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tWe use the generating fun
tion formalism to 
al
ulate the fra
tal dimensions forthe per
olating 
luster at 
riti
ality in Erd}os-R�enyi (ER) and random s
ale free(SF) networks, with degree distribution P (k) = 
k��. We show that the 
hemi
aldimension is dl = 2 for ER and SF networks with � > 4, as in per
olation ind � d
 = 6 dimensions. For 3 < � < 4 we show that dl = ��2��3 . The fra
taldimension is df = 4 (� > 4) and df = 2��2��3 (3 < � < 4), and the embeddingdimension is d
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 = 2��1��3 (3 < � < 4). We dis
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Introdu
tionRe
ently, mu
h interest has been fo
used on the properties of large s
ale net-works [1{4℄ due to their relevan
e to many real-world networks. One of themain properties studied in networks has been their per
olation properties [5{9℄. Per
olation theory is relevant to the stability of 
omputer networks torandom failures and intentional atta
ks by Ha
kers, to the stability of e
ologi-
al and biologi
al network, to the spread of viruses in 
omputer networks andof epidemi
s in populations, and to the immunization of these networks.In this paper, we study the fra
tal properties of s
ale free and Erd}os-R�enyinetworks [10{12℄ near the per
olation threshold. It is well known that random� Corresponding author. E-mail: 
ohenr�shoshi.ph.biu.a
.ilPreprint submitted to Elsevier S
ien
e 20 November 2003



networks, having N nodes, present very short distan
es between nodes, whi
hs
ale as d � logN [13{16℄. It has re
ently been shown that s
ale free networksa
tually present even shorter distan
es, whi
h s
ale as d � log logN [17{19℄.Here we dis
uss the behavior of networks at the 
riti
al point of the per
olationtransition, and show that the distan
es be
ome mu
h larger and the networkhas a fra
tal behavior of d �M1=dl , where M is the size of the largest 
luster.Our study extends known results from per
olation theory, and in parti
ularin in�nite-dimensional per
olation [20{22℄.The generating fun
tion formalismTo study the behavior of the network near and at the per
olation transition,we use the generating fun
tion formalism similar to [9,7℄. We begin by buildingthe generating fun
tion for the degree distribution:G0(x) = 1Xk=0P (k)xk ; (1)where P (k) is the fra
tion of nodes having degree (number of 
onne
tions)k. For s
ale free networks P (k) = 
k�� (k > k0). For ER networks P (k) =e�zzk=k!. The probability of rea
hing a site by following a link is proportionalto k [6,7℄ and therefore the generating fun
tion for the out degrees (i.e. thenumber of links ex
ept the one through whi
h we arrived) of sites rea
hed byfollowing a link is: G1(x) � G00(x)G00(0) = 1Xk=0 kP (k)hki xk�1 : (2)If nodes (or alternatively, link), are removed with probability p, they existwith probability q = 1� p leading to the new generating fun
tion:F1(x) = 1� q + q 1Xk=0 kP (k)hki xk�1 : (3)Suppose now that we follow some bran
h, by starting at a link and followingit in some dire
tion. The distribution of the links outgoing from this site isgiven by F1(x) and the distribution of bran
h sizes is given by the generatingfun
tion H1(x) de�ned by the re
ursive equation:H1(x) = 1� q + qxG1(H1(x)) ; (4)and the distribution of 
luster sizes is given by the generating fun
tionH0(x) = 1� q + qxG0(H1(x)) : (5)2



Per
olation ThresholdThe total fra
tion of the network o

upied by �nite 
lusters is given by H0(1).This is normalized to 1 as long as the entire network 
onsists of only �nite
lusters. However, for some value of q, denoted q
 the network undergoes aphase transition, where a giant 
omponent is formed and o

upies a �nitefra
tion of the network. This threshold is determined by the point at whi
hthe average number of outgoing links from a node rea
hed by following a linkis larger than 1, allowing the bran
hing pro
ess to 
ontinue. This is determinedby the 
riterion F 01(1) = 1 ; (6)leading to the 
riti
al threshold [6,7℄1� p
 � q
 = hkihk2i � hki : (7)As 
an be seen from Eq. (7) the 
riti
al threshold vanishes for networks havingdegree distribution with a divergent se
ond moment, su
h as the s
ale freedistribution with � � 3 [6℄.When the network is diluted one 
an use Eqs. (4) and (5) to �nd the size ofthe giant 
omponent, P1(q). The equation for P1(q) 
an be written asP1(q) = q(1� 1Xk=0P (k)uk) ; (8)where u � H1(1) is the smallest positive root ofu = 1� q + qhki 1Xk=0 kP (k)uk�1 : (9)This equation 
an be solved numeri
ally and the solution may be substitutedinto Eq. (8), yielding the size of the spanning 
luster in a network of arbitrarydegree distribution, at dilution q [7℄.To obtain the behavior at and near the 
riti
al threshold, Eqs. (8) and (9)should be expanded near the threshold [23℄. Eq. (8) has no spe
ial behaviorat q = q
; the singular behavior 
omes from u in Eq. (9). Also, at 
riti
alityP1 = 0 and Eq. (8) imply that u = 1. We therefore examine Eq. (9) foru = 1� � and q = q
 + Æ:1� � = 1� q
 � Æ + (q
 + Æ)hki 1Xk=0 kP (k)(1� �)k�1: (10)3



The sum in (10) has the asymptoti
 form1Xk=0 kP (k)(1��)k�1 � hki�hk(k�1)i�+ 12hk(k�1)(k�2)i�2+� � �+
�(2��)���2 ;(11)where the highest-order analyti
 term is O(�n), n = b��2
. Substituting (11)in Eq. (10), with q
 = 1=(�� 1) = hki=hk(k � 1)i, we gethk(k � 1)i2hki Æ = 12hk(k � 1)(k � 2)i�+ � � �+ 
�(2� �)���3 : (12)The divergen
e of Æ as � < 3 
on�rms the vanishing threshold of the phasetransition in that regime. Thus, in the 
ase � > 3, keeping only the dominantterm as �! 0, Eq. (12) implies� � 8><>:� hk(k�1)i2
hki�(2��)� 1��3 Æ 1��3 3 < � < 4;2hk(k�1)i2hkihk(k�1)(k�2)iÆ � > 4: (13)In [9℄ it was shown that for a random graph of arbitrary degree distributionthe �nite 
lusters follow the usual s
aling form:ns � s��e�s=s� : (14)At 
riti
ality s� � jq � q
j�� diverges and the tail of the distribution behavesas a power law. We now derive the exponent � . The probability that a sitebelongs to an s-
luster is ps = sns � s1�� , and is generated by H0:H0(x) =X psxs : (15)The singular behavior of H0(x) stems from H1(x), as 
an be seen from Eq. (5).H1(x) itself 
an be expanded from Eq. (4), by using the asymptoti
 form (11)of G1. We let x = 1 � �, as before, but analyze at the 
riti
al point, q = q
.With the notation �(�) = 1�H1(1� �), we �nally get (note that at 
riti
alityH1(1) = 1):�� = �q
 + (1� �)q
 "1� �q
 + hk(k � 1)(k � 2)i2hki �2 + � � �+ 
�(2� �)hki ���2# :(16)From this relation we extra
t the singular behavior of H0: � � �y, for somey 
al
ulated below. Then, using Tauberian theorems [24℄ it follows that ps �s�1�y, hen
e � = 2 + y.For � > 4 the term proportional to ���2 in (16) may be negle
ted. The linearterm �� may be negle
ted as well, due to the fa
tor �. This leads to � � �1=2and to the usual mean-�eld result [20,21℄� = 52 ; � > 4 : (17)4



For � < 4, the terms proportional to ��, �2 may be negle
ted, leading to� � �1=(��2) and therefore [23℄� = 2 + 1�� 2 = 2�� 3�� 2 ; 2 < � < 4 : (18)Note that for 2 < � < 3 the per
olation threshold is stri
tly q
 = 0. In that
ase we analyze at q = Æ small but �xed, taking the limit Æ ! 0 at the veryend. For the 
ase 2 < � < 3, � in Eq. (18) represents the singularity of thedistribution of bran
h sizes. For the distribution of 
luster sizes in this rangeone has to 
onsider the singularity of x in Eq. (5) leading to � = 3 for thisrange.For growing networks of the Albert-Barab�asi model with � = 3, it has beenshown that sns / (s ln s)�2 [25℄. This is 
onsistent with � = 3 plus a log-arithmi
 
orre
tion. Related results for s
ale free trees have been presentedin [26℄.At the transition point the largest 
luster, S 
an be obtained from the �nite
luster distribution by taking the integral over the tail of the distribution tobe equal 1=N . This results inS / N ��1 = N (��2)=(��1): (19)For � = 4 this redu
es to the known result N2=3, termed by Erd�os the \doublejump", due to the transition of the largest 
luster from order lnN for q < q
, toN2=3 at q = q
, to order N at q > q
 [13℄. Similarly, in mean �eld per
olation,sin
e d
 = 6, it follows that for d = 6 dimensions, N = L6 (where L is thelinear size of the latti
e) the size of the largest 
luster is known to be S � Ldf ,where df = 4 is the fra
tal dimension. Thus S � N2=3. For �! 3, S / N1=2.It is not yet 
lear whether Eq. (19) has a meaningful interpretation for � < 3.Fra
tal DimensionIt is well known that on a random network in the well 
onne
ted regime,the average distan
e between sites is of the order loghkiN [13,14,9℄, and be-
omes even smaller smaller in s
ale-free networks [17{19℄. However, the diluted
ase is essentially analogous to in�nite-dimensional per
olation. In this 
ase,there is no notion of geometri
al distan
e (sin
e the graph is not embeddedin an Eu
lidean spa
e), but only of a distan
e along the graph (whi
h is theshortest distan
e along bonds, or 
hemi
al distan
e). It is known from in�nite-dimensional per
olation theory that the 
hemi
al fra
tal dimension at 
riti
al-ity is dl = 2 [21℄. Therefore the average (
hemi
al) distan
e d between pairs ofsites on the spanning 
luster for random graphs and s
ale free networks with5



� > 4 at 
riti
ality behaves as d � pM ; (20)where M is the number of sites in the spanning 
luster. This is analogous toper
olation theory, where in length-s
ales smaller than the 
orrelation lengththe 
luster is a fra
tal with dimension dl and above the 
orrelation length the
luster is homogeneous and has the dimension of the embedding spa
e. In ourin�nite-dimensional 
ase, the 
rossover between these two behaviors o

ursaround the 
orrelation 
hemi
al length �l � jp
 � pj��l.Next, we 
al
ulate �l for s
ale free networks with 3 < � < 4. Below thetransition all 
lusters are �nite and almost all �nite 
lusters are trees. The
orrelation length 
an be de�ned using the formula [21℄:�2l = P l2g(l)P g(l) : (21)Where g(l), the 
orrelation fun
tion, is the mean number of sites on the same
luster at distan
e l from an arbitrary o

upied site. The number of sites in thel shell 
an be seen to be approximately hki(��1)l�1 [9℄. Sin
e ��1 = (�0�1)qand q
 = 1=(�0 � 1) we get g(l) = 
(1 � Æ)l, where Æ = q � q
. This leads to�l � (q� q
)�1, i.e. �l = 1. Above the threshold, the �nite 
lusters 
an be seenas a random graph with the residual degree distribution of sites not in
ludedin the in�nite 
luster [27℄. That is, the degree distribution for sites in the �nite
lusters is Pr(k) = P (k)uk; (22)where u is the solution of Eq. (9). Using this distribution we 
an de�ne �r forthe �nite 
lusters. This adds a term proportional to ���3 to the expansion of�l. But, sin
e Æ / ���3 (13), this leads again to �l = 1.The fra
tal dimensions, dl, of s
ale free networks have already been derivedusing s
aling relations in [17℄. A dire
t method for 
al
ulating the 
hemi
aldimension is also possible. Denoting the generating fun
tion of the number ofsites on the lth layer of some bran
h, as Nl(x), we getNl+1(x) = G1(Nl(x)) : (23)We are interested in the behavior of the average number of sites at a 
hemi
aldistan
e l for those bran
hes that have at least l layers. Sin
e we expandexa
tly at 
riti
ality, the average bran
hing fa
tor is exa
tly 1, and thereforeNl(1) = 1 for any l. Therefore, Al, the average number of sites for survivingbran
hes is Al = 11�Nl(0) ; (24)sin
e Nl(0) is the probability of the bran
hing pro
ess to die out before thelth layer. At 
riti
ality the bran
hing pro
ess will die out with probability6



Nl(0) ! 1 as l ! 1, and therefore for large l we 
an take Nl(0) = 1 + �l.Expanding G1 at 
riti
ality one obtains (Eqs. (10) and (11), with Æ = 0)G1(1� �) = 1� �+ 
�(2� �)hk2i � hki���2 + : : : : (25)Substituting Nl(0) = 1� �l into Eq. 23 one obtains1� �l+1 = 1� �l � 
�(2� �)hk2i � hki���2l + : : : : (26)Guessing a solution of the form �l � Bl�d we getB(l + 1)�d � B(l�d � dl�d�1) = Bl�d � 
�(2� �)hk2i � hki(Bl�d)��2 : (27)implying that d = 1=(�� 3), and Nl(0) � 1� Bl�d. Noting that the mass ofthe bran
h is the sum of the layers up to the lth one, we get dl = d + 1, andthus, dl = �� 2�� 3 ; 3 < � < 4 : (28)Similar results have been obtained by Burda et al.[26℄ for s
ale-free trees.Sin
e every path when embedded in a spa
e above the 
riti
al dimension 
anbe seen as a random walk it is known that � = �l=2 [21℄. Therefore, the fra
taldimension is, df = 2dl = 2�� 2�� 3 ; 3 < � < 4 : (29)The upper 
riti
al dimension of the embedding spa
e is,d
 = 1��(� � 1) = 2�� 1�� 3 ; 3 < � < 4 : (30)Those dimensions redu
e to the known 2, 4, and 6, respe
tively, for � � 4.It is due to the di�erent topology of the network (for � < 4) that the phasetransition has di�erent 
riti
al exponents 
ompared to the regular in�nitedimensional latti
e per
olation system.Dis
ussionThe behavior of the fra
tal dimensions of random and s
ale free networks per-
olating 
lusters at 
riti
ality have been presented. It has been shown thatthe fra
tal dimensions of ER and SF networks with � > 4 is similar to that ofregular in�nite dimensional per
olation. The embedding dimension obtainedhere is similar to per
olation's upper 
riti
al dimension d
 = 6, and the fra
tal7



and 
hemi
al dimensions of the spanning 
luster (giant 
omponent) are 
on-sistent with those of per
olation at and above the upper 
riti
al dimension,i.e., dl = 2 and df = 4. The exponents for the 
orrelation length, � and �l arealso the same as in in�nite dimensional per
olation.The meaning of the 
hemi
al dimension, dl, is 
lear for networks. It des
ribesthe behavior of the spanning 
luster at the per
olation threshold, as seen bytraversing the network by following its links. The meaning of the fra
tal andthe upper 
riti
al dimension, however, is less apparent. It should be related toan embedding Eu
lidean spa
e of the network. This 
an be obtained by twodi�erent pro
esses.One pro
ess is embedding the per
olation 
luster in a Eu
lidean spa
e, whilekeeping 
onne
ted nodes geometri
ally 
lose to ea
h other. The meaning as-signed to the fra
tal dimensions then will be that the embedding spa
e willhave to be at least of dimension d
 and the spanning 
luster will not �ll theembedding spa
e, but rather behave as a fra
tal with dimension df . The �nite-ness of d
 implies that, in 
ontrast to the non-diluted network, whi
h 
an notbe embedded in any �nite dimension, the diluted network at 
riti
ality 
an beembedded in a �nite dimensional spa
e.The other pro
ess is 
reating an embedded network to begin with and thendiluting it. Some properties of embedded networks on latti
es have been stud-ied in [28,29℄. In this 
ase the meaning as
ribed to the fra
tal dimensions willbe that su
h a network, embedded in a Eu
lidean latti
e, with dimension atleast d
, will behave at the per
olation threshold similarly to the mean �eldnetwork dis
ussed above. The value of d
 implies that for d < d
 the geometrywill e�e
t the 
riti
al exponents, while for d � d
 the per
olating network willbehave like in in�nite dimensions, and the above results, Eqs. (28) and (29)will be satis�ed.For s
ale free network with � < 4 the fra
tal dimension in
rease, whi
h isexpe
ted due to the abundan
e of high degree nodes, leading to a higherneeded dimension. At � = 3 the fra
tal dimensions diverge, with seems toindi
ate an exponential behavior of the spanning 
luster with the distan
e at
riti
ality for � � 3 [30℄.
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