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Abstract

We use the generating function formalism to calculate the fractal dimensions for
the percolating cluster at criticality in Erdds-Rényi (ER) and random scale free
(SF) networks, with degree distribution P(k) = ck~*. We show that the chemical
dimension is d; = 2 for ER and SF networks with A > 4, as in percolation in
d > d. = 6 dimensions. For 3 < A < 4 we show that d; = % The fractal

dimension is df = 4 (A > 4) and df = 232 (3 < A < 4), and the embedding

dimension is d, = 6 (A > 4) and d. = 2% (3 < A < 4). We discuss the meaning of
these dimensions for networks.
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Introduction

Recently, much interest has been focused on the properties of large scale net-
works [1-4] due to their relevance to many real-world networks. One of the
main properties studied in networks has been their percolation properties [5
9]. Percolation theory is relevant to the stability of computer networks to
random failures and intentional attacks by Hackers, to the stability of ecologi-
cal and biological network, to the spread of viruses in computer networks and
of epidemics in populations, and to the immunization of these networks.

In this paper, we study the fractal properties of scale free and Erdds-Rényi
networks [10-12] near the percolation threshold. It is well known that random
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networks, having N nodes, present very short distances between nodes, which
scale as d ~ log N [13 16]. It has recently been shown that scale free networks
actually present even shorter distances, which scale as d ~ loglog N [17-19].
Here we discuss the behavior of networks at the critical point of the percolation
transition, and show that the distances become much larger and the network
has a fractal behavior of d ~ M'/®%_where M is the size of the largest cluster.
Our study extends known results from percolation theory, and in particular
in infinite-dimensional percolation [20-22].

The generating function formalism

To study the behavior of the network near and at the percolation transition,
we use the generating function formalism similar to [9,7]. We begin by building
the generating function for the degree distribution:

Go(z) = ki_o: P(k)z* (1)

where P(k) is the fraction of nodes having degree (number of connections)
k. For scale free networks P(k) = ck™* (k > kq). For ER networks P(k) =
e ?zF /k!. The probability of reaching a site by following a link is proportional
to k [6,7] and therefore the generating function for the out degrees (i.e. the
number of links except the one through which we arrived) of sites reached by
following a link is:
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If nodes (or alternatively, link), are removed with probability p, they exist
with probability ¢ = 1 — p leading to the new generating function:

F](m)—1q+qi%gl“)mk]. (3)

Suppose now that we follow some branch, by starting at a link and following
it in some direction. The distribution of the links outgoing from this site is
given by F(z) and the distribution of branch sizes is given by the generating
function Hy(z) defined by the recursive equation:

Hi(z) =1- g+ qzG(H(x)) , (4)
and the distribution of cluster sizes is given by the generating function

Ho(x) = 1 — q + qzGo(H, (z)) . (5)



Percolation Threshold

The total fraction of the network occupied by finite clusters is given by Hy(1).
This is normalized to 1 as long as the entire network consists of only finite
clusters. However, for some value of ¢, denoted ¢. the network undergoes a
phase transition, where a giant component is formed and occupies a finite
fraction of the network. This threshold is determined by the point at which
the average number of outgoing links from a node reached by following a link
is larger than 1, allowing the branching process to continue. This is determined
by the criterion

Fi(1) =1, (6)
leading to the critical threshold [6,7]
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As can be seen from Eq. (7) the critical threshold vanishes for networks having
degree distribution with a divergent second moment, such as the scale free
distribution with A < 3 [6].

When the network is diluted one can use Eqs. (4) and (5) to find the size of
the giant component, Py (q). The equation for P, (¢q) can be written as

o

Pu(q) = q(1 = >_ P(k)u*) (8)

k=0
where u = H;(1) is the smallest positive root of

w=1-q+ S kP(k)ut" . (9)
(k) =

This equation can be solved numerically and the solution may be substituted
into Eq. (8), yielding the size of the spanning cluster in a network of arbitrary
degree distribution, at dilution ¢ [7].

To obtain the behavior at and near the critical threshold, Eqs. (8) and (9)
should be expanded near the threshold [23]. Eq. (8) has no special behavior
at ¢ = q.; the singular behavior comes from u in Eq. (9). Also, at criticality
Py = 0 and Eq. (8) imply that u = 1. We therefore examine Eq. (9) for
u=1—¢and q¢g=gq.+9:

(e +9)
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The sum in (10) has the asymptotic form

f: EP(k)(1—€)* " ~ (k)= (k(k—1))e+2(k(k—1)(k—2))e’+- - ~+c[(2—=N\)e* 2,
k=0 (1)

where the highest-order analytic term is O(e"), n = [ A —2]. Substituting (11)
in Eq. (10), with ¢. = 1/(k — 1) = (k) /{k(k — 1)), we get

k(k —1))?
%5: Lek(k=1)(k—2))e+-+cl(2=N)e . (12)
The divergence of § as A < 3 confirms the vanishing threshold of the phase
transition in that regime. Thus, in the case A > 3, keeping only the dominant

term as ¢ — 0, Eq. (12) implies

(MHEINC)TF 5375 3< A< 4
€~ 2 ’

RIS (13)
A ) A\ > 4.

k(k—1))’
(k)(k(k—1)(k-2))
In [9] it was shown that for a random graph of arbitrary degree distribution
the finite clusters follow the usual scaling form:

ng ~ s Te ¥ (14)

At criticality s* ~ |¢ — q.| "7 diverges and the tail of the distribution behaves
as a power law. We now derive the exponent 7. The probability that a site
belongs to an s-cluster is p, = sny, ~ 517, and is generated by Hy:

o) = Y poa” (15)

The singular behavior of Hy(x) stems from H;(x), as can be seen from Eq. (5).
Hi(x) itself can be expanded from Eq. (4), by using the asymptotic form (11)
of Gi. We let + = 1 — ¢, as before, but analyze at the critical point, ¢ = g..
With the notation ¢(¢) = 1 — Hy(1 —¢€), we finally get (note that at criticality
Hi(1) =1):

6 (k(k—1)(k—2))
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(16)
From this relation we extract the singular behavior of Hy: ¢ ~ €Y, for some
y calculated below. Then, using Tauberian theorems [24] it follows that pg ~
s 1Y hence 7 =2+ y.

*¢:*qc+(1*6)(k 1-

For A > 4 the term proportional to ¢* 2 in (16) may be neglected. The linear
term e¢ may be neglected as well, due to the factor e. This leads to ¢ ~ €'/
and to the usual mean-field result [20,21]

T == A>4. (17)



For A\ < 4, the terms proportional to ep, ¢ may be neglected, leading to
¢ ~ /A2 and therefore [23]

1 2A-3
A—2 A—2

T=2+ 2<A<4. (18)
Note that for 2 < A < 3 the percolation threshold is strictly ¢. = 0. In that
case we analyze at ¢ = ¢ small but fixed, taking the limit 6 — 0 at the very
end. For the case 2 < A\ < 3, 7 in Eq. (18) represents the singularity of the
distribution of branch sizes. For the distribution of cluster sizes in this range
one has to consider the singularity of z in Eq. (5) leading to 7 = 3 for this
range.

For growing networks of the Albert-Barabasi model with A = 3, it has been
shown that sn, o (slns)~2 [25]. This is consistent with 7 = 3 plus a log-
arithmic correction. Related results for scale free trees have been presented
in [26].

At the transition point the largest cluster, S can be obtained from the finite
cluster distribution by taking the integral over the tail of the distribution to
be equal 1/N. This results in

Soc N 1= N2/ (19)

For A = 4 this reduces to the known result N?/3, termed by Erdos the “double
jump”, due to the transition of the largest cluster from order In N for ¢ < ¢., to
N2/3 at ¢ = g, to order N at ¢ > q, [13]. Similarly, in mean field percolation,
since d, = 6, it follows that for d = 6 dimensions, N = L5 (where L is the
linear size of the lattice) the size of the largest cluster is known to be S ~ L4,
where d; = 4 is the fractal dimension. Thus S ~ N?/3. For A\ — 3, S oc N'/2,
It is not yet clear whether Eq. (19) has a meaningful interpretation for A < 3.

Fractal Dimension

It is well known that on a random network in the well connected regime,
the average distance between sites is of the order logy N [13,14,9], and be-
comes even smaller smaller in scale-free networks [17 19]. However, the diluted
case is essentially analogous to infinite-dimensional percolation. In this case,
there is no notion of geometrical distance (since the graph is not embedded
in an Euclidean space), but only of a distance along the graph (which is the
shortest distance along bonds, or chemical distance). It is known from infinite-
dimensional percolation theory that the chemical fractal dimension at critical-
ity is d; = 2 [21]. Therefore the average (chemical) distance d between pairs of
sites on the spanning cluster for random graphs and scale free networks with



A > 4 at criticality behaves as
d~M, (20)

where M is the number of sites in the spanning cluster. This is analogous to
percolation theory, where in length-scales smaller than the correlation length
the cluster is a fractal with dimension d; and above the correlation length the
cluster is homogeneous and has the dimension of the embedding space. In our
infinite-dimensional case, the crossover between these two behaviors occurs
around the correlation chemical length & ~ |p, — p| .

Next, we calculate v, for scale free networks with 3 < A < 4. Below the
transition all clusters are finite and almost all finite clusters are trees. The
correlation length can be defined using the formula [21]:

£ = w (21)
LX)
Where g(1), the correlation function, is the mean number of sites on the same
cluster at distance [ from an arbitrary occupied site. The number of sites in the
I shell can be seen to be approximately (k)(x—1)""1 [9]. Since K —1 = (kg —1)q
and q. = 1/(kg — 1) we get g(I) = ¢(1 — 6)!, where § = ¢ — q.. This leads to
&~ (q—q.)"", i.e. yy = 1. Above the threshold, the finite clusters can be seen
as a random graph with the residual degree distribution of sites not included
in the infinite cluster [27]. That is, the degree distribution for sites in the finite
clusters is
P,(k) = P(k)u*, (22)
where u is the solution of Eq. (9). Using this distribution we can define &, for
the finite clusters. This adds a term proportional to €*~3 to the expansion of
&. But, since § oc €73 (13), this leads again to v, = 1.

The fractal dimensions, d;, of scale free networks have already been derived
using scaling relations in [17]. A direct method for calculating the chemical
dimension is also possible. Denoting the generating function of the number of
sites on the [th layer of some branch, as N,(z), we get

Niji(z) = Gi(Ni(z)) . (23)

We are interested in the behavior of the average number of sites at a chemical
distance [ for those branches that have at least [ layers. Since we expand
exactly at criticality, the average branching factor is exactly 1, and therefore
N;(1) = 1 for any [. Therefore, A;, the average number of sites for surviving

branches is ]

T 1-N(0)
since N;(0) is the probability of the branching process to die out before the
Ith layer. At criticality the branching process will die out with probability

A (24)



N;(0) — 1 as [ — oo, and therefore for large [ we can take N;(0) = 1+ ¢.
Expanding GG at criticality one obtains (Eqgs. (10) and (11), with § = 0)
'(2—-X)
Gi(l—e)=1— e+ "0 4+.... (25)
(k2) — (k)
Substituting N;(0) = 1 — ¢ into Eq. 23 one obtains
22 5
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Guessing a solution of the form ¢, ~ BI~% we get
(2 — A
Bl+1)4~B(ld d*)y=BI¢ ¢ ( )(131*d)kf2. (27)

(k2) — (k)

implying that d = 1/(\ — 3), and N;(0) ~ 1 — Bl~%. Noting that the mass of
the branch is the sum of the layers up to the [th one, we get d; = d + 1, and

thus,
A—2
dl*m’ 3<A<4. (28)
Similar results have been obtained by Burda et al.[26] for scale-free trees.
Since every path when embedded in a space above the critical dimension can
be seen as a random walk it is known that v = v;,/2 [21]. Therefore, the fractal
dimension is,

A—2

The upper critical dimension of the embedding space is,
1 A—1

d, = —9 . 3<A<4. 30
© wvo(r—1) A—3 SAS (30)

Those dimensions reduce to the known 2, 4, and 6, respectively, for A > 4.
It is due to the different topology of the network (for A < 4) that the phase
transition has different critical exponents compared to the regular infinite
dimensional lattice percolation system.

Discussion

The behavior of the fractal dimensions of random and scale free networks per-
colating clusters at criticality have been presented. It has been shown that
the fractal dimensions of ER and SF networks with A > 4 is similar to that of
regular infinite dimensional percolation. The embedding dimension obtained
here is similar to percolation’s upper critical dimension d, = 6, and the fractal



and chemical dimensions of the spanning cluster (giant component) are con-
sistent with those of percolation at and above the upper critical dimension,
i.e., d; = 2 and dy = 4. The exponents for the correlation length, v and v, are
also the same as in infinite dimensional percolation.

The meaning of the chemical dimension, d;, is clear for networks. It describes
the behavior of the spanning cluster at the percolation threshold, as seen by
traversing the network by following its links. The meaning of the fractal and
the upper critical dimension, however, is less apparent. It should be related to
an embedding Euclidean space of the network. This can be obtained by two
different processes.

One process is embedding the percolation cluster in a Euclidean space, while
keeping connected nodes geometrically close to each other. The meaning as-
signed to the fractal dimensions then will be that the embedding space will
have to be at least of dimension d. and the spanning cluster will not fill the
embedding space, but rather behave as a fractal with dimension dy. The finite-
ness of d, implies that, in contrast to the non-diluted network, which can not
be embedded in any finite dimension, the diluted network at criticality can be
embedded in a finite dimensional space.

The other process is creating an embedded network to begin with and then
diluting it. Some properties of embedded networks on lattices have been stud-
ied in [28,29]. In this case the meaning ascribed to the fractal dimensions will
be that such a network, embedded in a Euclidean lattice, with dimension at
least d., will behave at the percolation threshold similarly to the mean field
network discussed above. The value of d. implies that for d < d, the geometry
will effect the critical exponents, while for d > d. the percolating network will
behave like in infinite dimensions, and the above results, Eqgs. (28) and (29)
will be satisfied.

For scale free network with A < 4 the fractal dimension increase, which is
expected due to the abundance of high degree nodes, leading to a higher
needed dimension. At A = 3 the fractal dimensions diverge, with seems to
indicate an exponential behavior of the spanning cluster with the distance at
criticality for A < 3 [30].
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