SPARTAN GIBBS RANDOM FIELD MODELS FOR
GEOSTATISTICAL APPLICATIONS

Abstract: The inverse problem of determining the spatial dependence of random
fields from an experimental sample is a central issue in Geostatistics. We propose a
computationally efficient approach based on Spartan Gibbs random fields. Their
probability density function is determined by a small set of parameters, which can be
estimated by enforcing sample-based constraints on the stochastic moments. The
computational complexity of calculating the constraints increases linearly with the
sample size. We investigate a specific Gibbs probability density with spatial dependence
derived from generalized gradient and Laplacian operators, and we derive permissibility
conditions for the model parameters. The optimal values for the parameters are
determined by minimizing a normalized metric measuring the distance between
stochastic moments and the sample constraints. The computational complexity of the
minimization depends on the number of the model parameters, but not on the sample size.
We illustrate the method using simulated control samples with different types of spatial
dependence. Spartan Gibbs random fields are useful for modeling large samples, and
when reliable estimation of the variogram is not possible. Estimation of the field values
at non-sampled positions, conditional simulations, as well as extensions to anisotropic
spatial dependence, non-Gaussian probability densities, and off-lattice distributions are
briefly discussed.
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1. Introduction
The purpose of this paper is to investigate geostatistical applications of Gibbs random

fields that are economically determined by a small set of parameters, and thus we

appropriately name them Spartan. In hydrology, oil reservoir forecasting,

environmental engineering and geophysics random fields are used to model spatial
heterogeneities and space-time variations [40,37,7,14,27]. They account for structural
and dynamic variations as well as for uncertainties due to the limited precision of
measurements. Multivariate normal (i.e., Gaussian) random fields are commonly used in
practical applications. Distributions with non-Gaussian probability density functions
(pdf) are often reduced to a Gaussian pdf by means of appropriate nonlinear
transformations. The spatial dependence of a Gaussian random field X(s) is determined
from the semi-variogram (one-half of the variogram) which is defined by means of the

following stochastic expectation
1 2
yx(r)=§E[X(s)—X(s+r)] : 1)

This is approximated by means of the empirical (experimental) semi-variogram, the

values of which are estimated from an available sample X(s) at anumber of lag distances
r.. Estimation of the experimental semi-variogram is a high-dimensional inverse

problem. It isaccomplished using the method of moments [40]
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In the above N is the sample size, the interval [r, —dr,, 1, +dr,) defines the bin for the
lag r, and N(r,) isthe cardinality of the bin. The optimal variogram model is selected
by model fits to the set {r,,y, (r,)}. Since estimation of the variogram involves all (or

most) pairings of the sample positions, the computational complexity increases with the
square of the sample size. Bin definition involves various assumptions, especialy in the
case of anisotropic dependence and irregularly spaced measurement locations. In
addition, the estimates of the variogram involve considerable uncertainty [22,47],
especially for the bins that contain only a small number of pairs. Robust variogram
estimators [13,14] involve similar assumptions. The method of maximum likelihood
(ML) [41,43,50] bypasses the empirical variogram calculation. The variogram
parameters are evaluated by maximizing the likelihood of the data for a specific
variogram model. However, in the ML approach the Cholesky decomposition of the
covariance matrix, which is an O(N®) operation, is evaluated for every set of model
parameters tried during the optimization search. For a discussion on ML s merits and
disadvantages see [51].

Hence, there is a need for computationally efficient models of spatial dependence,
especialy for studies that involve large samples. The models that we propose here are
determined from a small number of parameters. Estimation of the empirical variogram is
not required, thus reducing significantly the problem of dimensionality. The relative

probabilities of different states (samples) can be efficiently calculated, which isfavorable
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for Monte Carlo simulations. The paper is organized as follows: Section 2 provides
general definitions used in the paper. In Section 3 we discuss the motivation for coarse-
grained random fields and properties of coarse-graining kernels. In Section 4 the Gibbs
random field model is introduced and its properties are studied. In Section 5 we propose
a solution to the inverse problem of estimating the model parameters from available
samples, based on a normalized distance metric. In Section 6 we present a numerical
implementation of the estimation procedure and explain the results. In Section 7 we
briefly discuss issues that deserve further investigation, and conclusions are given in

Section 8.

2. Definitions
We use roman characters to denote a random field and italic to denote specific states.

We consider weakly homogeneous random fields (i.e., fields with constant mean and
strictly lag-dependent covariance). For multivariate normal distributions, weak
homogeneity implies a homogeneous probability density. Let X(s) denote a random
field in a continuum space Q O R® and X(s) its specific states. The multivariate
probability density is denoted by f [X(s)], and the ensemble mean by E[X(s)]. The
zero-mean fluctuation is x(s) = X(s) — E[ X(s)], and the two-point covariance is given by

G, (s,s+r) = E[X(s)Xx(s+T)].

DEFINITION 2.1. The covariance spectral density, éx(k), of the random field X(s) is

given by the following Fourier integral



G, (k) = [ar G,(r)e ", ©)

The inverse transformis then defined as follows

G,(r) =9, dk G,(k)e"", (4)

where the coefficient is given by 9, = (2m)™.

Similarly, let X(s) be afield on alattice M O R'. Thelattice sites s (i =1,...,N),
are generated from unit vectors e; and lattice steps a, (j =1...,d) in d orthogonal
directions. The X, (i =1,...,N) denote the value of afield state (sample) at s, the vector

X =(X,..., Xy), the entire state, and f, (X) the lattice multivariate density.

DEFINITION 2.2. A homogeneous random field is isotropic if its covariance depends

only on the Euclidean distance r =||r||. We define the correlation radius, r,, by means of

G, (r,) =0.05G, (0) . (5)

3. Coarse-Graining Transformations
We introduce coarse-graining transformations and use them below to define the

Gibbs probability densities. The symbol X (s) denotes a coarse-grained average of the

primary field X over length scales smaller than A. Coarse-graining is useful for defining
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differentiable Gibbs random fields. The physical motivation is that experimental data are
often coarse-grained, because limited resolution prohibits probing the variability at very
small scales [6,20]. In mining engineering the commonplace nugget effect [40] refers
to the offset of the variogram at zero distance due to unresolved small-scale variability.
Coarse-graining is also motivated by the representative elementary volume (REV)
hypothesis, which underlies the continuum modeling of flow and transport in porous
media[2,5,33].

DEFINITION 3.1. A linearly coarse-grained random field X, (s) in a continuum

space Q 0 R" is defined by the convolution integral
XA(S):J'dS'QA(S,S')X(S'), (6)

where Q,(s,s') is a smoothing kernel of radius A and X(s) is the primary field. The
kernel is assumed to be:

i. Areal function, i.e. Q,(ss): 0¢x0° - O,

ii. Trandation invariant, i.e. Q,(s;s)=Q,(s—s).

iii. Differentiable, at least in the generalized sense [21].

iv. Integrable and normalized, i.e. J’ds’QA (s-9)=1.

V. Isotropic, i.e. Q,(s—s)=Q,(lls—s[]).

Vi. Asymptotically declining to zero or equal to zero outside a finite radius. The

coarse-graining scale A isdefined by Q, (||s—s'[|=A) =0.05Q,(0).

Vii.  Heaviest at zero-frequency, i.e. |§,()| <|&,0)[ . Tk=o0.



The primary field is recovered if Q,(s—s)=9(s—s). Condition (ii) ensures that
X, (s) is homogeneous and condition (iii) that it is differentiable. Condition (iv)
guarantees that the Fourier transform of the kernel exists and (NQA (0)=1. It asoimplies
conservation of the mean, E[ X, (s)] = E[ X(s)]. Condition (v) is not restrictive, because

an anisotropic kernel can be reduced to an isotropic form by rescaling the coordinate
axes. Condition (vii) ensures that the kernel has the least impact on large wavelengths.
From the above definitions follow three useful properties of coarse-grained random
fields, that is, the spectral density relation, the reduction of variance, and the extension of

the correlation range. They are given by the following lemmas.

LEMMA 3.1. The spectral density of the coarse-grained field is equal to the product of

the spectral density of the primary and that of the kernel, i.e.,

~ ~ 2 ~

G, (k) =[Q, ()| G,(k). (7)
Proof. Based on Equation (6) GX;A(r):J’dr’J’dr”Q(SH -r")Q(s—r")G,(r' —r").
Equation (7) then follows by replacing the functions with their Fourier transforms and

using the orthogonality relation J’dr’exp(i (k,+k,)r") =(2m 8(k, +k,).

LEMMA 3.2. The variance of the primary provides an upper bound for the variance of

the coarse-grained field.
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Proof. By expressing the ratio of the variances in terms of the spectral density integrals,
using Equation (7) for the spectral density of the coarse-grained field, and the inequality

of condition (vii) we obtain

o2, _[k|Qm[ G

o’ [dk G, (K) ®

d
LEMMA 3.3. Let C, E[Idr G, (r)/G,(0) ' be the correlation range of the primary

field. Therange of the primary isa lower bound on the range of the coarse-grained field,
ie, (., 2{,.
Proof. The covariance integrals are expressed in terms of Fourier transforms. Lemma

3.3 follows from the condition (iv) of the Definition (3.1) and Lemma (3.2)

4, _B.0/QO| o Sw _0g2 d°

= - "7 H - (9)
2 O 2
Zx E OX;A Gx (O) D X;A E

In the case of lattice random fields the coarse-graining equation (6) is replaced by the

discrete summation

Xi(8) =) Qi(s:8) X(s)), s DB, (s)- (10)
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where the neighborhood B, (s) of s, is defined by: s OB,(s) if | 5, —5,/<R(A),

k=1,...,d. Forlatticefieldsthestep size a, i =1,...,d, should satisfy a = R(A).

3.1 Kernel with sharp frequency cutoff
PROPOSITION 3.1. Theinverse Fourier transform of the step function

Q,(K) = (K= 1K D, (12)

where k... ~1/A isakernel that satisfies the conditions of Definition 3.1.

Proof: Conditions (i)-(ii), (iii)-(v) and (vii) follow trivially. The kernel in real spaceis

QA(r):kriax\/y Jd/z(kmaxr)

D) e

where J,,(X) is the Bessel function of the first kind of order d/2. Its asymptotic
behavior for x >>1is given by J,, ,(x) ~cos] x (¢ -1)F - Z]v2/mx. This suffices
to prove the condition (vi). The derivative is calculated using

d{x™ J,(X)}/dx =-x"J,,,(X) [52], which leads to

dQ,\ (r) — _d+1 ‘]d/2+1(kmax r)
dr - IaX \/197(1 (kmax r.)d/2 ' (13)
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In view of the Bessel function dependence for x <<1, J,, ,(x) ~x**7*/2%*7'(d/2), the
first derivative vanishes at zero. The second derivative is evaluated using the relation

63,4 00/x°} Jebx = = 3,.,(X)/x" + 3,.,,(x)/x"*", which leads o

sz/\ (r) —1,d+2 |]‘]d/2+2(kmax r) ‘]d/2+1(kmax r) C
= NE4 - : 14
dr.2 ax d E (l. aXr.)d/2 (l( aXr)d/2+1 E ( )

Hence, the second derivative at zero is d%Q, (r)/dr? = —k%? /9, {r (d/2)29%"%} ™.

4.  Gibbs Random Field Models
DEFINITION 4.1. The multivariate pdf of Gibbs random fields is in general

expressed as follows

f0X, (9] = Z7 exp{=H[ X, (9)1}. (15)

The exponent H[ X, (s)] represents the value of the energy functional H[X,] for the state

X,(s) and the normalization constant Z = Z exp{—H[XA(s)]} IS the partition

X, (9)
function.

Gibbs fields were introduced to model the equilibrium states of physical systems[24].
For these systems the functional H[X,] is the Hamiltonian that governs the distribution
of energy among different states. We can in general think of H[X,] as an energy

functional, because states with higher values H[X, (s)] have lower probability. If the
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random field has infinite or semi-infinite support the energy functional must obey

lim H[X,] = . This forces the term that dominates H[X,] for large X, to be an

[Xa| =
even function of X, .

Gibbs random fields have a so found applications in image analysis and robotic vision
[23,53,46], where they are used to represent the spatial dependence of visual patterns.
Gaussian random fields and maximum entropy probability densities [7,9,8] used in
geostatistics can be viewed as specia cases of Gibbs random fields. In these cases,

H[X,] incorporates sample-based constraints such as the variogram. Non-Gaussian

termsin the maximum-entropy-prior energy functional involve higher-order correlation

functions, which are difficult to obtain from the data. Also, determining the parameters
of high-order correlation functions is a multidimensional optimization problem, which to
our knowledge has been solved only under restrictive conditions [36]. Here we focus on
Gibbs probability densities that involve a small set of model parameters (in contrast to

multidimensional constraints).

4.1 A class of Gibbs random fields with local coupling
DEFINITION 4.2. Let B(s;R,,) define alocal neighborhood of the point s, such that

s+rOB(sR,,) if [ |<R,;, i =1..,d where R, isa vector of positive radii. We define

a local-coupling energy functional as follows

M

HIX, (9] =[ds) a, Z L [X,(9), X, (s+ 1)1 (16)
m=1 rmOB(S;Rm)



12

The corresponding Gibbs random field has a multivariate normal pdf if the L2 are
quadratic functionals of the fluctuations. The energy coefficients a,, satisfy
permissibility conditions specified by Bochner stheorem.

In the case of lattice fields the integral is replaced by a summation. Specific
examples of L? operators include quadratic combinations of various derivatives (for

continuum random fields) or finite differences. For Gaussian random fields
differentiability of the sample functions is equivalent to the existence of generalized

derivatives for the appropriate covariance functions, e.g. [32].

DEFINITION 4.3. The following energy functional where X, (s) is coarse-grained

with the kernel of Eq. (11), islocally coupled in the sense of Definition 4.2:
1
H[X,]= 5Ids{ ao[X,(9) = EIX, 9] + @[ OX,(9)]" + DZXA(S)]Z}, (17)

The energy functional is isotropic and couples the field values via the derivatives.
For a specified cutoff k , the multivariate density is determined from the energy
coefficients a,, a, and a,. The first term (L a,) represents the energy cost of
deviations from the mean state. The gradient (L a,) and curvature (U a,) terms
represent energy costs related to spatial variations of the field. For a,,a,>0 the first

term favors low-gradient and the second term low-curvature states.
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PROPOSITION 4.1. The energy functional of Equation (17) leads to a permissible
random field density if the coefficients a,, a,, a, satisfy conditions specified below.
Then, the multivariate density is (i) even with respect to the fluctuation x, = X, — E[X ],
(i1) unimodal, and (iii) Gaussian.

Proof: (i). All thetermsin H[X,] are even functions of X,. (ii). The mode is the
highest-probability field state X}/(s). Since H[X,] is convex (provided the coefficients

satisfy the permissibility conditions), the mode(s) is determined from the roots of the

variational derivative oH[X,]/dX, , i.e., from

OH[X)]

x =00 a,[X"(s) - EIXV(9)] |-, 0°X*(9) + @, 0*X{7(9) =0,  (18)
A

X, =X{?

For a homogeneous random field the mode x;°> (s) is spatially uniform, and thus the only
solution is X{?(s) = E[X{’(5)]. (iii). The probability density is Gaussian since al the
energy terms are quadratic functionals of the field. The permissibility conditions on the

energy coefficients are determined by means of Bochner s theorem [4]:

BOCHNER S THEOREM: A function G, (r) is a permissible covariance only if it is
positive semi-definite. This requires the spectral density ém(k) to be (i) positive semi-
definite (i.e., ém(k) >0 for al k) and (ii) integrable. Condition (ii) ensures that the

variance isfinite.



14

PROPOSITION 4.2. The energy functional of Equation (17) is permissible if the energy

coefficients satisfy the following relations:

0,>0,a,20, a,>0, (19)
or
a,>0, a,<0, af <4a,aq,. (20)

The variance of the Gibbs field is then given by the following integral

k|G, ([

, 21
K +BK +y (21)

2 _ = — 19d Aﬁ p
07, =94 [dk G,(K) = o J.’dk

where B=a,/a,, y=a,/a,, and A, =2m1%*/I'(d/2) is the surface area of the unit
spherein d dimensions. .

Proof: The energy functional is expressed in the Fourier domain as follows
— 19d v v ~-1
HIx, (8)] = = [ dk X, (k) X, (=k) G, (k).

where X, (k) is the Fourier transform of the coarse-grained fluctuations and éx‘j (k)isthe

inverse of the following spectral density function
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[XCI

4 2 :
a,kK”+a .k +a,

G, (k)= (22)

The condition (i) of Bochner s theorem is fulfilled when the inequalities (19) or (20)
hold: If the inequalities (19) are satisfied the roots of the polynomial
p,(K) = ak* +a,k® +a, areimaginary (for a, = 0), complex (for a, >0, af <4a,q,),
or real and negative (for a, >0, a? > 4a,a,). If the inequalities (20) are satisfied the
roots of p,(k) arecomplex. Inall cases, p,(k) isstrictly positivefor k= 0. If d<3the

condition (ii) of Bochner s theorem is satisfied for any bounded QA(k), and if

Q, (k) = (k.. — |k |) it is satisfied for all d.

REMARK 4.1. The curvature term in the energy functional adds stiffness to high-
frequency fluctuations and is thus responsible for the finite variance, even if a, <0.

REMARK 4.2. In the coefficient space (a,,(, y) the permissibility conditions are
a,>0, B=20,y>0 or a,>0, B<0, B?<4y. Hence, the branch B<0 of the
parabola [3° = 4y is the boundary that separates the half-plane S OR and y OR" into

permissible and non-permissible domains. At the boundary the stochastic moments of

the field diverge, because the poles of the spectral density approach thereal line.



16

4.2 Physical parameterization

The energy functional of Equation (17) follows the genera formulation of Equation
(16). However, the physical meaning of the coefficients a; (i =0,1,2), isnot clear. The

following formulation uses a more intuitive set of parameters:

DEFINITION 4.4. Let us define the scale parameter 1,, the dimensionless coefficient

n,, and the correlation length & such that a,=(n,&)™" a,=(n/n,)&° and

a,=&""/n,. The Gibbs random field defined in (4.1) is then expressed as follows
1 2 2 2 4] —2 2
H[xu:mjds{ X, @ -EX, O +n,8 [0X, ] +&[ 0%, 9]} (23)

The scale parameter 1, determines the total variance of the fluctuations, the coefficient

n, the shape of the covariance spectral density, and & the correlation radius.

REMARK 4.3. The spectral density is expressed intermsof n,, n,, & asfollows

Q0] o€

Gl = L (@ + 08"

(24)

The permissibility conditions for the new parameters become:
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N, >0, &>0and { () 7,20, or (ii) n,<0, n?<4}.

4.3 The Covariance function
The covariance function is the simplest measure of spatial dependence and is used

below to enforce the sample constraints. The frequency dependence of the primary

covariance spectral density is shown in Figure 1 for n, >0 and in Figure 2 for n, <O0.
The spectral density declines fast toward zero, and its tail beyond k., = 277/a where a is

the spatial resolution (taken as the length unit) can be ignored. Hence, the covariance of
the primary is a good approximation of the coarse-grained covariance. The maximum of

the spectral density for n,>0 is at k,=0. For n, <0 the maximum occurs at
ky =& |m| /2 suggesting oscillatory behavior of the covariance. The value of the
spectral peak is G (k )=4n,&/(4-n?. The curvature at the peak,

Ke(km)E[Olzéx(k)/dk]k:k ,is Kg(ky) ==6417,&°|n,|/(4-n?)>. The width of the

peak, i.e. - 2)/16/71‘, tends to zero as the permissibility

boundary is approached. In real space the covariance is given by the following integral,

e.g. [54]

G.(r) = (’70 zr k? ‘]d/2—1(kr)

Sl ke )

The covariance functions for three >0, which are plotted in Figure 5, show the increase

of the correlation radius with ¢. The plots of the covariance function for n,<0 in Figure
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4 exhibit a characteristic negative hole, the depth of which increases with |r,|.

REMARK 4.4. For n,=2, the spectral density of the primary field is

G, (K)=n, &4 /(1+(k&)?)%. In d=3 this is equivalent to the spectral density of an

exponential covariance G, (r) = o2 exp(—r/&) with variance given by a2=rn,/8m>.

4.4. A lattice Gibbs random field model

The Gibbs random field model is extended on the lattice as follows:

DEFINITION 4.5. On a hypercubic lattice generated by the unit vectors

e =(0,...,1,..,0) and lattice steps a (i =1,...,d), we define probability density functions

by means of the following quadratic energy functional

HIX, 1= 5o Z@X(s) E[X, (s)1] +m, & z[x(“a:) x|
(26)

4 X, (s, +ae)-2X,(s,)+X,(s, - a,e)D2
28 ¥ :

i
U
B
REMARK 4.5. The probability density function (26) is anisotropic, even if a =a

(i=1,...,d), due to the anisotropy of the lattice. The coarse-graining scale A denotes the

vector (A;,...,A4).
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4.5. The lattice covariance function
For the lattice pdf given by Equation (26), the covariance spectral density is estimated

by approximating the summation over the lattice sites in the energy functional with an

integral. Thisleadsto

C;x;(al ad)(k) = d

Ny &*

> : (27)
48" ¢ 2.8k 166* . . ak
1+nlzaizsm(2)+z 4Sln(z)

1=1

PROPOSITION 4.3. The energy functional of Equation (26) is permissible if the model

parameter s satisfy the following relations:

N, >0, £>0, 1,20, (29)
or

2+ d

Ne>0, £>0, 1, <0, . 29
§>0,m, <0, =0 > |n,| (29)

Proof: If the inequalities (28) hold the spectral density is always positive. If n, <0

16&*

d 2
Bochner s theorem requires that 1+nlzdjzsin2(a";)+z ——sin (a’K)>O be

1=1

48

positive. Using the definition ; =—; sinz(a"TK), the above inequality is expressed as

1+zilgui2>|nl|zilt,ui. This is satisfied for any ¢, if

mlngqb(wl, W) = 422% O<¢‘u|_4£2 §> |n,| . The minimum of the
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function @¢(y,,...,,) is obtained for g, =...=y, =1/~/2, which leads to the inequality
(29).

In Figure 5 we compare the lattice spectral density in the direction &= (1/v2,1/1/2)
with its continuum counterpart for n, =0.2. The two functions are almost identical for
small k. For larger k the lattice density declines slower, because the sine functions are
bounded. Plots of the lattice and continuum spectral densities for a negative shape

coefficient (n, =-1.2) are shown in Figure 6. The peak of the lattice density is
considerably more pronounced, reflecting the fact that 1, is closer to the permissibility

boundary in the lattice case (1, ., = —+v/2), than in the continuum case (1, , = —2).

5. Estimation of the Model Parameters
Determining the model parameters requires information (observable quantities) that

can be reliably estimated from data. In many geostatistical applications it is difficult to
estimate reliably the long-range properties [22] of the variogram. Then it makes sense to
focus on the short-range moments of the random field and formul ate appropriate sample-

based constraints.

DEFINITION 5.1. Let us define the observable energy terms S, S, and S, as follows:

S, =[X, 912 -{ E[X, (91} (30)
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315 E)(A(S-I_aiei)_x)\(s_aiei)g’ (31)
=1 D 2a| D
S = d AP X, (9] AP X, (917, (32)

i,)=1

where A} isthe centered second difference operator in the direction &, i.e.,

(33)

X/\(S"'aiéi)+XA(S_aiéi)_2XA(S)
5 .

AV[X,(s)] =
[X,(8)] 2

These random field functionals are used below to enforce sample-based constraints on

the Gibbs probability density.

REMARK 5.1. Theenergy terms S, S;, and S, are motivated from the couplingsin the

energy exponent of the Gibbs pdf. However, there is no a priori reason for choosing
these in favor of some other local interaction measures. Thefields S and S, are defined
in terms of centered differences in the domain interior, but forward differences are used

at the domain boundaries.

DEFINITION 5.2. The stochastic expectations E[S,] (m=0,1,2), are given by the

following correlations:
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E[S]=E{[X,(91?} -E{ X, (9} =%, (34)

: 20—3;/\ _Gx;/\ (281 él) B Gx;/\ (_231' él)

E[S]=3 e (35)
E[S,]=Y E{a21X,(s180[X,()}- (36)

i,)=1

LEMMA 5.1. The expectation E[S,] is expressed as a double sum that is symmetric
over the signs of the arguments (as denoted below by the subscript s)
d 1

E[s,]= 3 ‘a {ZGX:A(O)_ZGx;A(ai €)-2G,,(a &)+

i,)=1 <

(37)
Gx;’\(ai éi — g éi)+Gx;A(a1' éi +aj éj)}s

Proof. It follows directly from Eqg. (33) that

E[X,(s+u,&)X,(s-u;,&)]

where u , =-a, U,=0, u,=a,and g, =g =1, g, =-2. Expansion of the double

sums provesthat E[S,] is given by Equation (37) above.



23

LEMMA 5.2. The energy moments are given by the following frequency integrals

k| &, (k)|
(k&) + (k'

E[S,]=9 an [, A(’“)(k)m (M=0,1,2). (38
@ 1+ ’71 DI |le , .

I dQ, denotes the integral over the surface of the unit sphere in d dimensions, and the

functions A\™ (k) are as follows:

O) (1) = _J
AP ()=, (39)

@ Dl cos(2a k) L
A7 (K) =4, 207 L (40)

AP (K) = — [ 4~ 4cos(a k) - 4cos(a, k) +2c05(a k - a,k)
a’a , (41)

+2cos(a k + 3 kj)]

Proof: The Equations (38) follow from the Equations (34)-(36) using the Fourier
transform of the covariance function. The Equations (40) and (41) for the tensor

functions A{™ (k) (m=1,2) follow from the shifting theorem of Fourier transforms.
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The Fourier representation leads to explicit expressions for the energy moments in
terms of the model parameters. Hence, it is thus more suitable for numerical calculations

than the real-space representation.

DEFINITION 5.3. The expectations E[S] (i=0,1,2) are approximated by the

following sample-based constraints (spatial moments), S=(S,, S, S, )

- 1M0 o N unj
== X - X , 42
S) N :15 /\(3) qul A(s)HD (42)
N g B 28 B E’
5:% s %i EK)\(S +ajéj)_2x,\2(3)+x,\(s1 _ajéj)gz%. (44)
f=1 @:1@ g B B

PROPOSITION 5.1. The optimal parameters n; and &" of the Gibbs random field are

estimated by minimizing the distance metric given by the following functional

2

o= 1 (S]] (S sl ] ®
$ E[S] S E[S]

Then, the optimal scaling parameter is given by
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. §
T = e =Lnn e o

Comment: The metric ®[ X, (s)] is expressed in terms of dimensionless combinations
of the energy moments that do not involve the scaling coefficient n,. This is possible
because n, multiplies al the energy terms. The application of the distance metric is
based on two assumptions: Firstly, the spatial averages S, (m=0,1,2), should be
accurate and precise estimators of the stochastic expectations E'[S,] of the underlying
random field (where E'[[] denotes the expectation with respect to the unknown

probability density, which is approximated by the Gibbs model). This assumes that

ergodic conditions are satisfied, e.g., [1,32]. Secondly, the stochastic expectations E[S, ]
of the Gibbs random field should accurately approximate the expectations E'[S,] of the

underlying field.

REMARK 5.2. The above choice for the distance metric is not the only one possible;

in principle any two terms based on dimensional combinations of the energy moments
can be used. In general, for an n-component constraint vector S the following normalized

distance functional can be defined

- (S E[S] (47)
| S E[S]

1X,1= Y
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REMARK 5.3. We choose to minimize the distance functional (45) instead of solving
the nonlinear system of equations §, = E[S,] (m=0,1 2), because the existence and

uniqueness of a solution for any set of experimentally realizable S, is not obvious. We

attempted to solve this system of equations using a globally convergent Newton method
[48] and more powerful, trust-region methods [11,12]. The agorithms were eventually

trapped inside local minimathat gave poor matches with the sample-based constraints.

6. Numerical Implementation
In this section we describe a numerical approach for estimating the model parameters

of the Spartan Gibbs random field defined by Equation (23). We consider a simulated

control sample on a square lattice with a, = a, =a and L nodes per side. The kernel of
Equation (11) with frequency cutoff k. =2rm/a is used. First, we derive one-

dimensional integral expressions for the energy moments based on Equation (38).

6.1 Energy moments in two dimensions
LEMMA 6.1. Let the frequency functions B™ (k) denote the surface integrals

T d
B™ (k) EJ’OZ dgoz A™(k) . Thefunctions B™ (k) are then given by

i,]=1

BO(k)=2m, (48)

BY (k) :i—f[ 1-J,(2ak) |, (49)
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B@(k) = i—f[ 20-32 J,(ak) +8 J,(~2ak) + 4Jo(ak)]. (50)

Proof: The B”(k) isobvious. Thefunctions AT (k) (m=1,2;1i,j =1,2) aregiven by

1-cos(2akcosg)

1-cos(2aksing) .
2a° ’

200 = oat

D(k) =

2 (K) = A (k) =0,

A (K) = 2[3+cos(2akcosg) — 4cos(akcos)] |

a.4

AR (k) = AP (k) = 512_4{2 — 2cos(akcosg) — 2cos(aksing)

+cos[ak(sing—cos@)] + cos[(ak(sing+cos)] }

2[3+cos(2aksing) —4cos(aksin
Aé;”(k): [ ( a(ﬂ) ( (P)]

Theintegrasin the B™ (k) involve the following integrations [29, pp. 441-442]

2m 2m

Id(pcos(Zakcoscp) :J’d(pcos(Zaksin(p) =2mJ,(2ak),
0 0

2m 2m

Id(p cog ak(cosgz sing) | = Id(p cos] +/2 ak cos(p+ g)] =2mJ,(~2ak).
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The Equations (48)-(50) follow from these results. An expansion of the right side of
Equations (49) and (50) in a Taylor series verifies that the low frequency behavior is
BY(k) Ok? and B® (k) Ok*, in agreement with the continuum limits for the squares of

the gradient and the L aplacian.

6.2. Computational scheme
We simulate data by numerically generating control random field samples. The

simulations are based on the Fourier Filtering Method [42] on a L x L lattice with L
ranging from 100 to 800. Three models of covariance dependence commonly used in
geostatistics are investigated: Exponential, G g(r)= oZexp(-r/ &), hole-type,
G, (r)=0? Hf:lsinc(n/ﬁfH) , and Gaussian G ,(r)=oZexp(-r’/&3). The
lengths & and ¢; are related to the correlation radius as follows: é. = -r,/109(0.05),
and &, =r,/,/-10g(0.05). Since the hole-type covariance is anisotropic we extend the
definition (5) of the correlation radius to G, (r,/+v/2,r./+/2) =0.05G, (0) , from which we
obtain ¢, Ur, /3.60. We usethe correlation radius r, = 5 for al the control samples.

For the optimization we use the Nelder-Mead simplex search algorithm [48], that
does not require gradient evaluations. The optimization is terminated when both the

model parameters (n,,n,;,¢) and the distance metric change between consecutive steps

less than specified tolerances, for which we use the value 10°. Theinitial guesses for the

model parameters are n{” = -1 and & =3 for al the runs. We calculate the frequency

integrals of the energy moments with an adaptive-recursive Newton-Cotes 8-panel
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algorithm [18]. We impose a cutoff, n, , =—-1.99, on the shape parameter to avoid
proximity to the permissibility boundary and numerical instabilities. The cutoff is
implemented by assigning a large value (e.g., 10° to the distance metric if r, becomes

smaller than the cutoff. The numerical investigations were conducted on a desktop

computer with 800 MHz processor and 256MB RAM.

6.3 Results
We minimize the normalized distance metric (45) using the scheme outlined above.

In Table 1 we list the minimum values of the distance metric, the number of iterations of
the Nelder-Mead algorithm, the total CPU time (including the optimization and the
calculation of the sample moments), and the estimated Gibbs model parameters. The
same set of random numbers was used to generate all three control samples. The energy
moments of the optimal Gibbs random field are an excellent approximation of the sample
with the exponentia dependence, as evidenced by the extremely low value of the distance
metric. Estimation of the optimal model parameters requires less CPU time if the control
sample has exponential dependence than if it has Gaussian dependence, even though
more Nelder-Mead iterations are needed in the former case. Increased computational

effort is required for calculating the moment integrals for negative n,. This slow-down
affects the optimization time for the Gaussian sample, the shape coefficient of which is
attracted towards the permissibility boundary. Since n, is positive for the sample with

exponential dependence, less time per iteration is required in spite of the higher number

of iterations. The value of the distance metric is also low for the samples with Gaussian
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and hole-type dependence. However, thisis achieved at the expense of a n; very closeto
the permissible boundary, especially for the hole-type covariance. The negative n;

implies that the covariance of the optimal Gibbs random field has a negative hole, a
feature absent from the covariance of the control sample with Gaussian dependence.
However, the constraints we imposed do not consider the entire covariance function, so
this deviation should not be surprising. The proximity of n; to the permissibility
boundary may indicate that (i) ergodic conditions are not satisfied or (ii) the specific
Spartan Gibbs energy functional or smoothing kernel permits an accurate matching of the
constraints only by means of an almost singular spectral density. The issue (i) is
discussed below. Competition between the smoothness of the solution and its ability to
match the datais typical of many inverse problems [48, p. 796].

In Table 2 we list the three energy moments for each of the control samples and their
respective values for simulated states of the optimal Gibbs random field with the
parameters from Table 1. Thereis good agreement in general, except in the case of hole-
type dependence, which presents a 14% difference between the standard deviation of the
control sample and the Gibbs state. This is most likely due to ergodic fluctuations that
are stronger for hole-type dependence due to the non-monotonic decline, than for the
other two covariance models. To test this hypothesis we derive explicit expressions for
the variance of the Spartan Gibbs random field in two dimensions. We evaluate the
spectral density integral by approximating the upper limit, k. &, with infinity. This

leads to the following
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0 [h1+ﬁ|]
47rx7r)12—4 lnDh—zqu—M] |’71 |> 2
oy = znﬁfﬁ%_tan_u%,ﬁ% Im|<2. (51)
2,7]'?’71' |I71|:2

Using the optimal parameters for hole-type dependence, i.e. n; =-1.99 and , =0.38 in

the second of the Equations (51), we obtain g2 = 0.92, in excellent agreement with the
variance of the control sample. In further support of the ergodic effect, we repeat the
calculations for alarger system size, L=200. Theresultsare listed in Table 3 and Table 4.

It is seen from Table 3 that n; increases slightly to —1.98, and froniTable 4 that the

sample variance of the Gibbs state, i.e. 0.90, is closer to the value for the control sample,
i.e.,, 1.00. We have also checked that the trends shown in Tables 1-4 persist if we
generate 100 samples for each type of dependence and calculate the average values of the
parameters over the population.

Next, we performed the optimization for control samples on lattices with size that
varies between 100 and 800 nodes per side. The CPU time is plotted versus the number
of Nelder-Mead iterations in Figure 7. The graphs show that the CPU time in general
increases with the number of iterations, but there is also significant scattering. As
pointed out above, thisis due to the dependence of the computational cost per iteration on
the shape parameter. The optimization is subject to this slow-down more for control
samples with Gaussian and hole-type dependence than for exponential dependence. The
dependence of the CPU time on the number of iterations implies that there is significant

dependence on theinitial values of the model parameters. Finally, in Figure 8 we plot the
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CPU time versus the sample size. The graphs show that there is no systematic
dependence on the sample size. The CPU time quoted includes calculation of the
constraints, which is an O(L?) operation. This explains the slight increase in the CPU
time for the control samples with exponential and Gaussian dependence. |In the case of
hole-type dependence, most of the CPU time is spent on the optimization that dominates

any size-related increase of the time required for constraint calculation.

7. Future Directions
We presented a general framework for investigating spatial dependence based on the

Spartan Gibbs probability densities given by the Equation (16). The detailed analysis
focused on determining the parameters for a specific model from this class given by
Equation (23). Other issues of relevance to geostatistical applications that require further
study include estimation of the field at non-sampled locations, simulation, anisotropic
statistical dependence, non-Gaussian probability densities, and off-lattice distributions.
Once the model parameters have been determined, estimation of the field at a non-
sampled location s, is straightforward: the optimal value X,(s,) is obtained by
maximizing the conditional probability density f, [ X A(sm)|X 4 (9], where X, (9) is the
vector representing the field sample at the locations in the observation set S. Since
fX[XA(sm)|XA(S)] = f.[X,(s,) n X, (9] /1 [X, (9], this is equivalent to maximizing

thejoint density f, [X,(s,) n X, ()], and therefore to solving the linear equation

oOH[X, ()]

X, (Sm) - 2

X9 (sm)
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Unconditional simulation can be conducted with any of the standard techniques for
multivariate normal distributions [7,14,22,27,32,42]. Due to the localized nature of the
coupling it is computationally efficient to calculate Monte Carlo transition probabilities
between different states [30,45], without calculating the inverse of very large covariance
matrices. For the same reason, conditional simulations can aso be performed efficiently
with the simulated annealing method [48,17,26,28] or with the recently proposed energy-
landscape-paving global optimization approach [31]. This approach is alow-temperature
Monte Carlo method with memory that modifies the statistical weight of each state
according to the number of times it has been visited. The memory enables the algorithm
to escape from local minima and to explore efficiently the parameter space. The method
has not yet been tested in geostatistical simulations, but it outperformed simulated
annealing in two protein folding problems.

The definition of the Gibbs random fields can be extended to include anisotropic
correlations by introducing direction-dependent correlation parameters. In the case of
global statistical anisotropy (that is for uniform orientation of the principal anisotropy
axes in the sampled domain), estimation of the model parameters can be reduced to an
equivalent isotropic problem. A method for identifying the direction of the principal axes
and the ratios of the correlation parameters is presented in [34]. Non-Gaussian
probability densities can be obtained by adding higher-order terms in the energy
functional. Non-Gaussian probability densities, such as the one based on the Landau
model, e.g. [25], can even exhibit a transition between regimes of exponential and power-

law dependence. Approximations must be used in the calculation of the energy moments,
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because general, closed-form expressions for the covariance spectral density of non-
Gaussian fields do not exist. Nonetheless, approximations can be obtained with various
methods of many-body theories, e.g. [49]. One approach is based on variational
techniques [19,3,35], which expand the non-Gaussian probability density around an
optimal Gaussian. The variational spectral density can then be used as a zero-point
approximation for a diagrammatic perturbation expansion of the spectral density in terms
of self-energy operators [44,36]. Samples with off-lattice distributions can also be
modeled using Equation (16). The main difference between regularly spaced samples
and off-lattice distributions is the estimation of the energy moments. A different
approach, which was not pursued here, is to estimate the model parameters by means of
the ML method. This approach does not require estimating the energy moments, and
unlike the standard application of the ML method that involves the entire covariance

matrix, it does not suffer from the dimensionality problem.

8. Conclusions
We investigated Gibbs random fields with Spartan parameter spaces as models of

spatial dependence. We defined a normalized distance between experimental moments
(constraints) and the respective stochastic moments of the Gibbs probability density
model, and we proposed solving the inverse problem of determining the model
parameters by minimizing the distance functional. We calculated the parameters for a
specific Gibbs random field model with local coupling, using simulated control samples
to provide the constraints. We showed that the parameter estimation problem is solved

very efficiently numerically, and that the computational complexity of the optimization is
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independent of the sample size. Some generalizations of the method and applications to
estimation and conditional simulation were briefly discussed. The proposed approach is
well suited for modeling the spatial dependence of large samples, especially if the full

covariance function can not be reliably estimated from the sample.
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TABLES

Covariance Model O Niw | T, (se0) no n; &
RF with Gaussian 6.6x107 59 85 082 | -1.96 | 1.56
covariance
RF with Exponential 8.3x10™*8 89 7.3 26.12 | 894 0.77
covariance
RF with Hole covariance | 1.35x10° | 115 14.9 038 | =199 | 1.73

Table 1: Values of the minimum distance metric, ®_ the number of iterations N, , the

CPU time, T_,,, and of the optimal Gibbs model parameters (1, n;, &) for L=100.
Covariance Model S S S
P —
Sample with Gaussian covariance 0.93 0.37 0.40
Optimal Gibbs RF 0.85 0.35 0.36
Sample with Exponential covariance 0.96 0.73 7.67
Optimal Gibbs RF 0.80 0.61 5.01
Sample with Hole covariance 0.92 0.30 0.19
Optimal Gibbs RF 0.68 0.23 0.16

Table 2: Energy moments of the control samples and the Gibbs probability density states
based on the model parameters shown in Table 1.



Covariance Model Ol Nig | To (s80) | Mo n; &
e —
RF with Gaussian 1.1x10% 65 10.6 0.88 -1.96 1.60
covariance
RF with Exponential 3.0x10™" | 91 7.3 29.20 | 10.47 | 0.85
covariance
RF with Hole covariance | 4.6x10™* | 63 11.6 066 | -1.98 | 1.74

Table 3: Values of the minimum distance metric ®_ the number of iterations N, , the

CPU time, T_,,, and of the optimal Gibbs model parameters (1, n;, &) for L=200.
Covariance Model S S S
P —
Sample with Gaussian covariance 0.98 0.38 0.39
Optimal Gibbs RF 0.96 0.37 0.36
Sample with Exponential covariance 0.99 0.70 7.21
Optimal Gibbs RF 0.86 0.60 4.70
Sample with Hole covariance 1.00 0.33 0.26
Optimal Gibbs RF 0.90 0.30 0.23

Table 4: Energy moments of the control samples and the Gibbs probability density states
based on the model parameters shown in Table 3.
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FIGURE CAPTIONS

Figure 1: Plot of the Spartan Gibbs spectral density for n, =1, ¢ =1, n, >0.

Figure 2: Plot of the Spartan Gibbs spectral density for n, =1, ¢ =1, n, <O.

Figure 3: Covariance function for positive shape coefficient (n, =1).

Figure 4: Covariance function for negative values of the shape coefficient.

Figure 5: Plots of the continuum and lattice spectral densitiesfor n, =1, ¢ =1 and

n,=0.2

Figure 6: Plots of the continuum and lattice spectral densitiesfor n, =1, ¢ =1 and

n,=-12.

Figure 7: Plot of the CPU time (in seconds) versus the number of iterations of the

Nelder-Mead search algorithm on a square lattice with L=100 nodes per side.

Figure 8: Plot of the CPU time (in seconds) versus the sample size (in nodes per side).
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