Eidgendssische Technische Hochschule Ziirich Institut fiir Signal- und
Swiss Federal Institute of Technology Zurich Informationsverarbeitung

m Signal and Information M
Processing Laboratory ISI
]

Summer Semester 2002 Prof. Dr. H.-A. Loeliger

ISI Internal Report

A Generalized
Blahut-Arimoto Algorithm

Pascal O. Vontobel

[SI-Number: INT /200203






Abstract

Kav¢i¢ proposed in [1] an algorithm that optimizes the parameters of a Markov source at the
input to a finite-state machine channel in order to maximize the mutual information rate.
Numerical results for several channels indicated that his algorithm gives capacity-achieving
input distributions. In this paper we prove that the stationary points of this algorithm indeed
correspond one-to-one to the critical points of the information rate curve.

Kavcié’s algorithm can be considered as a generalized Blahut-Arimoto algorithm, as it
includes as special cases the classical Blahut-Arimoto algorithm for discrete memoryless chan-
nels and the solution to finding the capacity-achieving input distribution for finite-state chan-
nels with no noise.
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Chapter 1

Introduction

Recently, Arnold and Loeliger [2, 3], Sharma and Singh [4], and Pfister et al. [5] proposed
independently a method for computing information rates of finite-state machine channels
whose input is a Markov source. (These methods boil down to taking advantage of the
ergodicity of the setup.) For some further historical backgroud we refer the reader to the
corresponding sections in the papers just mentioned.

Subsequently, Kav¢ié proposed in [1] an algorithm that apparently optimizes the param-
eters of Markov sources at the input to a finite-state machine channel. Numerical results for
several channels strongly suggested that his algorithm gives capacity-achieving Markov source
parameters. The main result of this report is Th. 38 which shows that stationary points of
Kav¢ié’s algorithm indeed correspond one-to-one to the critical points of the information rate
curve.

The goal of Ch. 2 is to review the classical Blahut-Arimoto algorithm for discrete memo-
ryless channels in a way which will make the connection to the generalized Blahut-Arimoto
for finite-state machine channels transparent. Ch. 3 is then devoted to Kav¢ié’s algorithm: we
show in what sense his algorithm is a generalization of the classical Blahut-Arimoto algorithm,
we show that applying the generalized Blahut-Arimoto algorithm to discrete memoryless chan-
nels indeed gives the classical Blahut-Arimoto algorithm (see also [1]), and we demonstrate
that applying the generalized Blahut-Arimoto algorithm to finite-state channels with no noise
gives the well-known solution (see also [1]). We would like to mention that Kav¢ié’s algorithm
was also used to optimize upper bounds on the capcity of finite-state machine channels [6].
We conclude in Ch. 4 with some open problems. All proofs can be found in the corresponding
appendices.

As can easily be seen from the subsequent treatment in Ch. 3, Lemma 25 is the key
component that will lead to Th. 38 (see also Remark 26), and is our main contribution to
the subject at hand. In our proofs we tried to be as explicit as possible, avoiding sentences
like “as follows from some straightforward calculations” or “as trivally follows”; we strongly
hope that this will simplify the reading. The main goal is to give a basis for discussion of
further work on this topic; we are aware of the fact that Sec. 3.1 could certainly be extended
to discuss all the details.



10 NOTATION

1.1 Notation

In this report we only use natural logarithms. This simplifies the proofs as we will often
have to derive logarithms. Of course, all results can be formulated with respect to any other
logarithm basis; the corresponding exponentiations must then of course also be modified,
most notably when exponentiating T'(x) and Tj;.

We will always indicate the range of summation. The only exceptions to this rule are
sums over x, y, s, and y. They will be sums over x € X, y € ), s over all allowed state
sequences, y over all possible output sequences, respectively.



Chapter 2

The Blahut-Arimoto Algorithm for
Discrete Memoryless Channels

X Forward channel Yy
e e L
Q(z) W(ylz) R(y)
X Backward channel y
- | ————
Q(z) V(z|y) R(y)

Figure 2.1: DMC with input alphabet X and output alphabet ). The “forward” channel law
is given by W (y|z). If the input has pmf Q(z), the output has pmf R(y) = (QW)(y). The
“backward” channel has the channel law V(z|y).

2.1 Introduction

Comment: Note that in this and the following chapters we changed the notation slightly
compared with our ISIT03-Submission: The iteration number r is in (-) brackets in the
exponent.

The aim of this chapter is to review the Blahut-Arimoto algorithm [7, 8] (see also the
tutorial [9]) for discrete memoryless channels (DMCs) in a way which will make the connection
to the generalized Blahut-Arimoto for finite-state machine channels (see Chap. 3) transparent.

2.2 Discrete Memoryless Channels

Assume that we have a DMC (see Fig. 2.1) with finite input alphabet X and finity output
alphabet Y.! We assume the input to the channel to be a random variable X and Q(z) =

'The content of this chapter can easily be generalized to channels with output alphabet ) = R.

11



12 MUTUAL INFORMATION AND CAPACITY

Px () let be the channel input pmf and let W (y|x) = Py |x(y|r) be the channel law, i.e., the
probability of receiving Y = y when sending X = x. The channel output Y is also a random
variable with pmf

Py(y) = R(y) = (QW)(y) = 3 W(y2)Q(x). (2.1)
The a-posteriori probability of X = x upon observing Y = y shall be denoted by
V(s s W(ylz)Qx) o W(ylz)Qx) _ W(ylr)Q(x)
Pave) =Vel) =Tk " e seew@we Y

Because Q(z) = >_, R(y)V (z|y), V(z|y) can be considered as a “backward” channel law (see
Fig. 2.1). The joint density of X and Y is therefore

Pxy(z,y) = Q)W (ylz) = R(y)V (z[y). (2.3)
From this follows also the important relationship
Vizly) _ Wylz)
= 2.4
Q@) R 24

between Q(z), W(yl|z), R(y), and V (z|y).
In the following, we will assume that the channel law W (y|x) is fized, whereas the channel

input distribution Q(z) will be varied. But note that varying Q(z) will of course imply that
also R(y) and V(z|y) vary! In other words, with a pmf R(y) and a conditional pmf V (z|y)
there is implicitely a pmf Q(x) behind them. Usually, we will try to make this clear by using
some decorations of R and V. So, if the input pmf of X is Q(az), then we denote the pmf of
Y by R(-) and the a-posteriori probability of X = 2 upon observing ¥ = y is called V (z|y).
We have the relations

R(y) = ZQ W (ylz), (2.5)
P (aly) 2 Wl 2)Qx) _ Wylo)Qz) _ _ W(yl»)Q(x) (26)
R(y) @W)(y) Y. QW (yla')’

(zly). (2.7)

|z), as the channel does not change (by definition), but

Q)W (yla) = Rly
Note that always W (y|z) =
V(x|y) # V(z|y) in general.

Definition 1 (Set Q) We let Q be the set of all pmfs over X, i.e.,

Qé{Q;X—>R|Q(m)20f0rallw€X,ZQ(x):1}. (2.8)

zeX

%
Wy

2.3 Mutual Information and Capacity

Definition 2 (Mutual Information) Let X and Y have the joint pmf Pxy (z,y) = Q(x)W (y|z).
The mutual information between X and Y is

QW) 2 I(X;Y) 2 H(Y) - <Y|X> — H(X) - H(X|Y) (2.9)
= ZQ W (y|z) log <( > ZQ W (y|x) log < Q) ) . (2.10)
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Definition 3 (Channel Capacity) Let the DMC with input X and output Y have the
channel law W (y|x). The channel capacity is then

cw) 2 max 1(Q. 1), (2.11)

A pmf @Q € Q that maximizes I(Q,W) is called a capacity-achieving input distributions.
There are DMCs where there is not a unique capacity-achieving input distribution.

Definition 4 (Various Help Functions) We define the functions

h(Q = H(X) =—ZQ )log Q(x (2.12)
f2(QW) £ H(Y) =—Z QW)(y)log ((QW)(»)), (2.13)
5(Q.W) = H(Y|X) = ZQ %:W(y!w)log(W(y!w)% (2.14)
FQ.W) £ HIXIY) = - 3 Qe Eijv(ymlog(%). (2.15)

With these definitions we have
I(Q,W) = fi(Q) — fu(Q,W) = fo(Q,W) — f3(Q,W). (2.16)

Lemma 5 For a fived channel law W (y|x) the functions f1(Q), fo(Q, W), f3(Q, W), f4(Q,W),
I(Q, W) are concave in Q(-). Because f3(Q, W) is linear in Q(-), it is both concave and convex

in Q).
Proof: See Sec. A.1. O

As we will see, the classical Blahut-Arimoto algorithm strongly depends on the concavity
of I(X;Y) and H(X|Y) as functions of Q(-).

2.4 The Main Idea Behind the Blahut-Arimoto Algorithm

The classical Blahut-Arimoto algorithm [7, 8, 9] solves the problem of finding numerically
and in an efficent way a capacity-achieving input distribution of a DMC and therefore also
the capacity of the DMC.

Fig. 2.2 schematically depicts a possible I(Q,W) in function of (). As the alphabet
size X is usually at least two, the optimization problem is a multidimensional one. But for
illustrational purposes, a one-dimensional representation of () will do. The problem of finding
a capacity-achieving input distribution is therefore to find where I(Q, W) has a maximum.
The problem is simplified by the fact that I(Q, W) is concave in @ (as shown in Lemma 5).

There are of course different ways to find such a maximum. One of them would be to set
the gradient of 1(Q, W) equal to zero; but this usually results in a highly non-linear equation
system (see more on this in Sec. 2.6). Gradient-based methods would also lead to our goal.
But a particularly elegant and efficient way to solve the problem at hand is the classical
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1@, W) = f1(Q) — fa(@, W)

v(Q",Q,W)

Yo

Q™ Q*
Qi+

Figure 2.2: Generic mutual information I(Q, W) and approximating function ¥(Q), Q,W).
Q* is a capacity-achieving input distribution.

H(X) = [1(Q)

£@QM, QW)
fa(Q, W)Q

g
\

Q)

Figure 2.3: Generic entropy H(X) and conditional entropy H(X|Y). f1(Q",Q, W) is a
linear approximation of H(X|Y) at Q = Q).
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Blahut-Arimoto algorithm. As it is a “nice” algorithm, there are many ways to describe
it; we will choose a describe that will ease the transition to the generalized Blahut-Arimoto
algorithm in Ch. 3.

The main idea of the classical Blahut-Arimoto algorithm is the following. It is an iterative
algorithm, so assume that at iteration r we found some input pmf Q™ with corresponding
information rate I(Q{"), W) (see Fig. 2.2). At iteration r + 1 we would like to find a “better”
QU*Y ie., an input pmf for which I(QU ), W) > I(Q', W) (see Fig. 2.2). To this end we
introduce a help function \II(QW, @, W) which locally (i.e. around @ = Q<T>) approximates
I(Q,W) (see Fig. 2.2). We require

e that the help function assumes the same value at Q = Q™ as I(Q, W) does, i.e. \IJ(QW, Q" W) =
1(Q), W), and

e that ¥(Q,Q, W) is never above I(Q,W).

If we find such a help function that can easily be maximized (let us call the pmf where the
maximum is achieved Q"*t1), we get easily a new input pmf QU1 with I(QU+D, W) >
I(Q™), W) (see Fig. 2.2).

The help function \I/(QW, Q, W) that is used by the classical Blahut-Arimoto algorithm
is the following. We express I(Q, W) as

QW) = I(X,Y) = H(X) - HX|Y) ¥ £(Q) — f(@, W), (2.17)

where in equality () we used the functions defined in Def. 4. Choosing

QM. QW) £ £(Q) - AQM,Q, W), (2.18)
where

° fi(Qm, @, W) assumes the same value at Q = Q") as f4(Q, W) does, i.e. ffl(Q<’">, Q" W)=
£1(Q), W), and

o f1(QM,Q,W) is never below f4(Q, W), i.e. f1(Q,Q, W) > f4(Q, W) for all Q,

leads to a function \II(QW,Q,W) fulfilling the desired requirements. By the concavity of
f4(Q,W) (see Lemma 5), such a function fi(Q“%Q,W) can be chosen to be the linear
approximation of f4(Q, W) at Q™ i.e. the function that goes through f4(Q, W) at Q = Q"
and is tangential to f4(Q,W) (see Fig. 2.3). This is the approach taken by the classical
Blahut-Arimoto algorithm.

Doing the above iterations repeatedly not only leads to input pmfs where the mutual
information gets potentially larger at each iteration, but for » — oo the input pmf Q"
converges to a capacity-achieving input distribution (see Theorem 11).

2.5 The Blahut-Arimoto Algorithm

After giving the main idea behind the Blahut-Arimoto for DMCs, we proceed to give the
exact algorithm and its convergence proof.
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Definition 6 (7'(z) Values) We assume to have a DMC with a fixed channel law W (y|x).
If the input pmf is Q(x) we define

w
2 Z W(ylx)log(V(z|y)) = Z W (y|x) log <M> (for all z € X). (2.19)
g g @)
If a different input pmf is used, we will decorate the symbol T. E.g. if Q(z) is the input pmf,
we will have

Q)W (y|x)
Z W (y|z) log(V (z|y)) Z W (y|x) log (W) (for all z € X). (2.20)

Definition 7 (Function ¥) We assume to have a DMC with a fixed channel law W (y|z).
Let V(z[y) for a given Q(x) be given as in (2.6). As discussed in Sec. 2.4, the help function
U (Q,Q,W) is defined as

V(Q,Q.W) 2 ZQ )log(Q(x)) + > Qx ZWMM@(W» (2:21)
V(zly)
_E:Q }: (y|z)lo <Q@)> (2.22)
==Y Q) log(Qx)) + Y_ Q)T (x), (2.23)
with
T(z) = Z (ylz)log(V (z]y)) (for all z € X). (2.24)
y
Lemma 8 (Properties of ¥) For all Q, Q, and W we have
V(Q,Q.W)=1(Q,W) (2.25)
and
U(Q,Q, W) <¥(Q,QW)=1(Q,W). (2.26)
Given a W and some Q there always exists a Q such that
QW) <¥(Q,Q,W) < I(Q,W). (2.27)
Proof: See Sec. A.2 O

Remark 9 (Connection to the Outline Sec. 2.4) In the notation of Def. 7, the defini-
tions in Sec. 2.4 are

Q—QT (2.28)
Z Q(x)log(Q (2.29)
—ZQ Zwmmmwm» (2.30)

£1(Q,Q W) = ZQ waxm (ly)) ZQ (2.31)
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Note that fi(@, Q, W) is linear? in Q and moreover

£1(Q,Q. W) = f2(Q, W), (2.32)
O i = L =-T(x or all x
200 @) oo 20 1@ W) s T(z) (for all z € X). (2.33)

Instead of verifying the required properties as given in Sec. 2.4 of fi(QN, Q, W), we have in
Lemma 8 directly verified the requirements on ¥(Q, Q,W).

Proof: See Sec. A.3. O

Algorithm 10 (Blahut-Arimoto Algorithm for DMCs) We consider a DMC with in-
put X and output Y and channel law W (y|z). Let Q‘? be some initial (freely chosen) input
distribution. For iterations r = 0,1, 2, ... perform alternatingly the following two steps.

e First Step: For each z calculate

10 (2) = > Wiyl) - log(V (aly)) (2:34)
Y
) (x x
— zy: W (y|z) - log (%ﬂ%) . (2.35)

e Second Step: The new QU+ (z) is calculated according to
6T<T> (z)

Q(T’-l—l)(;p) = W (2.36)

Theorem 11 (Properties of the Blahut-Arimoto Algorithm for Memoryless Channels)
For each r = 0,1,2,... the sequence of Q") of input distributions produced by the Blahut-
Arimoto algorithm fulfills

IQUTD W) > 1(Q™, W). (2.37)

Furthermore, Q") converges to a capacity-achieving input distribution for r — oo.

Proof:  See Sec. A.4. See also Sec. 3.9, where the classical Blahut-Arimoto algorithm is
treated as a special case of the generalized Blahut-Arimot algorithm in Alg. 37. g

Lemma 12 Let C' = C(W) be the capacity for a given DMC with channel law W (y|z). For
any input pmf Q(-) we have

min [T'(z) —log(Q(z))] < I(Q,W) < C < max [T(z) — log(Q(x))], (2.38)

T -z

2We could even allow an additive constant, the function would still be a linear (or, more precisely, an affine)
approximation.
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where T'(z) is as defined in Def. 6.
Proof: See Sec. A.5. O

Remark 13 (Termination Condition for Blahut-Arimoto Algorithm) From Lemma 12
we see that we can take the quantity

max [T(z) — log(Q(z))] — I(Q, W) (2.39)

T

as a measure how close we are to capacity. We can also take the quantity

max [T(aj) - log(Q(x))] - mxin [T(:L') - log(Q(m))] (2.40)

T

for this purpose. Note that already before the introduction of the classical Blahut-Arimoto
algorithm, Gallager (see Problem 4.17 on p. 524f in [10]) proposed these capacity-achieving
input distribution search termination criteria.

2.6 Intuitive Derivation of the Blahut-Arimoto Algorithm for
DMCs

The aim of this section is to give another intuitive derivation of the Blahut-Arimoto algorithm
as defined in Alg. 10. The idea is that one sets the gradient of I(Q, W) with respect to @
equal to zero and tries to solve the resulting equations iteratively.?

The mutual information between X and Y is

W) = Z Q(x) Z W (ylz)log <%> (2.41)
= Z Qx)D(W (12)][(QW) () (2.42)

We would like to find the critical points of I(Q, W) as a function of @ € Q. Neglecting in a
first step the constraints Q(x) > 0, the only constraint on Q(-) is >, @(x) = 1, and we have
to calculate the gradient of the Lagrangian I(Q, W)+ A" Q(z), i.e

0 !
0@ (1(@, W)+ A Z Q(x)) =0. (2.43)
Using the 8@( ( Y. Q) 1og(Q(2))) = —log(Q(x)) — 1 and the results in Sec. A.3, we get
Zwy\x ( ((|))>—1+Aéo (2.44)

(z]y) !
<~ Y W(ylx)log —-1+X2=0 (2.45)
2 (@)

— D(W(2)[[(QW)(-)) =1+ A=0. (2.46)

3This interpretation was also mentioned in Blahut [7] (Corollary 1).
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From (2.42) it follows that for a capacity-achieving input distribution Q(-)

C=I(X;Y) ZQ W (-|2)[[(QW) (")) (2.47)
_ZQ “A+1]=-A+1, (2.48)

ie., C = —X+1. Thus,
D(W(2)[|(@W)(-)) =C (for all z € X). (2.49)

(Note that we have a convex optimization problem; possibly there are different capacity
achieving input distributions, but one can show that the “capacity-achieving output distribu-
tion” is unique, see also end of Sec. A.4) If we include the constraint Q(x) > 0 for all z € X
at the beginning we get the Kuhn-Tucker conditions

D(W(:|2)[[(@W)(:)) < C (with equality if Q(z) > 0). (2.50)

Formulating out the relative entropy of the Kuhn-Tucker condition we obtain (with W (y|z)/(QW)(y) =

V(zly)/Q(z), T(x) =3, W(y|r)log V(z|y))
Sw W (ylx)
v (vl2) log <(QW)(y)> =¢ (251)

Vizly)
— W (y|x) log <C (2.52)
e (i)
= (Z W (y|z) log V(x|y>) ~logQ(z) < C (2.53)
< logQ(z) > T(z) — C. (2.54)

(Always with equality if Q(z) > 0.) Note that if Q(x) = 0, then V(z|y) = 0 and T'(z) = —c0.

From this formula we can derive the Blahut-Arimoto algorithm heuristically. If the current
Q<’">(-)fdistribution does not fulfill the above equations, then one should update the density
according to (for some constant ¢{")

log QY (z) = T (z) — (2.55)
= QF(z) o T @) (2.56)
T<T>(x)

— QD (z) = (2.57)

Z el 7">(x
where T = 35 W (y|z)log V) (z]y) and V)(zly) = Q¥ (x)W (yla)/(QT'W)(y)). But
this is exactly the Blahut-Arimoto update rule as discussed in Alg. 10. As a side result we
have, that at a stationary point e = > eT@) where C is the capacity.

Fig. 3.5 shows a trellis with one state and parallel branches from one time instant to the
next bearing all the possible input letters. At each time step the question comes to with
what probability one should send a letter. Apparently Eq. (2.54) gives the condition to get
the best compromise between entropy and being able to decode at the receiver. T'(z) kind of
measures the quality when one sends z: the higher the quality, the higher the probability of
the use of the symbol; T'(x) also shows up in e¢ = 3 e7(®).
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Figure 2.4: Trellis of a discrete memoryless channel with five-ary input alphabet.



Chapter 3

The Blahut-Arimoto Algorithm for
Finite-State Channels

3.1 Introduction

Comment: Note that in and the following chapters we changed the notation slightly compared
with our ISIT03-Submission: The iteration number r is in (-) brackets in the exponent,
whereas the window length parameter N is in (-) brackets in the exponent.

Comment: For an introduction to the subject, see the paper by Kav¢ié [1].

We assume that the source (channel input) is a stationary discrete-time Markov random
process Xy whose realizatoin z, takes on values from a finite-size source alphabet X. It is
assumed that the channel input process has memory L > 0, i.e. we have for any integer m > 0,

P(rgxi=h ) = P(xgxi"1). (3.1)

We consider an indecomposable time-independent finite-state machine channel (FSC) [10].
The channel state at time ¢ is denoted by the random variable Sy, whose realization is s, €
S ={1,...,M}. We choose the state alphabet M to be the minimum integer M > 0, such
that sy forms a Markov process of memory 1, i.e. for any integer m > 0,

P(sgls;Z,,) = P(selse-1). (3:2)

For example, if the channel input X, is a binary Markov process of memory 3 and the channel
is PR4 (i.e. 1 — D?) of memory 2, then M = 2™2*(32) — 8 guarantees that the state sequence
is a Markov process of memory 1. In this report we assume that the channel is “controllable”
in the sense that after a bounded number of time units we can be in a desired state. Put
differently, there is (besides some bounded initial transient) a one-to-one relationship between

Finite-state

l

Markov source
channel

Figure 3.1: Markov source and finite-state machine channel.

21
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state labels

time indices for states £ — 3 l—2 -1 4 L+1 L+2
time indices for output l—2 -1 0 L4+1 042

Figure 3.2: Trellis of Markov source combined with a finite-state machine channel.

input sequences x and state sequences s. Channels described by a Kronecker-delta impulse
response (like the PR4 channel mentioned above) are typical examples of this class.!

The channel output? Y; € ) is a hidden Markov sequence induced by the state sequence
Sy, i.e., for a discrete random variable Yy, the pmf of Y; satisfies

Pyels™2,y b, ¥iD) = Pyelse—1, s0).- (3.3)

For indecomposable channels, the choice of initial state does not affect the mutual information
rate [10]. The following definition introduces the notation that will be used subsequently.

Definition 14 (Notation) We will use the following notation.

e The Markov process representing the FSC can be visualized by a trellis (Fig. 3.2 shows
an example with |S| = 4 states where |X| = 2).

e Let the set A contain all pairs (i,j) that constitute valid state transitions. Let Z; 2
{j1@,j) € Afor some i} be the set of all valid follow-up states of state i, and let
E 2 {k|(k,i) € A for some i} be the set of all valid preceding states of state . (In the
example in Fig. 3.2 we have A = {(1,1),(1,2),(2,3),(2,4),(3,1),(3,2),(4,3), (4,4)},
— —

A ={1,2}, A = {1, 3}, etc.)

e If (i,7) € A, the transition probability of going from state i to state j is denoted by p;;.

e As mentioned in the introduction, we assume that all transition probabilities are time-
independent. Therefore it makes sense to talk about stationary state probabilities: we
let p; be the stationary state probability of being in state i € S.

!The extension of the results of this report to more general channels where the state can only be controlled
partially or not at all (e.g. the Gilbert-Elliot channel [10]) is possible, but outside the scope of this report.
Moreover, here we will assume that the memory of the Markov source is at least as large as the memory of the
channel.

2We assume here ) to be finite. But the results of this chapter can easily be extended to the case where
Y=R.



THE BLAHUT-ARIMOTO ALGORITHM FOR FINITE-STATE CHANNELS 23

A . .- . . .
e Let Q;; = p; - pij be the stationary probability of using the branch going from state i
to branch j for (7,7) € A.

If Qi; = Qi;(a) are functions of the single parameter «, we will often use the abbrevia-
tion

1>

(e} (e} d
ij = ij(a) @Qij(a)' (3.4)
o We will use the definition N’ = 2N and the index sets

AN

INZ[-N+1,N] ={-N+1,...,N}, (3.5)

1>

TWE[-N+1,N-1={-N+1,...,N -1} (3.6)
Note that |Zy| = 2N = N’ and that [Z}| =2N —1=N'—1.

e We will consider a finite window of the state and output process. For a given N > 0,
we let the state sequence s be a vector with indices from —N to + NN, and the output
sequence y be a vector with indices from —N +1 to +N. Finally, we will nearly always
be interested in the limit N — oo.

e The probability of a state sequence, of an output sequence given an input sequence, of
an output sequence, of a state sequence given an output sequence are, respectively,

A o HZGIN Qsthse
Q(S) = HUs_x ZLIN Psy_1,80 = Hggz}\r Zj Qsz,jj (37)
W (yls) 2 I W welse—1, s0). (3.8)
0Ty
R(y) £ (@W)(y) £ Q)W (yls), (3.9)
G A QRS QEW(YS) __ QEW(yls)
VEM = TRy T Ty Seeeweky 10

e We will used the following conventions. V;(ily) will be equal to Px,y(i[Y) when one
has Q(-) at the input. Vj_j,(i,jly) will be equal to Py, ,x,v(i,jly) when one has
Q(-) at the input. Furthermore, we use simplifications like Vy(s¢ly) = V(s/|ly) and
Vic1,0(sely) = V(se—1,s¢|y), when the subscript is (the subscripts are) clear from the
argument.

We will need a parametrization which is convenient for our purposes, i.e., over which
we can easily optimize. In the expressions to come, p;;, 1;, and @Q;; will appear. To select
the “base” parametrization, we define different manifolds and study their advantages and
disadvantages.

Definition 15 (Manifold P) We define the manifold P to be

Dij = 0 (fOI" all (Z,]) S .A) 11
Zjez pij =1 (for all i € S) (3.11)

P = {(pij)(i,j)eA
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Definition 16 (Manifold P’) We define the manifold P’ to be

pij > 0 (for all (4,7) € A)
P = ((pij)(i,j)eA7 (Mi)ies) Zjez pij =1 (for all i € S) (3.12)
1= Yics ipij (for all j € S)

Definition 17 (Manifold Q) We define the manifold Q to be

Qij > 0 (for all (3,7) € A)
2= @iaea| maed 35 . (3.13)
Zkex Qri — Zjez. Qi; =0 (for all i € S)

These three manifolds have these advantages and disadvantages.

e The manifold P is a bounded convex subset of a hyperplane, but expressing p; and Q;;
with the help of p;; only is quite complicated.

e With the manifold P’ we can express @;; easily, but the manifold itself is not a subset
of a hyperplane.

e The manifold Q is a bounded convex subset of a hyperplane and we can derive {u;}
and {p;;} easily from {Q;;}:

i = Z Qij = Z Qi Pij = Qi _ @i (3.14)

JEA; keA;

Because of these reasons we will choose the manifold Q, i.e., the set ();; as our “base”
parametrization. The other manifolds could also be used, but from our experience, Q turns
out to be the most suited. So, when we are using p; and p;;, they will always be functions of

Qij7 i.e.,

Qij Qij
i = Qijs Dij=— ==~ (3.15)
Z; ! T Xy Quy
JEA;

When Q;; = Qij(«) (for all (i,7) € A) will be a function of a single parameter «, we will
implicitely also have the functions p(c) and p;j(c). Note that to simplify notation, we will
only write @;; instead of {Q;;} in function arguments, so we write f4(Q;;, W) instead of

f1({Qij}, W), ete.

3.2 Mutual Information and Capacity

Because of the controllability assumption in Sec. 3.1, we have

1 1
Jim ZI(XY) = lim < I(S;Y), (3.16)

i.e. instead of considering - 1(X;Y), we will only look at +1(S;Y), also for finite N.?
We will also need the following functions

3As already mentioned in Footnote 1, this report focuses on the case where we have controllability; with
some efforts, the results can be extended to the more general case.
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Definition 18 (Help Functions) For a fixed channel law W (y|x) the functions

V@) B ) = X Qe os(Que) (317)
fz(N)(QmW)éﬁH(Y) =—$ QW) (y)log ((QW)(y)). (319)
féN)(QmW)— H(Y[S) = ZQ ZW(y\s)log(W(yrs», (3.19)
QW )é]\l,, S1Y) =~ Xt DN oz (Coimast). 620

(3.21)

In the limit N — oo, we define the functions fl(Qij), fg(Qij, W), fg(Qij, W), f4(Qij, )
in the obvious way. If Q;; = Q;;(«) are functions of the single parameter o, we define f1( (),

£V w), 15 @, W), £ (@, W) and fi(a), falay W), fala, W), fa(a, W).

Definition 19 (Mutual Information Rate) The mutual information rate we are inter-
ested in is a function of {Q;;}, and W.

IM™(Qy;, W) 2 WI(S Y) (3.22)

= #VQy) - £V (@i W N,ZQ ZWy| (((‘))> (3.23)

= F$"(Qi W) — £V (Qu, W N’ZQ ZW (y|s log< (( l))> (3.24)

In the limit N — oo, we define

Qi W) = lim 1M(Quy, W), (3.25)
such that
I™M(@Qi;. W) = M(@Qiy) — 1V(Qij W) = 1N(Qu, W) — 1M (Qiye W), 1(Qiy, W) Tfl()Qij)—fh(QijaW):
3.26

and hence (with the comments at the beginning of this section)

I(Qi;, W) = hmoo FI(S Y)= A}gnoo FI(X Y). (3.27)
If Qi; = Qi;(a) are functions of the single parameter «, we define
1™ (0, W) £ 1M(Qi5(0), W), (3.28)
VAN
I(a7 W) = I(QU (Oé), W)v (329)
such that
1™ (0, w) = f{7(a) = 1M (0, W) = 7 (0, W) = 1§ (0, W), (3.30)

(e, W) = fi(a) = fala, W) = fa(a, W) = f3(c, W). (3.31)
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[{Qi; 1, W) = 1({Qis}) — f1({Qi5}, W)

@y e
{Qi]' }

Figure 3.3: Generic mutual information rate I(Q;;, W) and approximating function
\I’(Q§;>, Qij, W). ;; 1s a capacity-achieving input branch probability distribution.

Definition 20 (Channel Capacity) With the above notation, for a given channel law W,

the channel capacity for an FSC with a Markov source input is defined to be
A

c(W) = 1(Q;:, W). 3.32

(W) Jnaxy (Qij, W) (3.32)

Gallager [10] defines the capacity slightly differently: he allows at the input to a finite-

state channel any source, whereas here we assume to have a Markov source that has a certain
memory length.

3.3 The Main Idea Behind the Generalized Blahut-Arimoto
Algorithm for FSCs

Compared to the classical Blahut-Arimoto algorithm as shown in Ch. 2, the generalized
Blahut-Arimoto algorithm for FSCs works as follows.
Again, the algorithm is of an iterative nature. Assume therefore that at iteration r we

have found a set QE? of branch probabilities which lead to an information rate 1 (Qg?, W) (see

Fig. 3.3). At iteration r + 1 we would like to find a better set Q§;+1> of branch probabilities,

that lead to an information rate with I (Q§;+1> ) > 1 (Qg> ) (see Fig. 3.3). Again, we introduce

a help function \IJ(QZ(-;), Qij, W), which locally (i.e. at Q@ = Q")) approximates (see Fig. 3.3)

1(Qij, W) = f1(Quj) — f1(Qij, W) (3.33)
And again we get ¥ by
v Q. QW) = 11(Qu) - £ (@, Q). (3.34)
where
(@5 Quw) 2= > Qurly (3.35)

(i,5)eA
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H(X) = f1{Qi})

AU L@ w)
({Qi}, W)

ij
-

L

@M

Figure 3.4: Generic entropy H(X) and conditional entropy H(X|Y). fzi(QE?injv W) is a

linear approximation of H(X|Y) at Q;; = QE?

is a linear (linear in Q);;) approximation of f4(Q;;, W) at {Q;;} = {Qg)} (see Fig. 3.4). With
this approach it follows that stationary points of the algorithm correspond to zero-gradient
points of the information rate curve. Moreover, zero-gradient points that are not maxima,
are not stable.

Unfortunately, in this case we were neither able to show the concavity of 1(Q;;, W), nor the
concavity of f4(Qij, W) in Q;5. Numerical results would suggest the truth of these hypotheses,
but until now we could not found a proof or a disproof (see also Lemma 40 and Conjecture 41).
The first concavity result would imply that all maxima would lie in a connected set, whereas
the second concavity result would imply that the algorithm gives at each iteration a new
set of branch probabilities whose associated information rate is at least as large as the old
information rate.

3.4 The Generalized Blahut-Arimoto Algorithm for FSCs

The next definition introduces the crucial parameters for the generalized Blahut-Arimoto
algorithm. They generalize the T'(x) from Chap. 2.

Definition 21 (7;; values) The T;;(Q;j, W) values® will be the key parameters for the gen-
eralized Blahut-Arimoto algorithm. Remember N’ = 2N.

pu— J— = N J—

Ty 2Ty T = M 7", 7" = ng - ", (3.36)
= A, =(N) =(N) A =(N)
sz = limy_o Tij ) Tij = % ZZEIN Tij (e) (3 37)
= A N =(N) A —(N :
T; £ limy oo T M2 LS TV ),

4We will often not write the arguments of the Tj; values; sometimes we will use decorations to indicate the
arguments.
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where
=) A -2 N
Ty () = X QsIysdnlse180) 2, W(yls)log (V(se—1,sely))  (for £ € Z),
50—1=55¢=]
(N A _
TV £ 5 QGshals) Xy W(vis) log (V(sdy))  (for ¢ € Ty).

sp=1

(3.38)

Let us mention that T;; has a dimension in the sense that it depends on the choice of
logarithm, therefore expressions like e’ have to be modified accordingly.

Remark 39 discusses how the Tj; values can be calculated efficiently.

Note that we always normalize by N’, despite the fact that |Z3| = N’ — 1. (In the limit
N — oo this is irrelevant.)

Lemma 22 (Property 1 of Help Functions fl(N) and f1) The functions fl(N)(Qij) and
f1(Qij) as given in Def. 18 can be rewritten as

{Qw Z ng |: log ng) ,IOg (i) | 5 (3.39)
(i,5)€A
A@Q) = S Q- [—log ()] (3.40)
(i,5)eA
Proof: See Sec. B.2. O

Lemma 23 (Property 2 of Help Functions fl(N) and f1) Let the functions fl(N)(a) and
fi(«@) be as given in Def. 18. Then,

d 1
-y @ [— log (pig) — 7 low (1) (3.41)
(i,j)€A
—f1 = > Q- [—log(pi)]- (3.42)
(i,5)eA
Proof: See Sec. B.3. O
Lemma 24 (Property 1 of the Help Functions fAEN) and f;) The functions fAEN)(Q,-j,W)
and f4(Qi;, W) as given in Def. 18 can be rewritten as
N N) N)
(@i W) = — Z QT =S uTM | == 3 Q-1 (3.43)
| (i,5)eA €S (3,5)eA
f4(Qij, W) = — Z QiiT; — ZME = - Z Qij - Tij, (3.44)
| (i,5)eA €S (3,7)eA

where TZ(]N) = E(JN)(QU, W) and Ti; = T (Qsj, W).
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Proof: See Sec. B.4. O

Lemma 25 (Property 2 of the Help Functions fiN) and f;) Let Q;; = Qij(«) be func-

tions of a single parameter « for all (i,7) € A, and let the functions fiN)(a, W) and fq(c, W)
be as given in Def. 18. Then,

d o
L= S o o
(3,5)eA
d o
@f4(avw):_ > QY- Ty, (3.46)
(1,5)€A

where T = TSV (Qij(0), W) and Tyj = Ti(Qi(0), W).

Proof: See Sec. B.5. See also Remark 26. g

Remark 26 (On Property 2 of the Help Functions fiN) and f;) This innocent look-
ing result in Lemma 24 is the main result of this report; the difficulty lies in the dependency
of TZ(]N) and Tj; on a. At the point of this writing, we are not aware of an essentially shorter
proof than the one shown in Sec. B.5

Definition 27 (Help Function F}) Let {Q;;},{Qi;} € Q. We define the help functions

M@ QW) = - S Qi T, (3.47)
(i,7)eA

fzi(QNijaQiﬁ Z ng YR (348)
(i,7)€A

where TZ(]N) = ﬂ(jN)(@ij, W) and Ty; = Tij(Qij, W).
If Qij = Qij(a) are functions of a single parameter « for all (i,j) € A, then we define

£ (@, 0, W) £ 1N(Qi(8), Qi) W), (3.49)
Fié, 0, W) 2 £1(Qis (@), Qi (), W), (3.50)

Lemma 28 (Property 1 of the Help Functions f}l(N) and f}) Let the functions ffl(N)(d,oz, W)
and fi(a, a, W) be as given in Def. 27, and let & be a fized parameter. Then,

'(N)(oz W) = (N)(d W), (3.51)
fila,a, W) = fa(la, W), (3.52)

Proof: See Sec. B.6. 0
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Lemma 29 (Property 2 of the Help Functions f}l(N) and f}) Let the functions ffl(N)(d,oz, W)
and fi(a, a, W) be as given in Def. 27, and let & be a fized parameter. Then,

d -
VG aw)| = W) (353)
d -
afi(a,a, W) = fa(c, W)‘a:d. (3.54)
Proof: See Sec. B.7. O

Remark 30 (On the Properties of the Help Functions fi(N) and f;) Lemmas 28 and
29 show that fi(N)(d,a, W) is a linear approximtion of fi(N) (a, W) at @ = @, i.e., at this
point they have the same value and the same gradient. The same comment applies to the
functions fj(&,a, W) and fj(a, W).

Theorem 31 (Property 1 of the Mutual Information Rate) For any Q;; € Q we have

M (Qy W)=Y Qy- [—log<pij>—ﬁlog<m>+ifi§“’ , (3.55)
(i,j)eA

I(Qi, W)= > Qi+ [~log (pij) + Tyl (3.56)
(3,5)€A

where :,;(ng) = Ti(JN)(Qim W) and Tjj = Ti5(Qij, W).
Proof: See Sec. B.8. O

Theorem 32 (Property 2 of the Mutual Information Rate) Let Q;; 2 Qij(a) for (i,7) €
A. The derivative of I(a, W) with respect to « is

d
1MW) = Y @ [ log(pi;) + T(N)] (3.57)
(3,7)eA
d
- = > Q% [~log(pi;) + Ty, (3.58)
(i,7)eA

where T = TSV (Qij(0), W) and Tyj = Ti(Qi(0), W).
Proof: See Sec. B.9. O

Definition 33 (Generalized Function ¥) For the generalized Blahut-Arimoto algorithm
the following functions are very useful. Let

M Qi Qi W) 2 F™M(@Qij) = AN Q1. Qi W), (3.59)
W(Qij, Qi W) 2 £1(Qi) — F1(Qijy Qs W), (3.60)
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which is equivalent to

N(Qy, Qi W) 2 Y Q- [ log(pij) — ,1og<m>+f;§“], (3.61)
(z,j)E.A

\II(QNi]GQija Z sz [ log p”)—l-T]] (362)
(i,7)eA

Note that the TZ(]N) ’s and Tij’s are calculated according to Q,-j and W i.e. TZ(]N) = TZ(]N) (Qij, W)
and Tj; = T;;(Qi;, W). When Q;; = Qy;(a) (for all (4,) € A), then, as in other definitions,
we define the functions W) (d, Q, W) and \I’(d, Q, W)

Proof: See Sec. B.10. O

Theorem 34 (Property 1 of the Generalized Function ¥) For any Q,-j we have

g (Qij, Qi) W) — ) (@ij, W) , (3.63)
v (Qij, Qi) W) -y (Q,-j, W) : (3.64)
Proof: See Sec. B.11. g

Theorem 35 (Property 2 of the Generalized Function V) Let Q;; = Qjj(a) for all
(1,7) € A and fix some &. Then,

d

o) a — V)
o (a,a, W) . dozI (o, W) . (3.65)
Ly@am = Liaw (3.66)
do o a=a a dov 7 a=a '
Proof: See Sec. B.12. g

Algorithm 36 (Algorithm to Opimize ¥) Let {Q;;} and W be given.> The {QF;} de-
fined by

xq D A
(@5} 2 arg max v (121, {Qu k) (3.67)
ij
can be computed by the following steps.
e Let Tij = Tz‘j(@ij, W)
e Let A be an |S x S|-matrix with entries a;; 2 T if (i,7) € A, and a;; 2 0, otherwise.

e Let c be the left and let bT be the right eigenvector of A of the maximal (real) eigenvalue
p of A, respectively.

®Here we show explicitely the set braces around {Qs;}.
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e The desired solution is then

L O b Gy .
= b_z . 7], (for all (i,7) € A) (3.68)
W EK-¢-b;, (forallied) (3.69)
Q5 2 uip, (forall (i) € A) (3.70)
A
where K =1/ (3;c5 cibi)-
Moreover, the maximized value is
¥ ({Qi} Q51 W) = log(p). (3.71)
Proof: See Sec. B.13. O

The next algorithm was proposed by Kavéi¢ in [1].

Algorithm 37 (Generalized Blahut-Arimoto Algorithm for FSCs) We consider a finite-
state channel with state sequence S and output Y and channel law W (y|s). Let Q§?> be some

initial (freely chosen) Markov parameter set. For iterations » = 0,1,2,... perform alternat-
ingly the following two steps.

e First Step: For each (i,j) € A in calculate Tig-r> = Tz‘j({Qg)}, W) according to Def. 21

with Markov parameter set {Ql(;)} and channel law W. They can be approximated by
the procedure given in Remark 39.

e Second Step: The new Markov paramter set {Q§;+1>}, which maximizes \I/(ng7 Q§;+1>, W),

is calculated according to Alg. 36 with inputs {Q;;} 2 {Q§§>} and W and output
r JAY *
{Q§j+1>} = {Qij}'

Theorem 38 (Properties of the Generalized Blahut-Arimoto Algorithm for FSCs)
The stationary points of Alg. 37 correspond to critical points of the information rate curve.
But only local maxima of the information rate curve correspond to stable stationary points of
Alg. 37.

Further properties can be shown if the conjectures in Conj. 41 hold (see also Sec. 3.4).
The concavity of I(Q;;, W) would imply that all mazima would lie in a connected set, whereas
the concavity of f4(Qij, W) in Qi; would imply that the algorithm gives at each iteration a
new set of branch probabilities whose associated information rate is at least as large as the old
information rate.

Proof: See Section B.14. O
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T — log(p) + log(bg) — log(ba)

T11 — log(p) + log(by) — log(by)

-3 £—2 -1 l {41 042

Figure 3.5: Trellis of a finite-state channel with two states. The values at the next to the
arrows indicate the “gain” that one has by choosing a certain direction.

3.5 Interpretation of Stationary Points of the Generalized Blahut-
Arimoto Algorithm

The update formula used in Alg 37 is

o _ by el

pzy - bz P)

where we used the notation from Alg. 36.
Assume to be at a stationary point of the algorithm, i.e., p;; = pj; (for all (i,7) € A).

Logarithmically written,

log(pij) = Tij — log(p) + log(b;) — log (). (3.73)

We can give the following interpretation: 7;; measures the “quality” of sending the symbol
when going from state ¢ to state j. Additionally, there is potentially also an advantage to go
from state ¢ to state j, as possibly one has there a slightly better information rate: this is
measured by the difference log(b;) —log(b;). (Of course, asymptotically one can transmit the
same normalized information, but unnormalized there is potentially a slight difference.)

Using the left eigenvector of the A matrix, we equivalently get (?U is the backward
branching probability from state i to state j)

log(p i) = Tji — log(p) + log(c;) — log(c;). (3.74)

We can give a similar interpretation, but now looking to the left (i.e. to the past).
For Q;; we get

(for all (i,7) € A), (3.72)

log(Qij) = Tij — log(p) + log(K) + log(c;) + log(b;), (3.75)

where K =1/ (3, ¢;b;). Also here we can give some interpretation.

In (2.50) we gave the Kuhn-Tucker conditions for a capacity-achieving input pmf for a
DMC, where we also took care of the case where some inputs are not used, i.e. some Q(x)
are zero. They can be written as

—log(Q(z)) + T'(xz) < C (with equality if Q(x) > 0). (3.76)
Similar conditions can be given for the setup in this chapter, namely one must have
—log(pij) + Tij + Aj — N < C (with equality if Q;; > 0), (3.77)

for some constants A\;, i € S.
Comment: Is it necessary to say more about the topic of Kuhn-Tucker conditions?
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3.6 How to Compute the T;; Values Efficiently
Remark 39 (Efficient Computation of T;; Values) Although the definition of the Tj;

values is quite complicated, they can indeed be computed quite efficiently. One can use the
following steps to get the T;; values with probability one as N — oo.

e Choose a large N.

e Randomly generates an input sequence and therefore a state sequence 8§, and subse-
quently an output sequence y. (With probability 1 as N — oo each of these sequences
are typical and together they are jointly typical.)

e For all (i,j) € A, £ € Iy compute Vi1 ,(,j|¥), and for all i € S, ¢ € T}, compute
Vi(ily) using the BCJR (or forward-backward) algorithm [11].

e (First possibility) Compute

. o =(N) ~(N) _
TMEy) =T, 5.3 -T, (¥, (3.78)
=(N) o
Ti; (5,9) :N+QU l; log (Ve—1,6(4, j1¥)) ,
LN
~(N) R (3.79)
T; (33 =xg X log(Ve(ily)) -
5613\,

sp=i

e (Second possibility) Computationally better (i.e. better accuracy for smaller N for the
cases where some p;;’s are low, i.e., the corresponding branches are visited rarely) give
the computation rules (see also [1])

. =) Ny

1) =Ty &) -Ti @), (3.80)
=(N) .
Ty (5) = 3 252 g (Vi 1)),
- (N) < (3.81)

T, 3) = % ¥ 108 (V(ily)).
LeTyy,

This second possibility is close in spirit to the approach taken in [12] to modify the
usual procedure to get estimates of bit-error rates.

e With probability 1 as N — oo the value Ti(JN)(é,y) and TZ-(JN) (y) will be equal to the
desired T5;.

Proof: See Sec. B.15. 0
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3.7 Symmetrization

The definition of T;; in Def. 21 is slightly asymmetric, but it is possible to symmetrize the
definition. Based on the same definitions of T,-j and T; as in Def. 21, we first propose a more
general definition of T;;. Instead of T;; = Tij —T; we set (for any 3 € R)

i‘j — (AT + (1 = B)T;) . (3.82)

After noting that

Z QUT —ZMT ZMJ Z Qi T, (3.83)

(4,5)eA €S JjeES (i,5)eA

we see that

Z Qi;Tij = Z ng% -T,) (3.84)

(i,5)eA (3,7)eA

= S QT8 Y QuTi-0-0) 3 QT (3.85)
(3,7)eA ) (i,7)eA (3,7)eA

= > QT -8, QuTi—(1-8) > QuT; (3.86)
(3,5)eA (i,5)eA (3,7)€eA

= > Qi [ i (ﬁiﬂ T)} Syt (3.87)
(3.4)€A (i,4)€A

So, with this new definition, expressions like Z (i.)EA ngng can be replaced by Z(l feA Qi;T;; A,

Simlilarly, we can show that Z(i,j)eA Q%T,J Z(w Asz ” )
The choice made in Def. 21 corresponds to § = 1. But the choice 5 = 1/2 leads to the
more symmetric definition

T AT

T;; i =5 (Ti+T). (3.88)

If for some channel and some {Q;;} we have ?ij = ?ji for all (i,7) € A (this is a very special
channel), then A is symmetric, i.e. all eigenvalues are real and the corresponding left and the
right eigenvectors are equal.

3.8 Concavity of Various Functions

Lemma 40 The functions fl(N)(Qz'j) and f1(Q;j) defined in Def. 18 are concave in {Qi;}.
Proof: See Sec. B.16. 0

Conjecture 41 We conjecture that fo(Qij, W), f3(Qiz, W), fa(Qij, W), I1(Qi5, W) are con-
cave in {Q;j}.
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3.9 The Classical Blahut-Arimoto Algorithm as a Special Case
of the Generalized Blahut-Arimoto Algorithm

A DMC can be brought into the form required to apply Alg. 37 by the following definitions.

Assume that there are n input symbols and let p; be the probability of sending symbol j. Let

S ={1,...,n}, and there is a transition from state i to state j with probability p;; and one

sends mput symbol j (so being in state j means that in the last transmission we sent symbol
7). In this setting, T}; clearly only depends on j, so we set Tw =T}. We get the matrix

eT11 Tln Tl Tn

A= L= e (3.89)

eTnl e eTnn I

[§] (S (S

eTl e eT”l

whose largest (real) eigenvalue is p = 3 eli with right eigenvector bT = 1T and left eigen-

vector ¢ = (eTl, o 7eT”). Furthermore, K =1/, eli and p; = eTi/ > el So the updated
transition probabilities are

>
o

% i € ij 1
pr ol 1 _ _ (3.90)
J bl 1 Z]/ eTj/ Z]/ eTj/

which is independent of ¢; so we can set p; = p;;. If a capacity-achieving input distribution
is achieved, the capacity is

C =log(p) = log ZeTJ . (3.91)

3.10 Noiseless Channels with Memory as a Special Case of the
Generalized Blahut-Arimoto Algorithm

Shannon [13] studied the case of noiseless channels with memory. In our setup, the capacity
of such channels equals the normalized logarithm of the number of possible paths in the trellis
representing the channel.

In that case Tj; = 1 if (i,5) € A. So in Alg. 37, the matrix A has an entry a;; = 0 if
(i,7) € A, and a;; = 0 otherwise; i.e., A is a matrix consisting only of ones and zeros. This
matrix is the adjacency matrix of the trellis. So, A in the general case can be considered as
a noisy adjacency matriz [1].

We remark that in the noiseless case a Markov source having the same memory length
as the channel is sufficient for achieving capacity (see also problem 13 of Chap. 4 in [14]).
Judging from numerical results, this seems not to be the case in the noisy case: here the
achievable information rates seem to increase as the Markov source memory length increases.



Chapter 4

Open Problems

4.1 Open Problems

The main open problems are the ones formulated in Conj. 41.
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Appendix A

Proofs to Chapter 2

A.1 Proof of Lemma 5

For ease of notation we set ), 2 Q(z). We will also need the general property
o d d d
;Qx(a) —;@Qx(a) = E;Qx(a) = —1=0. (A1)

. . . A . . .
To prove concavity of the various functions, we express @, = Q. («) as a linear function in
a single parameter . If a function is concave in « for any such parametrization, then the
function is concave in Q(z). We have

QL 2 Q5 (a) = %Qz(a) are constants, (A.2)
Q5 & S Qule) = 2-@3(a) = . (A3)

Subsequently, we will omit the argument o of Q,(«). We start with proving that H(X) is
concave.

- Z Qzlog Q, (A4)
—f1 Z Q% log Q. — Z Qx ~Qf == _ Q¢ log Qs (A.5)
d? oo ol e (Q2)
Fofil@) ==3 Q¥ logQ, - ZQ —Qr ==Y 5. <O (A.6)

We prove the concavity of H(Y').
R(y) = (QW)(y) = Z Qx> W(ylz), (A7)
y

ZQ“ (y]x). (A.8)
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( ) |
- Z (Z W (y|z) ) log(R (A.12)

(Z QW (yl) ) log(R(y) — 3 (Z Q§W<y|w>> 7o <Z Q%W(ylw)>
(A.13)

a P 2
= 12, Q]“’;z;(y’ s (A.14)

Y

The concavity of the entropy of Y follows also from the concavity of X and the fact that R(y)
is linear function in Q(z). We now prove the concavity of H(Y|X).

ZQ:{: Z W (y|z) log(W (y|x)) (A.15)
—fs ZQI Z W (y|z) log (W (y)) (A.16)
d2 fs ZQ““ZW ylz) log(W (y|z)) = (A17)

This result follows also from the fact that H(Y|X) is linear in Q(z). Therefore, H(Y|X) is
both concave and convex in Q(.). From H(X,Y)=H(X)+ HY|X)=H(Y)+ H(X|Y) we
get H(X|Y)=H(X)+ H(Y|X)—- H(Y) and so

fal@) £ fi(@) + f3(a) = fa(a) (A.18)
(@) = - fila) + - fy(@) — A fa(e), (419
2 2 2 2
5 1a(0) = G ila) + 5 fyla) ~ 5 fa(e) (A.20)

o L QOW (y|2)]?
:_;W“H; = ) = (8.21)

To proceed, we need the Cauchy-Schwarz inequality which says that

o)) () o
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41

where equality holds if and only if a, = b, for all xz. With

Qg = Qg Wé2y|$)v

QW (ylz)

we get

2
[ZQa y|$] < [Z(Qa 2W (y|z) ] ZQ;E y|$]
[Z(@WW&””) R(y))

Using this side result we obtain

(Q2)? blAQ%VB%%Q]-R@n
S_ZW+Z Ry

From I(X;Y) = H(Y) — H(Y|X) we have

fo(@) £ fal0) = fa(a).
S 1(0) = o folo) — < fy(a),
2 2 2
(@) = 5 fa(0) = 5 fale)
e e (yle)]
- Z (

—0<0.
R(y)

(A.23)

(A.24)

(A.25)

(A.26)

(A.27)

(A.28)

(A.29)

(A.30)

(A.31)
(A.32)

(A.33)

(A.34)
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A.2 Proof of Lemma 8

The first statement is clear from Defs. 2 and 7. The second statement follows from

I(Q,W) - ¥(Q,Q,W) (A.35)
=0 (Q,Q,W) - ¥(Q,Q, W) (A.36)

_ ZQ W (y|z) 1 g< > ZQ W (y|z) log <Vc;f:|f)/)> (A.37)

—ZQ W (ylz) 10g< )> ZR ZV z|y) log (K( zly ;) (A.38)
—ZR V) TV (ly)) zZR (A.39)

where the inequality follows from the fact that relative entropies are non-negative. The first
inequality of the third statement in Lemma 8 follows from the the fact that we can choose
Q = Q, whereupon ¥(Q,Q, W) = ¥(Q,Q,W) = I(Q,W) so that ¥(Q,Q, W) > I(Q,W)
holds, whereas the second inequality of the third statement of Lemma 8 follows from the
second statement.

A.3 Proof of Remark 9

Deriving
== _ Q) Y W(ylz)log(V(xly)) (A.40)
- _ . 2o Q(z)W (ylz)
= Zx:Q( )Zy:W(yl ) log (Zx/Q(w/)W(yI:c’)> (A.41)
with respect to Q(z) leads to
_9 1
500 @MW) =~ Xy: W (ylz) log(V (zly)) — Q(x) Zy: Wl) o (A.42)
" " 1
+;Q(x )Zy:W(y\x )ZIIQ(w’)W(ny’)W(y‘x) (A.43)

==Y W(ylr)log(V(zly)) = 1+1 ==Y W(ylz)log(V(zly). (A.44)

Evaluated at Q = Q this gives the desired result. We could have alternatively taken the
results from Sec. A.1.

A.4 Proof of Theorem 11

We first prove the first statement. Fix some non-negative integer r. From (2.25) we know that
\I’(Q<’">, QM W) = I(Q'),W). Taking the Q* that maximizes \IJ(Q@, Q, W) we must have
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\I’(Qm, Q*, W) > I(Q™  W). But from (2.26) we know also that \I/(Qm, QW) <I(Q*,W).
Combining these two results we have

1(QMW,w) <w(Q™,Q*,w) < I1(Q*,W). (A.45)

By showing that Q(tY = Q* we finish the proof of the first statement. For maximizing
T(Q"),Q, W) over Q under the constraint >, Q(x) =1 we use Lagrange multipliers. Solving

L0 (r) /
0= 500 <\II(Q QW) + A;Q(x )) - (A.46)
= —1og(Q*(z)) — Q*(2)/Q*(x) + T () + A (A.47)
we get for each x
. eT<T>(x)
Q" (z) = W- (A.48)

We now prove the second statement, namely that Q™ converges to a capacity-achieving
input distribution for r — co. Let Q% (z) be some initial (freely chosen) input distribution.
We use the definitions

s W(ylr)Q" ()

(r)
Vi (zly) = QNG (A.49)
T (@) 2 W(ylz) log (V“> (w\y)> , (A.50)
Yy
iy, o exp (T7(x))
QU (x) = S exp (T @) (A.51)
) 2 1 (0 W) = (0 o W) =S o® V" (aly)
cr 21 (@, w) =w (@1, @, w) _%:Q (m)%:W(yu)log( 0 )
(A.52)
(r)
olrr+1) 2 <Q(r>,Q(r+1)7 W) = ZQ(H—l)(x) Z W (y|z)log (2;%%) . (A.53)
z Yy
From Lemma 8,
00 < 00l < ... < ol < olrrtl) < olrtlrtl) < Lo < O (A.54)

Note that C" is the information rate when the input has the distribution Q{(-). We
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observe that for any x

") (
Ey: W (y|z) log (‘Q/(H(l)lz))) (A.55)

= (Z W (yle) log (V" <xry>)> ~1og (QUH(@)) oW (yle) (A.56)
Y Y

—_—
=1

- <Z W (ylz)log (V) (x|y))> ~ T (z) + log (Z exp(T") (:ﬂ))) (A.57)

Y

=0

= log (Z exp(T (m'))) , (A.58)

which is independent of x. So, using this result we get

) _ Z Q) (2) Zy: W (y|z) log (gfiﬁfg) (A.59)
= log <Z exp(T (f))) . (A.60)
Moreover we have
exp (T<’"> (m)) — exp (%: W (y|z) log (%VW)) (A.61)
~ exp (Z W) ok (- ) +1og Q@) > W(ym) (A62)
- Q" (@) - exp (Z W (gl log (%)) (A6

Combining (A.60) and (A.63), the update rule reads

exp (T (z))
> exp (T (')

) O (x) - exp (Zy W (y|z)log ((QZ%)@))) A.65
= exp (C<r,r+1>) ( . )

QU(z) =

(A.64)

Let C' = C(W) be the capacity and Q*(-) be a capacity-achieving input distribution. Using
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Equation (A.65) we observe that

. QU ()
ZQ () log< G ) (A.66)
= _Crrth 4 Z Q (x Z (ylz) log <7(QV<I:>(I%I|/J)3231)> (A.67)
(rur . Wiylz) (@ W)(y)

_ ) Z Z Q*(x)W (ylz) log < GRIEIR (QMW)@)) (A.68)
o ZZQ Wiylz)log <(g%%)> (A.69)

QW
+Z Q*W)(y)log <7((Q< >W))(EJ;)> (A.70)
= -0t ’”+1> +C+D ( H ) (A.71)
> Crr ) L+ 0=0 - 0<7” T, (A.72)

Therefore
7’7’+1 < ZQ log (%) , (A73)
and summing over r from 0 to some N
- 1 2l QU (x)

Z (C— O+ >) < ZZ Q* () log ( O () ) (A.74)

r=0 r=0 =

(N+1) (5
— ZQ*(:L') og (QQ<0> (;) ) (A.75)
(1 (N+1) T

- ZQ*($) log <QQ(0>( 33) ' QQ*(xg )> (A.76)
= D(Q* (IR () = (@ (IIRWTI()) (A.77)
<D ()R (), (A.78)

where the right hand side is independent of N. A sufficient condition for D(Q*(-)||Q‘”(+)) to
be finite is that Q{?) (x) is larger than zero for each . As C' — C{""*1 is non-negative for all
r, we must have

C = lim ¢+ = lim ¢, (A.79)

r—00 rT—00

Note that we also have

TED;OD<ZW e

) 3:)) =0, (A.80)
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i.e., the “capacity-achieving output distribution” is unique also when the capacity-achieving
input distribution is non-unique. But if there if an unique Q*(-) that achieves capacity, then
Q) (-) converges to it.

This proof was essentially motivated by the ones given in the papers by Arimoto [8] and

by O’Sullivan [9]. The proof idea in the paper by Blahut [7] is essentially along the same
lines.

A.5 Proof of Remark 12

Let C be the capacity of the DMC with channel law W (y|z) and let Q(.) be any input pmf.
Then,

C— mwin [T(z) —log(Q(x))] (A.81)

= C —min | > W(ylz)log(V (z]y)) - 10g(Q(w))] (A.82)

T
L ¥y

= € —min | Y W(yl)log <VC§Z;B) )] (A.83)

=C— mxin Z W (y|x) log <m>] (A.84)

@)
Yo 5 Q)3 W) o () (A55)
—C - 1(Q,W) (A.86)
o, (A.87)

where inequality (x) follows from the fact that a weighted sum (where the non-negative weights
sum to one) is never smaller than its smallest term and inequality (#x) follows from the fact
that capacity is always at least as large as any information rate. This result gives the first
two inequalities in the Lemma.

Let Q*(-) be a capacity-achieving input distribution and @Q(-) any input distribution.
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Then,
max [T(z) —log(Q(x))] — C (A.88)
= max | > W(ylz) log(V(x]y)) —log(Q(x)) | — C (A-89)
= max | > W (yl) log <Vq§g?§)>] —C (A.90)

L Y

— yiog (V) V]
= me Zy: W (y|z) log <(QW)(y)>] C (A.91)
(%) T
> Zm: ZW ylx) log <(g/I/(TZ//)|())> -C (A.92)
B 2o (ylz) o [ Y i)
=2 Q@2 Wl s (@) - 2. @@ Wl s (gaty) 499
_ . o [({@W)(©)
= 2 QW)les () (499
Do, (A.95)

where inequality (x) follows from the fact that a weighted sum (where the non-negative weights
sum to one) is never larger than its larges term and inequality (x*) follows from the fact that
relative entropy is always at least zero. This gives the last inequality in the lemma.
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Appendix B

Proofs to Chapter 3

B.1 Some Auxiliary Lemmas

Lemma 42 (Markov Property of A Posteriori PMFs) Using the hidden Markov model
structure of Q(s)W (y|s), we have for each £ € {—N,..., N}

Vi(ses"x,y) = V(selse—1,y) = V(se|se—1,¥0), (B.1)
(S£’Sz+1a}’) = V(selser1,y) = V(SASZH,YZ_JS\}H)? (B.2)

i.e., given'y, V(s|y) is a Markov probability distribution in s, i.e. Using these properties, we
can rewrite V (s|y) in two useful different ways as products, namely,

V(sly) = V(s sely) - V(sihilse,y) - V(sTRIse-1,y) (B.3)

= V(se—1,80ly) - V(spea |86, ¥051) - VST sem1, ¥ N 11)s (B.4)

V(sly) = V(sdly) - V(sihilse,y) - V(sTxlse,y) (B.5)

= V(sely) - (S£+1|3£a)’£+1) V(SZ—_]\HS&YZ—N—H)' (B.6)

Proof: See Sec. B.17. O

Remark 43 (On the Markov Property of A Posteriori PMFs) Considering the cor-
responding (Forney-style) factor graph (normal graph) [15, 16] of the hidden Markov model
(see Fig. B.1), the statements in Lemma 42 are rather straightforward.

[y o ) s I S I o L
\—‘:l/_l \—‘_!/0 \—‘_tﬁ \—‘_IYZ \—‘_IY

Figure B.1: Forney-style factor graph (normal graph) representing a hidden Markov model.
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Lemma 44 (Some Derivatives) With the setup as in Def. 14 we have

LR DTS DI B DSOS D BECE

(3,5)eA eIy (i,5)eA ezl
Sp_1=1,8p=J sp= »L
d
Z@ )log Q(s) =) <£Q(S)> log Q(s). (B.8)
Proof: See Sec. B.18. g

B.2 Proof of Lemma 22

Using the definition of Q(s) in (3.7) we obtain the first statement.

> QE) 0@ (B9)
_ % ZQ(S) log (IUSN H p3g1,sl> (Bl())
Leln
ZQ Jog (ks ) % Y > Qs)1og (ps, ys0) (B.11)
ZEIN s

N,ZQ S_N log s N N’ Z Z (801, 5¢) log (pse 155) (B.12)

LELN Sp_1,8¢EA

= ﬁ ZW log (i) + W Z Z Qi log (pij) (B.13)
= (€T (i,5)eA
1
= 2_Hilog () + Y Qijlog (pig), (B.14)
€S (i,5)€A
N/ Z QZJ lOg lul Z ng log ng) (B.15)
(i,5)eA (i,5)€A

This essentially follows also from H(X_n, ..., Xn) = H(X_N)+D ez, H(Xe| X-N, ..., Hp1)
H(XN) + X pery H(Xe|Her),

B.3 Proof of Lemma 23

We want to derive

({sz Z sz log pzy Z sz IOg Nz) (B'16)

(i,5)eA (z Jj)EA
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o1

with respect to a.

d (v
@) (B.17)
== > Q%log(pi) — > Qmp Py — Z Q3 log (1) —N > Quﬂ
(i,j)€A (i,j)€A g (i,)€A (i,§)€A
(B.18)
=— > Qlog(piy) ZMZPW Z Q3 log (1) Zuz me (B.19)
(i.j)eA €S jea, (i.)€A €S X,
== > Qlog(py) Zuz Zp” Z QS log (114) Zuz (B.20)
(i,j)€eA €S jGAl (z,j)E_A ZES
H,_/
= — Z Q7 log (pij) Z Q7 log (ki) (B.21)
(i,j)€A (i,j)€A
B.4 Proof of Lemma 24
We would like to rewrite the function fiN)(Qij, W) given in Def. 18, i.e.,!
N 1
Qi W) = 55 2 Q) D W(yls) log (V(sly)) . (B.22)
s y
using the T;;’s as given in Def. 21.
V(sly) = V(s_nly) - ] V(selsy (B.23)
LeTn
(s-nly)- I Vselse-1,y (B.24)
LELN
-1
Vise_1,s
=V(s_nly)- [] Werr,ody) I VGseevsedy) | - | T] Viseealy) |
e V(sely) . ;
N €In LeT),
(B.25)

'For convenience reasons, we consider —fiN) (Qij, W) instead of fiN)(Qij, w).
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where equality (*) follows from Lemma 42, and so

—fiN’@ij, W) (B.26)
== Z > Qs Z yls)log (V (se-1, sely)) (B.27)
ZEIN S
ZZQ ) > W(yls)log (V(sely)) (B.28)
ZGI’ s y

Z%Z > Qi Z Qs s alse-1,50) Y W (yls)log (V(se—1, sely))  (B.29)
y

eIy (iDed S

N Z Zﬂz Z Q(s“ 1, sp1ls0) ZW yls) log (V(sely)) (B.30)

ZeI’ €S s
= > Qm >3 Z Q(s % s lse—1,50) Y W (yls)log (V(se—1, sely))  (B.31)
(3,5)eA ZEIN ) y

Sp_1= LéeJ

—Zm 0D Qs siklse) ZW yls)log (V(sly)) (B.32)

€S et °

N sp=1
=(N) =N
S oQuTy =S Wt (B.33)
(i,7)€A 1€S

Using > ;cs i = X2(; j)e.a @ij this can be cast the into the form

_f4 Qlja Z ng ij Z QZJT(N Z QU 2] . (B34)

(i,5)eA (i,j)eA (i,j)eA
B.5 Proof of Lemma 25
If the reader has not yet looked at Lemmas 42 and 44, we recommend to to so, because their

results will be used here.

One must be very careful when deriving V (s|y) with respect to «, as V(s|y) depends on
Q(s), which depends on Q;;, which depend on «, see also (3.7)-(3.10).

Deriving

ARl N,ZQ ZWy| )log (V (s[y)) (B.35)

- 5 246) DN iog (TR ) (B.36)
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with respect to « yields (in the following, we will use the abbreviation J 2 —% iN)(oz, W)

(A D (QEW ()
T=% Z (daQ( )> Zy:W(y\ )1 g( RG) > (B.37)
3 DA L W5 (5:00) (B.33)

s y
- DO T W) () (B.39)
-v Y (o) 3 Wyl o (Vi) (B.40)
- % Z (%Q(s)) Zy: W(yls) —% Zy: g(—g (%R(y)) (B.41)
—_——
=1
-5 2 (429 52 Wyl o (Vs (B.42)
+ %% Z Q(s) —%% > _R) (B.43)
- T
-v Y (400) 2 Wyl o V1) (B.41
2EX| e LIy gy > @ (549
s (i,5)eA ff:f{\;l:] K (i,5)€A zeI: H

x Y W (yls)log (V(sly)) (B.46)
Yy
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where equality (x) follows from (B.7). We continue to evaluated J,

N/Z > Q% > Q ZW yls)log (V(se—1,8¢]y)) (B.47)

s (i,7)€A eIy
Sg—1= 15[ =J
S
DI DY %Zmy\smg (Vs 5oy ) (B.48)
s (i,5)€EA eIy v y

Z > Q% Y o) ZW yls 1og< (:ﬁISe-l,yZ&H)) (B.49)

) (J eA ZEIN
él 1= lSl ]

w23 e Z ZW yls)log (V (sely)) (B.50)
s (i,j)eA teTyy
sp=1
Z > @ Z ZW yls)log (V(sphalse, yit1)) (B.51)
s (i,j)eEA teTyy
Se:'l
Q(s) —1 ¢
——Z >y Y =Y wiyls)log (Vs s yin)) (B.52)
s (i,j)eA teTly y
sp=1

and equality () follows from Lemma 42. But this is equal to

J:% Z Q3 Z Z Q(s* N,Sé+1|84 1,50 ZW y|s)log (V(s¢—1,s¢ly)) (B.53)

@eAd  LeIn 5., y

~7 Z Qi Z ZQSZ—H’SZ ZWYZ—I—I‘SZ log (V(sgy1lse, y241)) (B.54)

(Z,j)E.A Leln SN yl+1

%Y Z QHlse-1) 32 WS alsta) log (V(sSilse-1.¥5.0)

(z,])eA Leln é 1

e N+1
Se 1= =1
(B.55)
1 o _
— 5 2 QD0 D QG sils) Y Wiyls)log (V(sely) (B.56)
(i,7)eA LeT, 5;:2. y

1
N Z Q5 Z ZQ (s71ls0) ZW Yisalst)log (V(sehlse. yi1)) (B.57)

(4,5)eA ZEI/ sé\r yl+1

¥ 2 Q5 Y Q65 3 Wil log (V(sHse, v ni))
(3,7)eA LET) st

SZ’L

y7N+1

(B.58)

=) —(v) =) —=(N)
In the following, we use T';; , T; ', T;; "(€), and T; " (¢) from (77), (3.37), (3.38) and (3.38),
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which we repeat here for the convience of the reader,?

—(N _
T 2 Tg- )T (B.59)
=(N) =(N)
Tz'j - N, ZZGIN ij (6)
AN) A N) (B.60)
Ty =5 ez, Ti ()
=) A (-2 N
g (0 = X QT spylse—1,50) 3o, Wyls)log (V(se—1,sely))  (for £ € Iy)
Sp_1= iSZ J
—(N A
TV 2 5 QG st ls) Xy Wiyls)log (V(sdy))  (for £ € Ty)
SZ—’L
(B.61)

and we define additionally

Xl Z Q(sp1se) Z W (yialse) log (V(sihalse, y2ia)) (B.62)
sy’ ] yz+1
Se:l

— A1 -1 ¢

Xi(l) = N Z Q ‘35 Z Wy N+1‘S ) log (V(sZylse: Yoni1) ) (B.63)
sty y7N+1
Sp=1t

X2 > Xilo) (for all d). (B.64)
LTy,

These expressions help us to analyze the above sum representing J.

. =(N) ( )
e The first term is equal to (1/N') 3= ea @F 2vezy Tij (O = 23 j)ea @5 Li;

the second term is equal to } ;e 4 @F D rey X ;(0),

the third term is equal to 37 e 4 @F; D rezy il —1),

. o = (N
the fourth term is equal to —(1/N") 37 ;e 4 Q5 ZZEI}\I Ti(0) = = X ijyea QU ; ),

the fifth term is equal to — Z(i,j)eA Q% ZZEI& Xi(0),

e the sixth term is equal to — 7, e 4 QF) EgeI;V Xi(0).

—(N) —
2Note that in Ti(jN) =T, — TE-N), every state s, for £ € [-N, N] is “estimated” (i.e. appearing in V (.|y)

before the bar) once (when counting with “multiplicities”).
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Therefore, we can rewrite J as

> ey |T _z(jv - 4 YN0+ D X=X - Y 72‘(5)]

(4,)€A L Lely Lely LeT), LeTY
(B.65)
N-1 N-1 N-1
> Qi Mt Z X0+ Y - Y Xi0- > Yi(e)]
(i,j)eA L —N+1 {=—N f=—N4+1 l=—N+1
(B.66)
M) N-1
= Z Q3 Ti( + Z Xt Z Yi(f)] (B.67)
(w)eA —N+1 f=—N+1
Z Q7 [Ti(jj\f) + 73’ - 71} ; (B.68)
(i,5)eA

where equality (%) follows from X';(N) = 0 and *;(—N) = 0, and equality (**) follows from
(B.64). The side result

(Wi -Xi) Q5= Q% | - Xio ) Q% (B.69)
(i,)eA €S

(i,f) €A
?z) (B.70)

= X5 Q5| — XiQR (B.71)
(i,j)EA (ki) eA

- ( > %Q%) - ( 7]-/'@%/) =0, (B72)
(i,5)eA (i',4")eA

where equality in (x) follows from Zjez Qf = > cq Qi (for all i € S), and at equality in

A VAN . .
(xx) we have made the substitutions j =4 and i’ = k, helps us to simplify (B.68) even more
to

= > Q-1 (B.73)

(i,7)eA

Remembering that we set J 2 —d— (N)(a W), we have the desired result.

B.6 Proof of Lemma 28

This follows easily from Def. 27 and Lemma 24.
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B.7 Proof of Lemma 29

From Def. 27 we have for some fixed &

G0 w) = - Y Qi) T (@). (B.74)
(1,j)€A

Because the T( )( )’s are independent of «, we easily get

d vy, ~ « N) a N)

P ‘1( )(oz,oz,W) = —— Z Qij(a TZ(] (@) = - Z Qz‘j(a)‘Ti(j )(a)
a= ( 7j E.A a=& (7’7])6"4 a=a
B.75)

a(ay N) ~
=— Y Qu@ 1@ (B.76)
(i,)eA

This expression is equivalent to g f4 ( W) (as given in Lemma 25) evaluated at o = &.

B.8 Proof of Theorem 31

From Def. 19 we have

I™(Quy W) = fi(@Qig) = 117 (Qug W). (B.77)
Using Lemmas 22 and 24 this turns into
N)
(N)(Qija Z sz lOg pzy N,Z,Uz lOg ,Uz Z sz TZ(] (B'78)
(3,5)eA €S (i,5)eA
1 N
Z Qij - [ log (pij) — N,erTi(j )], (B.79)
(i,4)€A

where at equality (x) we used that ), s = Z(i,j)eA Qij-

B.9 Proof of Theorem 32

From Def. 19 we have

I™M(@Qi;, W) = 1M (@Qiy) — £V(Qiy. W), (B.80)
therefore

d d d

£I<N><QU,W>= V@) - N)<Qz-j,W> (B:81)
Z Q7 [ log pw) log m} >y (B.82)
(i,5)eA (3,7)eA
Z Q7 [ log(pij) — /log(ui)—i—Ti(jN)}, (B.83)
(3,7)eA

where equality (%) follows from Lemmas 23 and 25.



58 PROOF OF DEFINITION 33

B.10 Proof of Definition 33

We calculate

N (Qij, Qi W) 2 (N)@ij)—fiw’(@ij,czij, W) (B.84)
®) Z Qij - [ log(pij) — log uz} Z Qij - TZ(]N (B.85)
(1,5)eA (i,7)eA
=Y Q- [ log(pi;) — N,log(m)%&”’}, (B.86)
(1,j)€A

where equality in (%) follows from Lemma 22 and Def. 27.

B.11 Proof of Theorem 34
In Def. 33 we defined
M (@i, Qi W) £ 1V(Qig) — 11(Quy, Qi W), (B.87)
whereas in Def. 19 we had
1(Qi. W) = £7(@Qi) — £ (Qig. W), (B.88)

Using the relation fi(N)(Q,-j, Qij, W) = 4(N)(Q,-j, W), which was shown to hold in Lemma 28,
we get the desired result.

B.12 Proof of Theorem 35

Let Qi = Qij(w), fix some &, and let TZ(jN) = E(JN)(QZ-]- (a), W). We have to derive

v (G0, W) 2 3 Qy(a) [~ log (ris(a) + T3] (B.89)
(i,7)eA
with respect to .. This is not too difficult, because here the Ti(jN)’s are constants.
d
da (QU( )7 Qij(a)7 W) (BQO)
> Q@) [— log (pi; () +T(N} + 3 Qijla ( )p”( a) (B.91)
(i,5)eA (i,)€A pzy
a N
(iuj)E-A €S ]ez
« = (N
> Qi) [— log (pij () + T )} : (B.93)
(i,7)eA

where equality (x) follows from Zjef pij(a) = 1 for any a. Evaluating (B.93) for a = & and
using Th. 31 gives the desired result.
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B.13 Proof of Theorem 36

We have to maximize
3 Zj’efi Qij’ -
v ({Qij}v {Qi;}, W) = Z Qij T + T
(i,5)€A K

over {Q;;} under the constraints®

> Qy=1,

(4,5)eA
S Qri=)Y Qy (forallies).
kEA; JEA;

This is equivalent to setting the gradient of the Lagrangian

EalE)

(i,5)eA
A ( > Qijl) + A (Z Qri— Y Qij)
(i,j)€A €S \ked; jeA;
> et Qigr 3
- Z Qij <log< ji; d + 13
(i.5)€A Y
A( Z Qijl) + ( Z AjQz‘j) - ( Z )\in’j)
(i,7)eA (i,7)eA (i,7)eA
equal to zero:
a%Lij Lo (for all (i,7) € A),
!
a =0
gfl =0 (forallies).

Solving these equations we get

1 OL Zjlez Qi - 1 1

jGA j E.A sz

=1

- logpij + T+ A+ =N (forall (4,5) € A),

= > Qy—1,

(i,5)eA
; Z Qri — Z Qi; (forallieS).
keA; jéz

3For the moment, we neglect the constraints Q;; > 0 for all (i,7) € A.

(B.94)

(B.95)

(B.96)

(B.97)

(B.983)

(B.99)

(B.100)

(B.101)

i

(B.102)
(B.103)

(B.104)

(B.105)
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So
pij = oA~ Ai+A T (for all (4,) € A). (B.106)

By the definition of the p;;’s we must have

Y pij=1 (forallies), (B.107)
JEA;
therefore we get
Z elireh = e~ reti (for all i € S). (B.108)

. rad
JEA;

Let A be the matrix with entries

T (if (i. 1) €
ER S y (Z"]). ) (B.109)
0 (otherwise)
and let b be the (row) vector with entries b; = e, and p = e, then
AbT =p. b7, (B.110)

i.e., b” must be a right eigenvector of A with a positive (and therefore also real) eigenvalue
p. Moreover, all entries of b” must be positive (see also the comment on page 61). Inserting
these results into (B.106) we get

=

pij = b—] % (for all (i,7) € A), (B.111)

i

From ) ;s pipij = pj (for all j € S) follows

bidis .
Z,ui 0% p; (forall j €8), (B.112)
s bip

and by letting the (row) vector c¢ have entries ¢; = p;/(Kb;) (where K will be determined
later) we obtain

Zcidij =p-c¢; (forall j€S8), or,equivalently, cA =p-c, (B.113)
€S
i.e. c is a left eigenvector of A with eigenvalue p, whose entries must be non-negative. Con-

sequently, to fulfill ), g u; = 1, we must have

1
pi=K-ci-b, (forallies8), with K=—=——. (B.114)
D ies Cibi

. A A A . . .
Finally, we set pj = p;, pj; = pij, and Qj; = p;p;;. We still have to determine what eigenvalue

of A we have to take.
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We would now like to show that ¥ (Q;;, Q*, W) = log(p). This indeedfollows from
J 17

v ({Qu}AQ5 1 W) (B.115)

1 _
= > upj <10g <—> + ]> (B.116)
(i)eA Pij
Z 147 Dij <1og ( ) +log(a2])> (B.117)

(i,4)eA
Z kc;b Zb flw <0 <bb iP > +log(aw)> (B.118)
(z,] )eA Z i
Z ke;aijbi(log(b;) + log(p) — log(b;)) (B.119)
(z,])EA
<chl log(b;) + log(p Za,] ) - = <Zkb log(b;) Z c,-dij) (B.120)
€S JjES jES ie?
— Hj,_/
=pb; =pc;
= Z i log ) + log(p Z i log(b; (B.121)
€S JjES
= log(p), (B.122)

where at step (%) we used Tj; = log(a;;) for (i,5) € A.

log(p) would clearly be maximized by taking p to be the largest real eigenvalue of A.
But, as we have seen before, the right eigenvector corresponding to the eigenvalue p must
have positive entries and the left eigenvector must have non-negative entries. The question is
whether this can be fulfilled at all.

For an irreducible and non-negative matrix A one can indeed show that these conditions
can be met [17], p. 508. One can show that such matrices have a real eigenvalue whose
modulus is the largest of all eigenvalues. Moreover, it is an algebraically and geometrically
single eigenvalue. (There may be other complex vector having the same modulus, though.)
Such an eigenvalue, which is called the Perron eigenvalue, has a left and a right eigenvector
whose entries are all positive, respectively. When their entries sum to one, respectively, one
calls these eigenvectors the right and the left Perron eigenvector, respectively.

We come now shortly back to the comment in Footnote 3: from the above comments we
must have QS) > 0 automatically, i.e. neglecting these constraints at the first place was legal.

We now confirm that log(p) is indeed the largest possible value for T({Qi;},{Qi 1, W)
for given {Q;;} and W and varying Q;;. Let {p;;} be the solution given in (B.111). For any
{pij} with corresponding stationary probabilities {y;} we have
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v ({Quh 1051 W) = v (@} {Qu} W) (B.123)
1
= log(p) — Z HiDij (log ( ) + Tw> (B.124)
(ij)eA Pij
- % gt 22 (3125
(i.j)eA T /p
) Zm Z pij log <plj> + Z wipi; log(b; Z pipij log(bs (B.126)
€S jea, Pij (i.)€A (i.j)€A
>0 ()
> Z log Z MiPij — Z 2% log z) Z Dij (B'127)
JES ic J 1€S ]ez

———— N——
. =1

=1
= Z i log(b; Z ;i log(b; (B.128)

JES €S

where at step () we used the fact that for a;; = 1 we have els /p = pi; - bi/bj and (xx) follows
from the fact that relative entropies are non-negative.

We note that once given the correct solution, (B.123) - (B.128) are sufficient to show that
this is also the optimal solution.

B.14 Proof of Theorem 38

Assume that at itertion r we found {Qg> } and that this is a stationary point of Alg. 37. For

any parametrization Q;; = @Q;j(«) with a single parameter o where Q§;> = Qi;(&) (for all
(i,7) € A) for some &, we must have

d
—U =0. B.12
V@) =0 (5.129)
But by Th. 35 we have
i\If(~ W) = iI( W) (B.130)
da a? a? a:~ da a? a:d b .
therefore
d
—I(a, W) =0. (B.131)
o a=a

We can also show the reverse dirction, from which we conclude that the stationary points of
Alg. 37 correspond one-to-one to critical points of the information rate curve.

But critical points of the information rate curve that are not maxima are not stable
stationary points of Alg. 37. This is because for estimating the T;;’s we take only finite-
length state and output sequences, therefore at each iteration the estimates vary slightly. At
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a local minima, as soon as the algorithm gives a {Q;;} that does not correspond to the critical
point, the algorithm will with probability 1 (as N — oo) not return to the minimum point
at subsequent iterations. At terrace points the algorithm will with non-vanishing probability
give a new {Q;;} whose information rate is larger; in subsequent iterations the algorithm will
with probability 1 (as N — o00) not return to the terrace point.

B.15 Proof of Remark 39

We consider the first proposed possibility to compute T;;. From Def. 21,

T =5 > QT sl 0 Yo WIS log (V(sen,sly) (B132)

ten sp—1= ”e =Jj Y

N/Z Z Q ZWyI log (V(s¢—1,8¢]y)) (B.133)

=2 QE)W(yls) ﬁ > log (V(se—1,sely)) (B.134)

sy Yo eezy
Sp_1=1,8p=3

Let § be a (typical) state sequence and ¥ be a (typical) output sequence. Then we have the
approximation

=(N) 1

T ~ g, ST log (Vierlin ). (B.135)

eIy
Sp—1=1,50=]

(B.136)

for finite N, and we have equality with probability 1 for N — oco. Similarly,

= 3 S QU R sl Y Wls) log (V(sily)) (B.137)

ZEI;V 5; i y
N/ > Z ZW yls)log (V(sely)) (B.138)
eIy 2

Z log (V (s¢ly)) (B.139)

eez’
.SZ L

=> > Qs)W(yls

Let § be a (typical) state sequence and § be a (typical) output sequence. Then we have the
approximation

T R~ Z log (Vi(ily)) (B.140)

eez’
.SZ L
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for finite N, and we have equality with probability 1 for N — oco. Similarly,

We now consider the second proposed possibility to compute 7;;. We transform the

—(N)

expression of T';;

=(N) 1
Ty =3 oY QBTN stalsio1,50) > Wyls)log (V(se—1, sely))

el S ) y

B 1 Qs8N Ise—1,50)W (y]s)
- Ey: R(y) 7 ZEEI:N Z: R(y)
Sy X X T o (Vs
y JASIAN: o 1=Sz‘,sZ_J' z]
SOILTIECD DD DRI T (RRRN)
y JASIAN: S ) Y

= YR | 3 Tl I i) |
y

ey @iy
Let § be a (typical) output sequence. Then we have the approximation
=(N)

. i Z W—l,f(imﬂy)
! Qij
for finite N, and we have equality with probability 1 for N — oo. Similarly,

Z > QTN st lse) ZW (v[s)log (V (sc]y))

ij log (Ve—1,6(4,41¥))
LELN

ZEI}\, 6; ;
= ZR Z Z N=S£+1‘3£) (v[s) log (V (sely))
y N & = R(y)
_ 1 QEWKIS) | e,
=Y eezsz Z Ry e (V)
~S) ¥ Y T g (vl
y Ty 2, !
=Y RO) | 2 10 1ty
y teryy,

Let ¥ be an (typical) output sequence. Then we have the approximation
—(N Vi( \y -
Z (Ve(ily))
ZeZ’ g

for finite NV, and we have equality with probability 1 for N — oo.

log (V(s¢-1, 8¢]y))

(B.141)

(B.142)

(B.143)

(B.144)

(B.145)

(B.146)

(B.147)

(B.148)

(B.149)

(B.150)

(B.151)

(B.152)

Remark: We are aware of the fact, that this section needs more comments concerning the

required ergodicity to otain these results.
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B.16 Proof of Lemma 40

. A . . . .
To prove concavity, we express Q;; = @;;(«) as a linear function in a single parameter a. If a
function is concave in a for any such parametrization, then the function is concave in {Q;;}.
Therefore we assume

d
b 2 @Qij are constants, (B.153)
oo & d?
ij = EQU = 0. (B.154)
Again, we have
Y oQii= > ey (B.155)
(i,5)eA (4,5)eA

Note that
d d
= > Q) =) Q6). (B.156)

From Lemma 23 we already have the derivative of fl(N)(oz) with respect to a.

d
@ l(N) Z Qz] log ng Z Q 10g ,Uz (B157)
( 7J)6~A ( J)E.A
= Ji1 + Ji2, (B.158)

where we defined the first term (with sign) to be Ji; and the second term (with sign) to be
J12. Continuing, we get

%Jn == Z (Q7") log <Z /Qij .,,> (B.159)

(3,7)€A

Q5 ot Q5 Qi (B.160)
;;A ]QZ] J ;;.A JZJGA ng Z,:
(Zex )
JEA; i
(Z;.A Q” "2 2yea Qi

(B.161)
€S

To proceed, we need the Cauchy-Schwarz inequality which says that
2

dabi | < (Doad ]| D v, (B.162)
J J J

where equality holds if and only if a; = b; for all j. With

aj = TJ (B.163)
)

= /Qijy (B.164)

E
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we get
2 (@)
DRy <X Q] > Qi |- (B.165)
JEA jea, JEA;
Using this side result we obtain
2
d ( ?’)2 (ZJE.A a>
o= Z -t Z SO (B.166)
da iea Qi S 2 e, Qi
(@3)?
> Yy <2j€z - ) (Eyex ) (B.167)
< - —— + )
Z,J)E-A i€S jEA;
- =0. B.168
© Z QZ] Z ng ( )
1,j)EA (i,)€A
On the other hand,
d
@Jm = Z Qi log(14:) Z Q (B.169)
(m)eA (i,j)€A
Z WP uz - = Z by uz (B.170)
(i,)eA (i,j)eA
Nz
- N Z Dij — N/ Zlu’l Z pz] (Bl?l)
ZGS JEAZ 1€S ]EAZ
) 1 5 (1)’
= -5 ; =<0, (B.172)

where equality (%) follows from QY = 0 and Q7 = pi'pi; + pipy; and equality (xx) from

Zjezpij =1forallieSand ), jex, TPl = 4 e Pij = 0. Combining, we get

d? d d
%ﬁ(m(a) = @Jll + @le <0. (B.173)

Alternatively, one can use the log-sum inequality (see e.g. p.29 of [14]) to derive this
concavity result (we checked that only for the concavity of fi(«).

B.17 Proof of Lemma 42

The joint pmf of S and Y is given by P(s,y) = Q(s) - W(y|s). From the Markovianity of
Q(.) we have for any ¢ € Iy

Q(sels ) = Q(selse-1), (B.174)
Q(s) = Q(sr—1,5¢0) - Qs 2ls0-1,50) - Q(spa|se—1, 50), (B.175)
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and from the hidden Markov property that

P(yls"y) = P(y“y11s28) - P(y7 Ise-1), (B.176)
P(yls’ y) = P(y“n411858) - P(y? |se, se-1), (B.177)
therefore
P(st \,y)
V(seds“y.y) = P(?E,) (B.178)
¢
:Q(Sg—j\lf) P(yls y) (B.179)
Q(s"y) - Plylsy)
Q65 Qgsm 28 fyfjétllisf:]&)- 5(3’%3@78@—1) (B.150)
Q(sZ ) P(y N+1’3—N)'P(YZ |80-1)
Q(selse—1) - P(y} |se,50-1) (B.181)
(YZ |5€—1)
_ Q(se-1,80) - P(y) |50, 80-1) B
= Q) Py M) (B.182)
_ P(se-1,80,57)
= —P(Sg_l,yév) (B.183)
= V(Sz‘Sg_l,yéV) (B184)

Continuing from (B.182), we also have (using the equivalence W (y* N+1 |se, Se—1) = V[/(yz__A}Jr1 |s¢—1))

_ Q(se—1,50) - W(yy Ise, s0-1)
V(selsy.y) = B.185
(sels—v.¥) Qse-1) - W(y|se-1) ( )
Q(se—1,50) - Wy Ise, se-1) - Wy 54 1ls650-1) (B.186)
Q(s¢-1) - W(Yz |se—1) - W(y N+1|5€ 1)
P(s¢_1,50,y)
=TT ToJ) B.187
P(se-1,y) ( )
= V(selse-1,y). (B.188)
This proves (B.1); proving (B.2) is along the same lines. With this, we can show (B.3)-(B.6)
V(sly) = V(se—1,sely) - V(s“ ¢ |se-1,50,y) - V(spiq st n. ) (B.189)
(sf—lv sfb’) ’ V(SZ__]\27|SZ—17 Y) ’ V(Sé\—fi-l|sé7 Y) (B190)
(35—17 SZ‘Y) : V(Sé__j\%‘SZ—h ye__j\:}+1) ' V(Sé\-[i-llsfa yé\—fi-l) (Blgl)
(B.192)
and
V(sly) = V(sely) - V(s“xlse,y) - Vst sty ¥) (B.193)
= V(sely) - V(s Wlse,y) - VIsphalse y) (B.194)
= V(sely) - V("N Is6, ¥ ni1) - VISP lse, yi1)- (B.195)
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B.18 Proof of Lemma 44

Remark: although the following derivation might look quite lengthy, the idea behind it is

quite simple. To give it, we look at a simplified example. So, let g(«) 2 g1(@) - g2(a) /g3 ().
Then

o) = 203 (den @) + 267 (G - 2505 (fom(@) - @290
= 26 (qan@) + 265 (qan@) - 5 (Gam@). it

For proving the first part of the Lemma we start with Q(s) as given in (3.7), i.e

HZEIN Qséflvsé

) (B.198)
Hzez;\, s,

Q(s) =

or logarithmically,

log(Q(s)) = | > log (Qs“,s[)) - (Z log (usl)) (B.199)

telny LT

- Z Z log (Qsthsz) Z Z log (ps,) (B.200)

(i,j)eA  LeInN 1€S ezl
Sp—1=1S8p=J Sp= ’L

= Z Z log (Qij) | — Z Z log (1s) | - (B.201)

(i,j)eA  ¢€In i€S teTh;
sp—1=%80=] sp= L

We have

%log@(s)): >, > Q%] i Zz—m (B.202)

(t,j)eA  t€In i€S ezl
Sp—1=45p=] sp= ’L

= 3 e X Qi] > ou Zm : (B.203)

(i,5)eA eIy €S et
50—1=1:5¢=] sp= =

But from £ log(Q(s)) = (£ Q(s))/Q(s) it follows that

ORI CIIE I SRR S o B DD S

(i,5)€A eIy g €S et
Sg—1=05¢=7 sp= z

(B.204)
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From 3,5 pi = D _(; jea Qij and therefore 37, o i = 37 (; ;e 4 @7y it finally follows that

d o Q(s) o Q(s)
daQ(S): E Q% E o, |~ E QME | (B.205)
(i,5)eA LeIN (i,j))€EA  teT)
Sg—1=%50=J sp=i

The second result follows from

% > Q(s)log Qs) = (%Q@)) log Q(s) + Y _Q(s) st) <%Q(s)> (B.206)
=2 (%Q(S)> log Q(s) + ( %Q(s)) (B.207)
= (%Q(s)) log Q(s) + % > Q) (B.208)
s s ~
=> (%Q(@) log Q(s). (B.209)
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