat the cost of a line plan essentially consist
of personnel cost and the cost of rolling stock. This mo&gahaking the number of coaches of each train
a decision variable for every particular line. This numberstnrange within given boundsandc. It is
important to note that we consider a single type of coach,avity a single seat capacitap Therefore,
it is more natural to express the traffic load on an edge insefitoaches, rather than in terms of of seats.
That is, we definé\¢ := [Le/cap|, the number of coaches to be provided on lak

We denote byCf® and CfX, respectively, the hourly fixed capital and personnel costiired per
train/per car. The respective operational or variable ,cibgtt is, the per kilometer cost are denoted by
CY® andC{¥. The cost optimal line planning problem is to design a fdadibe plan at minimum total
cost. This problem is strongl?-hard [2].

3 Primal Solutions from a Nonlinear Model

Perhaps the most intuitive model formulation for our prabie a nonlinear mixed integer program (MINLP).
Such a formulation was already given in Claessens’ magteriss [5] but was later dropped for the publi-
cation [6] because all presented results came out of a lrethmodel. We develop new ideas to overcome
some of the technical obstacles which motivates us to tetisiMINLP approach.

Nonlinear mixed integer programming is a comparativelyergcarea with the first general purpose
algorithms appearing in the early 199@A5/DI COPT [10]). Recently, several implementations emerged
(branch-and-bound, outer approximation, extended aufilane) due to morstablenonlinear program-
ming codesKI LTERBB, SBB, Al phaECP, nmi tt | p, BARON (global), other MINLP solvers embedded in mod-
eling languages likél NGO andM NOPTY). An increase of interest in MINLP models and their solutisn
reflected in the growing number (absolute and relative) dfie at the NEOSsite. Within six months
(09/01-02/02), their MINLP section got about 2,500 usemsigbions (private communication).

1 Solver information available on the web undit p: / / ww. ganswor | d. or g/ i nl p/ | i nks. ht m
http://at8.abo.fi/"hasku/mttlp/,andhttp://ww.|indo.conitable/lgosol vet. htm
2 URL http://wwefp. nts. anl . gov/ ot ¢/ Gui de/ Sof t war eGui de/
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Figure 1 The Netherlands’ InterRegio network with 86 vertices angd édges.

Practically relevant nonlinear models have some drawbaokspared to their linear counterparts:
There is practically no proof of global optimality due to then-convexity of practical models; the starting
point is critical; in order to prevent algorithms from faiti, problem specific knowledge is essential for a
good model formulation, and thus, for algorithmic guidance. Véerdachosen our nonlinear approach in
view of these considerations.

For eachroute € ® we introduce a variabbg € Z_. which reflects its frequency and an integer variable
c <y, <ctforthe number of coaches per train. The requirement thdirthglan provide sufficient capacity
for each link in the network then naturally writes down as

z X-Yr > Ne VecE . 1)

reR.roe

Similar quadratic terms appear in the objective functioowldver, for the actual number of trains per hour
needed to operate a line at a given frequency we have to coorg ocarefully. It depends on the total

duration of a route, including its minimum turn-around timeeded e.g., for cleaning the train, mainte-
nance, and changing the crew. A division of this duration inutes by 60 yields a fractional estimafe

of the number of trains needed to operate ® onceper hour. The overall requirement on that route is
then[T; - x ] trains. Although undefined derivatives of such discontimiterms are handled by solvers,
modelers are advised against using them. Instead, defiamgolesz, € Z,,r € R via

Tr-% < z vreR ()

we theoretically can get over this problem. Because of ounimmization objective there is no need for
an explicit upper bound on these variables. By means of alation we eliminate the non-trivial lower
bounds ory;. That is, new variableg count the number oddditionalcoaches in excess of the minimal
numberc on router € ®. The complete MINLP model reads as follows:



4 Michael R. Bussieck et al.

minimize § 7 - (G% + (c+¥r) - CT) +km % - (Q + (c+yr) - C)

rek. )
subject to z X > Fgnin VecE
reR.roe
X < Fanax VecE
reg roe
Y Xe(Cty) = Ae vecE (NLP)
reg,roe
T-% <z VreR®
yr <CT—C Vre R
X € F Vre R
Yr € Z+ Vre R
Z €7y Vre R

Solving this model leaves us with the dilemma of local verglabal optimality. Implementations of
global optimization algorithms likBARON do not find useful bounds and suffer from the same difficulties
as linear branch-and-bound codes for finding integer swistior real-world sized instances. Even large
scale local optimization solvers perform poorly on thess#ances. Our first remedy to make this model
useful for the cost optimal line planing problem simplifibe talculation of the number of trains required.
Since

Te-x] < [T]-% )

holds forx, € Z, we may substitute; for the right hand side of (3), thereby getting rid of the addal
variables as well as their defining inequalities. This madifon affects the fixed cost term in the objective
function only. For our data sets, the effect is mild since we rot given aCf. Still, the level of error
induced by the overestimation clearly depends on the iastaith hourly frequencies, i.e = {0,1},
which are common in German and Dutch InterCity networksdpisroach is exact. For our instances, quite
a lot of inequalities (3) are strict, but comparing the exandt with the modified cost for all connections in
our solutions, we obtain an average relative error of at rBé&t This is explained by the fact that, in our
experiments, the best found solutions have almost all km#sa frequency of one anyway. Note that an
obvious advantage of this formulation is its small numberaxfables.

4 Lower Bounds from Linearizations

Since (NLP) is a non convex model, the “lower bound” obtaifreth solving its continuous relaxation
with available local optimization solvers is mathematfigaiseless. As a remedy to this shortcoming we
present three linearizations. The first essentially is gpsal by Claessens et al. [6] with an enormous
number of variables. We introduce two new models which mak#outhis defect.

4.1 A Binary Linear Program

The fact that all nonlinear terms in (NLP) are of the foray, and all variables are integer suggests a
linearization by considering only the meaningful valuethef respective variable products. More precisely,
introduce a binary variablg ¢ y which assumes a value of one if and only if route % is operated with
frequencyp € ¥ usingy eI := {c,...,T} coaches [6]. With an additional constraint which ensures th
exactly one combination is selected we replage by S cq Syer ¢ - Y- Z ¢y Note that this substitution
even eliminates the discontinuous term from the objectiveefion. The model reads
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minimize y % Z ([Tr 9] - (C™* 4 y-C™) 4+ kmy - ¢ - (C["ar+y-C‘c’a’)) “Zrgy
ve

reR ocF )
subjectto % » Z‘q)-zr,q,,y > Fgnin VecE
reR,roe peF ye
§-zgpy < FNA vec E
reﬂizﬁae ¢627vg‘ = (BLP)
> > Z¢-v-z,¢,yZAe VecE
reR,roe ¢eF ye

Zpy<1 VreR

Zgy € {0,1} reR,peF,yer

dEF ye

Model (BLP) is more flexible than (NLP) with respect to imgort operational constraints which result
in holes in the domains of variables. For instange= {1,2,4} is a reasonable choice where explicitly
3¢ F. Moreover, a technical particularity of the rolling stockead by the Dutch Railways does not allow
for trains made up of exactly five coaches, wHile= {3,4,6,7,...} is allowed. Such restrictions entail
additional constraints in (NLP) but are easily incorpodatie (BLP) simply by dropping the respective
variables.

4.2 An Integer Linear Program Based on Frequencies

A drawback of (BLP) clearly is the comparatively large numdiesariables. Using integer variables, we are
able to introduce a more compact new formulation. SimilgiNbP) we state the model in the formulation
with additional coaches. Binary variablgs, indicate whether a route/frequency combination is chosen,
and if so, variabley; 4 reflect the number of coaches more tltan

minimize Z Z [T &1 (o -C™* 4 (C- X0+ Yro) - CX)

reR ocF
+km - - (X g -G+ (€ Xrp + Yrg) - CE)
subject to o> dxe> Fmin VecE
reR,roe peF
d-Xp < B Vec E
reR.roe ¢e¥ (ILP)
z - (C-Xp+Yro) > Ne VecE
reR roe ¢eF
Yro —(C—C) X <O reR,oeF
Z Xp < 1 Vre R
beF
X € {0,1} reR,oeF
Vio € Zs reR,oeF

4.3 A Third Linearization Based on Capacities

Similarly, one might be tempted to come up with a third lirization. Here, a binary variable selects the
combination of a route and the corresponding capacity verileteger variablg, , indicates the frequency
of the respective combination. Even though the constraiiitsis model are similar to (ILP) their structure
is slightly more simple. Most notably, we can state the beuon the line frequency requirement with
constraints having 0/1 coefficients only. This happensattst of the discontinuous term reappearing in
the objective function, and the necessary workaround iritsyfi Equation (2). We may drop the ceiling
when using this model for the purpose of lower bounding only.
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minimize z Z-[Tr .yw] .(C[fix +V'ng) +km “Yry (C[var+y_c\clar)
ye

rek.
subject to Z Yry > Fe" YecE
reR roe ye
Yy < & VecE
reg roe ye
Y-Yry > Ae VeeE (ILP-C)
reR roe ye
Yr,y—¢max'xr,y <0 VreR,yerl
Zxr,y <1 Vre R,
ye
Xy € {0,1} VreR,yerl
Vry € F Vre R,yerl

This model has another interesting property in the caseottigitone frequency (besides zero) is admis-
sible. Again, we may substitute the discontinuous term énahjective function fof T, ] -y but we can
also completely drop thg , variables including their defining constraints from themfimlation altogether.
This is because foff = {0,1}, i.e., dmax = 1, together withy .y < 1,1 € R we havey,y < 1-xy
anyway and we substitusey for y;,. The remaining model is (BLP) with fixefi= 1! The emphasis with
respect to important decisions in this model clearly liesapacities rather than on frequencies. In a sense,
among the three proposals this is the linearization clasg®LP).

5 Valid Inequalities

In strengthening our linearizations by valid inequalities aim at improving the quality of lower bounds.
We present valid inequalities for (ILP) only. Our argumdiuta is based on the problem rather than on
models, and all results of this section immediately carrgrde the other linearizations. We prefer giving
the intuition behind our results only. The reason for doiagssto demonstrate that rather fancy looking cut-
ting planes are nothing more (and less) but good problem ladye. Detailed proofs and some advanced
preprocessing techniques can be found in [2].

Let us abbreviat®g := 5 g \e. We will now generalize the following idea. Letf € E be the only
edges incident tw € V, and letAe < As. When no line viaf ends inv, the number of coaches running via
eis at least\¢.

Proposition 1LetE' CE, f € E\E', ag, = |[E'Nr|, andA¢ > Ag'. Then,

(/\f —/\E/) z Xr7¢+ z z GI‘E, ¢ : (Q'Xr,q) +Yr¢) > Ng (4)
reﬂ{,uE,=07r9f deF reR ¢eF

is a valid inequality for(ILP).
The following two classes are particularly useful in our esments. A tentative explanation is that they
exploit observations on capaciti@sdfrequencies. Consider an edge E with ¢- F."" < Ae < c(FM"+ 1).

Then, the number of trains viais at leasF™" 4 1 or the number of additional coaches of lines eia at
least := Ae—c- FM.

Proposition 2 For every edge & E with ¢- FI"" < Ae < ¢(FMM 4-1)

Y & 0-xg+min{Ed}-yro > & (FM+1) (5)
reR.,roe peF

is a valid inequality for(ILP).
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The line frequency requirement impacts the total numbewoatbes on an edge due to the lower boand
on the number of coaches per train. Suppose the line plaaicsrd ling(r, ¢) with e € r. Independently of
the particular demande there must be at leastF™" — ¢) coaches of other lines via This is generalized
in the following result which is the most effective in our &xjence.

Proposition 3Let ec E and®’ C R with ecrforallr € R’ and Y cq Yper %o < 1in any feasible
solution to(ILP). Then,

S 0-(CXotYro) = Ne <1— > > Xr,¢> +cy SE™-0)xs (6

reR\R/roe ¢c¥ reR’ ocF reR’' dcF
is a valid inequality for(ILP).

Our final proposal involves edges= E with a large demand\e but with a small minimum line fre-
quency requiremerfE™. When the number of trains viais close toF™" the number of coaches in the
operated lines must be closedoThe following is a generalization of this statement. Olssehat in our
models we count coaches in additiorcto

Proposition 4 Let ec E and(r*,$*) be a line with e r*. Definel := Ao — T(F/M" — max{1, F/Min — Fmax .
¢*}) —¢*c. If (>0, then

¢*'yr*7¢*—<':emm— > ¢-Xr,¢> 2/6°1 = 0 @)
(r9)#(r*,¢%),roe

is a valid inequality for(ILP).

We close this section with a few words on separation, i.eidentifying valid inequalities which are
violated by a given fractional solution to (ILP). We cannatega general scheme for separating (4) for
all E’ C E which actually isA_P-hard [2]. However, our experiments show that inequalitiéth |E'| = 1
dominate those with largeE’|. The number of inequalities (5) and (7) is polynomial by diéfin. Also,
in (6) we consider the special case|&f'| = 1 only. Hence, for our instances, we check only a polynomial
number of inequalities. In particular, we separate valehualities of Propositions 1-4 incait-and-branch
fashion, i.e., in the root node of the branch-and-bounddrdg see Algorithm 1. In the remainder of this
paper, we refer to this latter model (ILP) augmented by via@tjualities as model (CUT). For a branch-
and-cut approach based on (BLP) see [8].

6 Turning Models into an Algorithm

We already remarked that optimally solving our nonlineardelcis not an option. Even our simplified
version of (NLP) using (3) represents a challenge to exdstiNLP codes. The problem is still far from
being trivial. This can be deduced from the performanceeftiuhtil recently only method to solve MINLPs:
A linearization at the (local) optimum point of the relaxedNMLP results in a mixed integer program and
is solved as a second step in the outer approximation atgoitf DI COPT. Solving only the MIP byCPLEX
7.5 takes over four hours.

Lagrangian relaxation yields unsatisfactory results andhginal MINLP model by Claessens [5]. She
proposes an iterative rounding heuristic along the foltapiines. Promising routes witky, larger than
a given threshold are incorporated in the line plan by bougai > 1 from below. On the other hand,
routes with smallxy; value are eliminated from further inspection. When all esuaire either deleted
or incorporated, alk; variables are rounded up to the next integer. The resultiogrnam is an integer
linear program in they, variables. An alternative to this approach is to yixvariables instead. In the
resulting integer linear program one has fixed capacitiesawrh route and sufficient seat capacity needs
to be provided for each link at minimal cost. This problem aéms A\’ ?-hard even folF["" = F"& =1,
e € E [2]. All these earlier proposals failed in finding good prinsalutions.
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For large scale mixed integer programs in general, and for(ioteger) linearizations in particular,
we cannot hope for an optimal solution within practicallyekant time bounds. One would terminate a
branch-and-bound algorithm when a predefined computatios limit is reached. A drawback is the risk
of not having foundnyprimal feasible solution at that time. Modern commercialiwh-and-bound codes
optionally apply sophisticated strategies and investsgsiime time in the root node in order to come up
with heuristic solutions. Commonly used variable roundiais for our instances. The lateSPLEX 8.0
fares better in that it implements varioMdP emphasigpreferences to accomodate, among others, a bias
towards finding feasible solutions. Fischetti and Lodi [@ydlop a general two-level branching framework
which controls feasibility at a higher “strategic” levelo@putationally, this method outperforriBLEX
defaults. A considerable improvement as compared to rglyingeneral strategies is to develop a problem
specific algorithm which exploits the models we introducedier. This is what we do now.

Fixing all lines according to Claessens’ procedure is a too resteictieasurement, and makes per-
manent decisions too early. Our idea is to use model (NLPEet@dint to promising lines and pass this
information to model (ILP), still leaving enough freedomvtork on these. At first, we invest in a mean-
ingful starting point for (NLP). To this end, we solve thedar programming relaxation of (ILP). Variables
in (NLP) are initialized according to their transformed oterparts in the linearized model’s optimal solu-
tion. A warm or hot start with a former good solution is possias well. Then, the continuous relaxation
of (NLP) is solved. In the solution, a varialbe close to zero is interpreted a% being an unpromising
route, and all variableg+ 4 or lines involving such a route are eliminated from modeR] Iy fixing these
variables to zero. All other variables are left untouched.¥én succeed in finding an integer solution to
the partially fixed (ILP) model within three minutes.

From this point on, we have a feasible solution and we maysirimesither improving it or assessing its
quality. Thus, we add valid inequalities to (ILP) as dis&uasat the end of the preceding section. We remove
the variable fixing again, and continue with a standard dveanod-bound on model (ILP). We summarize
the whole procedure, we term (FIX), in Algorithm 1. Note thia variable fixing is a heuristic, even though
for all our instances we quickly find an integer solution. lecsentence, it is a very careful initialization
of branch-and-bound.

Our richness of models allows for several alternativestelad of using (ILP) we could run (BLP), or
combinations of the models. Also, the final model to be solvegd not be a linearization. We could feed
our integral solution obtained from the fixed linearizatioto model (NLP) as a better starting point. The
subsequent nonlinear programming based branch-and-hghas® performs as is well-known for linear
mixed integer programs, except that “bounds” in each nod®btained from the relaxed nonlinear integer
program (NLP).

7 Computational Results

We implemented all our models in tBAMS modeling language [1], version 20.6, using the combination
CONCPT2 and SBB for solving the nonlinear models, a@®LEX 7.5 for the solution of the linear (integer)
models. Our code is publicly availabléie deem it important that the reader be in a position to get firs
hand experience with our techniques, reproduce our resuits verify our conclusions. In the operations
research community, usually with reference to proprietiata, these key ingredients of scientific activity
are often regarded as being of secondary importance. Iragintve would like to enable the reader to
check claims which we do not explicitly support by numeriesults.

Our computational experiments are performed on a 700MH=LPC with an execution time limit of
three hours. We are provided with four practical problentanses from the Dutch Railways (Nederlandse
Spoorwegen),c97,i ¢98, i r 98, andar 98. The names stem from the underlying network (InterCityeint
Regio, and AggloRegio) and the year. Variants of these fiegts have been circulating in the community
for years and, except 98, so far withstood a proven optimal solution, even with massiomputational
power [2]. Only recently, Bixby optimally solved instanice97 in a month’s computation time using our
model (CUT) (private communication), and we obtained ammagittsolution to ¢98 using the same model

3 URL http:// wwv. gamswor | d. or g/ ni nl p/ apps/ bl | | op
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Algorithm 1 Combining our models into the variable fixing procedure (FIX
Solve the LP relaxation of (ILP)
Letx'tP /P denote an optimal fractional solution
Initialize variablesNLP yNLP of model (NLP):
forall r € ® do

P= 5 ¢.xy foralire g

dcF
Z ¢.y|rL¢P/XrNLP if XNLP > 0
yNLP = ! & '
0 otherwise

end for
Solve the continuous relaxation of (NLP)
According to the optimal continuous solution, fix variablegILP):
forallre R,¢ € ¥ do

if XNLP < threshold(default: 10°%) then

Add constraint; ¢ = 0 to (ILP)

end if
end for
Integrally solve the fixed (ILP)
Drop again constraintg ¢ = 0 from (ILP)
Sequentially add valid inequalities:
Add (5) to (ILP)
if (4) violatedthen

Add (4) to (ILP)
else if(6) violatedthen

Add (6) to (ILP)
else if(7) violatedthen

Add (7) to (ILP)
end if
Solve LP relaxation of (ILP), and remove all cuts which aréebinding in the optimal solution
Warm start (ILP) with the integral solution found
Integrally solve (ILP) by standard branch-and-bound

and comparable computational efforts. Since our compaiisantended to be qualitative in nature we
do not present numerical results but illustrate our expernita in Figures 2 through 5. Horizontal solid
lines indicate the optimal objective function value, or &©8, the best known upper and lower bounds,
respectively. All bounds are obtained using model (CUT).

In brief, as expected, there is no consistently ladisburpose model. However, when looking at upper
and lower bounds separately, the picture changes. Mokirgly, for three out of four instances our al-
gorithm (FIX) provides us with our by far best feasible s@uos in aboufive minutecomputation time
per instance. There is practically no improvement aftezetrours of additional search with either model,
(ILP) or (BLP). A bit surprisingly, the integer solutionsufod by model (ILP) alone do not benefit from
the smaller model size and the related quicker evaluatidrarich-and-bound nodes compared to (BLP).
In what regards lower bounds, model (CUT) is significantlpesior except in one case; we give a cut
statistic in Table 1. (ILP) appears to be next best, agaih aiite exception. Interestingly enough, this one
exception (with (FIX) unsuccessful, (CUT) and (ILP) infarto (BLP), and the instance being optimally
solvable within practical time bounds) is one and the sarseirce, namelir 98.

Results for model (ILP-C), both in terms of upper and loweuthds are poor, and we refrain from
plotting them. The structure of this seemingly intuitive aabis too heavily disturbed by the necessity to
model the discontinuous term in the objective function 2 Note that these findings stress the advantage
of the other two linearizations. It should be mentioned fBabssens et al. optimally solve a variant of
instance r 98 within three minutes of computation time using (BLP) as thsib model [8]. The effective-
ness of their branch-and-cut approach for (BLP) leads tatlestion how well this algorithm performed
with (ILP) as basic model. However, as indicated in [8] theadastances these authors use are slightly dif-
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ferent from ours and serious comparisons cannot be drawm Ereir experiments it appears that problem
specific branching rules, like branching on lines or capesiare not significantly superior over standard
variable branching.

We made several experiments in order to identify the mostctiffe combination of our models for
the variable fixing algorithm, cf. Table 2. Admittedly, therefit of model (NLP) is marginal in terms of
additional solution quality. Almost equally good solutioare obtained by just solving e.g., the relaxed
(ILP) model, eliminate unpromising lines as above, andestihe resulting smaller integer program. How-
ever, in our opinion, model (NLP) most naturally reflects pinactical background via (1) which may lead
to a slightly better “guidance” of the variable fixing. We aidfer it very important that—with or without
(NLP)—we always obtain integer solutions of high qualityistpoints to the robustness of both approaches,
and we value the added flexibility of using several models.

Instance (4) (5) (6) (7) plainLP w/(4)-(7) (ILP)root w/ (47
ico7 15 4 108 24 3845.47 3915.54 3875.45 3922.63
ico8 19 1 134 5 4328.83 4412.83 4376.06 4418.15
ir9g8 20 2 47 0 2230.54 2291.07 2286.28 2299.17
ar98 72 15 162 16 5882.90 6009.10 6064.06 6094.40

Table 1 Cut statistic and impact of valid inequalities on the linpaogramming relaxation of model (ILP). The
columns indicate the name of the instance, the respectimgauof violated inequalities, and the respective objec-
tive function values of the LP relaxation, the LP relaxatwith violated inequalities added, the LP value in the root
node of the branch-and-bound tree (affBLEX preprocessing), and the latter with violated inequadittelded, in that
order.

init guide  fixed ic97 ic98 ir98 ar 98

(ILP)  (NLP) (ILP) x4088.52 x4521.67 *2385.84 6336.44
— (ILP)  (ILP) *4088.52  4559.90 *2417.97 6368.08
(BLP) (NLP) (BLP) 4371.66  4811.93 «2378.33  6326.64
— (BLP) (BLP) 4476.51 4639.63 « 2386.27 6383.59

Table 2 Comparison of different model combinations for our varealfiking strategy. Headings ‘init’, ‘guide’, and
‘fixed’, respectively, refer to the relaxation which is usedfind an initial solution for model (NLP), the relaxation
for determining which lines to discard, and the partiallyefixmodel to find an integer feasible solution. We report
the objective function value of the best integer solutionnf after three minutes of the ‘fixed’ run. -Aindicates an
optimal solution of the ‘fixed’ model.

8 Conclusions

Nonlinear integer programming is quite often an adequaddr@uitive modeling approach for combinato-

rial optimization problems. Recently, powerful softwaexchme available for actually solving these mod-
els, and we have to re-think about such approaches. In thisrpge support this claim, and demonstrate
how to combine nonlinear techniques with “classical” irgefinear programming in order to successfully
attack a very hard practical combinatorial optimizationlgem. The heuristic we present is robust in that
it delivers an excellent integer solution for all our instas.

For better or for worse, the success or failure of an apprasmbihked to the dramatic development of
commercial solvers. Not seldom we see that we can learn eolot & tailored algorithm but an off-the-shelf
product is much superior in terms of computation time, androfjuality. This is especially true for linear
and mixed integer programs. Solvers anechmore sophisticated than those available when we set out
with this research in 1997; in fact, we experimented, amahgrs, withCPLEX versions 2.0 through 8.0
and it is not unlikely that future versions are competitiv®ur success with the variable fixing algorithm,
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or put its current usefulness in question altogether. Hameve would like to make the point that these
solvers also improvbecausef research like ours. Then again, in our opinion, the dgualent of industry
standard mixed integer nonlinear solvers is just at its ti@gg, and the headway of using a nonlinear
model may even be amplified in the future.

One must critically ask the question whether an intelligesat of different models and solvers is eligible
to be termed aralgorithm, even though the notion is certainly technically appragri®ur answer is
affirmative. The outcome in terms of the building blockedeland solverlooks simple but beneath the
surface a lot of algorithmic understanding is indispensa®in the other hand, this simplicity at a higher
level enables the practitioner to obtain reproducible aredlictable results in finite time. We would like
the notion of goracticalalgorithm.

Besides fundamental investigations in the latter directipen research avenues include the following
specific modifications: Lines need not be operated back attldl fbhis may lead to concatenations of sev-
eral lines. An additional complication in this setting is @ther the resulting line plan is robust as to the
subsequent planning stage of train scheduling. Alsongkitock does not need to be dedicated to specific
lines. Column generation, an entirely different algoritbiapproach, has been suggested for the maximiza-
tion of the number of direct travelers in [2]. A continuatiohour study would investigate how suitable
this approach is for the minimization of operational cose &lve confident that further computational and
methodological progress will eventually lead to an intégglareatment of all the mentioned networks.
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