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1 Introdu
tion and statement of the problemSuppose that two individuals, person X and person Y, 
ommuni
ate with ea
h otherin su
h a way that X sends one ofMX messages to Y and, simultaneously, Y sends one ofMY messages to X. The messages are numbered by the integers 1; : : : ;MX and 1; : : : ;MY :Assuming the numbers to be the identi�ers for the 
orresponding messages, we 
onsiderthe pairs of the ex
hanged messages (i; j) 2 f1; : : : ;MXg � f1; : : : ;MY g as possible
ommon values of X and Y whi
h des
ribe their 
ommon knowledge. Suppose also thatthere is another person, 
alled the sour
e, who gives the same binary ve
tor x of lengthn to the individuals. Then X and Y update their knowledge by in
luding this ve
tor,whi
h means that now they have a triple (i; j;x) in 
ommon and if 2n is mu
h greaterthan MXMY ; then the total number of possible 
ommon values is also mu
h greater.However, if the sour
e 
hanges the rules in su
h a way that x is given to X and y is givento Y, where the ve
tors x and y do not 
oin
ide, but 
orrelated, then this updating of thetransmitted pair of messages is not possible any more, and the individuals 
an revert thesituation in whi
h they may agree on MXMY 
ommon values. An alternative algorithm
an be �xed as follows : X and Y 
ompute their messages using deterministi
 fun
tionsof the observations and ea
h individual, based on the ve
tor given by the sour
e and themessage re
eived from the other person, 
onstru
ts a value belonging to some \virtual"spa
e, whi
h is assumed to be 
ommon to both of them and 
an be formally presentedas a �nite set 
: The algorithm should be assigned in su
h a way that the values are also
ommon. We will investigate this possibility and demonstrate the example in whi
h oneof 20 pairs of messages is ex
hanged, one of 60 pairs of ve
tors is given by the sour
e,while X and Y 
onstru
t one of 50 
ommon values.�The work was supported by the University of Bielefeld (Germany) and the Eindhoven University ofTe
hnology (the Netherlands).yThe author is grateful to Professor Rudolf Ahlswede and Professor Imre Csisz�ar for helpful andstimulating dis
ussions, whi
h essentially a�e
ted this resear
h and presentation of the results. The helpof Dr. Roger Bultitude in the preparing of the manus
ript is also highly appre
iated.1



The three parti
ipants may have many reasons for 
ommuni
ation under the rulesdes
ribed above; in fa
t, these reasons 
ome as 
orollaries from saying \another person
alled the sour
e". We will mention those reasons, whi
h are relevant to the foregoingformal dis
ussion. The sour
e 
onsiders the 
ommuni
ation system as a system of 
ontrol:he knows how many messages 
an be ex
hanged and 
ontrols the 
ommon knowledge of Xand Y by sending them sequen
es having a 
ertain 
orrelation. This knowledge is boundedfrom above, sin
e the individuals 
annot agree on more than the �xed number of 
ommonvalues, whi
h is de�ned by the 
orrelation of the sour
e sequen
es and 
an be a
hieved ifX and Y form their messages in an optimal way. From a te
hni
al perspe
tive, X and Yare interested in the possibility of 
ommuni
ation using the sour
e sequen
es to establishthe result of a 
ommon random experiment for other purposes, like 
ryptography andidenti�
ation. For example, they have a table of binary sequen
es and want to use one ofthese sequen
es as a se
ret key; an agreement on the parti
ular sequen
e is a
hieved by
onstru
ting the 
ommon pointer to some of the rows of this table. Another possibility
an be viewed as mat
hing through the sour
e : person X 
ommuni
ates with manyindividuals and he wants to dis
over whi
h of them is the one who re
eives the 
orrelatedsequen
e from the sour
e and sends his messages using the algorithm expe
ted by X; asimilar problem has to be solved by Y. In other words, in analyzing the sour
e sequen
esand 
ommuni
ating over the 
hannels the individuals investigate ea
h other, and thesour
e presents data for this study. Note also that, in a general 
ontext, any messagesent by a person is the value of some fun
tion of his observations, and any dis
ussionabout the reasons would be rather arti�
ial in a sense that the person does not have any
hoi
e.We 
onsider the 
lass of problems des
ribed above as belonging to the multi{userdire
tion of information theory started by Shannon [1℄. The development of this dire
tionin the 1970s was essentially initiated by Ahlswede [2℄, [5℄ who determined the a
hievablerate region for memoryless multiple a

ess 
hannels under the 
ondition of arbitrary smallaverage de
oding error probability. The statements of the problems studied for multiplea

ess 
hannels in
lude the situation when the de
oder wants to re
over the sequen
eat the output of a random generator based on the message of the en
oder and anothermessage, whi
h was formed as a fun
tion of a 
orrelated sequen
e and transmitted bythe \helper" [4℄, [6℄, [7℄, where the role of the helper in this 
ase is to present someside information to the de
oder. The asymptoti
 
hara
terization of the a
hievable ratesof en
oding these sequen
es was found by Wyner [6℄ and Ahlswede{K�orner [7℄, but ageneralization of their approa
h to the 
ase of several helpers is a diÆ
ult problem relatedto the analysis of the dependent partitions of the spa
es 
ontaining sequen
es of thehelpers, and this problem is still open [8℄. The point that there are interesting appli
ationswhen the sour
e sequen
es play some auxiliary role in the 
ommuni
ation pro
ess wasdis
overed by Ahlswede{Due
k [9℄, who showed that the noise in the 
hannel gives therandomization that 
an be e�e
tively used in identi�
ation s
hemes. The role of the
ommon randomness in the 
ommuni
ation systems where the parti
ipants try to takeadvantage from the observations of publi
 random pro
esses was also studied in [10℄, [11℄,[12℄, [13℄, and other papers. There also exists a notion of so{
alled \
ommon information"introdu
ed by G�a
s{K�orner [3℄, whi
h measures randomness 
ontained in the variablesthat 
an be independently 
onstru
ted using 
orrelated random sequen
es; the authorsshowed that the desired random variables exist only if the sour
e has a \spe
ial stru
ture".Note that the possibility to 
ommuni
ate allows X and Y to represent the sour
e as a
olle
tion of sub{sour
es having su
h a stru
ture if they have the 
apabilities to do so.2



2 Formal statement of the problemGiven MX ;MY � 1 and the set XY � X � Y; 
onstru
t four fun
tions f; g;K; Lde�ned by the values, ( f(x) 2 [MX ℄ )x2X ; ( g(y) 2 [MY ℄ )y2Y(K(xjg(y)) 2 
 )(x;y)2XY ; (L(yjf(x)) 2 
 )(x;y)2XYwhere [MX ℄ = f1; : : : ;MXg; [MY ℄ = f1; : : : ;MY g; and 
 is a �nite set, in su
h a waythat K(xjg(y)) = L(yjf(x)); for all (x;y) 2 XY (1)and j
(f; g;K; L) j �! maxwhere
(f; g;K; L) = nK(xjg(y)) : (x;y) 2 XY o = nL(yjf(x)) : (x;y) 2 XY o : (2)The notations above are illustrated in Figure 1.3 ExamplesLet MX = 4; MY = 5 and let X and Y have a

ess to a sour
e generating pairs ofbinary ve
tors (x;y) of length 6 in su
h a way that the ve
tor x has 3 ones, the ve
tory has the 2 ones, and the Hamming distan
e between x and y is equal to 1,X � Y = f0; 1g63 � f0; 1g62 (3)XY = f (x;y) 2 X � Y : dH(x;y) = 1 g :The set XY 
an be also spe
i�ed by the matrix shown in Table 1, where the � symbolsmark all pairs belonging to the set XY and we use the o
tal representation for the binaryve
tors (07, 13; : : : denote the ve
tors 000111, 001011; : : :). Thus, the sour
e generatesone of  63! 31! =  62! 41! = 60pairs of ve
tors. Person X partitions the set X intoMX subsets, determines the number ofthe subset f(x) 
ontaining x; and sends this number to Y. An example of the partitioningis presented in Table 2, wherex 2 f07; 13; 15; 16; 23g =) f(x) = 1x 2 f25; 26; 31; 32; 34g =) f(x) = 2x 2 f43; 45; 46; 51; 52g =) f(x) = 3x 2 f54; 61; 62; 64; 70g =) f(x) = 4:At the same time, person Y partitions the set Y intoMY subsets, determines the numberof the subset g(y) 
ontaining y; and also sends this number to X. Thus, the parti
ipants3



represent the sour
e as a 
olle
tion of MXMY sub{sour
es having the alphabets Xi�Yj;where Xi = fx 2 X : f(x) = i g ; Yj = fy 2 Y : g(y) = j gfor all i 2 [MX ℄ and j 2 [MY ℄:In the 
onsiderations below we assume the partitioning of the sets X and Y spe
i�edin Table 2. Suppose that x = 45: If X re
eives g(y) = 1; then he knows that y = 05:Person Y re
eives f(x) = 3 in this 
ase and he knows that x = 45: Therefore the pairof ve
tors (45; 05) des
ribes the 
ommon knowledge of X and Y. Let person X re
eiveg(y) = 5 and know that y = 44: In this 
ase, Y having re
eived the message 3 onlyknows that the ve
tor observed by X belongs to the set f45; 46g: Person X imagines thathe is Y and also knows this. Sin
e X wants to establish a 
ommon knowledge with Y, herepla
es the ve
tor 45 by the set f45; 46g; and the pair (f45; 46g; 44) be
omes the 
ommonvalue. At last, if g(y) = 4; then several iterations of the estimating pro
edure lead to ades
ription of the 
ommon knowledge by the pair of sets (f43; 45; 46; 51; 52g; f41; 42g):Inspe
ting this pro
edure for all pairs (x;y) 2 XY; we 
ome to the 
on
lusion that theparti
ipants 
an agree on one of 26 
ommon values, and if these values are asso
iatedwith the 
apital letters of the Latin alphabet, we write 
(f; g;K; L) = fA;B; : : : ;Z g;the 
ommon values 
orresponding to the observed ve
tors are shown in Table 2. Anotherpartitioning of the sets X and Y given in Table 3 leads to 50 possible 
ommon values,whi
h 
an be asso
iated with the letters A;B; : : : ;Z; a; b; : : : ; x: In this 
ase,Y1 = f03; 14; 60g = f000011; 001100; 110000gY2 = f06; 30; 41g = f000110; 011000; 100001gY3 = f05; 12; 24g = f000101; 001010; 010100gY4 = f21; 42; 50g = f010001; 100010; 101000gY5 = f11; 22; 44g = f001001; 010010; 100100g:Thus, Y1;Y2; and Y5 are binary blo
k 
odes having the minimum distan
e 4, and theve
tor y is uniquely determined by X based on the ve
tor x if he re
eives the messages1, 2, or 5. Furthermore, there is only 1 ve
tor x = 010101 when X has the ambiguityabout y if the message is 3 and only 1 su
h a ve
tor x = 101010 if the message is 4.The general pro
edure for 
onstru
ting the 
ommon values 
an be des
ribed in atleast two di�erent ways. Suppose that there is a matrix of dimension jX j�jYj 
ontainingthe � symbols at the positions 
orresponding to the pairs of ve
tors (x;y) 2 XY andgaps at all other positions. We permute the rows and the 
olumns of this matrix ina

ordan
e with the fun
tions f; g and split the resulting matrix into MXMY re
tangles.Then any two pairs of ve
tors generate the same 
ommon value if and only if thereexists a \path" 
onne
ting the 
orresponding � symbols, whi
h 
ompletely belongs to thisre
tangle and may turn by 90 degrees passing through any of the � symbols. Anotherway of representing this pro
edure relates to bipartite graphs (see Figure 3) : given(i; j) 2 [MX ℄ � [MY ℄; we introdu
e a bipartite graph having left and right sides; theverti
es at the left side of the graph are the ve
tors x 2 Xi and the verti
es at theright side are the ve
tors y 2 Yj; any two verti
es x and y are 
onne
ted by an edge ifand only if (x;y) 2 XY: In the next se
tion we prove the statement that the di�erentvalues of the fun
tions K;L 
an be assigned only to distin
t 
onne
ted 
omponents of thebipartite graphs 
onstru
ted for all i 2 [MX ℄ and j 2 [MY ℄; where the term \
onne
ted
omponent" is taken in the 
lassi
al graph theory sense : any two verti
es belong tothe same 
onne
ted 
omponent if and only if there is a path 
onne
ting these verti
es.4



In further extensions of the problem these 
onsiderations should be represented in amore general form; in parti
ular, empty sets 
an be the set of verti
es belonging to the
onne
ted 
omponents.4 Separability of a 
ommon knowledgeAny two pairs of ve
tors (x1;y1); (x2;y2) 2 XY 
an be separated by the parti
ipantseither based on the des
ription of the sour
e when (x1;y2); (x2;y1) 62 XY or based ondi�erent pairs of messages 
orresponding to these ve
tors. If both 
riteria 
annot beused, then X and Y have to 
ome to the same 
ommon value in the 
ases when they aregiven (x1;y1) and (x2;y2): However we speak about the \separability of the knowledge"in another 
ontext and present the dis
ussion in the end of the se
tion.For all i 2 [MX ℄; j 2 [MY ℄; and sets ' � X ;  � Y; letFj(') = n y 2 Yj : (x;y) 2 XY; for some x 2 ' oGi( ) = n x 2 Xi : (x;y) 2 XY; for some y 2  o :De�nition :(X) For all i 2 [MX ℄; j 2 [MY ℄; and x 2 Xi; the set '(xjj) is the j{th ghost of theve
tor x if and only if '(xjj) = '; where ' = ; when Fj(fxg) = ; and ' is thenon{empty set of minimal 
ardinality whi
h satis�es the 
onditions( x 2 '' = Gi (Fj(') ) (4)when Fj(fxg) 6= ;:(Y) For all i 2 [MX ℄; j 2 [MY ℄; and y 2 Yj; the set  (yji) is the i{th ghost of the ve
tory if and only if  = ; when Gi(fyg) = ; and  is the non{empty set of minimal
ardinality whi
h satis�es the 
onditions( y 2   = Fj (Gi( ) ) (5)when Gi(fyg) 6= ;:Lemma :(a) For all x 2 X and y 2 Y; the sets '(xj1); : : : ; '(xjMY ) and  (yj1); : : : ;  (yjMX)are uniquely de�ned by (X), (Y).(b) If (x;y) 2 XY; then('(xjg(y));  (yjf(x)) ) = �'(xjg(y));Fg(y)('(xjg(y)) � (6)= �Gf(x)( (yjf(x));  (yjf(x)) � (7)i.e., the pair of sets ('(xjg(y));  (yjf(x)) ) is uniquely determined both by (x; g(y))and (y; f(x)): 5



(
) For all x0 2 X and y0 2 Y;x0 2 '(xjg(y)) =) K(x0jg(y)) = K(xjg(y)) (8)y0 2  (yjf(x)) =) L(y0jf(x)) = L(yjf(x)): (9)Theorem : Let�	(f; g) = n ('(xjg(y));  (yjf(x)) ) 2 2X � 2Y : (x;y) 2 XY o :The fun
tions f; g;K; L satisfy the restri
tion (1) if and only if there exists a fun
tion� : �	(f; g)! 
 de�ned by the values(� (';  ) 2 
 )('; )2�	(f;g)su
h that K(xjg(y)) = � ('(xjg(y));  (yjf(x)) ) ; for all (x;y) 2 XY (10)and L(yjf(x)) = � ('(xjg(y));  (yjf(x)) ) ; for all (x;y) 2 XY: (11)Corollary : Given fun
tions f and g;maxK;L j
(f; g;K; L) j = j�	(f; g) j (12)where the maximum is taken over the fun
tions K;L satisfying (1).The set '(xjj) satisfying (X) 
an be 
onstru
ted by the following re
urrent pro
edure.We introdu
e the sequen
e of sets '(0) = fxg; '(1); : : : � Xi; where'(t) = Gi �Fj('(t�1)) � ; t = 1; 2; : : : (13)Then all but a �nite number of sets in this sequen
e 
oin
ide with some set '; and'(xjj) = ': In other words, we 
onsider x as the 1{element set fxg and use the possibilityof extending this set. Returning to the appli
ations, one 
an say that the individuals haveto repla
e the ve
tors re
eived from the sour
e with their ghosts and extend these ghostsuntil they be
ome 
ommon. The theorem 
laims that this is the only way of 
reating a
ommon knowledge in the sense of (1).The result of the theorem 
an be interpreted using the s
heme given in Figure 2 whereX and Y are given the ve
tors generated by the sour
e, but they do not 
ommuni
ateto ea
h other. Di�erent values of the fun
tion g 
orrespond to di�erent partitions ofthe spa
e X : If X knows g; but does not know the value of g(y); then he 
onsiders allpossible values and outputs the ve
tor ' 
ontaining MY ghosts of the ve
tor x: Forexample, if the fun
tions f and g are de�ned by Table 2 and x = 45 (see also Figure3), then ' = (f45g; ;; ;; f43; 45; 46; 51; 52g; f45; 46g): By (X), at least one 
omponentof the ve
tor ' is a non{empty set and the value of the fun
tion f is a 
onstant f(x)for every non{empty set. Similarly, Y outputs the ve
tor  
ontaining MX ghosts ofthe ve
tor y: The pair of ve
tors ('; ) goes to the person 
alled the de
oder (in thesituation 
onsidered before, the de
oder is simultaneously X and Y), and the de
odingalgorithm is �xed as follows : the de
oder �rst extra
ts f(x) from ' and uses this6



value as a pointer to the ve
tor  ; then he extra
ts g(y) from  ; uses this value as apointer to the ve
tor '; and �nally outputs ('(xjg(y));  (yjf(x)) ) : If (x;y) 2 XY;then both 
omponents of this ve
tor are non{empty sets, and this fa
t 
an be viewed asthe mat
hing of ' and  : In this 
ase, the result of the de
oding is the pair of elementsof dependent partitions of the sets X and Y: Note that the same result 
an be alsoobtained if X knows g(y) and Y knows f(x) : then ea
h person outputs only one subset,and the de
oder 
ombines them into a pair. Su
h a 
on
lusion is possible only be
ausethe subsets presented by the persons are not arbitrarily 
hosen, but uniquely de�nedby the fun
tions f and g in a

ordan
e with (X), (Y). In other words, the individualsestablish a 
ommon knowledge only if they 
onstru
t and present 
ertain ve
tors ' and that 
an be viewed as their individual 
ontributions to the 
ommon knowledge. Thatis, the \
ommon knowledge" 
an be a
hieved with the use of the sour
e only if there existseparated individual knowledges mat
hing ea
h other.5 Proofs5.1 Proof of LemmaStatement (a) If there exist two sets, '1 and '2; satisfying (4), then their interse
tion,'1\'2; also satis�es (4). Sin
e '(xjj) is the set of minimal 
ardinality satisfying (4) andthe total number of subsets of X is �nite, this set is uniquely de�ned by (X). Similar
onsiderations with the use of (5) prove that the set  (yji) is uniquely de�ned by (Y).Statement (b) Let (x;y) 2 XY and x 2 Xi; y 2 Yj: We refer to the algorithm for
onstru
ting the sequen
e of sets '(0) = fxg; '(1); : : : � Xi; whi
h is re
urrently de�nedby (13), and 
onstru
t another sequen
e '(0)0 = Gi(fyg); '(1)0; : : : � Yj by'(t)0 = Gi �Fj('(t�1)0) � ; t = 1; 2; : : :If '0 is the set belonging to this sequen
e su
h that all but a �nite number of sets di�erfrom '0; then fyg � Fj(fxg) =) Gi(fyg) = '(0)0 � '(1) =) '0 � ':However ' is the set of minimal 
ardinality satisfying (4). Thus '0 = '; and (6) follows.The proof of (7) is similar.Statement (
) By the requirement for '(xjg(y)) to be the set of minimal 
ardinalitysatisfying (4), x0 2 '(xjg(y)) implies the existen
e of a sequen
e of � � 2 ve
torsx1; : : : ;x� 2 '(xjg(y)) su
h that x1 = x; x� = x0; andny 2 Yj : (x�;y); (x��1;y) 2 XY o 6= ;; for all � 2 f2; : : : ; �g:By (1), K(x��1jg(y)) = L(yjf(x��1)); K(x�jg(y)) = L(yjf(x�))for any ve
tor y belonging to this set and f(x��1) = f(x�) by (X). Thus K(x��1jg(y)) =K(x�jg(y)): Using this argument for � = 2; : : : ; � we obtain K(x1jg(y)) = K(x�jg(y))and prove (8). The proof of (9) is similar. 7



5.2 Proof of TheoremDire
t statement : if there is a fun
tion � su
h that (10) and (11) hold, then thefun
tions K;L satisfy (1).By (10) and (11), we writeK(xjg(y)) = � ('(xjg(y));  (yjf(x)) ) = L(yjf(x))for all (x;y) 2 XY and obtain (1).Converse statement : if the fun
tions K;L satisfy (1), then there is a fun
tion �su
h that (10) and (11) hold.By (8), K(xjg(y)) is a fun
tion of '(xjg(y)) and g(y): The integer g(y) is availablefrom any of the sets  (yj1); : : : ;  (yjMX) sin
ey0 2  (yji) =) g(y0) = g(y); for any i 2 [MX ℄:In parti
ular, g(y) 
an be extra
ted from the set  (yjf(x)); and K(xjg(y)) 
an berepresented as a fun
tion �K depending on '(xjg(y)) and  (yjf(x)); i.e.,K(x; g(y)) = �K ('(xjg(y));  (yjf(x)) ) : (14)Similar 
onsiderations with the use of (9) prove that L(yjf(x)) 
an be represented as afun
tion �L depending on the same arguments, i.e.,L(yjf(x)) = �L ('(xjg(y));  (yjf(x)) ) : (15)The 
oin
iden
e of K(xjg(y)) and L(yjf(x)) for all (x;y) 2 XY and (14), (15) implythe 
oin
iden
e of the fun
tions �K and �L: We denote � = �K = �L and using (2)obtain (10).Corollary : Let 
�(f; g) denote the set of values of the fun
tion �: Thenj
�(f; g)j � j�	(f; g)j (16)sin
e � is a mapping �	(f; g)! 
: On the other hand, by (10) and (11),j
�(f; g)j = j
(K;L; f; g)j (17)where we use the notations (2). Combining (16) and (17) we obtainj
(K;L; f; g)j � j�	(f; g)j: (18)If � is a one-to-one mapping, then (16) holds with the equality, whi
h also implies theequality in (18), and (12) follows.
8



?
r -
? ?r�

???
Person X Person YSour
e

De
oder X
En
oder X En
oder YDe
oder Y

x 2 X y 2 Y
f(x) 2 [MX ℄g(y) 2 [MY ℄

K(xjg(y)) 2 
 L(yjf(x)) 2 
Figure 1: Model of 
reating a 
ommon knowledge by 
orrelated observations and trans-mission over helping 
hannels.

??
- �?

Sour
e
De
oderPerson X Person Y

x 2 X y 2 Y
' = ('(xj1); : : : ; '(xjMY ) )  = ( (yj1); : : : ;  (yjMX) )('(xjg(y));  (yjf(x)) )Figure 2: Logi
al s
heme of 
reating a 
ommon knowledge.

9



Table 1: Stru
ture of the set XY de�ned in (3), where the binary ve
tors of length 6 aregiven in the o
tal representation.03 05 06 11 12 14 21 22 24 30 41 42 44 50 6007 � � �13 � � �15 � � �16 � � �23 � � �25 � � �26 � � �31 � � �32 � � �34 � � �43 � � �45 � � �46 � � �51 � � �52 � � �54 � � �61 � � �62 � � �64 � � �70 � � �
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Table 2: The 26 
ommon values A; : : : ;Z that 
an be 
onstru
ted by the parti
ipantswhen X transmits one of 4 messages, Y transmits one of 5 messages, and the set XY isde�ned in (3).03 05 06 11 12 14 21 22 24 30 41 42 44 50 6007 A A A13 A B B15 A B B16 A B B23 A C C25 D I I26 E I I31 F I J32 G I J34 H I J43 K P P45 L P Q46 M P Q51 N P R52 O P R54 S Z Z61 T X Z62 U Y Z64 V Z Z70 W Z Z
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('(xjg(y));  (yjf(x)) ) �! ! Bipartite graphssssssss

s
ss
s

(f45g; f05g) �! L 45 05(f43; 45; 46; 51; 52g; f41; 42g) �! P
525146
4543 4142

XXXXXXXXXXXZZZZZZZZZZZXXXXXXXXXXX����������������������(f45; 46g; f44g) �! Q XXXXXXXXXXX4546 44Figure 3: The 
ommon values ! and the 
orresponding bipartite graphs when x = 45;the set XY and the fun
tions f; g are spe
i�ed in Table 2.
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Table 3: The 50 
ommon values A; : : : ;Z that 
an be 
onstru
ted by the parti
ipantswhen X transmits one of 4 messages, Y transmits one of 5 messages, and the set XY isde�ned in (3).03 14 60 06 30 41 05 12 24 21 42 50 11 22 4407 A D G25 G G I32 E H K54 B J L61 C F I16 M O S34 M P T45 Q R Y51 Q V W62 N U X26 b f j31 
 g i43 Z d h52 e h h64 a f k13 l r v15 m q v23 l s w46 o t x70 n p u
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