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Abstract

We present a new method to reconstruct the shape of an unkwigect using tactile
sensors, without requiring object immobilization. Ingtesensing and nonprehen-
sile manipulation occur simultaneously. The robot infére shape, motion and
center of mass of the object based on the motion of the coptacts as measured
by the tactile sensors. We present analytic results andiaiion results assuming
guasistatic dynamics. We prove that the shape and motioatmservable in both
the quasistatic and the fully dynamic case.
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1 | ntroduction

Robotic manipulators typically cannot deal very well withjedis of partially unknown shape
and weight. Humans, on the other hand, seem to have few pnshigth manipulating
objects of unknown shape and weight. For example, Klatz&l €1985) showed that blindfolded
human observers identified 100 common objects with over 96&&racy, in only 1 to 2 seconds
for most objects. Besides recognizing shape and size, tairmlan use touch to determine
various features such as texture, hardness, thermal iggakteight and movement (Lederman
and Browse, 1988).

It seems unlikely that people mentally keep track of &xact position, shape and mass
properties of the objects in their environment. So somehawingd the manipulation of an
unknown object the tactile sensors in the human hand givegimimformation to find the pose
and shape of that object. At the same time some mass prapeftibe object are inferred to
determine a good grasp. These observations are an impantativiation for our research. To
recover the shape of an unknown object with tactile sensthrerehe motion of the object needs
to be known, or we need many sensors (in order to reconstracttape and motion of the object
simultaneously). Typically parts are assumed to be in arxtBut how can we put an object in
a fixture if we do not know its shape?

Let apalm be defined as planar surface covered with tactile sensorSuppose we have
an unknown smooth convex object resting in contact with alvemof palms (two palms in
two dimensions, three in three dimensions); the only foemig on the object are gravity and
the normal forces. For simplicity we assume that there isrimidn. We can realize these
assumptions by moving the palms slowly enough so that thecolg always in a local potential
energy minimum. Moving the palms slowly is not sufficient ttagantee that the object is in a
potential energy minimum. We also let the palms vibrate oteoto break the frictional forces.
As we continuously move the palms, the object will move toedg@wise) continuously changing
minimum of a potential energy well. The motion of the objedi ine a function of the palms’
motion, the object’s shape and center of mass. In this repempresent methods for deriving
the shape and center of mass of unknown objects in terms wf paltions and sensor values.
Currently, the results are limited to planar smooth conviejects. Numerical simulation with
limited resolution (in time) shows the feasibility of theadytic results.

Figure 1.1 illustrates the basic idea. There are two palatssthch have one rotational degree
of freedom at the point where they connect. That allows uhtmge the angle between palm 1
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and palm 2 and between the palms and the global frame. As wgehihe palm angles we keep
track of the contact points through tactile elements on #imp. The palms can be mounted on
an air table to simulate a planar world. We are using touctgactactile sensors on the palms.
Some preliminary experiments have shown that we can trackiact point on a touchpad with
approximately 0.1mm accuracy at 100Hz. Figure 1.2 showssaiple arrangement of three
palms in three dimensions. Palm 2 and palm 3 are free to ratatend their line of intersection.
This axis is connected to palm 1. Palm 1 can rotate arounaitsrn edge.

gravity

‘palm’ 2

contact pt. 2

palm
palm 1 Y'—

(a) Two palms (b) Two fingers

Figure 1.1: Two possible arrangements of a smooth conveacbhbgsting on palms that are
covered with tactile sensors.

Palm 1

Palm 3

Palm 2

-

Figure 1.2: An object resting on three palms.



2 Related Work

Our research builds on many different areas in robotics. &la@eas can be roughly divided

into four different categories: probing, nonprehensilenipalation, grasping, and tactile

sensing. We can divide the related work in tactile sensintipéun into three subcategories: shape
and pose recognition with tactile sensors, tactile expimnaand tactile sensor design. We now
briefly discuss some of the research in these areas.

2.1 Probing

Shape sensing can be approached purely geometrically gmathainically. Sensing is then often
called probing. One can define different kinds of probesthatespond to abstractions of sensor
devices. For instance,fenger probecorresponds to a robotic finger moving along a line until it
contacts an object (or misses the object). The probe outésithen the point where the probe
contacted the object. Typical questions are:

« How many probes are sufficient to reconstruct the shape obgtt?
« How many probes are sufficient to recognize the pose of a krabject?

Often these problems are restricted to a class of shapebh @®mipolygons). We can relax
the questions above by trying to solve for the number of psaleeded for a bounded error
approximation of the exact answers. Cole and Yap (1987) stidWat the answer to the first
question using finger probes ia or a convexn-sided polygon. Furthermore, they showed that
3n — 1 probes are necessary. If we assume that a finger probe celisaraver exactly a vertex
of the polygon, then 8 probes are necessary. Shortly after (Cole and Yap, 1987kiDa@l al.
(1986) investigated the complexity of determining the shapd pose of convex polytopes for a
variety of different probes, including probes with erroBnissonnat and Yvinec (1992) extended
the probe model of Cole and Yap: their probe outcome incltllesiormal at the contact point.
With this probe model they showed that at mast-33 probes are needed for simplen-convex
polygons with no collinear edges. Their results can be elddrio probe a set of polygons and
to probe a set of polyhedra.

Li (1988) gave algorithms that reconstruct convex polygeite 3n + 1 line probesor with
3n — 2 projection probesLine probes slide a straight line in a particular directawer the plane
until it hits the object. Projection probes consist of twielprobes that move in opposite directions
towards each other. Lindenbaum and Bruckstein (1994) gawpgaroximation algorithm for
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arbitrary planar convex shapes using line probes. Kolzal €1989) presented an approximation
algorithm using projection probes, but their projectionlpes are defined as the length of the
intersection of a line with the object. In (Lindenbaum anddkstein, 1991) bounds were given
on the number oparallel probes that are necessary to recover the shape of a planayopol
With parallel probesk probes k > 1) are performed at the same time. Skiena (1989) observed
that the line probe can be generalized to a new kind of probhehwsithe dual of the finger probe,

so that there is a one-to-one correspondence betweenthlgerihat use finger probes and ones
that use this generalized line probe.

Rao and Goldberg (1994) studied the problem of determiriiegshape of a convex polygon
using diameter measurements from a parallel jaw grippeeyBmowed that there is an infinite
set of polygonal shapes for a given set of diameter measumsmélowever, it is possible to
recognize a shape from a known (finite) set of shapes. Rao afitb&g presented sensing
plans that require no more thanmeasurements, whereis the number of stable faces. Arkin
et al. (1998) proved that finding a minimal length plamNiB-hard and gave a polynomial-time
approximation algorithm with a good performance guarantdeslla and Mason (1998) showed
how to orient and distinguish (sets of) polygonal parts gisliameter measurements.

Skiena (1989) described many different probes and manynjgm®blems in probing. An
overview of research on probing can be found in (Romanik51.99

2.2 Nonprehensile Manipulation

The basic idea behind nonprehensile manipulation is thaitsocan manipulate objects even if
the robots do not have full control over these objects. Tdesiiwas pioneered by Mason. In his
Ph.D. thesis (Mason, 1982) and the companion paper (Ma888) honprehensile manipulation
took the form of pushing an object in the plane to reduce uaogy about the object’s pose.
Further work by Peshkin and colleagues (Peshkin and Saomet988; Wiegley et al., 1996)
analyzed the pushing problem and showed how to design fémesonveyor belt system. Lynch
(1997) further built on Mason’s work. In his Ph.D. thesis thndescribed a path planner for
guasistatically pushing objects among obstacles. He mssiigated controllability of dynamic
nonprehensile manipulation such as throwing and catchiragta Lynch et al. (1998) showed how
to make a robotic manipulator perform a certain juggling imotvith a suitable parameterization
of the shape and motion of the manipulator. Much researcluggling balls has been done in
Koditschek’s research group (see e.g. (Rizzi and Koditsc##93) and (Whitcomb et al., 1993)).
Rizzi and Koditschek (1993) described a system consisfiagabot arm and a camera that can
juggle two balls. In (Abell and Erdmann, 1995) nonprehengilanipulation took the (abstract)
form of moving two frictionless contacts on a polygonal paw planar gravitational field. Abell
and Erdmann presented an algorithm to orient such a polygamntby moving the contact points
and performing hand-offs between two pairs of contact goint

Erdmann and Mason (1988) described sensorless manipulatiioin the formal framework
of the pre-image methodology. In particular, Erdmann anddfeshowed how to orient a planar
object by a tray tilting device: first, the object is placecgirandom pose in the tray and, second,
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the tray is tilted at a sequence of angles to bring the objeatunique pose. In (Erdmann et al.,
1993) the tray tilting idea was extended to polyhedra.

One of the first papers in palmar manipulation is (Salisbd887). Salisbury suggested
a new approach to manipulation in which the whole robot armsisd as opposed to just the
fingertips. Paljug et al. (1994) investigated the problemmafti-arm manipulation. Paljug et al.
presented a nonlinear feedback scheme for simultaneousotohthe trajectory of the object
being manipulated as well as the contact conditions. Erdr{®08a) showed how to manipulate
a known object with two palms. He also presented methodsdfimrohining the contact modes of
each palm: rolling, sliding and holding the object. Zum&41T) described a palmar system like
the one shown in figure 1.1(b), but without tactile sensorsmél derived sufficient conditions
for orienting known polygonal parts with these palms. Sts® @howed that an orienting plan
for a polygon can be computed (N?) and that the length i© (N), whereN is the number of
stable edges of the polygon.

2.3 Grasping

The problem of grasping has been widely studied. This seatiidl not try to give a complete
overview ofthe resultsin this area, butinstead just mergmme of the work that is mostimportant
to our problem. Much of the grasp research focuses on congpgtiasps that establigbrce-
closure(the ability to resist external forces) afmrm-closure(a kinematic constraint condition
that prevents all motion). Important work includes (Salish 1982), (Cutkosky, 1985), (Fearing,
1984), (Kerr and Roth, 1986), (Mishra et al., 1987), (MoatalB88), (Nguyen, 1988), (Trinkle
et al., 1988), (Hong et al., 1990), (Markenscoff et al., 79&0d (Ponce et al., 1997). For an
overview of grasp synthesis algorithms see e.g. (Shimd226)1

In order to grasp an object we need to understand the kinesnaiticontact. Independently,
Montana (1988) and Cai and Roth (1986, 1987) derived théiorkhip between the relative
motion of two objects and the motion of their contact poimt.(Montana, 1995) these results
were extended to multi-fingered manipulation.

Sudsang et al. (2000) looked at the problem of manipulatingetdimensional objects with
a reconfigurable gripper. The gripper consisted of two lamial plates, of which the top one
had a regular grid of actuated pins. They presented a plahaecomputed a sequence of pin
configurations that brought an object from one configuratiamother using so-called immobility
regions. For each (intermediate) configuration only thiae were needed. Plans were restricted
to ones where the object maintains the same set of contautispeith the bottom plate. Rao
et al. (1994, 1995) showed how to reorient a polyhedral abjéh pivoting grasps the object
was grasped with two hard finger contacts so that it pivotedgkugravity when lifted. Often
only one pivot grasp was sufficient to bring the object frone stable pose to another (provided
the friction coefficient is large enough).

Trinkle and colleagues (Trinkle et al., 1993; Trinkle andntkr, 1991; Trinkle and Paul,
1990; Trinkle et al., 1988) investigated the problem of destis manipulation with frictionless
contact. They analyzed the problem of lifting and manipataan object with enveloping grasps.
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Yoshikawa et al. (1993) did not assume frictionless costantl showed how to regrasp an object
using quasistatic slip motion. Nagata et al. (1993) deedrilb method of repeatedly regrasping
an object to build up a model of its shape.

Teichmann and Mishra (2000) presented an algorithm thadriohtes a good grasp for
an unknown object using a parallel-jaw gripper equippedght beam sensors. This paper
presented a tight integration of sensing and manipulatisterestingly, the object is not disturbed
until good grasp points are found. Recently, Jia (2000) sltblwmow to achieve an antipodal grasp
of a curved planar object with two fingers. By rolling the fing@around the object the pose of
the object is determined and then the fingers are rolled tcatwipodal points.

2.4 Shape and Pose Recognition

The problem of shape and pose recognition can be statedasgolsuppose we have a known
set of objects, how can we recognize one of the objects ifritass unknown pose? For an infinite
set of objects the problem is often phrased as: suppose veeghelass of parametrized shapes,
can we establish the parameters for an object from that akaas unknown pose? Schneiter
and Sheridan (1990) developed a method for determiningps@ashs to solve the first problem.
In Siegel (1991) a different approach is taken: the pose aflgect is determined by using an
enveloping grasp. This method uses only joint angle anduosgnsing.

Jia and Erdmann (1996) proposed a ‘probing-style’ soluttbry determined possible poses
for polygons from a finite set of possible poses. One can thinthis finite set as the stable
poses (for some sense of stable). One method determinessbdp bounding the polygon by
supporting lines. The second method they propose is to ssr@aint sampling. They prove that
solving this problem isNP-complete and present a polynomial time approximationrétyo.

Keren et al. (1998) proposed a method for recognizing theeensional objects using curve
invariants. This idea was motivated by the fact that tastiesor data often takes the form of a
curve on the object. They apply their method to geometrimies like spheres and cylinders.

Jia and Erdmann (1999) investigated the problem of detenguinot only the pose, but also
the motion of a known object. The motion of the object is iretliby having a robotic finger
push the object. By tracking the contact point on the findey twere able to recover the pose
and motion using nonlinear observer theory.

2.5 Tactile Exploration

With tactile exploration the goal is to build up an accuratedel of the shape of an unknown
object. One early paper by Goldberg and Bajcsy (1984) desdra system requiring very
little information to reconstruct an unknown shape. Theaeaysconsisted of a cylindrical finger
covered with 133 tactile elements. The finger could trapsdaid tap different parts of an object.
Often the unknown shape is assumed to be a member of a paedattass of shapes, so
one could argue that this is really just shape recognitioeveitheless, with some parametrized
shape models, a large variety of shapes can still be chaeszde In (Fearing, 1990), for instance,
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results are given for recovering generalized cylinders(Qhen et al., 1996) tactile data are fit
to a general quadratic form. Finally, (Roberts, 1990) psmuba tactile exploration method for
polyhedra.

Allen and Michelman (1990) presented methods for exploshgpes in three stages, from
coarse to fine: grasping by containment, planar surfaceergland surface contour following.
Montana (1988) described a method to estimate curvatussllmasa number of probes. Montana
also presented a control law for contour following. Chaolisbet al. (1996, 1997) introduced
two different tactile exploration methods. The first methedbased on rolling a finger around
the object to estimate the curvature using Montana'’s coetacations. Charlebois et al. analyze
the sensitivity of this method to noise. With the second meéth B-spline surface is fitted to the
contact points and normals obtained by sliding multipledisgalong an unknown object.

Marigo et al. (1997) showed how to manipulate a known polyalgehrt by rolling it between
the two palms of a parallel-jaw gripper. Recently, (Bicchak, 1999) extended these results to
tactile exploration of unknown objects with a parallel-jgripper equipped with tactile sensors.
The two palms of the gripper roll the object without slippiaigd track the contact points. Using
tools from regularization theory they produce spline-likedels that best fit the sensor data. A
different approach is taken by Kaneko and Tsuiji (2000), whaod recover the shape by pulling
a finger over the surface. With this finger they can also prabeavities. In (Okamura and
Cutkosky, 1999; Okamura et al., 1999, 2000) the emphasis getecting fine surface features
such as bumps and ridges. Sensing is done by rolling a fingendrthe object. (Okamura
et al., 1999) show how one can measure friction by dragginigpeklover a surface at different
velocities, measure the forces and solve for the unknowns.

Much of our work builds forth on (Erdmann, 1998b). There, shape of planar objects is
recognized by three palms; two palms are at a fixed anglehitiigalm can translate compliantly,
ensuring that the object touches all three palms. Erdmarivedehe shape of an unknown object
with an unknown motion as a function of the sensor values.umamrk we restrict the motion
of the object: we assume quasistatic dynamics and we assameei$ no friction. Only gravity
and the contact forces are acting on the object. As a resutawaecover the shape with fewer
sensors. We can realize these assumptions by moving the gldmly enough so that the object
is always in a local potential energy minimum.

2.6 Tactile Sensor Design

Despite the large body of work in tactile sensing and hapticaking reliable and accurate
tactile sensors has proven to be very hard. Many differesigtle have been proposed. This
section will mention just a few. For an overview of sensinght®logies, see e.g. (Howe and
Cutkosky, 1992). Fearing and Binford (1988) describe ancyical tactile sensor to determine
the curvature of convex unknown shapes. Speeter (1990)iblesa tactile sensing system
consisting of up to 16 arrays of 256 tactile elements thatesaccessed in parallel. He discusses
the implementation issues involved with using these senadth the Utah/MIT Hand. The
underlying tactile technology is based on force sensingtas from Interlink Electronics. Choi
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et al. (1998) present a different design for tactile sen$oramultifingered robots based on
capacitive tactile elements. They compare their experimdaesults with Montana’s contact
equations (Montana, 1988).

In our own experiments we are relying on off-the-shelf comgrts. The tactile sensors are
touchpads, as found on many notebooks. Most touchpads paeitiee technology, but the ones
we are using are based on force-sensing resistors. In s&:bave report on our findings so far.



3 Quasistatic Shape Reconstruction

I n this chapter we will present a quasistatic method for retranting the shape of an unknown
smooth convex object. The object is placed between the timegpand we can vary the angles
between the palms and the world frame. We say that the olgjécfarce/torque balancé and
only if all forces and torques acting on the object add up t@86low, we will show that if we
assume that the object is always in force/torque balancefdnere is no friction between the
object and the palms, then we can reconstruct the shapewatpdlms.

Figure 3.1 shows the two inputs and the two sensor output® ifputs arep,, the angle
between palm 1 and the X-axis of the global frame, @¢ndhe angle between palm 1 and 2. The
tactile sensor elements return the contact panptnds, on palm 1 and 2, respectively. Gravity
acts in the negative Y direction. If the object is at restretie force/torque balance. In that case,
since we assume there is no friction, the lines through thienabforces at the contact points
and gravity acting on the center of mass intersect at a conpuomt. In other words, the sensor
values tell us where the X-coordinate of the center of mags ke global frame. Below we
will show that this constraint on the position of the centemass and the constraints induced
by the sensor values will allow us to derive an expressiothercurvature at the contact points.
However, this expression depends on the initial positiatheicenter of mass. We can search for

palm

palm 1

contact pt. 1
lg ravity

X g

Figure 3.1: Input values agla and¢,, output values are the contact point locatisnands,. The
contact normals intersect at the center of rotatioo®), which lies on the vertical line through
the center of masOM).
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global fram
0py
/@O,f,
e

Figure 3.2: The contact support functign(6), d(¢)) and the object frame Oy denotes the
X-axis of the object frame.

this position with an initial pose observer that minimizhe error between what the curvature
expression predicts and what the sensor values tell us.

3.1 Notation

Frames A useful tool for recovering the shape of the object will be tladius function (see
e.g. (Santald, 1976)). Figure 3.2 shows the basic idea. Wereesthat the object is smooth and
convex. We also assume that the origin of the object framétiseacenter of mass. For every
angled there exists a point(9) on the surface of the object such that the outward pointimmabd
n(0) at that pointigcosy, sind)T. Let the tangent(d) be equal tasing, — cosh)" so thatt, n]
constitutes a right-handed frame. We can also define righttad frames at the contact points
with respect to the palms:

Ay = (—singy, COS¢1)T and Ny = (Sin(¢1 + ¢2), — cospy + ¢2))T
fl = (COS¢1, Sin¢1)T fz — ( —_— COS(¢1 + ¢2), _— Sin(¢1 + ¢2))T

Note thatn, andn, point into the free space between the palms.kéte the angle between the
object frame and the global frame, such that a rotation mB&tj) maps a point from the object
frame to the global frame:

R@) = <c051// —S|m//>

siny  cosy
The object and palm frames are then related in the followiag:w

(R T) =—R®) (1©) 10))
(f2 &) =—RW) (MO +¢2—7) 1O+, — )

The different frames are shown in figure 3.3. From theseigglahips it follows that

O=¢r—y — 3 (3.1)
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Figure 3.3: The different coordinate frames

Differentiation We will use “’ to represent differentiation with respect to tinheand *' to
represent differentiation with respect to a function’sgmaeter. So, for instancg(6) = x'(9)6.
From the Frenet formulas it follows that the parametertratvelocity v(9) = ||X'(0)]| is the
radius of curvature of the shape at the poittt). We can writev(6) as—x'(0) - t(8) andx'(0)
as—v(0)t(0).

Support Functions We now defing (9) to be the projection of the contact po(®) onto the
normaln(é):

r@) =x@)-n)

This function is called aadius functionor support function.For our shape recovery analysis it
will be useful to define another functiod(6), to be the projection of the contact poki() onto
the tangent():

d(@) = x(©®) - t(0)

We will refer to the pair(r (9), d(9)) as acontact support functionThe goal is how to derive a
solution forx(6) as we change the palm anglesandaes.

One final bit of notation we need is a generalization of theacirsupport function, which we
will define as a projection of the vector between the two corpiaints. We definthe generalized
contact support function relative to contact poinag:

F1(0) = (X(8) — X0 + ¢ — 7)) - N(O) (3.2)

di(8) = (X(©) = X + ¢ — 7)) - 1(0) (3:3)

Similarly, we can defin¢ghe generalized contact support function relative to conpmint 2as:

F2(0) = (X(0) —X(O + ¢ — 7)) - N0 + ¢ — ) (3.4)
02(0) = (X(0) —X(O + ¢ — 7)) - t(0 + ¢ — 70) (3.5)
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Figure 3.4: The generalized contact support functions.

Below we drop the function arguments where it does not leatbtdusion, and instead use
subscripts ‘1’ and ‘2’ to denote the contact point on palm d 2nSo we will write e.gRn, for
RW)NEO + ¢ — 7).

The generalized contact support functions have the prpfietthey can be expressed directly
in terms of the palm angles and sensor values (assuming jbet abin two-point contact):

1 =$Sing; or 2 = —S1Sing,
d; = $,C08¢p, — 51 d, = 5, €08, —

These equalities can be obtained by inspection from figudear®l 3.4. We can also obtain these
equalities analytically. First, we write the constrairtiatttwo-point contact induces as

(3.6)

Sit; = ¢ + RXg (3.7)
—Str = Cn 4+ RX, (3.8)

wherec,, is the position of the center of mass. Next, we can elimiggtérom these equations
and write

R (X1 —Xp) = sit1 + Stz (3.9)

The expressions in 3.6 then follow by computing the dot pebdn both sides of expression 3.9
with the palm normals and tangents.

Above we have shown that although the generalized contapiostifunctions were defined
in the object frame, we can also express them directly ingehsensor values and palm angles.
This is useful because it can be shown (Erdmann, 1998b)hitbaadii of curvature at the contact
points can be written in terms of the generalized contagbsudgunctions as

7y + ds
—_2 3.10
U1 sing, ( )
by = 1T (3.11)

sing,
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Figure 3.5: The dependencies between sensor values, thersfynction and the angle between
the palms when the object makes two-point contact

The derivation of these expressions is included in the agigenNote that these expressions
arenot sufficient to observe the local shape, even though the girextasupport functions are
directly observable. To observe the shape we will also neegkpression for themederivative
of the function parameters. This is the topic of section 3.3.

Equation 3.9 can also be rewritten in terms of the contagbaeigunction:

—(r1Ay + dity) + (1202 + dotp) = sits + Sto (3.12)
Solving this constraint fod, andd, we get:

r1COSp, + Iy

d 3.13

' sing, (3.13)
r, COSg, + I

o = 2802+ 3.14

2 SiNg, TS ( )

See also figure 3.5. Note that by constructiof®) = —d(9). So a solution for (6) can be
used in two ways to arrive at a solution fd¢9): (1) using the propertg(6) = —r’(9) of the
radius function, or (2) using expressions 3.13 and 3.14tHaeravords, to recover the shape it is
sufficient to reconstruct the radius function.

3.2 Geometric Interpretation of Force/Torque Balance and Shape

Before we will derive the equations for the local shape ofdbfct as a function of the palm
angles and sensor values, we will take a step back and anadyzstable poses relate to palm
angles and orientation. This is important for deciding vaeetwe carglobally reconstruct the

shape. In other words, we would like to answer the questi®it:always possible to reconstruct
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the entire shape? To answer this question it will be usefobtwsider the motion of the center of
mass and the center of rotation relative to each other.

For force/torque balance the lines through the normalseattimtact points and the gravity
force acting on the center of mass intersect at one poirgdtikecenter of rotatior(see figure 3.1).
The lines through the normals can be described by:

€1 Gy > Sty + qufy (3.15)
O: Qo > —Spty + i, (3.16)

These lines intersect if and only if

h = Sp—S1 COS¢ andq, = S$1=5COShy

sing, sing;
Using the generalized contact support functions we canl#inthis to g, = —d,/ sin¢, and
g, = —di/sing,. So we can write the following equations for the center of sngg, and the

center or rotationg, :

Cn(V, @1, ¢2) = sit1 — Ry

= —fati/sing, — Rxy (3.17)
G (¥, d1. ¢2) = sty + oufy

= sty — doNiy/ sing,

= —(Foty + dbNy)/ sing, (3.18)

In the appendix it is shown that the partial derivativeg.gfindc, can be written as

9Cm d,t, 9

I (/R 3.19
v sing, <aw ) v (.19
3 _ o

£ = —(vafiz — vy — Py + doty) / Sing,. (3.20)

and that we can rewrite equation 3.19 in terms of the relaliseance between the center of mass
and the center of rotation:

dCn 0 -1
o (1 O)(cm _e). (3.21)

With the results above we can easily describe all the stadidegof an object. We define a
stable poses a local minimum of the potential energy function with exstgoy,. The potential
energy of an object in two-point contact with the palms isginthe Y coordinate ot.,, which

can be written ag,, - (2) At a local minimum the first derivative with respect {o of this

expression will be equal to 0. We can write this conditiomgsequation 3.21 a&, — ¢;) - ((1))
In other words, at the minima of the potential energy functtibe X coordinates of,, and¢
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inside boundary

1

/
2 //\1
—
0, 33 0,
(a) The stable pose surface in configuration space (b) The corresponding object shape

Figure 3.6: Stable poses for a particular shape. Note thatme 27 period ofy is shown in (a)
and the surface extends frospo to oo in theyr direction, i.e., the inside and outside boundary
do not meet.

have to be equal. Since we assume that the object is alwagscie/orque balance and, hence,
at a minimum of the potential energy function, we can diseotbserve the X coordinate of the
center of mass. Or, equivalently, we can directly obsereepifojection onto the X-axis of the
vector from the center of mass to contact point 1 by usingesgons 3.17 and 3.18:

(Cn—G) - (é) =0 = (Rx)- ((1)) = —dp 3 (3.22)

For a local minimum of the potential energy function the Y wtinate of the second partial
derivative ofc,, with respect toys has to be greater than 0, i.g%((cm -¢)-(3)) = 0. The
stable poses induce a two-dimensional subset of¢hep,, v )-configuration space. Figure 3.6
shows all the stable poses for a given shape. These stalfigurations form a spiraling surface.
From figure 3.6 it follows that for this particular shape itilgleed possible to reconstruct the
entire shape, because there exists a path on the surfa@blef sbnfigurations between any two
stable configurations. Below we will show that this is trugémeral, i.e., we will prove that:

For any smooth convex shape there exists a surface of stabfigarations such
that we can bring the object from any orientation to any otmemtation by moving
along the surface.

We prove this statement by considering the boundaries oétditde configuration surface. Let
us define thénside boundanas those configurations where both the first and second tieeiva
with respect ta) of the potential energy function vanish. Using expressi®is— 3.22 we can
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write these two constraints as:

(Cn—0C) - (é) = —d, sing:/ sing, — (c—ossfﬁw) X =0, (3.23)
0 . L . i
@((cm —¢) - () = (v1SiN(@1 + ¢2) + (v2 + F2) SiNG1)/ SN2 + (Gony ) - X1 = 0. (3.24)
The outside boundaryf the stable configuration surface is determined by limitgthee palm
angles:¢,, ¢, > 0 and¢; + ¢, < . These limits can be geometrically interpreted as follows:

¢, =0, 0< ¢, <nm: Wheng, = 7, both palms are nearly horizontal, pointing in nearly
opposite directions. In the limit, a% approacheg, s; = s, = 0, and the contact point is
a minimum of the radius function (since the center of masigjig above the contact point
and therefore’(9) = —d(6#) = 0). As ¢, decreases, contact point 2 covers nearly half
the shape. Ag, approaches 0, the palms form an antipodal grasp. The cqmtads are

then at a minimum of the diameter functi@n(®) dzefr(e) +r@ —m).

¢,=0", 0< ¢, <m: Whengy, = 0%, this boundary connects to the previous one. ¢As
increases, the palms maintain an antipodal grasp, so thaat@oints do not change. As
¢, approacheg, palm 1 and 2 both point to the left.

O<¢, <m, ¢,=m" —¢,: This case is symmetrical to the first one. Now contact point 1
covers nearly half the shape.

From this geometric interpretation it is clear that we caimdpthe object to any orientation by
moving along these outside boundaries. More importanthfollowing these boundaries we
can reconstruct the entire shape. However, the boundaelf issnot part of the surface, so
the question is whether there always exist stable configunatarbitrarily close to the outside
boundary. The answer is “yesprovided the inside and outside boundary do not méet a
generic smooth convex objemt defined as a smooth convex object in general position sath t
none of the singular cases described below apply. Below W@meve that for a generic smooth
convex shape the inside boundargver (with probability 1) meets the outside boundary and,
hence, there exists a path on the surface connecting anyrigrdgations of the object. For each
outside boundary condition we can analyze what conditionstrnold for the inside boundary
to meet the outside boundary:

¢, = 0*: Without loss of generality, we can assume tilat= 0, in this case and below. If
¢1 = 07, then equations 3.23 and 3.24 simplifyxo (§) = 0 andx; - () = —v;. In other
words, contact point 1 is right below the center of mass. Hawrhore, if we draw a circle
with radius equal t@; and tangent to the contact point, its center coincides \uitcenter
of mass. For each point on the shape we can determine the oétfie circle with radius
v1 and tangent to that point. The locus of these circle centeras a curve. For a generic
smooth object the center of mass is not on this curve.
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palm

Figure 3.7: For, = 0 the inside and outside boundary meet if the sum of the rédiivature
of two antipodal points is equal to the distance betweeretheits.

¢, = 0*: Since the palms make an antipodal grasp, the possible ¢quiats on the object are
restricted to a finite set. Now for the inside boundary to ntbetoutside boundary we
have the following condition:

!sizTo ((Ul SiN(¢1 + ¢2) + (v2 + ) Singy)/ SiNg, + X - ((1)) ) =0. (3.25)
This limit only converges if
yzr[lo (v1Sin(@1 + ¢2) + (v2 + F2) singy) = 0. (3.26)

—f, will converge to the distance between the contact pointexpression 3.26 converges
if the sum of the radii of curvature at the contact points isa&do the distance between
the contact points. A geometric interpretation of this d¢mmist is shown in figure 3.7. A
generic smooth object does not have such a pair of antipaiials)

¢, + ¢, = m. This case is, as before, symmetrical to the first one.

For practical reasons it is undesirable to plan paths on tiflace that are close to the
boundary. First, we would need palms of infinite length foraamipodal grasp. We can get
around this by removing the joint between the palms, theetloying the palms to move freely.
For the analysis it is not essential that the palms are cdedpthe analysis just depends on
relative orientations of the palms. The second reason tloatrg on the boundary of the stable
configuration surface is undesirable is that for a wide abhgleveen the palms, we are relying
heavily on the assumption that there is no friction. Evendlightest amount of friction will
throw off our estimate of the X-coordinate of the center ossa

Figure 3.6 also shows that for almost all combinationg0and¢, there exist exactly two
stable poses. However, it is possible that for a gigeand¢, there are many stable poses. We
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Figure 3.8: Many stable poses are possible for a given pahfiguoration that produce the same
sensor readings.

can construct a shape with an arbitrary number of stablespfmsea given palm configuration
in the following way. Consider the arrangement of lines tigio the contact normals and the
line through the center of mass (along the direction of dyaviWe can rotate this arrangement
around the center of mass and then translate along the lioegh the center of mass to create
a new stable configuration. We pick the new contact pointsetatlihe same distance from the
intersection of the lines as in the original arrangementis fileans that this new configuration
produces the same sensor readings as well. We can repgatitess, picking a different amount
of translation at each step to create an arbitrary numbetabfes configurations. We can create
a smooth convex shape that has these stable poses in theirigllaray. Consider the convex
polygon that has the contact points of all these stable pas®srtices. If such a polygon does
not exist we remove the poses that cause the concavities.arfémegement of lines described
above corresponds to critical points of the potential epéugction. To make sure that all the
critical points are local minima we need to consider the sdaerivative of the potential energy
function (see equation 3.24). For each contact point we @dntpe radius of curvature to be
arbitrarily large such that the second derivative is gnetttan 0. We can locally deform the
polygon around each vertex such that at the contact poimathias of curvature is as desired and
the shape remains convex. Figure 3.8 illustrates this geg@menstruction. Since the polygon
induced by the contact points is convex, there exists a dmomivex shape with these stable
poses.
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3.3 Recovering Shape

We can write the derivativé of the functionx() that describes the shapes6)t(6). So if
we can solve fod, v(#) and the initial conditions, we can find the shape by integeati. In
other words, if we can observe the curvature at the contdatgpand the rotational velocity of
the object, we can recover the shape of an unknown object. ifyahtiating the generalized
support functions with respect to time, we can rewrite eggiens 3.10 and 3.11 as

R+ 0+ ¢
6 sing,
L Sl S (3.28)
(0 + ¢2) sing,
See the appendix for details. So in order to observe the tuevat the contact points, we need
to derive an expression for the rotational velocity of th@obthat depends only on palm angles,
sensor values and their derivatives. Note that we can nefrebshe curvature at the two contact
points ifd = 0 oré + ¢, = 0, respectively.
We can recover the rotational velocity by looking at the ¢ist the force/torque balance

imposes on the motion of the object. Recall equation 3.22:

V1 =

(3.27)

(Rx) - (5) = ~d 20 (3.29)

The left-hand side of this equation can be rewritten as
(Rxy) - (é) = (R(riny + dity)) - (é) (3.30)
=, Sin¢g; — d; COSe, (3.31)

This expression (implicitly) depends on the orientatiothef object. In the appendix it is shown
how by differentiating this expression and the right-haidg ®f equation 3.29 we can obtain the
following expression for the rotational velocity of the ebi:

. L T 5 sing
_ I’.z cosg; — s~|n (bl. + dz¢z~ss:;¢122 | (3.32)
riSing, + (2 + ) Sing, + d; cose;

whereg., = ¢; + ¢,. This expression fofy depends on the control inputs, the sensor values,
their derivatives and the current values of radius functibthe contact points. The system of
differential equations describing the (sensed) shape abmcan be summarized as follows:

F1 = —di(¢hs — ¥) (3.33)

fo = — (2 — V) (3.34)

. F,COS¢; — Oy SiNepy + Goch, S22

b= r.z S¢1 23~|n¢1. 2<l52~3m(ZJZ (3.35)
r1SiNg., + (1, 4+ f3) sing; + d, CoSg,
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So far we have assumed that we have sensor data that is aargiand without any error. In
practice sensors will be discrete, both in time and spaakttaare will also be errors. We would
like to recover the shape of an unknown object in such a gettnwell. There are two main
directly observable error terms at each time step. Firgt,cam check the error in the force/torque
balance constraint (equation 3.29). Let that error be adghbye;. Soatt =t,i =1,2,...,

e (t) is equal to

: (3.36)

t=tj

er(t) = [RO% - (5) + G na]

sing,

where © denotes the estimated value of a variable. The second@dsererror is the error in
the two-point contact constraint (equation 3.9). Let thisebe denoted bg.. In other words,

&) = [RU& — %) — st~ k]| (3.37)
Our program searches for the initial conditions of our sysbsy minimizing the sum of all locally
observable errors.

In our current implementation we use a fourth-order AdanastBorth-Moulton predictor-
corrector method to integrate equations 3.33-3.35. Tlgh-bider method tends to filter out
most of the noise and numerical errors. In our simulationltsshardly any error accumulates
during integration (see section 3.4).

3.4 Simulation Results

Figure 3.9 shows an example of the shape reconstructioreggocThe results are based on
numerical simulation. 270 measurements were used to rezachthe shape. In each frame the
part of the shape that has been observed up to that point isirshown. Also drawn are the
contact points, the center of mass, and the palms. NoticetheWobserved) shape sometimes
intersects the palms. This means that there is a conflictdmivhe currently observed shape
and the previously observed shape, which could potenti@lysed to guide the search for initial
conditions. The motion of the palms is open-loop. Initigglm 1 and palm 2 are nearly
horizontal; the object is squeezed (but without frictiobBtween the palms. The motion of the
palms can roughly be described as a sequence of squeezetatemotions and motions where
one of the palms stays put and the other palm opens up. Natgétihe penultimate frame the
simulator misgauges the shape, but has recovered in thiedest.

In figure 3.10 the differences are shown between the reecaistt and actual shape and
motion of the object. One can not directly observe the eirogsandy, but onecanobserve the
error in the X-coordinate of the center of mass and the errdieé two-point contact constraint.
These errors are shown in figure 3.11. Note that the big eimcgsror plot 3.11(d) occur at the
same times as when the rotational speed of the object wasnged. This suggests that our
system could at least detect where the observed shape wilidrgy. Itis possible that the system
could even detect that such a situation is approaching agbereven prevent it by changing the
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motion of the palms. Also, the error in the norm of the confaaint vector is very small, but
does not appear to be completely random, suggesting thatithstill room for improvement in

the integration step.
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Figure 3.9: The frames show the reconstructed shape afte2(1Q.,270 measurements. The
three large dots indicate the center of mass and the cormatsgt each time, the smaller dots
show the part of the shape that has been reconstructed aintleat
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Figure 3.10: The differences between the actual and obdeaivape.
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Figure 3.12: Resolution and sensing frequency of the VardaP

3.5 Experimental Results

The tactile sensors we are using are touchpads made byinktétlectronics (http://www.
interlinkelec.com). These touchpads are most commonly irs@otebook computers. They
use so-called force sensing resistors to measure thedacatid the applied pressure at the con-
tact point. One of the advantages of this technology, adegrth Interlink, is that it does not
suffer as much from electrostatic contamination as capao@-based touchpads. If there is more
than one contact point, the pad returns the centroid. Theighlypad has a resolution of 1000
counts per inchgpi) in the X and Y direction, but the firmware limits the resotutito 200cP.!.

It can report 128 pressure levels. The pad measurés>639.5mn¥. Sensor data can be read
out through ars232 serial port connection.

Figure 3.12 shows the results of a simple test to establistfahsibility of the touchpad.
The test consisted of rolling a marble around on the touctgatitracking the contact point.
Figure 3.12(a) shows the ‘curve’ traced out by the contaaitpéigure 3.12(b) shows how fast
we can get sensor readings from the touchpad. Notice hovintles between measurements are
roughly centered around 3 bands. This could be related tavélyeour driver polls the touchpad
for data; further tweaking might increase the speed at whiehAsurements are reported.

For the actual palms, we are using an AdepiRA-type arm to control two planar surfaces
connected with hinges. The Adept robot arm holds the endpdiane palm. The endpoint of
the other palm is attached to a fixed base. Figure 3.13 sh@nsatsic idea (not to scale). The
touchpads are mounted on the two surfaces and connecte@do H is important to realize
that this experimental setup is just meant to be a proof otepn Mechanically the sensing
mechanism can be much simpler. More importantly, the palmmsod need to be connected at all:
the analysis only depends on the relative angle betweendalhespand the world. So in theory,
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Figure 3.13: Setup of the palms

our proposed sensing strategies can also be applied to tirabod equipped with tactile sensors.
Our actual experimental setup is shown in figure 3.14. Theendmirows on the object and the
palms are tracked by an Adept vision system in order to dstalground truth’, which can be
compared with the shape and motion inferred from the tadtla.

Figures 3.15(a) and 3.15(b) show the reconstructed shapenation, respectively. The
observed motion is far from perfect, but the observed shapees close to the actual shape.
This seems to suggest that the system of differential ezugmB.33-3.35 is fairly stable in this
case, i.e., the errors in the motion did not cause the radiustibn to shoot off to infinity. The
palms made back-and-forth motions in order to cover theeslsaperal times. This means that
we can prune those parts of the reconstructed shape thatbleavetouched only once. For
instance, in figure 3.15(a) we can eliminate the sparse plgttibution in the top right and
bottom middle. To determine which parts to eliminate one daw a curve interpolating the
points (t;, r (6(t))),i = 1,... The points we can eliminate are those for whighr (6(t))) is
the only intersection with the line=t;.
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Figure 3.14: Experimental setup
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(a) Partially reconstructed shape (b) Orientation measured by the vision sys-
tem and the observed orientation

Figure 3.15: Experimental Results



4 Dynamic Shape Reconstruction

n this chapter we drop the assumption that force/torquenbalés maintained at all time. It

turns out that it is still possible to observe the shape, butwe will need to consider second-
order effects. Our approach is to constructodnserverfor our system. The first step is to write
our system in the following form:

4 ="1(q) + 110:(q) + 20:(Q), (4.1)
y =h(q) (4.2)

whereq is a state vectof, g; andg, are vector fields, and is called the output function. In
our case, the state is a vector of sensor readings and thgu@tion of the robot and the output
function returns (a function of) the sensor readings. Thetordfieldsg; andg, are called the
input vector fieldsand describe the rate of change of our system as torquesiagedpplied on
palm 1 and palm 2, respectively, at their point of intersattiThe vector field is called thedrift
vector field It includes the effects of gravity.

The second step is to find out whether the system describedjlgtiens 4.1 and 4.2 is
observable Informally, this notion can be defined as: for any two stdkese exists a control
strategy such that the output function will return a diffgrealue after some time.

The final step is then to construct the actual observer, whibasically a control law. We can
estimate the initial state and if our estimate is not too ifant the true initial state, the observer
will rapidly converge to the actual state. For more on nadincontrol and nonlinear observers
see, e.g., (Isidori, 1995) and (Nijmeijer and van der S¢H#£f0).

4.1 Equationsof Motion

The dynamics of our simple model are very straightforwara a&¥sume the effect of gravity on
the palms is negligible. As in the previous chapter we assilve is no friction. The contact
forces exert a pure torque on the palms. Egt= f. n, andF., = f.,n, be equal to the contact
forces acting on the object. The torques generated by thedwtact forces on the object are
then

Ty = (RX]_) X Fcl = — fcldl (43)
Te, = (RXZ) X FCZ = — chdz (44)

32
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Figure 4.1: Forces acting on the palms and the object.

The dynamics of the system are described by the followingtgps (see also figure 4.1):

ma, =F,+F;, +F, (4.5)
loatg = T¢, + T, = — fe,0h — e, o, fe,, fe, =0 (4.6)
ha =1 — s 4.7
(e +a2) = 1o+ fe,S (4.8)

Here the subscript (i = 0, 1, 2) refers to the object, palm 1 and palm 2, respectivEly= mgis
the gravitational force on the object. Note thais the angular acceleration of palm 2 measured
with respect to palm 1, so thgs = «,. Solving fora, andag, we get

li0y — 71 _ l2(0y +00) — 75 _
=————"nN n 4.9
& ms 1+ ms 2+9 (4.9)
i1 — 71 l2(0y +02) — 12
= d; — d 4.10
o mo2s, 1 mo2s, 2 ( )

wherep = /lo/mis the radius of gyration of the object.

We can measure the masdy letting the object come to rest. In that cage= 0 and we can
solve form by usingm = —(F, + F,)/g. We have to solve for the radius of gyration by other
means, shown in the next section. The mass properties ofthesm@re assumed to be known.

4.2 General Case

We will now rewrite the constraints on the shape and motiothefobject in the form of equa-
tion 4.1. We will introduce the state variables, w; andw, to denoteyr, ¢; andg,, respectively.
Recall the position constraint on contact point 1 (equaBioh):

sity = & + RXy
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We can differentiate this constraint twice to get a constran the acceleration of contact point 1.
The right-hand side will contain a term with the curvatureantact point 1. In the appendix
it is shown how the acceleration constraint can be turneal tim¢ following constraint on the

curvature at contact point 1:

2501 + i — wir, — ag - Ny + agd
vy = = lwi‘llwg 1o (4.11)

From before (equations 3.6 and 3.27) we had:

_ Fo 4 (6 4 ¢,)s _ (=$;SiNg, — S1w, COSP,) + (w12 — Wp)(S; COSP, — )
6 sing, (w1 — wo) SiNg, ’

V1 =

(4.12)

wherew;, is equal taw; + w,. We can equate these two expressionwvfand solve fors;:

S — wiry — &g - Ny + ooy w1t wo (w1 + wo) (w12 — wo)
w1 — Wy tan(bz (a)l — a)o) sin ¢2

§ =

Similarly we can derive an expression r The differential equations describing our system
can be summarized as follows:

fl = —dl(a)l — Cl)o) (413)
o = —dz(wlz — wp) (4-14)
d)o = Up (415)
§ = S — a)grl — 8- Ny + agdy ot a)osl n (w1 + 600)(6012.— 600)52 (4.16)
w1 — o tang, (w1 — wp) SINg>
_ 2 — A - d _
8 = Sa10 — Wyl — &g - Na + oy n w12 + a)os2 _ (w12 + a)o)(a)l_ 600)81 (4.17)
w12 — W tang, (w12 — wo) SING;
$1= w1 (4.18)
d)l = 0 (419)
(132 = W2 (4.20)
d)g = 0> (421)
0=0 (4.22)

Equation 4.13 and 4.14 follow from the properties of thewadunction. Recall from section 3.1
thatd; andd, can be written in terms of;, s, r1, > and¢,. Therefored, andd, do not need
to be part of the state of our system. Leaving redundanciéteistate would also make it hard,
if not impossible, to prove observability of the system. &latso that the control inputs and
7, are ‘hidden’ insideay anda,. The expressions-g, - iy + apd; and—ag - N, + opd, can be
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rewritten using equations 4.9 and 4.10 as

(l1og — 1) (p* + d?) n (l2012 — 72) (p? COSP, — ahdy)

—a5- N d, = — g COSop,
Qo - N1 + ey mp?s, s, g cos¢,
(4.23)
_ (liay — 1) (p?cospy — didh) (i — 1) (p? + d2)
—8 - Ny + ey = — mp?s, - mo?s, + g COS¢p2,
(4.24)

wherea, = ay + as ande, = ¢ + ¢.
Let g = (ry, 2, @o, S1, 2, $1, w1, 2, @, p)' be our state vector. Sinceg and t, appear

linearly in equations 4.13—4.22, our system fits the fornfigomation 4.1. The drift vector field
is

—01 (w1 — wo)
—0z(w12 — wo)
lj1dy  lpagody
mp2sy mp2sp
—Sjo1+fr1+gcospy _ L1 (P +f) _ lpaap(p?cosgp—didy) w1+"’081 + (w1+wo)(w12—w0)52
w1—w mp2s1 (w1 —wp) Mp2Sp(w1—wp) tang; (w1—wp) sing2
—320(12—&%"24'9 cospi2 1101 (p? cospo—d1da) 2ol +d3) a)lz-m)os2 - (wlz-‘rcuo)(wl—wo)sl
f(Q) = w12—wo mp2s1 (w12—wo) Mp2sp(w12—wp) tand, (w12—wp) SN2 )
w1
241
w2
0%}
0
(4.25)
The input vector fields are
0 0
0
__4 da
mp2s; mp2sy
s p?cosgp—didy
mpzsl(wl—wo) m)OZ (w1—w0)
p? cospp—chdp p?+d3
0:(q) = | moZsi(@iz-w0) and 02(q) = | mZst@r—oo | - (4.26)
0 0
0 0
0 0
0 0
0 0
. . T.
Finally, our output functiorh(q) = (hi(q), ..., hk(@)) is
T
h(q) = (slv 52’ ¢lv w1, ¢2’ a)Z) . (427)
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Before we can determine the observability of this system eedro introduce some more
notation. We define thdifferential dp of a function¢ defined on a subset &' as

dp0) = (52, -+ 352)
The Lie derivative of a functiog along a vector field, denoted_x¢, is defined as
Lx¢ = X -dg

To determine whetherthe system above is observable wehegasider thebservation spac@.
The observation space is defined as the linear space ofdasdfiat includefy, ..., hy, and all
repeated Lie derivatives

LX1LX2"'LX|hj7 j:].,...,k, IIl,Z, (428)
whereX; € {f, g1, 0.}, 1 <i <|I. Lettheobservability codistributiorat a statey be defined as
do® = sparfdH(Q)|H € 0}. (4.29)

Then the system described by equation 4.1 is locally obbbna statey if dim dO(q) = n,
wheren is the dimensionality of the state space (Hermann and Krd®&i7). For the system
described by equations 4.13—4.22 this condition is too dizatped to verify analytically, but one
can still do this numerically.

The differentials of the components of the output functiom a

ds =(0,0,0,1,0,0,0,0,0,0)" (4.30)
ds =(0,0,0,0,1,0,0,0,0,0)" (4.31)
d¢, = (0,0,0,0,0,1,0,0,0,0)7 (4.32)
dw; = (0,0,0,0,0,0,1,0,0,0)7 (4.33)
d¢, = (0,0,0,0,0,0,0,1,0,0)" (4.34)
dw; = (0,0,0,0,0,0,0,0,1,0). (4.35)

To determine whether the system is observable we need toutertqumerically) the differentials
of at least four Lie derivatives. In generdlLys,, dLg,S, dLg Ly s anddLlg,LyS, and the
differentials above will span the observability codisiion d©®. Note that we can not use the
vector fieldf, because we do not have expressionsofoanda, in terms of the state variables
and, hence, we can not compute the differentials of Lie dévies alond .

The results above show that in general we will be able to ekstre shape of an unkown
object. Moreover, the output function contains enoughrimfation to recover a constant like the
radius of gyration. This leads us to suspect that it may bsiplesto recover another constant as
well: the coefficient of friction. Currently friction is nahodeled, but we plan to address this in
future work.
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4.3 Movingthe Paimsat a Constant Rate

Although we have shown that the system in the previous sedsi@bservable, this does not
directly translate to an actual observer. The observghitls us that an observer exists, but
constructing a well-behaved observer for a nonlinear syssenontrivial and is still an active
area of research. Many observers (such as those proposedublyi& et al. (1992) and Zimmer
(1994)) rely on Lie derivatives of the drift field. If we wart tise such an observer we have
to constrain the motion of the palms by restricting them tovenat a constant rate, i.ey; =
a, = 0. With this constraint the angular acceleration of the gailranishes and we do not
have to compute derivatives of the accelerations with Espehe state variables. Provided the
palms are sufficiently stiff compared to the object, we casilgaealize this. Note that this is an
assumptiorand that in general a torque-based control system does tarhatically translate to
a velocity-based or position-based control system. Fopkaity we will also assume that we
already have recovered the radius of gyration.

Suppose we move palm 1 and 2 at the same rate. dhen0, since it measures the relative
rate of palm 2 to palm 1. Our state vector then reduces£0(r4, I, wo, S1, S, $1)". The output
function is nowh(q) = (s1, S, ¢1)" and the drift vector field simplifies to

—dl(wl — wop)
—dg(a)l — a)())
0
— w2 )
F@) = | o | (o, 4 wg)(s, - ,C0S¢2)/ iz (4.36)
2 _
%?Sm + (w1 + wo) (S COSP, — S1)/ SiNg

w1

We can compute the differentials and Lie derivatives than@cessary to prove the observability:

ds, = (0,0,0,1,0,0)7 (4.37)
ds, =(0,0,0,0,1,0)7 (4.38)
d¢, = (0,0,0,0,0,1)" (4.39)
wz .
Lisy=f - ds = “DEE0% 4 () + wp) (s, — 51 COS,)/ SiNgh, (4.40)
_ w? wo(2w1—wg)+ S — £ w1+ w1+ ing T
dlis = (ks 0 sescegems y 2gem o gow gy’ 441
—wir, + gcosp .
Lis = —22 =+ (w1 + o) (S COSP, — 1)/ Sing, (4.42)
w1 — Wo
_ —0F  _rywo(2wi—wg)+gcose Shp— w1twg w1t ing12\ T
dLss, = (0. 5%, oluonecoy | goses s s 93T (4.43)
202w i W,
Lilis = — ?wi(_r;ffiz;r” — 101 (20 + wy) — 02 (4.44)
_ —203wn —203wn —2wow1 (2w —wg) (T COSPo+T2) 3w1gsing
de Lfsl - ((wl—wo())tand)z’ (wl—wo(;Si“sz’ ° l(wliwogzsi;m - ZSla) o (wll—wo)zl’
— w1200 + wy), 0, Loyt (4.45)
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It can be shown that the determinant of the matrix that hasnestls,, ds, d¢,, dL;s;, dL;s,
anddL;L¢s; is equal to

gwgws Sing,
(w1 — wp)*

(4.46)

In other words, the system is observable as long@gandw, are nonzero and not equal to each
other. Note that the system is observable solely in termbkeotltift vector field.

Let us now consider the cagg = 0: palm 1 is fixed and palm 2 is moving at a constant

rate. The state vector then reducesjte= (r1,r», wo, S1, S, ¢2)". The output function is now
h(q) = (s, S, ¢»)" and the drift vector field simplifies to

dyawo
—0z(wz — wo)
0
f(q) = _w5r1+9°03¢1 _ w81 _ (w—w))S (4.47)
) wo tango singy
—wjl2+9CcoSp12 + (w2 +wo)SH + (wp+wo)wSy
w2—wp tang; (w2—wp) singy
w2

As before, we need to compute the differentials and Lie dévigs to determine observability:

ds; =(0,0,0,1,0,0)7 (4.48)
ds =(0,0,0,0,1,0)7 (4.49)
d¢, = (0,0,0,0,0,1)" (4.50)
w2r1+9cosp _
— _“0M1rOCOSP1  wosy  (w2—w0)%
Lf52 - g tangy sing, (451)
—( _ _ gcospy  _s1 S L)) _ wp—wg  woS1tH(wp—wp)Sp cosgp \ T
d Lfsl —_— ( wo, O, rl + u)2 tang; Sin(bz’ tangy’ Sin¢2 ) Siﬂ2 b2 )
(4.52)
2
__ —wgr2+gcospin (w2+w0)Sp (wo+wo)wost
Lis = w2=wp + tang, + (w2—wp) Sing2 (4.53)
—w? —r — S: (u)2+2u) . —u)z)
_ 0 200(2wp—wp) +9 COSP12 S _ Silwytawgwa—wg (w2+wp)wo
d Lf52 - (0’ wp—wg’ (wp—wp)?2 + tang; (wp—wg)2singy * (wa—wp)Singy’
wptwo  —gSing1z _ S(wptwy) _ (wrtwp)wpsi cosa\ T
tangz *  wz—wo sin ¢ (wp—wp) Sir? ¢ ) (4-54)
202w (r1+1 COSP2) i
__ ewpw2(ri+T2 2) __ g(wo+2wp) sings2
Lf LfSZ - (w2_w0) sin¢2 52602(2600 + a)z) wp—wg (455)
_ —203wp —20fwp = 200w (2wp—wp) (F1+12 COSPp) 3wzgsingyp
dLilis = ((wz—wo) sing, *  (wp—wp) tangy ’ (w2—wp)2 singy 250, (wp—wp)?
203wy (11 COSP2+12)  _goospra(wgt2wy)\ T
0, —w2(2w0 + w2), pr——— po— ) (4.56)

It can be shown that the determinant of the matrix that hasnestls,, ds, d¢,, dL;s;, dL;s,
anddL;Ls, is equal to

203w} [ (

COS¢1 singy sing12 S1(w2+wp) Sp(w2—wo)
- : + )9 + wor1 + + ] (4.57)
(w2 — wp)3sing,

wo 2wy tang, singy
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This determinant is generally nonzera.§ andw, are nonzero and not equal to each other. So
even if we move only palm 2 at a constant rate and hold palm 4 fike system is still locally
observable.

4.4 Fixed Palms

For illustrative purposes we will now consider one more sgetase, where it is possible to
analytically determine observability. Suppose our cdren@tegy consists of keeping the palms
in the same position. In other words; = w> = a; = a, = 0. Note that this is not the same
as clamping the palms, since we still assume that the palenadaively controlled. We can
then reduce our state even furtheigte= (r4, r», wo, S1, ) '. The input and control vector fields
simplify to

diwo
oo
f(q) - __gcosgpg 0 S '
1 __
cog¢ ( 1 + tan¢2 sin¢2)
— e + o (I’g t Gng, tan¢2 - sin51¢2)
O 0
0 0
_ % O
gi() = m 2% ,and  g(q) = L gg;w T (4.58)
2—d1dp
- mpzslwo m/02252"2)0
_ pPcospy—didy __p4d
mpzslwo mp232a)o

The output function is now simplia(q) = (s, $)". Since the output function has two com-
ponents and our state space is five-dimensional, we nee@idatdeast three Lie derivatives.
Consider the following differentials and Lie derivatives:

5 =(0,0,0,1,0)" (4.59)
$=1(0,0,0,0,17 (4.60)
Lisi = =953 — ao(r + - — 52-) (4.61)
dLis, = ( — 00,0, 25081 ( ) e ) (4.62)
Lise = — 2222 — o, + 2 - ) (4.63)
dLis; = (0, —wo, 9S8 (1 4 g — ). taﬁf;z)T (4.64)
LiLiS) = wd(—0y + = tan¢2 + == sz —S1) + gsing; = gsing, (4.65)

dL;Lss, = (0,0,0,0,0)7 (4.66)
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The step in equation 4.65 follows from expression 3.13. Bseaf symmetrylL;L;s; is equal
to theO vector as well. This means that with fixed palms the systamtisbservable in terms of
justthe drift fieldf. Now suppose we compute the Lie derivativesadlongg; and its differential:

2 2
p° +df
LoS = T mplsioq (4.67)
_ 1 (-20  —2dp poHd] P42 NT
d Lglsl T mp2siwg (tan¢12’ m’ w—ol’ 2d, + s L 0) (468)

The differentialsls;, ds,, dL¢s;, dLts, andd Ly, s, generally span the observability codistribution
and, hence, the system is observable. It is important to mdmee that the palms are actively
controlled, i.e., the palms are not clamped. Otherwise weldvoot know the torques exerted
by the palms. We need the torques in order to integrate (bygusn observer) the differential

equation 4.1. As mentioned before, the construction of aenier that relies on the control

vector fields is nontrivial. Since the motion of the palmsascenstrained, the system is likely
to observe only a small fraction of an unknown shape. Theeefee suspect that if one were to
construct an observer it would have very limited practicalie.



5 Discussion

I n this report we have shown how to reconstruct the shape ofmnown smooth convex
planar shape using two tactile sensors. We presented thgsanaimulation results and
experimental results for the quasistatic case. Firstlyskmved that any generic smooth shape is
globally observable. Secondly, we derived expressionghfcurvature at the contact points and
the rotational speed of the object. This completely dessribe shape and motion of an unknown
object as a system of differential equations. The simutatesults showed that our approach
works reasonably well, but further research is needed orninfinthe initial conditions for this
system of differential equations. Our experimental ressittow that our approach also works in
practice. Athough there were large errors in the reconsttlmotion of our experimental object,
the reconstructed shape was close to the actual shape.

In chapter 4 we addressed the dynamic case, where foroaétbedance is no longer assumed.
We established that it is possible to reconstruct the shagqaly in this case too, as long as at
least one of the palms is moving. By moving the palms slowlyug, we can approximate the
guasistatic case. This seems to suggest that we may be aibieve global observability in
the dynamic case as well. Further research is needed tomathiis intuition. If both palms are
motionless, the shape is still observable. However, thetoaction of an observer for this case
is very nontrivial and of limited practical value.

In future work we hope to extend our analytic results in thHeofing ways. Firstly, we are
planning to model friction. We hope to reconstruct the valfighe friction coefficient using a
nonlinear observer (cf. the radius of gyration in chapterSgcondly, we will analyze the three-
dimensional case. In 3D we cannot expect to reconstructtire shape, since the contact points
trace out only curves on the surface of the object. Nevestiselby constructing a sufficiently
fine mesh with these curves, we can create a good approximdttee quasistatic approach will
most likely not work in 3D, because in 3D the rotation velgtias three degrees of freedom and
force/torque balance only gives us two constraints.

Other Sensing Strategies
Besides the model of two planar palms, there are many othgs wareconstruct the shape of

an unknown moving object with tactile sensors. The simpdastnsion is to change the shape
of the palms. Figure 5.1 shows palms shaped as arcs of a. dddle advantage is that with less

41



42 Mark Moll & Michael Erdmann

N

Figure 5.1: Curved palms

manipulation we can cover more of the shape, since a graspthese palms comes closer to
an enveloping grasp. Further research is heeded to quahisfglaim. The radius of curvature

of the palms should be chosen such that there is always j@stomtact point on each palm.

However, if we can detect multiple contacts, it makes morssdo maximize the number of

contact points (e.g., by using deformable palms).

Figure 5.2 shows an entirely different sensing strategyobject is grasped by a robot arm
using a pivoting gripper (Rao et al., 1994, 1995). With sughipper the object is free to rotate
around the line through the grasp contact points. The sgrstategy consists of dragging or
pushing the object over a surface coated with tactile sendte think it would be interesting to
determine whether this system is observable as well.

robot gripper

object pivot

tactile sensor

Figure 5.2: Dragging an object over a tactile sensor withvatjig grasp



A Derivations

A.1l Quasistatic Shape Reconstruction

A.1.1 Curvature at the Contact Points

The expressions for the curvature at the contact points edound by differentiating the gener-
alized contact support functions:

F1=(X] —Xp) - Ny + (Xg — X2) - N}

=l - N — (X1 —Xo) - 1y

= —Uy Sin¢2 — d1 (Al)
|%1= (X1 —X2) - N1+ (X3 — X2) - Ny

= (0%, — (0 + $2)%Xp) - Ny + (X4 — Xp) - (6n))

= —12(0 + ¢) sing, — 60, (A.2)
F = (X] — X3) - N2+ (Xg — %) - N

=—vl;-Np— X1 — X)) - B2

= —U1 Sin¢2 - d2 (A3)
rL2= (X — X2) - No + (X1 — X2) - Ny
= (OXy — (0 + $2)X5) - Nz + (X1 — X2) - ((8 + ¢2)y)
= —v10Singy — (6 + ¢)ds (A.4)

From these expressions it follows that the curvature at titact points can be written as

Bt+d Rt 0+,

= i = _ A.5
vt sing, 0 sing, (A-5)
pyo_th__ ftod (A.6)

sing, @ + ¢o) sing,
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A.1.2 Derivatives of Center of Mass and Center of Rotation

Recall the following expressions for the center of mass aedenter of rotation:

Co(Vr, 1, 2) = —Tats/ SiNg, — RXy (A7)
G (W, ¢1, ¢2) = —(Fals + doiiy)/ SiNgh, (A.8)

We are interested in the partial derivatives of these esmas with respect tgy, because they
tell us something about the stable poses of the object. Ipt&aous section we computed
derivatives with respect to curve parameters. The paréaldtive of the curve parametemwith
respect toy is equal to -1. This follows fron® = ¢, — ¥ — 7 /2 (equation 3.1, p. 14). The
partial derivatives with respect 6 of equations A.7 and A.8 are therefore

Cm - : _
a—J = 2t1/ Sing, — (ﬁR)Xl + vty (Ag)
= —('U]_ Sin¢2 + dz)fl/ Sin¢2 — (%R)Xl + Ulfl (AlO)
dzfl 3
= —gng. ~ (R (A.11)
o o
w = (f5t1 +d;ny)/ sing, (A.12)
= (—(v1SiNg, + d)t; + (v1 COSP, + vz + 2)N1)/ SiNg, (A.13)
= ( - Ulﬁz + Uzﬁl + Fzﬁl - dzfl)/ Sin¢2. (A14)

The derivative ofd, can be obtained in a similar fashion as the derivative$;cadndf, in
section A.1.1. Notice that equation A.11 is very similacip— ¢:

Cm — G = hiiy/ Sing, — Rxy (A.15)
In fact, upon careful inspection we see that

dCm 0 -1

W_ (l O)(Cm—Cr)- (A.16)

A.1.3 Rotational Velocity

In section 3.3 it was shown that the force/torque balancstcaint can be written as

r Sin¢1 -y COSp, = —dz ::g; (Al?)
Differentiating the left-hand side of this equation we get:

L(rysingy — dy cosgy) = (11 + dighy) Singy + (r1¢hy — dy) COSPy (A.18)

= di(¢1 — 0) SiNy + r1(¢y — 6) COSPy — % cosg; (A.19)

= dyyf sing; + r1y cosgy — fz“"’{jﬂ% COS¢, (A.20)

= 9/ (dy Singhy + 1y COSPy 4 ) — 2thatda® o5 (A.21)

sing singo
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The step in equation A.19 follows from properties of the eabhsupport functionr’(6) = —d(6)
andd’'(9) = r(#) — v(0). The derivative of the right-hand side of equation A.17 cambitten
as

%(_azsinm) = ( — 0, Sing; — dogh1 COSPy + Gy SiNGy COt¢2)/ sing, (A.22)

singo

Equating expressions A.21 and A.22, substituting expoes’i13 ford;, and solving forjs we
arrive at the following expression faf:

& T 3 i sing
_ r-z COS¢1 — d2 Sjn ¢1 + d2¢2~5in—¢122 ’ (A23)
r{SiNg.s + (ro + ) sing, + d, coseg,

whereg, = ¢1 + ¢».

A.2 Dynamic Shape Reconstruction: Velocity of the Contact Points
Recall the position constraint on contact point 1 (equaBiah p. 16):

siti = G + RXy
We can differentiate this constraint to get a constrainthenvelocity of contact point 1:

Sits + Siw1Ay = Gy + wo x (RX1) + RXy
= Cm + @ X (RXy) + (01 — wo)vits

This follows from6 = ¢; — ¢ — % and from our parametrization of the shape of the object.

Differentiating again results in the following constraori the acceleration:

Sty + 280101 + 1040y — Sla)ifl = ag + ap X (RXy) + wp X (600 x (RXy) + (w1 — wo)Ulfl)
+ (a1 — ao)vits + (w1 — wo) (V1ts + wyv1hy)
=ay + g X (RXq) — a)ngl + (a)f — wé)vlﬁl

+ (a1 — o) vits + (w1 — wo) Vit
The acceleration constraint in tie direction is therefore:
28101 + Si01 = 8o - Ny + w3l — oty + (07 — WY)vs.
We can solve this constraint foi:

_ ZSla)l + S0 — a)grl —aqy- N+ Olodl
B wf — of

(A.24)

U1
From before (equations 3.6 and 3.27) we had:

R+ @ +dd  (—$1Sing, — 510, COSP) + (w12 — o) (S1COSP2 — )

6 sing, N (w1 — wo) SiNg;

V1 =



46 Mark Moll & Michael Erdmann

(A.25)
We can equate these two expressionsvicaind solve fors;:

S — wSrl —ag - Ny + apdy w1t wo (w1 + wo) (w12 — wo)
w1 — Wy tan¢2 (a)l — a)o) sin ¢2

§ =
Similarly we can derive an expression r

P wérz —a-Np+agd, w12+ wo (w12 + wo) (w1 — wo)

w12 — W tang, (w12 — wo) SiNg,

$
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