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1 Introduction

Generally speaking, the problem of drawing a graph G is set as a combinatorial optimization problem:
producing a layout L(G) of G on a given support according to a drawing convention (e.g. layered
drawing) that optimizes some measurable aesthetics (e.g. arc-crossing). Numerous criteria lead to
NP-complete problems, and aesthetics often conflict with each other. Hence, various heuristics from
classical divide-and-conquer approaches to meta-heuristics have been developed (see the recent surveys
in [2], [5))-

In particular, from the first papers of Groves et al. [4] and Kosak et al. [8], applications of genetic
algorithms (GA) and evolutionary algorithms to graph drawing have known an increasing interest.
Depending on the application fields, they deal either with undirected graphs ([7], [9], [18], [20]) or
with directed graphs ([13], [14], [16], [23]). But, as often for GA applications, the interest of these
works has been essentially justified by experimental results on test cases and their intrinsic relevance in
comparison with other heuristics -in particular with tabu search [12], stochastic hill-climbing [19] and
more recently GRASP ([11], [1])- sets still open questions.

To characterize the ability of a GA to solve a problem and to improve the search by introducing
problem-based operators, the fitness landscape analysis has become an important research area in
combinatorial optimization (e.g. [17], [15]). The properties of the landscape, such as the smoothness or
the ruggedness, influence the performances of the search for the optimal solutions and several statistical
measures, often based on a correlation analysis, have been developed in the literature to characterize
their features (e.g. [24]). These measures have often been studied for standard GA (simple crossover
and bitflip operator for mutation) and their calculus and interpretation for more complex problem-based
GA operators is not direct. Moreover, it is well-known for some combinatorial optimization problems
that the instance characteristics may vary a lot from one to another (e.g. [22]), and that consequently,
the heuristic performances closely depend on the processed instances.

Thus, instead of carrying out an additional comparative study, we here favor a descriptive analysis
of the fitness landscape. We focus on the arc-crossing minimization of a digraph layered drawing
which is known to be a NP-complete problem [3]. This work is only a first stage to better understand
the structural characteristics of the problem before applying global statistical measures on large size
instances. Our long-term objective is to develop an efficient algorithm for the dynamic version of the
problem (i.e. producing at each time ¢ a layout L(G}) that satisfies the usual readability requirements
and which remains close enough to the previous one L(G:_1) to preserve the ”user’s mental map”)
which is, up to our knowledge, still outstanding, and for which GAs seem promising [10]

In this communication, we analyze the arc-crossing landscape for local transformations of the graph
adapted from the so-called Sugiyama-heuristic [21] for drawing directed acyclic graphs. We first define
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the optima and their attracting sets for all the possible layouts for a given transformation of more
than two thousands graphs of small size. Then, we resort to hill-climbing to explore the landscape
structures of three hundred graphs of larger size. We describe the results obtained with a set of one
thousand hill-climbers. And, at the moment, we are studying the structural properties of the graphs
which characterize the landscapes [6].

2 Fitness landscape

We here restrict ourselves to the study of arc-crossing landscapes associated with some local transfor-
mations. Let G = (V, E) be an acyclic digraph. In a layered drawing of G, vertices are arranged in
given vertical layers on a plane and arcs are represented by line segments joining vertex pairs. Let
A = {l1,...,lx} be a set of K layers for the layout and Q*(G) be the set of all layered drawing of
G for a given distribution of the vertex set on these layers. The fitness value f(L{') of any drawing
L§ € QMG) is the number of arc-crossings on L¢.

The set N(L{) of the neighbors of L§ is composed of all layouts of Q*(G) which are deduced
from LZ-G by applying a local operator O once, and we denote by Qo(G) the set of all the layouts
deduced from one another with O. We here only retain local transformations which improve the
fitness. A local optimum LiG € Qo(G) is s.t. f(LiG) < f(LjG) for LjG € N(LiG) and a global op-
timum LC € Qo(Q) is st. f(LC) < F(LE) for LY € Qo(G). The basin of attraction b(LE) of
LY is the set of layouts of Qo(G) which can be reached from LE by a descent method: b(LY) =
(L§;3 LS, .. LS | € Qo(G) with LE € N(LE.,) and f(LE) < f(LE.,) Vi} where LG = L. The rel-
L) -f(Le)
FLG)—f(La)
h(L§) is very close to 1, then the local optimum L¢ can be considered as a “good” solution.

ative height of a local optimum h(L) is 1 — where L is the worst layout. Intuitively, if

We study three local operators which can be used for local optimization in stochastic or multi-start
hill-climbing, as well as in GA combined with a bitflip operator to introduce a local improvement in
the mutation phase. The greedy switching operator switches adjacent pairs of vertices on a layer [
when this exchange makes crossing number decrease. The barycenter operator repositions a vertex at
the average position of its neighbors on the adjacent layers l,_1 and l1. The average position avg(v)
(see [10] for details) is computed for each vertex v of I, and the local transformation is the new vertex
ordering o}, on lj obtained after sorting the average values: o}, (u) > o}, (v) if avg(u) > avg(v) for u,v
on lp. The median operator acts similarly to the barycenter: it repositions a vertex at the median
position of its neighbors on the adjacent layers ;1 and lg1.

3 Experimental results

We here present several main features of the optima distribution on different graph sets.

3.1 Exhaustive exploration for small graphs

Let D be the set of acyclic digraphs different from trees s.t. each arc is incident to vertices on adjacent
layers and s.t. the vertex number ng on each layer [ is bounded by Hi{zl ng! < 2000. For 2021 graphs
from D, we have analyzed the fitness landscapes, associated with the greedy switching operator, for all
possible layouts. The average number of explored layouts for each graph is 917.

Even for these small graphs, the fitness landscape is highly multimodal: 70% of the cases have a
local optimum and the mean number of local (resp. global) optima is equal to 25.2 (resp. 92.9). There
is no correlation between these two values (p = —0.16) and the global optimum number partly results
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from the numerous symmetries of the graphs. The local optima are relatively high: 58% have a height
between 0.7 and 0.99.

Our results confirm the importance of the instance characteristics in combinatorial optimization.
Here the distribution of the optima greatly varies from graph to graph: the standard deviation of the
local (resp. global) optimum number is equal to 31.9 (resp. 264.5). We find large disparities again
when studying the basin of attractions: 30% (resp. 70%) of the graphs with at least one local optima
have a relative basin of attraction size less (resp. greater or equal) than 70%.

3.2 Exploration with multi-start hill-climbers

As the computation time quickly becomes prohibitive for an exhaustive exploration of larger graphs,
we resort to an extended multi-start hill-climbing. In a first experiment, a set of one thousand layouts
has been randomly generated, and each layout has been improved by an iterative application of an
operator O (here the successive application on each layer of the three operators quoted above): O is
applied on each layer of a random layout LiG € Qg taken one after the other and this loop starts again
until the fitness stabilizes. The experiment is concerned with 300 graphs of various size (between 30
and 100 vertices and a maximum of 20 layers).

There are some differences with the previous results due to the graph sizes but the main tendencies
are confirmed. Here, 72.14% of the graphs have at least a ”local optimum” (i.e. a layout on which
the hill-climbers converge different from the best reached solution), and on average, among the 1000
climbers a little more than the half reach a local optimum and a little less than the find a best solution.
However, there are again very important differences between graphs: the distribution of the proportion
of hill-climbers reaching a global optimum is spread out.

The number of hill-climbers chosen for this study has been empirically fixed after some experiments.
The mean time computation is equal to 33mns.14s (wallclock time on a single workstation). In order
to confirm or inflect the results, we are studying the variation of the results with an increasing set of
hill-climbers. The objective is to give an approximation of the probability of reaching a global optimum
depending on the landscape structures.
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