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tWe 
onsider in this paper the problem of 
ombined 
ow 
ontrol and routingin non
ooperative setting, in whi
h ea
h user is fa
ed with a multi
riterion opti-mization problem whi
h is formulated as the minimization of one 
riterion subje
tto 
onstraint on others. We address here the basi
 questions of existen
e anduniqueness of equilibrium. We show that equilibria indeed exists but uniquenessmay be destroyed due to the multi-
riteria nature of the problem. We are able,however, to obtain uniqueness in some weaker sense under appropriate 
onditions,we show that the link utilizations are uniquely determined at equilibrium and thenormalized Nash equilibrium is unique.1 Introdu
tionFlow 
ontrol and routing are two 
omponents of resour
e and traÆ
 management intoday's high-speed networks, su
h as the Internet and the ATM. Flow 
ontrol is used bybest-e�ort type traÆ
 in order to adjust the input transmission rates (the instantaneousthroughput of a 
onne
tion) to the available bandwidth in the network. Routing de
isionsare taken to sele
t paths with 
ertain desirable properties, su
h as minimum delays. Inreal time appli
ations, however, an appli
ation may have several 
riteria for quality ofservi
e. It might be sensitive to delays, to losses, or it might seek to minimize some
ost imposed on the use of network resour
es. In the presen
e of several users ea
h withseveral obje
tives, that determine the routes for 
ows they 
ontrol, this gives rise to anon
ooperative multi
riteria game. As is often the 
ase in todays networks, quality ofservi
e of an appli
ation is often given through an upper bound on some performan
emeasure (delay, loss rate or jitter, see e.g. [4℄). An appropriate framework for modelingthis situation is that of non
ooperative game theory.Traditional non
ooperative games 
ombining 
ow and routing de
isions have beenstudied in the past; see, for example, [9℄ and [15℄, and referen
es therein. In parti
ular,it is well known that, when the 
ost fun
tion of ea
h player is the sum of link 
ostsminus a reward whi
h is a fun
tion of its throughput, then the underlying game 
an betransformed into one involving only routing de
isions. Other re
ent papers that 
onsidera 
ombined 
ow 
ontrol and routing game are [16, 17℄, where the utility of ea
h playeris related to the sum of powers over the links. (The power 
riterion is the ratio betweensome fun
tion of the throughput and the delay). The part of the utility in [16, 17℄ that
orresponds to the delay is given by the sum of all link 
apa
ities minus all link 
ows, andin [16℄ it is further multiplied by some entropy fun
tion. Thus, the utility in this 
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not dire
tly 
orrespond to the a
tual expe
ted delay, but it has the advantage of leadingto a 
omputable Nash equilibrium in the 
ase of parallel links. Yet another referen
e, [2℄,on the other hand, deals with the a
tual power 
riterion, i.e. the ratio between (somein
reasing fun
tion of) the total throughput of a user and the average delay experien
edby traÆ
 of that user. The paper introdu
es approximate Nash equilibrium 
orrespondingto the 
ase when the number of players is very large, establishes the existen
e of su
h anequilibrium and a 
hara
terization for it, and further shows that the solution need notbe unique.In this paper, we 
onsider su
h 
onstraints whi
h 
an be expressed as bounds on thesum of some fun
tions (su
h as delays or 
osts) along all links 
onstituting a path from anorigin to a destination. In mathemati
al terms, su
h problems are games where the usersstrategy sets are not independent but 
oupled. Games of this kind are 
alled 
oupled
onstraint games, see [18℄ and we 
all the 
onstrained (or the 
oupled) Nash equilibriumthe 
orresponding solution 
on
ept.In [10℄, we have investigated the spe
ial topology of parallel links without 
ow 
on-trol. We showed in a simple example that there may be several equilibria, although inabsen
e of side 
onstraints there would be a single equilibrium [13℄. We then showedthe uniqueness of the normalized equilibrium 
on
ept of Rosen [18℄ for the 
onstrainedparallel links problem, and pointed on the appli
ation of this to pri
ing. Our obje
tiveis to extend to the 
ase where the global throughput of ea
h user may also 
ontrolled.This approa
h allows us to establish the uniqueness of normalized Nash equilibrium inthe 
ombined 
ow 
ontrol and routing game with 
onstraints of quality of servi
e ina network of parallel links, and to obtain several qualitative 
hara
terizations of thisequilibrium.In the general topology 
ase it is known that even without 
ow 
ontrol and 
onstraintsthere may be several equilibria; 
ounter examples for the uniqueness are given in [13℄.Yet in two spe
ial 
ases, uniqueness of Nash equilibrium has been established in generaltopology in the absen
e of side 
onstraints [13℄: 1. in the symmetri
al 
ase there is aunique Nash equilibrium whi
h is itself symmetri
. 2. Consider two equilibria ea
h withthe property that whenever a player sends a positive amount of 
ow to some link thenall other players also do so. We 
all this assumption of "all positive 
ow". Then thetotal link under the two equilibria are equal. We fo
us in this paper on this 
ase with
ow 
ontrol and additional side 
onstraints, and show that the same type of uniquenessresults that hold for the un
onstrained 
ase extend also to the 
onstrained normalizedequilibrium.These spe
i�
 results in this paper extend some previous results in [18℄ on the unique-ness of the Nash equilibrium in the 
ontext of non
ooperative 
ontrol of 
ow and routingwithout 
onstraints.The stru
ture of the paper is as follows. In the next se
tion we introdu
e the modeland assumptions, In se
tion 3 we establish the existen
e of 
oupled Nash equilibrium andnormalized Nash equilibrium for general topology and motivate its use for de
entralizedpri
ing. In se
tion 4 we 
onsider a 
ase of two nodes 
onne
ted by a set of parallellinks and we study the uniqueness of normalized Nash equilibrium. We also derivesome properties of the equilibrium. Se
tion 5, we extend the dis
ussion to a generaltopology. We study the uniqueness of equilibria in the symmetri
al framework or underthe assumption of "all positive 
ows".2 The modelWe 
onsider a network (N ;L) where N is a �nite set of nodes and L = f1; 2; ::; Lg is aset of L links. We 
onsider an extension of dire
tional links (see [3℄) where a link may
arry traÆ
 in both dire
tions, but the dire
tion for ea
h user is �xed. For a node v 2 N ,let Out(v; i) is the set of outgoing links from node v available to user i, and In(v; i) isthe 
orresponding set of links in-going to node v available to user i. We 
onsider a setI of I sel�sh users (players) who share the network. With ea
h user i 2 I, we asso
iatea unique pair, (s(i); d(i)), of sour
e and destination nodes. Ea
h user has to determine2



the amount of 
ow ri 2 Ri := [mi;M i℄ to ship between s(i) and d(i) and how to route itin the network.Let f il denote the amount of 
ow that user i sends over link l, whi
h is 
onstrained to benonnegative, and satisfy the 
ow 
onservation law, i.e. for ea
h node v 62 (s(i); d(i)),f il � 0; Xl2Out(v;i) f il = Xl2In(v;i) f il ; v 62 (s(i); d(i)) ; (1)and ri := Xl2Out(s(i);i) f il = Xl2In(d(i);i) f il 2 [mi;M i℄ ; (2)Further de�ne fl := ff 1l ; :::; f Il g, fl :=PIi=1 f il , f i := ff il gl2L, f�i = ff1; ::; f i�1; f i+1; ::; f Ig,f := fflgl2L.We 
onsider a situation where extra side 
onstraints are imposed. These may represent
onstraints on quality of servi
e whi
h may be user dependent. These are formulated asa set of 
ow restri
tions of the form :gk(f) � 0; k 2 K (3)where K is a �nite index set (e.g., formed by subsets of I, V, L, P), and gk : RjLj�I+ ! R,k 2 K.Introdu
e the fun
tion h : RjLj�I+ ! Rm to des
ribe the 
onstraints (1)-(3), where m is thenumber of 
onstraints. Hen
e admissible strategies will be limited by the requirementthat f be sele
ted from a set R, where R = ff ; h(f) � 0g. We will say that R is a
oupled 
onstraint set. With f�i := ff j; j 2 I; j 6= ig �xed, we also introdu
e the setRi(f�i) := ff i : (f i; f�i) 2 Rg. This is the set of allowable 
ows for user i with all otherusers 
ows �xed.Example 2.1. The most immediate example of a set of 
ow restri
tions is that of upperbounds on the end-to-end pa
ket delay. For ea
h i 2 I, let w(i) be it's 
orrespondingO-D pair, i.e., w(i) = (s(i); d(i)). Let Pw(i) be the set of routes 
onne
ting the O-D pairw(i). The delay over link l 
an be given by (
l� fl)�1 see Remark 2.1. In the frameworkof (3) su
h 
onstraints are des
ribed by letting K = fw(i)=w(i) = (s(i); d(i)); i 2 Ig, andXl2L Ælp
l � fl � Di; p 2 Pw(i); i 2 I: (4)Constraint (4) requires that for ea
h O-D pair (s(i); d(i)), i 2 I, the end-to-end pa
ketdelay should be no larger that Di.The performan
e obje
tive of user i is quanti�ed by means of a 
ost fun
tion J i(f).User i aims to �nd a strategy f i that minimizes its 
ost. This optimization depends onthe routing de
isions of the other users, des
ribed by the strategy pro�le f�i, sin
e J i isa fun
tion of the system 
ow 
on�guration f , and the 
onstraints (3) are 
oupled.De�nition 2.1. (Cost Fun
tions and Nash equilibrium)Let J i(f) be the 
ost for user i when the 
ows of all users are given by f 2 R. A 
oupledNash equilibrium of the routing game is a strategy pro�le from whi
h no user it bene�
ialto unilaterally deviate. Then we seek for a Coupled Nash Equilibrium (CNE) ~f , that isan ~f 2 R satisfying J i(~f) = min(f i;~f�i)2R J i(~f�i; f i) where (5)J i(~f�i; f i) := J i(~f1; :::;~f i�1; f i;~f i+1; :::f I):3



We make the following assumptions on the 
ost fun
tion J i for user i, whi
h will beinvoked throughout the paper:G1 J i is given as the sum of link 
osts J il (fl) minus the utility fun
tion U i(ri): J i(f) =Pl2L J il (fl)� U i(ri):G2 J il : [0;1℄I ! [0;1℄ is 
ontinuous and U i is 
ontinuous in its argument.G3 J il is 
onvex in f il and gk is 
onvex in f il and U i is 
on
ave in its argument.G4 J il are 
ontinuously di�erentiable in f il , gk are 
ontinuously di�erentiable in f il andU i are 
ontinuously di�erentiable in its argument. We set Kil := �J il (fl)=�f il , l 2 L, andKi0(ri) := ��U i(ri)=�riG5 The feasible set of (1) and (3) is non-empty and 
ontains a point that is stri
tly in-terior to every nonlinear 
onstraints. Fun
tions that 
omply with the above assumptionsshall be referred to as type-G fun
tions.Our �rst set of assumptions is the following, only slightly di�erent from those onp. 512 of [13℄.A1. Assumptions G1-G5 are all satis�ed, and J il depends on the ve
tor fl only throughuser i's 
ow on link l and the total 
ow on that link. In other words, it 
an be written(with some abuse of notation) as J il (fl) = J il (f il ; fl).A2. gk is stri
tly in
reasing in ea
h of its arguments, for ea
h k 2 K.A3. Viewing Kil = Kil (f il ; fl) now as a fun
tion of two arguments, whenever J il is �nite,Kil (f il ; fl), l 2 L, is in
reasing in ea
h of its two arguments, and ( due to G3 )stri
tlyin
reasing in the �rst one.We refer to fun
tions that meet the 
onditions of these three assumptions as type-Afun
tions.Typi
ally, the performan
e of a link l is manifested through some fun
tion Tl(fl),whi
h measures the 
ost per unit of 
ow on the link, and depends on the link's total 
ow.Thus, it is interest to 
onsider 
ost fun
tions of the following form:B1. J i(f) =Pl2L f il Tl(fl)� U(ri):B2. Tl : [0;1)! (0;1℄.B3. Tl(fl) is 
ontinuously di�erentiable and Tl0(fl) = dTl(fl)=dfl is in
reasing in fl, forall l 2 L.We will refer to fun
tions that meet the 
onditions of these three assumptions astype-B fun
tions.Remark 2.1. Cost fun
tions used in real networks are either related to a
tual pri
ing, orthey are related to some performan
e measure su
h as expe
ted delay. In the �rst 
ase, afrequently used 
ost is that of linear link 
osts, i.e. for ea
h user i, J i(f) =P2i=1 f il Tl(fl)where Tl(fl) = alfl+bl [12℄. When the 
osts represent delays they typi
ally have the sameform but with Tl(fl) = (
l�fl)�1+dl. dl represents the propagation delay related to linkl, where as the �rst term represents queuing delay. This is the delay of an M/M/1 queueoperating under the FIFO regime (pa
kets are served at arrival order, see [13℄) or of anM/G/1 queue operating under the pro
essor sharing regime. 
l has the interpretation ofthe queuing 
apa
ity. Other more 
ompli
ated 
osts 
an be found in [1℄.3 Existen
e of equilibria and pri
ing3.1 Chara
terization of equilibria and normalized Nash equi-libriaIf assumptionsG hold, it follows that the minimization in (2.1) is equivalent to the follow-ing Kuhn-Tu
ker 
onditions: for every i 2 I, there exists a set of (Lagrange multipliers)(�iu)u2N , (�ik)k2K, 
i and �i su
h that, for every link (u; v) 2 L:Kiuv(fuv) + �iv � �iu +Xk2K �ik �gk(f)�f iuv = 0 if f iuv > 0 (6)4



Kiuv(fuv) + �iv � �iu +Xk2K �ik �gk(f)�f iuv � 0 if f iuv = 0 (7)Ki0(ri)� �id(i) + �is(i) + 
i � �i = 0 (8)
i(ri �M i) = 0; �i(mi � ri) = 0; �ikgk(f) = 0 (9)ri �M i � 0; mi � ri � 0; gk(f) � 0; f iuv � 0 (10)�i � 0; 
i � 0; �ik � 0 (11)3.2 Normalized Nash equilibrium and Pri
ingWe 
onsider a spe
ial kind of equilibrium su
h that ea
h �il is given byDe�nition 3.1. The 
oupled Nash equilibrium f is a normalized Nash equilibrium [18℄if, for some ve
tor ~� > 0 where ~� = (�1; ::; �I) and 0 is a ve
tor of zeros, and 
onstant�k � 0 k 2 K 
onditions (6)-(9) are satis�ed where�ik = �k=�i; k 2 K; i 2 I (12)Noti
e that if a user's weight �i is greater than those of his 
ompetitors, then his
orresponding Lagrange multipliers are smaller.The normalized Nash equilibrium 
an be used in relation to an appealing pri
ings
heme in whi
h additional 
ongestion 
osts are imposed by the network. Congestionpri
ing will allow us to relax the original 
onstraints gk(f) � 0; yet the resulting equilib-rium will have the following three appealing properties:1. It will be a CNE for the original problem.2. Non-zero 
ongestion pri
es will only be imposed for saturated 
onstraints: su
h
onstraints represent 
ongestion, and in absen
e of 
ongestion, no 
ongestion 
ostis imposed.3. The most interesting feature of this pri
ing is that 
ongestion 
osts may be 
hosento be user independent. This allows us to implement them in a de
entralized waywithout requesting a per-
ow information.More pre
isely, assume that the utility of user i 
an be written as�J i(f)� 1ai Pk2KCk(f).Ck(f) is a 
ost fun
tion that all users are 
harged due to 
ongestion related to the kth
onstraint. Let (�il )� be Lagrange multipliers that 
orrespond to a CNE indu
ed by tak-ing in (12) ~� = (a1; ::; aI). We set Ck(f) = ��k � gk(fl). With this 
ost fun
tion we maynow 
onsider a 
ompetitive routing problem in whi
h we ignore 
onstraints (3). The ob-tained equilibrium is a CNE for the original 
onstrained model, and the 
omplementarysla
kness 
onditions imply that at the normalized equilibrium, no user a
tually pays any
ongestion 
ost. Under various 
onditions, there is a unique Nash Equilibrium [13℄ to thepri
ing game (where 
onstraints (3) are removed) and the 
orresponding Kuhn-Tu
ker
onditions obviously 
oin
ide with our original ones. We 
on
lude that a simple pri
ing
an repla
e the QoS (Quality of Servi
e) 
onstraints and yet for
e users to 
hoose a CNE(so the 
onstraints still hold). Sin
e the pri
ing doesn't depend on the user, the 
harging
an be performed in a distributed way without need for per 
ow information. The exis-ten
e of su
h a pri
ing is equivalent to the existen
e of a Normalized Nash equilibrium.3.3 Existen
e of EquilibriaUnder assumption G5, the set R 
ontains a point that is stri
tly interior to every nonlin-ear 
onstraint. This is a suÆ
ient 
ondition for the Kuhn-Tu
ker 
onstraint quali�
ation[5℄. Hen
e, the routing game (2.1) using the 
ost fun
tions of type-G is equivalent to a5




onvex game in the sense of [18℄ and, thus the existen
e of an CNE as well as a normalizedequilibrium is guaranteed [18, Thm. 1℄ if the 
osts are �nite for any strategy. Note thatthe proof of existen
e in [13℄ is based on [18℄ that restri
ted to �nite 
osts by using thefollowing assumption:" For every 
ow 
on�guration f , if not all 
ost are �nite then atleast one user with in�nite 
ost (J i(X) 
an 
hange its 
ow 
on�guration to make its 
ost�nite"..Theorem 3.1. Consider the 
ost fun
tion of type-G. Then there exists a normalizedNash equilibrium point for every spe
i�ed ve
tor ~� > 0 (
omponentwise) where ~� =(�1; �2; ::; �I).We analyze the routing problem in two phases. First we 
onsider a 
ase of two nodes
onne
ted by a set of parallel links. Se
ond, we extend some results to a general network,for the 
ase of symmetri
 users and positive 
ows.4 Parallel linksIn this se
tion, we 
onsider the 
ase of two nodes f1; 2g 
onne
ted by a set L of L links.Su
h a system of parallel links may represent a network in whi
h resour
es are pre-allo
ated to various paths, or an internetworking in whi
h ea
h link models a di�erentsubnetwork. With ea
h user i, we asso
iate a unique pair, (s(i); d(i)), of sour
e anddestination nodes, where s(i); d(i) 2 f1; 2g. For the parallel links we further impose aquality of servi
e on ea
h link. This is 
aptured by the 
onstraints (3), where K = L andgl depends on the 
ows only through total 
ow on link l. i.e.,gl(fl) � 0: (13)Under assumption A, the fun
tions gl are stri
tly in
reasing in fl, and hen
e g�1l existsand the 
onstraints (13) be
ome fl � dl ; l 2 L ;where dl = g�1l (0) (positive real).Remark 4.1. Equation (13) 
an be interpreted as 
apturing the link 
apa
ity 
onstraintsi.e., the total 
ow at ea
h link l 
an not ex
eed the links 
apa
ity dl = 
l. In many 
ases,however, performan
e measures (su
h as loss probabilities or delays) are monotone in thelink load, whi
h then implies that bounds on these measures are obtained by bounding thelink load as in (13).In [10℄, the authors present an example whi
h demonstrates that the above weak 
on-vexity 
onditions are not suÆ
ient for uniqueness of a Nash equilibrium (without 
ow
ontrol). These indeed point at the 
omplexity of the 
oupled 
onstraint (13). This non-uniqueness of Nash equilibria will then motivate us to study normalized (Rosen) Nashequilibrium (de�ned below) in the parallel links topology, parti
ularly its uniqueness andsome of its 
hara
teristi
s.Nonetheless, in the following we prove under some hypothesis that the link utilizationsand the user demands are unique at ea
h Nash equilibrium.Theorem 4.1. Consider the 
ost fun
tion of ea
h user is of type-A. Let f and f̂ betwo 
oupled Nash equilibrium. Let (�il ; �i; 
i) and (�̂il ; �̂i; 
̂i) be 
orresponding Lagrangemultipliers. Assume that for ea
h link l 2 L, �il � �̂il ; 8i 2 I or �̂il � �il ; 8i 2 I.Then fl = f̂l 8l 2 L,and ri = r̂i ,8i 2 I (i.e., the link utilizations and the userdemands are the same under f and f̂). 6



Proof : Let f and f̂ be two Nash equilibria. Then we have from (6) and (7) :Kil (f il ; fl) +Ki0(ri) � �i � 
i � �il ; Kil (f il ; fl) +Ki0(ri) = �i � 
i � �il ; if f il > 0 8i; l(14)Kil (f̂ il ; f̂l) +Ki0(r̂i) � �̂i � 
̂i � �̂il ; Kil (f̂ il ; f̂l) +Ki0(r̂i) = �̂i � 
̂i � �̂il ; if f̂ il > 0 8i; l(15)By using some pro
edure in the proof of [10, Thm. 3.1℄ we have the following relations :(i) f�̂il < �il ; f̂l � flg =) f̂l = fl moreover if (�i � 
i � �̂i� 
̂i and r̂i � ri) then f̂ il � f iland the last inequality is stri
t if f il > 0:(ii) f�̂il > �il ; f̂l � flg =) f̂l = fl moreover if (�i�
i � �̂i� 
̂i and r̂i � ri) then f̂ il � f iland the last inequality is stri
t if f̂ il > 0:(iii) f�̂i � 
̂i � �i � 
i; r̂i � ri; �̂il � �il ; f̂l � flg =) f̂ il � f il(iv) f�̂i � 
̂i � �i � 
i; r̂i � ri; �̂il � �il ; f̂l � flg =) f̂ il � f ilLet L1 = fl : f̂l > flg. Also, denote I1 = fi : r̂i � ri; �̂i � 
̂i � �i � 
ig, L2 = fl :f̂l � fl; �̂il � �ilg and L3 = fl : f̂l � fl; �̂il > �ilg. We observe that L = L1 [ L2 [ L3.Assume that L1 is nonempty, it follows by (iv) that for i 2 I1 :Xl2L1 f̂ il = r̂i �Xl2L2 f̂ il �Xl2L3 f̂ il � ri �Xl2L2 f il �Xl2L3 f̂ il =Xl2L1 f il +Xl2L3(f il � f̂ il ):We now pro
eed to show that :i =2 I1; implies that r̂i � ri and �̂i � 
̂i � �i � 
i (16)Indeed, sin
e i =2 I1, it follows that either r̂i > ri and �̂i � 
̂i < �i � 
i, we have either�̂i� 
̂i � �i�
i (�̂i = 
i = 0) and r̂i � ri ( If �̂i� 
̂i � 0, then �i�
i > 0, it follows thatri = mi � r̂i (�i > 0); or �̂i� 
̂i < 0, then �̂i < 
̂i, it follows that r̂i = M i � ri(
̂i > 0)).Noting that (i) implies that fl 2 L1=�̂il < �ilg = ;, hen
e, if l 2 L1 and i =2 I1, we havefrom (iii) f̂ il � f il . It follows that :Xl2L1 f̂l = Xl2L1Xi2I1 f̂ il +Xl2L1Xi=2I1 f̂ il� Xl2L1Xi2I1 f il +Xl2L3Xi2I1(f il � f̂ il ) +Xl2L1Xi=2I1 f il= Xl2L1 fl +Xl2L3Xi2I1(f il � f̂ il )= Xl2L1 fl +Xl2L3(fl � f̂l)�Xl2L3Xi=2I1(f il � f̂ il )� Xl2L1 fl (17)The last inequality follows from (ii), sin
e for l 2 L3, fl = f̂l and for l 2 L3 and i =2 I1,f il � f̂ il .Hen
e, the inequality (17) and the de�nition of L1 are 
ontradi
tory, whi
h implies thatL1 is an empty set. By symmetry, it may also be 
on
luded that the set L10 = fl : f̂l < flgis empty. Therefore we 
on
lude that, f̂l = fl ; 8l 2 L.7



We now pro
eed to show that ri = r̂i; 8i 2 I.To this end, let I1 = fi : r̂i > rig. Also, denote L1 = fl : �̂il � �ilg, I2 = fi : r̂i �ri; �̂i � 
̂i � �i � 
ig and I3 = fi : r̂i � ri; �̂i � 
̂i < �i � 
ig. We observe thatI = I1 [ I2 [ I3. Assume that I1 is nonempty, it follows by (iv) that for l 2 L1 :Xi2I1 f̂ il = f̂l �Xi2I2 f̂ il �Xi2I3 f̂ il � fl �Xi2I2 f il �Xi2I3 f̂ il =Xi2I1 f il +Xi2I3(f il � f̂ il ):Noting that from (16), the relation (iii) implies that f̂ il � f il for i 2 I1 and l =2 L1, itfollows that : Xi2I1 r̂i = Xi2I1Xl2L1 f̂ il +Xi2I1Xl =2L1 f̂ il� Xi2I1Xl2L1 f il +Xi2I3Xl2L1(f il � f̂ il ) +Xi2I1Xl =2L1 f il= Xi2I1 ri +Xi2I3Xl2L1(f il � f̂ il )= Xi2I1 ri +Xi2I3(ri � r̂i)�Xi2I3Xl =2L1(f il � f̂ il )� Xi2I1 ri (18)The last inequality follows from (i), sin
e for i 2 I3, r̂i = ri and for i 2 I3 and l =2 L1,f̂ il � f il .Hen
e, the inequality (18) and the de�nition of I1 are 
ontradi
tory, whi
h implies thatI1 is an empty set. By symmetry, it may also be 
on
luded that the set I10 = fi : r̂i < rigis empty. Therefore we 
on
lude that, r̂i = ri ; 8i 2 I.4.1 Uniqueness of the normalized Nash equilibriumA set of suÆ
ient 
onditions for uniqueness of the normalized Nash equilibrium has beenestablished by Rosen in [18℄ under some stri
t diagonal 
onvexity 
onditions. These
onditions may not be satis�ed in our 
ase, and hen
e we need to prove uniqueness insome other way.Remark 4.2. Let ~� and ~̂� be two positive ve
tors su
h that ~̂� = a~� for some positivereal a. Let A(~�) and A(~̂�) be 
orresponding normalized Nash equilibria sets. ThenA(~�) = A(~̂�)The following result shows that the parallel-links network also has a unique normalizedNash equilibrium for every spe
i�ed ve
tor ~� > 0.Theorem 4.2. In a network of parallel links where the 
ost fun
tion of ea
h user is oftype-A, the normalized Nash equilibrium for every spe
i�ed ~� > 0 is unique.Proof: The hypothesis of theorem 4.1 are veri�ed in the normalized Nash equilibrium,then we have the uniqueness for link utilizations and ea
h user have the same demand un-der all normalized Nash equilibria. Then the theorem follows dire
tly from [10, Thm. 4.1℄(i.e., the 
ase where the demands are �xed).Corollary 4.1. In a network of parallel links where the 
ost fun
tion of ea
h user is oftype-A, and in the absen
e of the side 
onstraints (i.e., �l = 0; 8l 2 L) there would be asingle Nash Equilibrium.The above result 
an be 
onsidered an extension of [13, Thm 1℄ in non
ooperative 
ow
ontrol and routing games. 8



4.2 Properties of the normalized Nash equilibriumHere, we assume that the 
ost fun
tions of all users are symmetri
ally identi
al, i.e.,J il � Jl and U i � U for all i 2 I and l 2 L. And let �i = �i � 
i; 8i 2 I:Lemma 4.1. Assume that all users have the same weight and assume that the 
onditionf îl > f ĵl holds for some link l̂ and some users i and j. Then f il � f jl for all l 2 L;moreover, the inequality is stri
t if f jl > 0.Proof: See Appendix.Proposition 4.1. Consider the identi
al type-A 
ost fun
tions and the identi
al userweights. Assume that mi � mj and M i � M j. Then ri � rj and f il � f jl for all linksl 2 L. If mi = mj and M i = M j, then f il = f jl for all l 2 L.Proof.- See Appendix.The next proposition shows that, for identi
al type-A 
ost fun
tions, and identi
al inter-val demands (i.e.,mi = m and M i = M; 8i 2 I), there is a monotoni
ity among users intheir demands, i.e., a user with a higher weight sends more demand.Proposition 4.2. Assume that all users have the same type-A 
ost fun
tion. Then forsome ve
tor ~� = (�1; �2; :::; �I) > 0, we have :�i > �j =) ri � rj; 8i; j 2 I.Proof.- See Appendix.4.3 Appli
ation: Virtual Path allo
ation with Level QoSAn interesting appli
ation of our model (parallel links) is virtual path allo
ation withlevel QoS. The system of parallel links may represent a network in whi
h the resour
esare pre-allo
ated to various paths. Ea
h user reserve some of the resour
e 
apa
ity inorder to establish a virtual path level, i.e., that �nd the 
orresponding virtual path fullupon arrival, 
an be assumed to either be lost or else to be a

ommodated through analternative virtual 
ir
uit s
heme. In the latter 
ase, the user fa
es the need to 
onsumepro
essing resour
es and waste time on 
all setup. Thus, in either 
ase, blo
king at thevirtual path level leads to performan
e degradation.To that end, the user minimizes a 
ost fun
tion. This fun
tion should a

ount for thefollowing tradeo�. On the one hand, ea
h user try to minimize the blo
king probability ofits in
oming 
alls at the virtual path level, whi
h is a de
reasing fun
tion of the reserved
apa
ity of the user's virtual paths. On the other hand, reserving 
apa
ity be
omes morediÆ
ult as the system's resour
es are less available. A

ording to our model, users makerequests for the VC servi
e at the boundaries of the network.Let Bil the amount of 
apa
ity reserved on link l by user i, whi
h is 
onstrained tobe nonnegative and not ex
eed the 
apa
ity Cl. Further de�ne Bl = (B1l ; B2l ; ::; BIl ),Bi = (Bi1; Bi2; ::; BiL), Bl =Pi2I Bil and Bi =Pl2LCil .The 
ost fun
tion for user i, denoted by J i, is of the following form :J i(B) =Xl F il (Bil ; Bl) +Gi(Bi); (19)F il a

ounts for the 
ost of reserving 
apa
ity for a user on link l, as per
eived by thatuser, whereas the fun
tion Gi a

ounts for the e�e
t that the amount of reserved 
apa
ityhas on the performan
e of that user.This VP network is transparent to the users in whi
h the users 
al
ulate the routes and
apa
ities of virtual paths in the network su
h that the following requirement are satis�ed9



1. Capa
ity 
onstraints : The sum of VP 
apa
ities on ea
h link does not ex
eed its
apa
ity, i.e., Bl =Xi2I Bil � Cl; 8l 2 L (20)2. Constraints of quality of servi
e : The blo
king 
onstraint used by user i is denotedby Æi. The blo
king 
onstraint enfor
e QoS at the 
all level. The blo
king proba-bility Pi is the per
entage of 
all attempts of user i that are denied servi
e due tothe unavailability of resour
es. We must always have thatPi � Æi (21)The blo
king probability Pi is a fun
tion of two variables, the total of 
apa
ity allowedby user i (Bi) and the total arrival rate of user i that we assume that is �xed. Moreover,this fun
tion is de
reasing with respe
t to Bi. Then (21) is equivalent to :mi � Bi ; 8i 2 I ; (22)where mi = P�1i (Bi).The following result establishes the uniqueness of normalized Nash equilibrium for theVP allo
ation game.Corollary 4.2. Consider the 
ost fun
tions of type-A. Then the normalized Nash equi-librium of VP allo
ation game, is unique.Proof.- Follows dire
tly from Theorem 4.2.Remark 4.3. In the absen
e of the 
apa
ity 
onstraint (20), we use the property F5in [14℄, then 
orollary 4.1 implies that the Nash equilibrium that 
orresponds to the VPallo
ation game is unique.5 General topologyIn this se
tion, we study an extension to a general network. We assume that all usershave the same sour
e and destination (s; d). For the general topology, we further imposea quality of servi
e on ea
h path. The goals are formulated as a set of 
ow restri
tionsof the form : Xl2p gl(fl) � dp; p 2 P (23)where P is set of paths 
onne
ting the O-D pair (s; d) and gl : R+ ! R, l 2 L.Constraints (23) requires that for ea
h path 
onne
ted the sour
e s and destination d,the end-to-end pa
ket 
ost (delay) should be no larger that dp.Lemma 5.1. Consider the identi
al type-A 
ost fun
tions and identi
al intervals for de-mand (i.e., mi = m and M i = M; 8i 2 I). Let a ve
tor ~� su
h that ~� = (�1; �2; ::; �I) >0. Then for i; j 2 I su
h that �i = �j, then f il = f jl for all l 2 L. Moreover if �i, i 2 Iare the same then f il = flI 8 i; l.Proof.- See Appendix.Theorem 5.1. Consider the identi
al type-A 
ost fun
tions and all users have thesame interval for demand (i.e., mi = m and M i = M; 8i 2 I) and the same weight(i.e.,�i = �; 8i 2 I). In a network with symmetri
al users has a unique normalized Nashequilibrium for every � > 0. Moreover f il = flI ; 8i; l, where f is the unique normalizedNash equilibrium. 10



Proof.- From Remark 4.2, it suÆ
es to show this theorem with � = 1. We suppose by
ontradi
tion there are two normalized equilibria ~f and f̂ . The �rst step is to establishthat f̂l = ~fl 8l 2 L.>From the Kuhn-Tu
ker 
onditions (6) and (7), for ~f and f̂ we have :Kuv(f̂ iuv; f̂uv) + �̂uvg0uv(f̂uv) + �̂iv � �̂iu; Kuv(f̂ iuv; f̂uv) + �̂uvg0uv(f̂uv) + �̂iv = �̂iu if f̂ iuv > 0Kuv( ~f iuv; ~fuv) + ~�uvg0uv( ~fuv) + ~�iv � ~�iu; Kuv( ~f iuv; ~fuv) + ~�uvg0uv( ~fuv) + ~�iv = ~�iu if ~f iuv > 0(24)where ~�l =Pp Ælp ~�p and �̂l =Pp Ælp�̂p. From lemma 5.1, we have that, for all i 2 L andl 2 L, f̂ il = f̂lI and ~f il = ~flI . Thus (24) be
ome :Kuv( f̂uvI ; f̂uv) + �̂uvg0uv(f̂uv) + �̂iv � �̂iu; Kuv( f̂uvI ; f̂uv) + �̂uvg0uv(f̂uv) + �̂iv = �̂iu if f̂uv > 0Kuv( ~fuvI ; ~fuv) + ~�uvg0uv( ~fuv) + ~�iv � ~�iu; Kuv( ~fuvI ; ~fuv) + ~�uvg0uv( ~fuv) + ~�iv = ~�iu if ~fuv > 0We de�ne the fun
tion Gl for l 2 L by Gl(fl) = Kl(flI ; fl). Summing ea
h of theseequation over i, we get :Guv(f̂uv) + �̂uvg0uv(f̂uv) + �̂v � �̂u; Guv(f̂uv) + �̂uvg0uv(f̂uv) + �̂v = �̂u if f̂uv > 0Guv( ~fuv) + ~�uvg0uv( ~fuv) + ~�v � ~�u; Guv( ~fuv) + ~�uvg0uv( ~fuv) + ~�v = ~�u if ~fuv > 0 (25)where ~�u = 1IPi ~�iu and �̂u = 1IPi �iu. Note that these equation are very similar to theKuhn-Tu
ker 
onditions for a single-user optimization problem of link 
ow, with respe
tto a modi�ed link (
onvex) 
ost fun
tion with derivative Gl and the following 
onstraints.fl � 0; Xl2Out(v) fl = Xl2In(v) fl; v =2 (s; d);r = Xl2Out(s) fl = Xl2In(d) fl 2 [m;M ℄;Xl2p gl(fl) � dp; p 2 P:Sin
e the link 
ost fun
tion R Gl is 
onvex (see Assumption A) then the uniqueness oftheir solution is a
tually a 
onsequen
e of standard 
onvex programming results. It hasthus established that f̂l = ~fl for all l 2 L ,this implies by lemma 5.1 that f̂ il = ~f il forevery l; i, and uniqueness of the normalized Nash equilibrium is thus proved.Corollary 5.1. Consider the identi
al type-A 
ost fun
tions and all users have the sameinterval demands (i.e., mi = m and M i = M; 8i 2 I). Then in the absen
e of the QoS
onstraints (23), the Nash equilibrium is unique.5.1 Positive FlowsIn this paragraph, we suppose that all users use the type-B 
ost fun
tions. The followingresult establishes a uniqueness of equilibria among those that satisfy the so 
alled \all-positive 
ow" assumption : whenever a player sends a positive amount of 
ow to somelink then all other players also do so. 11



Theorem 5.2. Consider 
ost fun
tions of type-B, and let ~f and f̂ be two Nash equilibria.Assume that there exists a set L1 of links, L1 � L, su
h that f ~f il > 0 and f̂ il > 0; i 2 Igfor l 2 L1, and f ~f il = f̂ il = 0; i 2 Ig for l 62 L1. Then, ~fl = f̂l; 8l 2 L.Proof.- By using same pro
edure as in proof of Theorem 5.1 with assumption positive
ows, we show that the Kuhn-Tu
ker 
onditions for Nash equilibria f̂ and ~f implies thefollowing 
onditions :Guv(f̂uv) + �̂uvg0uv(f̂uv) + �̂v � �̂u; Guv(f̂uv) + �̂uvg0uv(f̂uv) + �̂v = �̂u if f̂uv > 0Guv( ~fuv) + ~�uvg0uv( ~fuv) + ~�v � ~�u; Guv( ~fuv) + ~�uvg0uv( ~fuv) + ~�v = ~�u if ~fuv > 0 (26)where �u = Pi �iu, �uv = Pi �iuv, and Guv(fuv) = fuvT 0uv(fuv) + I:Tuv(fuv). This proof
an be done pro
eeding as in the proof of theorem 5.1 (starting from equation (25)) itmay be inferred that f̂l = ~fl; l 2 L.The next result shows in parti
ular that there exists at most one normalized Nashequilibrium with "all-positive 
ow" assumption.Theorem 5.3. Consider 
ost fun
tions of type-B. For some ve
tor ~� > 0, let ~f and f̂ betwo normalized Nash equilibria. Assume that there exists a set L1 of links, L1 � L, su
hthat f ~f il > 0 and f̂ il > 0; i 2 Ig for l 2 L1, and f ~f il = f̂ il = 0; i 2 Ig for l 62 L1. Then~fl = f̂l.Proof.- Assume that for some ~� we have two normalized Nash equilibrium points f̂ and~f . Then we have from (6) and (7) :Kiuv( ~f iuv; ~fuv) + ~�uv�i g0uv( ~fuv) = ~�iu � ~�iv if ~f iuv > 0Kiuv(f̂ iuv; f̂uv) + �̂uv�i g0uv(f̂uv) = �̂iu � �̂iv if f̂ iuv > 0By 
ontradi
tion, assume that there exists (l0; i) 2 L�I su
h that f̂ il0 6= ~f il0 , and withoutloss of generality assume that f̂ il0 < ~f il0 .In the sequel, we 
onsider two 
ases :Case 1 : I is even.Sin
e f̂ il0 < ~f il0 and ~fl = f̂l; l 2 L, then it's easy to show that there exists two disjointsets I1 and I2 su
h that I1 [ I2 = I, jI1j = jI2j = I2 and~fl0;1 :=Xi2I1 ~f il0 > f̂l0;1 :=Xi2I1 f̂ il0;1; and ~fl0;2 :=Xi2I2 ~f il0 < f̂l0;2 :=Xi2I2 f̂ il0;2Now, we 
onstru
t a dire
ted network (N 0;L0), where N 0 = N and the set of links L0 is
onstru
ted as follows :1. For ea
h link l = (u; v) 2 L, su
h that ~fl;1 � f̂l;1, we have a link l0 = (u; v) 2 L0; tosu
h a link l0 we assign a (
ow) value zl0 = ~fl;1 � f̂l;1.2. for ea
h link l = (u; v) 2 L, su
h that ~fl;1 < f̂l;1, we have a link l0 = (v; u) 2 L0; tosu
h a link we assign a (
ow) value zl0 = f̂l;1 � ~fl;1.It is easy to verify that the value zl0 
onstitutes a nonnegative, dire
ted 
ow in thenetwork. Let r̂1 =Pi2I1 r̂i and ~r1 =Pi2I1 ~ri, if r̂1 = ~r1 and sin
e ~fl0;1 > f̂l0;1, then thereexists a 
y
le D su
h that zl0 > 0, 8l 2 D, else (i.e., r̂1 6= ~r1 ) zl0 must 
arry some 
ow12



(the amount of jr̂1 � ~r1j) from the sour
e s to the destination d, this implies that thereexists a path p� from s to d, su
h that zl0 > 0 for all l0 2 p�. Let S is a set that representD if r̂1 = ~r1 and p� otherwise.Consider now a link l0 = (u; v) 2 S. Sin
e zl0 > 0, either ~fuv;1 > f̂uv;1 or f̂vu;1 > ~fvu;1.With assumption positive 
ows, we shows that the Kuhn-Tu
ker 
onditions for Nashequilibria ~f and f̂ implies the following 
onditions :~�u;1 � ~�v;1 = ~fuv;1T 0( ~fuv) + I2Tuv( ~fuv) + Æ1 I2 ~�uvg0( ~fuv) if ~fuv > 0 (27)�̂u;1 � �̂v;1 = f̂uv;1T 0(f̂uv) + I2Tuv(f̂uv) + Æ1 I2 �̂uvg0(f̂uv) if f̂uv > 0 (28)where �uv;1 =Pi2I1 �iuv and Æ1 =Pi2I1 1�i .In the 
ase where ~fuv;1 > f̂uv;1, we have :~�u;1 � ~�v;1 = ~fuv;1T 0( ~fuv) + I2Tuv( ~fuv) + Æ1 I2 ~�uvg0( ~fuv)> f̂uv;1T 0(f̂uv) + I2Tuv(f̂uv) + Æ1 I2 ~�uvg0(f̂uv)= �̂u;1 � �̂v;1 + Æ1 I2g0( ~fuv)( ~�uv � �̂uv)Thus ~�u;1 � ~�v;1 > �̂u;1 � �̂v;1 + Æ1 I2g0( ~fuv)( ~�uv � �̂uv) (29)Sin
e ~fuv;1 > f̂uv;1 then ~fuv;2 < f̂uv;2, similarly we have :�̂u;2 � �̂v;2 > ~�u;2 � ~�v;2 + Æ2 I2g0(f̂uv)(�̂uv � ~�uv) (30)where �uv;2 =Pi2I2 �iuv and Æ2 =Pi2I2 1�i .If f̂vu;1 > ~fvu;1, we have by symmetry�̂v;1 � �̂u;1 > ~�v;1 � ~�u;1 + Æ1 I2g0(f̂vu)(�̂vu � ~�vu)Thus ~�u;1 � ~�v;1 > �̂u;1 � �̂v;1 + Æ1 I2g0(f̂vu)(�̂vu � ~�vu) (31)Sin
e ~fvu;1 < f̂vu;1 then ~fvu;2 > f̂vu;2, similarly we have :�̂u;2 � �̂v;2 > ~�u;2 � ~�v;2 + Æ2 I2g0( ~fvu)( ~�vu � �̂vu) (32)Summing ea
h inequalities (29) over uv 2 fS \ Lg and ea
h inequalities (31) over uv 2fS� Lg, we obtain :Xuv2fS�Lg g0(f̂vu)( ~�vu � �̂vu) > Xuv2fS\Lg g0( ~fuv)( ~�uv � �̂uv) (33)13



and by summing ea
h inequalities (30) or (32), we obtain :Xuv2fS�Lg g0( ~fvu)(�̂vu � ~�vu) > Xuv2fS\Lg g0(f̂uv)(�̂uv � ~�uv) (34)
ontradi
tion between inequalities (33) and (34).Case 2 : I is odd.Sin
e f̂ il0 < ~f il0 and ~fl = f̂l; l 2 L , then it's easy to show that there exists a user i0 andtwo disjoint sets I1 and I2 su
h that I1 [ I2 [ fi0g = I, jI1j = jI2j = (I � 1)=2 and~fl0;1 := Xi2I1 ~f il0 + ~f i0l02 > f̂l0;1 :=Xi2I1 f̂ il0;1 + f̂ i0l02 ; and~fl0;2 := Xi2I2 ~f il0 + ~f i0l02 < f̂l0;1 :=Xi2I2 f̂ il0;2 + f̂ i0l02If we 
ontinue with same pro
edure as in the 
ase where I is even, we obtain analogousresults.Corollary 5.2. Consider 
ost fun
tions of type-B. Then in the absen
e of the QoS
onstraints (23) and under \all-positive 
ow" assumption, the Nash equilibrium is unique.AppendixProof of Lemma 4.1 : From Remark 4.2 we shall only prove lemma for �i = 1; 8i 2 I.Choose an arbitrary link l. If f jl = 0, then the impli
ation is trivial. Otherwise, i.e., iff jl > 0, from the Kuhn-Tu
ker 
onditions we have that�j = �l +Kl(f jl ; fl) +K0(rj) � �l̂ +Kl̂(f ĵl ; fl̂) +K0(rj)and sin
e f îl > f ĵl implies f îl > 0, we have�i = �l̂ +Kl̂(f îl ; fl̂) +K0(ri) � �l +Kl(f il ; fl) +K0(ri)Thus, we have�l +Kl(f jl ; fl) � �l̂ +Kl̂(f ĵl ; fl̂) < �l̂ +Kl̂(f îl ; fl̂) � �l +Kl(f il ; fl)i.e., Kl(f jl ; fl) < Kl(f il ; fl), whi
h implies f jl < f il .Proof of Proposition 4.1: Note that ri � rj holds trivially if rj = mj. Otherwise, ifrj > mj, by 
ontradi
tion assume that ri < rj; then, �i � �j. Sin
e rj > ri, then theremust be at least one link l̂ for whi
h f îl < f ĵl . From the Kuhn-Tu
ker 
onditions, we havethat �j � �l̂ = Kl̂(f ĵl ; fl̂) +K0(rj) > Kl̂(f îl ; fl̂) +K0(ri) � �i � �l̂We then have a 
ontradi
tion sin
e �i � �j.Now we show that f il � f jl for all links l 2 L. Assume that to the 
ontrary f îl < f ĵlfor some l̂. Then, by the Lemma 4.1 we have f il � f jl on all other links, whi
h upon14



summation yields ri < rj, whi
h 
ontradi
t ri � rj.Proof of Proposition 4.2: Let i; j su
h that �i > �j. By 
ontradi
tion, assume thatri < rj, implies that exist a link l 2 L su
h that f il < f jl . Hen
e (14) together with it'sassumptions imply that :�j � �l=�j = Kl(f jl ; fl) +K0(rj) > Kl(f il ; fl) +K0(ri) � �i � �l=�i�j � �i + �l( 1�i � 1�j ) > 0Sin
e �i > �j, it follows from the last inequality :�j > �i (35)However, ri < rj implies that �j � �i, whi
h 
ontradi
t (35).Proof of Lemma 5.1.- We �rst show that ri = rj for i; j 2 I su
h that �i = �j. By
ontradi
tion we assume that ri 6= rj, and without loss of generality we assume thatri > rj.Now we 
onstru
t a dire
ted network (N 0;L0), where N 0 = N and the set of links L0is 
onstru
ted as follows :1. For ea
h link l = (u; v) 2 L, su
h that f il � f jl , we have a link l0 = (u; v) 2 L0; to su
ha link l0 we assign a (
ow) value zl0 = f il � f jl .2. for ea
h link l = (u; v), su
h that f il < f jl , we have a link l0 = (v; u) 2 L0; to su
h alink we assign a (
ow) value zl0 = f jl � f il .It is easy to verify that the value zl0 
onstitutes a nonnegative, dire
ted 
ow in thenetwork. Sin
e ri > rj, zl0 must 
arry some 
ow (the amount of ri � rj) from the sour
es to the destination d, this implies that there exists a path p� from s to d, su
h thatzl0 > 0 for all l0 2 p�.Consider now a link l0 = (u; v) 2 p�. Sin
e zl0 > 0 either f iuv > f juv or f jvu > f ivu.In the 
ase where f iuv > f juv, we have :�i(�iu � �iv) = �iKuv(f iuv; fuv) + �uvg0(fuv) > �jKuv(f juv; fuv) + �uvg0(fuv)� �j(�ju � �jv)Thus �iu � �iv > �ju � �jv (36)If f jvu > f ivu, we have by symmetry that �j(�jv � �ju) > �i(�iv � �iu) thus we obtain (36).De�ne more pre
isely the path p�, by p� = (s; u1; u2; :::; un�; d), where uk, k = 1; 2; ::; n�,is the kth node after the sour
e s on the path p� and n� is the number of nodes betweenthe sour
e s and the destination d. Hen
e, from (36) we have :�is � �js > �iu1 � �ju1 > :::: > �iun� � �jun� > �id � �jd: (37)In the other hand, we have m � rj < ri � M , it follows that �i = 
j = 0, and from(8) we have : K0(ri)� �id + �is � K0(rj)� �jd + �jsSin
e K0 is stri
tly in
reasing and ri > rj, we have from the last inequality that��id + �is < ��jd + �js, whi
h 
ontradi
t (37).We now pro
eed to show that f il = f jl , for all l 2 L. By 
ontradi
tion we assume thatf il0 > f jl0 for some l0 2 L. Sin
e ri = rj, by using the same pro
edure as previously we15




an show that there exists a 
y
le S = (u0; u1; u2; :::; un�; u0), su
h that zuk�1uk > 0 andzun�u0 > 0, where uk, k = 1; 2; ::; n�, is the kth node after the node u0 on the 
y
le S andn� is the number of nodes in the 
y
le. Similarly we have :�iu0 � �ju0 > �iu1 � �ju1 > :::: > �iun� � �jun� > �iu0 � �ju0Whi
h is 
ontradi
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