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Abstract

We consider in this paper the problem of combined flow control and routing
in noncooperative setting, in which each user is faced with a multicriterion opti-
mization problem which is formulated as the minimization of one criterion subject
to constraint on others. We address here the basic questions of existence and
uniqueness of equilibrium. We show that equilibria indeed exists but uniqueness
may be destroyed due to the multi-criteria nature of the problem. We are able,
however, to obtain uniqueness in some weaker sense under appropriate conditions,
we show that the link utilizations are uniquely determined at equilibrium and the
normalized Nash equilibrium is unique.

1 Introduction

Flow control and routing are two components of resource and traffic management in
today’s high-speed networks, such as the Internet and the ATM. Flow control is used by
best-effort type traffic in order to adjust the input transmission rates (the instantaneous
throughput of a connection) to the available bandwidth in the network. Routing decisions
are taken to select paths with certain desirable properties, such as minimum delays. In
real time applications, however, an application may have several criteria for quality of
service. It might be sensitive to delays, to losses, or it might seek to minimize some
cost imposed on the use of network resources. In the presence of several users each with
several objectives, that determine the routes for flows they control, this gives rise to a
noncooperative multicriteria game. As is often the case in todays networks, quality of
service of an application is often given through an upper bound on some performance
measure (delay, loss rate or jitter, see e.g. [4]). An appropriate framework for modeling
this situation is that of noncooperative game theory.

Traditional noncooperative games combining flow and routing decisions have been
studied in the past; see, for example, [9] and [15], and references therein. In particular,
it is well known that, when the cost function of each player is the sum of link costs
minus a reward which is a function of its throughput, then the underlying game can be
transformed into one involving only routing decisions. Other recent papers that consider
a combined flow control and routing game are [16, 17|, where the utility of each player
is related to the sum of powers over the links. (The power criterion is the ratio between
some function of the throughput and the delay). The part of the utility in [16, 17] that
corresponds to the delay is given by the sum of all link capacities minus all link flows, and
in [16] it is further multiplied by some entropy function. Thus, the utility in this case does
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not directly correspond to the actual expected delay, but it has the advantage of leading
to a computable Nash equilibrium in the case of parallel links. Yet another reference, [2],
on the other hand, deals with the actual power criterion, i.e. the ratio between (some
increasing function of) the total throughput of a user and the average delay experienced
by traffic of that user. The paper introduces approximate Nash equilibrium corresponding
to the case when the number of players is very large, establishes the existence of such an
equilibrium and a characterization for it, and further shows that the solution need not
be unique.

In this paper, we consider such constraints which can be expressed as bounds on the
sum of some functions (such as delays or costs) along all links constituting a path from an
origin to a destination. In mathematical terms, such problems are games where the users
strategy sets are not independent but coupled. Games of this kind are called coupled
constraint games, see [18] and we call the constrained (or the coupled) Nash equilibrium
the corresponding solution concept.

In [10], we have investigated the special topology of parallel links without flow con-
trol. We showed in a simple example that there may be several equilibria, although in
absence of side constraints there would be a single equilibrium [13]. We then showed
the uniqueness of the normalized equilibrium concept of Rosen [18] for the constrained
parallel links problem, and pointed on the application of this to pricing. Our objective
is to extend to the case where the global throughput of each user may also controlled.
This approach allows us to establish the uniqueness of normalized Nash equilibrium in
the combined flow control and routing game with constraints of quality of service in
a network of parallel links, and to obtain several qualitative characterizations of this
equilibrium.

In the general topology case it is known that even without flow control and constraints
there may be several equilibria; counter examples for the uniqueness are given in [13].
Yet in two special cases, uniqueness of Nash equilibrium has been established in general
topology in the absence of side constraints [13]: 1. in the symmetrical case there is a
unique Nash equilibrium which is itself symmetric. 2. Consider two equilibria each with
the property that whenever a player sends a positive amount of flow to some link then
all other players also do so. We call this assumption of "all positive flow”. Then the
total link under the two equilibria are equal. We focus in this paper on this case with
flow control and additional side constraints, and show that the same type of uniqueness
results that hold for the unconstrained case extend also to the constrained normalized
equilibrium.

These specific results in this paper extend some previous results in [18] on the unique-
ness of the Nash equilibrium in the context of noncooperative control of flow and routing
without constraints.

The structure of the paper is as follows. In the next section we introduce the model
and assumptions, In section 3 we establish the existence of coupled Nash equilibrium and
normalized Nash equilibrium for general topology and motivate its use for decentralized
pricing. In section 4 we consider a case of two nodes connected by a set of parallel
links and we study the uniqueness of normalized Nash equilibrium. We also derive
some properties of the equilibrium. Section 5, we extend the discussion to a general
topology. We study the uniqueness of equilibria in the symmetrical framework or under
the assumption of ”all positive flows”.

2 The model

We consider a network (N, £) where N\ is a finite set of nodes and £ = {1,2,..,L} is a
set of L links. We consider an extension of directional links (see [3]) where a link may
carry traffic in both directions, but the direction for each user is fixed. For a node v € N,
let Out(v,i) is the set of outgoing links from node v available to user i, and In(v,i) is
the corresponding set of links in-going to node v available to user i. We consider a set
T of I selfish users (players) who share the network. With each user i € Z, we associate
a unique pair, (s(i),d(7)), of source and destination nodes. Each user has to determine



the amount of flow ' € R’ := [m’, M'] to ship between s(i) and d(7) and how to route it
in the network.

Let f; denote the amount of flow that user 7 sends over link [, which is constrained to be
nonnegative, and satisfy the flow conservation law, i.e. for each node v & (s(7), d(i)),

flz0, Y fi= 0 f v (s(),d@), (1)

leOut(v,i) leIn(v,i)
and
re= > fi= ) flem MY, (2)
leOut(s(1),i) leIn(d(i),:)
Further define £ := {f}, ..., f/}, fi = Sor fi £ o= {fidiep, 70 = {£1, . £ £00 £},
f = {fiticc.

We consider a situation where extra side constraints are imposed. These may represent
constraints on quality of service which may be user dependent. These are formulated as
a set of flow restrictions of the form :

where K is a finite index set (e.g., formed by subsets of Z, V, £, P), and gy : R‘f‘“ — R,
ke K.

Introduce the function h : R‘f‘” — R™ to describe the constraints (1)-(3), where m is the
number of constraints. Hence admissible strategies will be limited by the requirement
that f be selected from a set R, where R = {f, h(f) < 0}. We will say that R is a
coupled constraint set. With f1:= {fi j € Z; j # i} fixed, we also introduce the set
RI(f~1) .= {f: (fi,f~1) € R}. This is the set of allowable flows for user i with all other
users flows fixed.

Example 2.1. The most immediate example of a set of flow restrictions is that of upper
bounds on the end-to-end packet delay. For each i € Z, let w(i) be it’s corresponding
O-D pair, i.e., w(i) = (s(i),d(i)). Let P, be the set of routes connecting the O-D pair
w(i). The delay over link I can be given by (¢; — fi) ! see Remark 2.1. In the framework
of (3) such constraints are described by letting K = {w(i)/w(i) = (s(7),d(i)),i € T}, and

) ‘
Y <D\ pePuy i€l (4)
er &7 Ji
Constraint (4) requires that for each O-D pair (s(i),d(i)), i € Z, the end-to-end packet
delay should be no larger that D". 1

The performance objective of user i is quantified by means of a cost function J*(f).
User 4 aims to find a strategy f’ that minimizes its cost. This optimization depends on
the routing decisions of the other users, described by the strategy profile f*, since J* is
a function of the system flow configuration f, and the constraints (3) are coupled.

Definition 2.1. (Cost Functions and Nash equilibrium)
Let J'(f) be the cost for user i when the flows of all users are given by f € R. A coupled
Nash equilibrium of the routing game is a strategy profile from which no user it beneficial
to unilaterally deviate. Then we seek for a Coupled Nash Equilibrium (CNE) £, that is
an £ € R satisfying _ _

J'(f) = min J'(f ' ) where (5)

(fif-HeRr

JUETE = U, L E L F T,



We make the following assumptions on the cost function J* for user i, which will be
invoked throughout the paper:

G1 J' is given as the sum of link costs J;(f;) minus the utility function U'(r*): J'(f) =
Diec JiE) — U(r).

G2 J; : [0,00]" — [0, 00] is continuous and U’ is continuous in its argument.

G3 J’ is convex in f; and g is convex in f, and U’ is concave in its argument.

G4 J’ are continuously differentiable in f/, g, are continuously differentiable in fi and
U" are continuously differentiable in its argument. We set K| := d.J;(f;)/0f;, | € L, and
Ky(r') = =0U" () /Or

G5 The feasible set of (1) and (3) is non-empty and contains a point that is strictly in-
terior to every nonlinear constraints. Functions that comply with the above assumptions
shall be referred to as type-G functions.

Our first set of assumptions is the following, only slightly different from those on
p. 512 of [13].

Al. Assumptlons G1-G5 are all satisfied, and .J; depends on the vector f; only through
user ¢’'s flow on link [ and the total flow on that link. In other words, it can be written
(with some abuse of notation) as J(6) = J(f, fi)-

A2, g is strictly i 1n(‘rea<;1ng in each of its arguments, for each k£ € K.

A3. Viewing K| = K] (f], fl) now as a function of two arguments, whenever .J; is finite,
K/(f!, 1), l € L, is increasing in each of its two arguments, and ( due to G3 )strlctly
increasing in the first one.

We refer to functions that meet the conditions of these three assumptions as ftype-A
functions.

Typically, the performance of a link [ is manifested through some function T;(f;),
which measures the cost per unit of flow on the link, and depends on the link’s total flow.
Thus, it is interest to consider cost functions of the following form:

B1. J(f) = Yo fiTi(f) - U(r).

B2. 7 : [0, 00) — (0, 00].

B3. T,(f;) is continuously differentiable and T)'(f;) = dT;(f;)/df; is increasing in f;, for
all l € L.

We will refer to functions that meet the conditions of these three assumptions as
type-B functions.

Remark 2.1. Cost functions used in real networks are either related to actual pricing, or
they are related to some performance measure such as expected delay. In the first case, a
frequently used cost is that of linear link costs, i.e. for each user i, J'(f) = 27, fiTi(f))
where T)(f;) = a,fi+0b; [12]. When the costs represent delays they typically have the same
form but with T;(f;) = (¢ — fl)*1 +d,. d, represents the propagation delay related to link
[, where as the first term represents queuing delay. This is the delay of an M/M/1 queue
operating under the FIFO regime (packets are served at arrival order, see [13]) or of an
M/G/1 queue operating under the processor sharing regime. ¢; has the interpretation of
the queuing capacity. Other more complicated costs can be found in [1].

3 Existence of equilibria and pricing

3.1 Characterization of equilibria and normalized Nash equi-
libria
If assumptions G hold, it follows that the minimization in (2.1) is equivalent to the follow-

ing Kuhn-Tucker conditions: for every i € Z, there exists a set of (Lagrange multipliers)
(A ) uents (By)kex, v' and p' such that, for every link (u,v) € L:

Kilf) 4= X+ S AT = 0 £, >0 )

2
kel

4



dg(f)

K (f) + A0 — A +k€ZKﬁk o 2 0if fi =0 (7)
Ko(r') = Ny + Xy 7' =1 = 0 (8)

V(' = M) =0, p'(m’ — ):0, Bign(f) = 0 (9)
r'—M' <0, m —1r" <0, gi(f) <0, f,, > 0 (10)
pt>0,7">0 6 >0 (11)

3.2 Normalized Nash equilibrium and Pricing

We consider a special kind of equilibrium such that each 3] is given by

Definition 3.1. The coupled Nash equilibrium £ is a normalized Nash equilibrium [18]

if, for some vector @ > 0 where @ = (o', .., a’) and 0 is a vector of zeros, and constant
Br >0k € K conditions (6)-(9) are 901‘79ﬁ€d where

= B/a’, keK,ieT (12)

Notice that if a user’s weight o' is greater than those of his competitors, then his
corresponding Lagrange multipliers are smaller.

The normalized Nash equilibrium can be used in relation to an appealing pricing
scheme in which additional congestion costs are imposed by the network. Congestion
pricing will allow us to relax the original constraints g (f) < 0; yet the resulting equilib-
rium will have the following three appealing properties:

1. It will be a CNE for the original problem.

2. Non-zero congestion prices will only be imposed for saturated constraints: such
constraints represent congestion, and in absence of congestion, no congestion cost
is imposed.

3. The most interesting feature of this pricing is that congestion costs may be chosen
to be user independent. This allows us to implement them in a decentralized way
without requesting a per-flow information.

More precisely, assume that the utility of user i can be written as —J*(f)— = >, . Ci(f).
Cy(f) is a cost function that all users are charged due to congestion related to the kth
constraint. Let (3/)* be Lagrange multipliers that correspond to a CNE induced by tak-
ing in (12) @ = (a',..,a’). We set C(f) = B} - gx(fi). With this cost function we may
now consider a competitive routing problem in which we ignore constraints (3). The ob-
tained equilibrium is a CNE for the original constrained model, and the complementary
slackness conditions imply that at the normalized equilibrium, no user actually pays any
congestion cost. Under various conditions, there is a unique Nash Equilibrium [13] to the
pricing game (where constraints (3) are removed) and the corresponding Kuhn-Tucker
conditions obviously coincide with our original ones. We conclude that a simple pricing
can replace the QoS (Quality of Service) constraints and yet force users to choose a CNFE
(so the constraints still hold). Since the pricing doesn’t depend on the user, the charging
can be performed in a distributed way without need for per flow information. The exis-
tence of such a pricing is equivalent to the existence of a Normalized Nash equilibrium.

3.3 Existence of Equilibria

Under assumption G5, the set ‘R contains a point that is strictly interior to every nonlin-
ear constraint. This is a sufficient condition for the Kuhn-Tucker constraint qualification
[5]. Hence, the routing game (2.1) using the cost functions of type-G is equivalent to a



convex game in the sense of [18] and, thus the existence of an CNF as well as a normalized
equilibrium is guaranteed [18, Thm. 1] if the costs are finite for any strategy. Note that
the proof of existence in [13] is based on [18] that restricted to finite costs by using the
following assumption:” For every flow configuration f, if not all cost are finite then at
least one user with infinite cost (J'(X) can change its flow configuration to make its cost
finite”.

Theorem 3.1. Consider the cost function of type-G. Then there exists a normalized
Nash equilibrium point for every specified vector a > 0 (componentwise) where d =
(a',a?, .., al).

We analyze the routing problem in two phases. First we consider a case of two nodes
connected by a set of parallel links. Second, we extend some results to a general network,
for the case of symmetric users and positive flows.

4 Parallel links

In this section, we consider the case of two nodes {1,2} connected by a set £ of L links.
Such a system of parallel links may represent a network in which resources are pre-
allocated to various paths, or an internetworking in which each link models a different
subnetwork. With each user i, we associate a unique pair, (s(i),d(i)), of source and
destination nodes, where s(i),d(i) € {1,2}. For the parallel links we further impose a
quality of service on each link. This is captured by the constraints (3), where K = £ and
g; depends on the flows only through total low on link [. i.e.,

a(fi) <0. (13)

1

Under assumption A, the functions g; are strictly increasing in f;, and hence g, * exists

and the constraints (13) become
fi<dy, lel,
where d; = g, '(0) (positive real).

Remark 4.1. Equation (13) can be interpreted as capturing the link capacity constraints
i.e., the total flow at each link | can not exceed the links capacity d; = ¢;. In many cases,
however, performance measures (such as loss probabilities or delays) are monotone in the
link load, which then implies that bounds on these measures are obtained by bounding the
link load as in (13).

In [10], the authors present an example which demonstrates that the above weak con-
vexity conditions are not sufficient for uniqueness of a Nash equilibrium (without flow
control). These indeed point at the complexity of the coupled constraint (13). This non-
uniqueness of Nash equilibria will then motivate us to study normalized (Rosen) Nash
equilibrium (defined below) in the parallel links topology, particularly its uniqueness and
some of its characteristics.

Nonetheless, in the following we prove under some hypothesis that the link utilizations
and the user demands are unique at each Nash equilibrium.

Theorem 4.1. Consider the cost function of each user is of type-A. Let £ and f be
two coupled Nash equilibrium. Let (8}, pu',~") and (B,’,[L’,*Ay’) be corresponding Lagrange
multipliers. Assume that for each link 1l € L, 8 < B}, Yiel or B,’ <p, Viel.
Then f, = f} VI € Lyand r* = 7 ¥i € T (i.e., the link utilizations and the user
demands are the same under £ and f)



Proof : Let f and f be two Nash equilibria. Then we have from (6) and (7) :

Kj(fi, f) + Ko(r') >t =o' = B KG(f f) + Ko(r') = p' =o' = By if f) > 0 4,1(14)
Ki(fi, f) + Ko(7) > @' =" = By K{(f), f) + Ko(7') = @' — 4" — B if f{ >0 Vi,1(15)
By using some procedure in the proof of [10, Thm. 3.1] we have the following relations :
(i) {6} < B fi > iy = fi = fi moreover if (u' — 4" < p' =77 and # < r') then fj > i
and the last inequality is strict if f > 0.

(71) {Bl > 3 fi < fit = fi = f; moreover if (u' —~" > ;2’ —733 and 7' > r') then fl’ <f]
and the last 1nequahty is strict if fl > 0.

(441) {M *'Y <M *V AZ>7" ﬁz > 0 fl>fl}:>fz < fi

(i) {N — Y > = < ﬁl < B fl<fl}:>fl > fi

Let £, = {I: fi > fi}. Also, denote T = {i: PO it — > — v}, Ly ={l:
fl < fi ﬁl < ﬁl} and L3 = {l : fl < fl,ﬂl > 3/}. We observe that £ = £, U Ly U L3.
Assume that £ is nonempty, it follows by (iv) that for i € Z; :

)DUETED S D S ETED 3V B o B DS DI =
lelq €Ly leLs leLy leLs lelq 1€L3
We now proceed to show that :
i ¢ T, implies that F>rtand o= A < pt = (16)

Indeed, since i ¢ Z,, it follows that either 7' > r" and ' — 4* < p’ — +', we have either
,u fy<,u fy(,u—’y—O)andT >’ (If i =4 >0, then p/ 7>01tfollowsthat
ri=m' <7 (u'>0);or gl — A4 < 0, then 4* <4, it follows that 7 = M">r'(¥" > 0)).

Noting that (i) implies that {I € L1/Bi < B} =0, hence, if | € £, and i ¢ Z;, we have
from (zi3) f < f}. Tt follows that :

D fr= 2 3 S>> A

leL leLy i€y leLyi¢Ty

< SN R D=+ D 5
leLq 1€y leLs i€y leLyi¢Ty

= >+ D -
lely l€Lg €T

= > A+Y (=) =-D> -
€Ly leL3 leL3 1¢T,

< Y o hi (17)
leLy

The last inequality follows from (i7), since for [ € L3, f; = f,and for | € £ and i ¢ Ty,
fi > fi.

Hence, the inequality (17) and the definition of £; are contradictory, which implies that
L, is an empty set. By symmetry, it may also be concluded that the set £, = {l: f; < [}
is empty. Therefore we conclude that, f; = f,, VI € L.



We now proceed to show that r' = #',Vi € Z. X
To this end, let Z; = {i : #* > r'}. Also, denote £y = {l: 3 < B/}, T, = {i : 7' <

it = > =Y and Iy = {i 7 < ' pt — 4 < p' — '}, We observe tha

T =7, UZy UZ3. Assume that Z; is nonempty, it follows by (iv) that for [ € Ly :

DN N D DN D D =D DN D B D SN i ¢ A i

1€l 1€Z1y 1€13 1€7T2 1€73 1€y 1€13

Noting that from (16), the relation (iii) implies that fj < f/ for i € Z; and [ ¢ Ly, it

follows that :
S WA I

1€T1 1€ leLq 1€T1 l¢£1

< ZZfli+ZZ(fzi*ﬁ)+ZZf;

i€Ty €Ly 1€l31eLy €11 1¢Ly

= D ) D A
i€y (€T3 €Ly

SDNED SR W2l

1€ i1€713 €T3 1¢ Ly

< Yo (18)

€74

The last inequality follows from (i), since for i € Zs, #* = r* and for i € Z3 and | ¢ L,
<t . " . o

Hence, the inequality (18) and the definition of Z; are contradictory, which implies that
7, is an empty set. By symmetry, it may also be concluded that the set Z," = {i : 7" < r'}
is empty. Therefore we conclude that, 7' =r', Vi e L. i

4.1 Uniqueness of the normalized Nash equilibrium

A set of sufficient, conditions for uniqueness of the normalized Nash equilibrium has been
established by Rosen in [18] under some strict diagonal convexity conditions. These
conditions may not be satisfied in our case, and hence we need to prove uniqueness in
some other way.

Remark 4.2. Let & and & be two positive vectors such that & = ad for some positive
real a. Let A(d) and A(&) be corresponding normalized Nash equilibria sets. Then

A(d) = A(&)

The following result shows that the parallel-links network also has a unique normalized
Nash equilibrium for every specified vector & > 0.

Theorem 4.2. In a network of parallel links where the cost function of each user is of
type-A, the normalized Nash equilibrium for every specified & > 0 is unique.

Proof: The hypothesis of theorem 4.1 are verified in the normalized Nash equilibrium,
then we have the uniqueness for link utilizations and each user have the same demand un-
der all normalized Nash equilibria. Then the theorem follows directly from [10, Thm. 4.1]
(i.e., the case where the demands are fixed). i

Corollary 4.1. In a network of parallel links where the cost function of each user is of
type-A, and in the absence of the side constraints (i.e., f; = 0,VI € L) there would be a
single Nash Equilibrium.

The above result can be considered an extension of [13, Thm 1] in noncooperative flow
control and routing games.



4.2 Properties of the normalized Nash equilibrium

Here, we assume that the cost functions of all users are symmetrically identical, i.e.,
Jj=JiandU'=U foralli € T andl € L. Andlet ' =p' — ", Vi € T.

Lemma 4.1. Assume that all users have the same weight and assume that the condition
fl’ > 'fi7 holds for some link | and some users i and j. Then f/ > f] for alll € L;

moreover, the inequality 1s strict if flj > (.
Proof: See Appendix.

Proposition 4.1. Consider the identical type-A cost functz’ons and the identical user
weights. Assume that m' > m? and M > M?. Then 1" > 17 and f} > f{ for all links
le L. Ifm'=m’ and M' = M7, then fj = f] for alll € L.

Proof.- See Appendix.

The next proposition shows that, for identical type-A cost functions, and identical inter-
val demands (i.e.,m’ = m and M' = M,V¥i € ), there is a monotonicity among users in
their demands, i.e., a user with a higher weight sends more demand.

Proposition 4.2. Assume that all users have the same type-A cost function. Then for
some vector @ = (o!,a?,...,a’) > 0, we have :

o' >aod =1 >l Vi, jeL.

Proof.- See Appendix.

4.3 Application: Virtual Path allocation with Level QoS

An interesting application of our model (parallel links) is virtual path allocation with
level QoS. The system of parallel links may represent a network in which the resources
are pre-allocated to various paths. Each user reserve some of the resource capacity in
order to establish a virtual path level, i.e., that find the corresponding virtual path full
upon arrival, can be assumed to either be lost or else to be accommodated through an
alternative virtual circuit scheme. In the latter case, the user faces the need to consume
processing resources and waste time on call setup. Thus, in either case, blocking at the
virtual path level leads to performance degradation.

To that end, the user minimizes a cost function. This function should account for the
following tradeoff. On the one hand, each user try to minimize the blocking probability of
its incoming calls at the virtual path level, which is a decreasing function of the reserved
capacity of the user’s virtual paths. On the other hand, reserving capacity becomes more
difficult as the system’s resources are less available. According to our model, users make
requests for the VC service at the boundaries of the network.

Let B; the amount of capacity reserved on link [ by user ¢, which is constrained to
be nonnegative and not exceed the capacity C;. Further define By = (B}, B?, .., B}),
B'= (B}, B;,..,B}), By=),.; B} and B' = Yo O

The cost function for user i, denoted by J*, is of the following form :

J'(B) =) _F/(B/,B)+G (B, (19)

F} accounts for the cost of reserving capacity for a user on link [/, as perceived by that
user, whereas the function G* accounts for the effect that the amount of reserved capacity
has on the performance of that user.

This VP network is transparent to the users in which the users calculate the routes and
capacities of virtual paths in the network such that the following requirement are satisfied



1. Capacity constraints : The sum of VP capacities on each link does not exceed its
capacity, i.e.,
Bi=) B/ <C, VIeL (20)

1€

2. Constraints of quality of service : The blocking constraint used by user 7 is denoted
by ¢’. The blocking constraint enforce QoS at the call level. The blocking proba-
bility P; is the percentage of call attempts of user ¢ that are denied service due to
the unavailability of resources. We must always have that

P, <4 (21)

The blocking probability FP; is a function of two variables, the total of capacity allowed
by user i (B') and the total arrival rate of user i that we assume that is fixed. Moreover,
this function is decreasing with respect to B’. Then (21) is equivalent to :

m' <B ; VieT, (22)

where m' = P, (B?).
The following result establishes the uniqueness of normalized Nash equilibrium for the
VP allocation game.

Corollary 4.2. Consider the cost functions of type-A. Then the normalized Nash equi-
librium of VP allocation game, is unique.

Proof.- Follows directly from Theorem 4.2.

Remark 4.3. In the absence of the capacity constraint (20), we use the property F5
in [14], then (‘orollary 4.1 implies that the Nash equilibrium that corresponds to the VP
allocation game is unique.

5 General topology

In this section, we study an extension to a general network. We assume that all users
have the same source and destination (s, d). For the general topology, we further impose
a quality of service on each path. The goals are formulated as a set of flow restrictions
of the form :

Z!Jz(fz) <d, peP (23)

lep

where P is set of paths connecting the O-D pair (s,d)and g, : Ry - R 1€ L.
Constraints (23) requires that for each path connected the source s and destination d,
the end-to-end packet cost (delay) should be no larger that d,.

Lemma 5.1. Consider the identical type-A cost functions and identical intervals for de-
mand (i.e., m' =m and M' = M,Vi € I). Let a vector @ such that & = (o, o?, .., o) >
0. Then fori,j € T such that o' = a7, then fl = fi for alll € L. Moreover if o', i € T

are the same then f; = % Vi, l.

Proof.- See Appendix.

Theorem 5.1. Consider the identical type-A cost functions and all users have the
same interval for demand (i.e., m' = m and M* = M,Vi € T) and the same weight
(ie.,a' =a,VieTL) Ina network with symmetrical users has a unique normalized Nash
equilibrium for every o > 0. Moreover fj = fT’, Vi, l, where f is the unique normalized
Nash equilibrium.

10



Proof.- From Remark 4.2, it suffices to show this theorem with v = 1. We suppose by
contradiction there are two normalized equilibria f and f. The first step is to establish
that fl = fl Vil € L.

;From the Kuhn-Tucker conditions (6) and (7), for f and f we have :

uv( Nzw f: ) + 6m}guv(f ) + %;
uv( 17 fm) + 6uvgm)(f ) + )‘;

11,’ ( ;v f ) + B?M)g;v(.]i‘?“)) + é\; = )\; lf
. ~. f ~.

:H (ﬁ f“v) + Buvg:w( ?“)) + )\z) = )\;1 1 121) > 0

where (3, = > 61p§p and (3, = > 61p3p. From lemma 5.1, we have that, for all i € £ and
le L, fi=12and f{ = . Thus (24) become :

Kuv(f;v ’ fuv) + Buvg;w( Auv) + 5\; > )‘Zu Kuv(f;v ) fuv) + Buvgqlw( Auv) + j\z) - 3‘; 1f fuv > 0
fuv Y N: fuv ’“‘ N Iy
K ( fuv) +ﬁuvquu<fuv)+)\v Z )\ua Kuv( fuv)+ﬁuvquv(fuv> :)\u lf fuv > 0

We define the function G, for [ € L by G/(f)) = Kl(fT’,fl). Summing each of these
equation over i, we get :

v(fi?n) + ﬁ?lvguv(f: )
v( M) + ﬁuvgm}(f )

Guv(fuv) + 6uvguv(fuv) + 5\1) - 5\u 1f fuv >0

5\11,; Guv( uv) + 6uvgm)(fuv) + 5\1) - S\U 1f fuv >0

>~l >4>
N>

AVARAVS

G’lt
G’lt
(25)

where A, = 137, X and A, = 1 3", \. Note that these equation are very similar to the
Kuhn-Tucker conditions for a single-user optimization problem of link flow, with respect
to a modified link (convex) cost function with derivative G, and the following constraints.

fl>0 Z fl - Z fla ?)%(S,d),

leOut(v) leIn(v)

= > 5= Z fi € [m,M],
leOut(s) leln(d

S alf) < dp, peP.

lep

Since the link cost function [ G, is convex (see Assumption A) then the uniqueness of
their solution is actually a consequence of standard convex programming results. It has
thus established that f, = f; for all [ € £ ,this implies by lemma 5.1 that fz = fz for
every [, 4, and uniqueness of the normalized Naqh equilibrium is thus proved. 1

Corollary 5.1. Consider the identical type-A cost functions and all users have the same
interval demands (i.e., m' =m and M'" = M,¥i € T). Then in the absence of the QoS
constraints (23), the Nash equilibrium is unique.

5.1 Positive Flows

In this paragraph, we suppose that all users use the type-B cost functions. The following
result establishes a uniqueness of equilibria among those that satisfy the so called “all-
positive flow” assumption : whenever a player sends a positive amount of flow to some
link then all other players also do so.

11



Theorem 5.2. Consider cost functions of type-B, and let £ and £ be two Nash equilibria.
Assume that there exists a set Ly of links, £y C L, such that {fz >0 and fz >0, i€Z}
forl e Ly, and{fl = fl =0, i €Z} forl ¢ Ly. Then, fi=f, VleL.

Proof.- By using same procedure as in proof of Theorem 5.1 with assumption positive

flows, we show that the Kuhn-Tucker conditions for Nash equilibria f and f implies the
followmg conditions :

~

Guo(fur) + Buvdls (fur) + Ao = Ay if fup > 0
)‘u: Guv(fuv) —"_ ﬁuvg;11)<.fuv

P
£.

Guv (f:uv) + ﬁ:uv.qqlw(f:uv> +
Guv (fuv) + ﬁuv.qqlw (fuv) +

> >
& &
v v

)4+ X = Ay if fup >0
(26)

where )\u Z )\ua 6u1) Z 611,1” and Guv(fuv) fuv (fuv) + I. Ew(fuv) This pI‘OOf
can be done proceedlng as in the proof of theorem 5.1 (startlng from equation (25)) it

may be inferred that f, = f;, | € L. 1

The next result shows in particular that there exists at most one normalized Nash
equilibrium with "all-positive flow” assumption.

Theorem 5.3. Consider cost functions of type-B. For some vector a > 0, let £ and f be
two normalized Nash equilibria. Assume that there exists a set Ly of /7nk9 Ly C L, such

that{f,>0 and fi >0, i€ T} forle Ly, and {fi = f} =0, zEZ}forl%El Then
fi=f.

Proof.- Assume that for some @ we have two normalized Nash equilibrium points f and
f. Then we have from (6) and (7) :

K:w(f?im fuv) ] uv(fu’v) = )\:L - )‘; lf fﬂv > 0
ﬁuv / Y N i
m)(fmn fuv) 1 uv(fuv) - )\u - )‘v lf fuv > 0

By contradiction, assume that there exists (I, 7) € £ x Z such that fl0 # flo, and without

loss of generality assume that f,n < flo.
In the sequel, we consider two cases :
Case 1: I is even. _
Since fl0 < fl0 and f, = fl,l € L, then it’s easy to show that there exists two disjoint

sets Z; and Z, such that 7y UZ, = 7, |Th| = |T,| = 5 and

fan = Zflig > flo,] = Zflio,la and fln,Q = Zflig < flo,? = Zflioﬂ

€14 1€1q 1€1o 1€

Now, we construct a directed network (N, L"), where N/ = N and the set of links £’ is
constructed as follows : ~ R

1. For each link [ = (u,v) € L, such that f;; > fi1, we have a link I' = (u,v) € L'; to
such a link I" we assign a (flow) value zp = fi1 — fi1.

2. for each link [ = (u,v) € L, such that f;; < fi1, we have a link I' = (v,u) € L'; to

such a link we assign a (flow) value zp = fi1 — fi1.
It is easy to verify that the value z;y constitutes a nonnegative, directed flow in the

network. Let 7y =Y., 7 and 7y = ), . 7, if 7, = 7, and since fioa > fio1, then there
exists a cycle D such that zp > 0, VI € D, else (i.e., 71 # 71 ) zy must carry some flow

12



(the amount of |7y — 7|) from the source s to the destination d, this implies that there
exists a path p* from s to d, such that zp > 0 for all I’ € p*. Let S is a set that represent
D if 7y = 7, and p* otherwise. B R R B

Consider now a link I' = (u,v) € S. Since zp > 0, either fu, 1 > fuv1 OF fou1 > fout-
With assumption positive flows, we shows that the Kuhn-Tucker conditions for Nash
equilibria f and f implies the followmg conditions :

- - 1 I - i
)\u - )\1)] - fuv ]Tl(fuv) + 21—1111)(f111)> + (s] Qﬁm}g (fuv) lf fuv > 0 (27)
. . . . I . I o
)\u,l - )\v,l = fuv,lTl(fuv> + §Tuv(fuv> + 61§ﬁuvgl(fuv) lf fuv > 0 (28)

1
where )\U«’UJ == Zzelj )‘uv and 61 ZiEI] ol -

In the case where f,,1 > fWJ, we have :

)\u,l - )\v,l = fuv,lTl<fuv) + ETuv<fuv) + 61 Eﬁuvql<fuv)
1 I -

> uv 1T/( uv) + 21—’11/1)( uv) + 51 26uvg ( uv)

- 5\u,] - 5\1),1 + (s] 59 ( uv)(ﬁuv Buv)

Thus

)\u,l - )\v,l > 5\u,l )\v 1 + 61_ (fuv)(éu’u - Bu’u) (29)

Since fuu1 > fuw then fu, 0 < fup2, similarly we have :

j\u,Q - 5\1),2 > 5\u,2 )\v 2 + 62_ (fuv)(Bu’u - Bu’u) (30)

1
where A, 0 = Zieb )\m, and 9y = ZieIg ail -
If fou1 > fvu,h we have by symmetry

~ ~

)\v,l - )\u,l > 5\'u,l )\u 1 + 61_ (fvu)(ﬁvu B'uu)

Thus

- . . . I . .
)\u,l - )\v,l > )\u,l - )\v,l + 61 iql(fvu>(ﬁvu - ﬁvu) (31)
Since fmm < fmm then f‘?,u,g > fm,,,g, similarly we have :

j\u,Q - 5\1),2 > 5\u,2 )\U 2 + 62_ (fvu)(Bvu - Bvu) (32)

Summing each inequalities (29) over uv € {S N L} and each inequalities (31) over uv €

{S — L}, we obtain :

Z ( vﬂ)(ﬂvu BW) > Z ( uv)(ﬁuv Buv) (33)

uwve{S—L} uwve{SNL}
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and by summing each inequalities (30) or (32), we obtain :

Z gl( ~vu)(3bu - BW) > Z gl( Auv)(Buv - Buv) (34)

uve{S—L} uve{SNL}

contradiction between inequalities (33) and (34).

Case 2: Iis.odd. _ .

Since f; < fi and fi = fi,[ € L, then it’s easy to show that there exists a user iy and
two disjoint sets Z; and Z, such that Z, UZ, U {ig} =Z, |Z1| = |Zo| = (I — 1)/2 and

R - f‘lio R N flin
Joa = Zfz;, + 70 > fign = Zfl}),l + 70, and

1€, 1€
3 I N
fup = > _fi+ 5 < Jwa = D ot 3
1€To 1€T

If we continue with same procedure as in the case where [ is even, we obtain analogous
results. "

Corollary 5.2. Consider cost functions of type-B. Then in the absence of the QoS
constraints (23) and under “all-positive flow” assumption, the Nash equilibrium is unique.

Appendix

Proof of Lemma 4.1 : From Remark 4.2 we shall only prove lemma for o’ = 1,Vi € Z.
Choose an arbitrary link /. If fi =0, then the implication is trivial. Otherwise, i.e., if
fi >0, from the Kuhn-Tucker conditions we have that

W= B+ Ki(f] i)+ Ko(r?) < 8 + Ki(f,'jja fi) + Ko(r?)
and since fl’ > f]'j implies fl’ > (0, we have

n' =0+ Ki(f!, fi) + Ko(r') < B+ Ki(f], ) + Ko(r")

Thus, we have

B+ Ki(f], 1) < B+ Ki(fL 1) < B+ Ki(f, 1) < B+ K, )

ie., Ki(f/, f) < Ki(f, f;), which implies f/ < f;. ]

Proof of Proposition 4.1: Note that r* > r7 holds trivially if r7 = m?. Otherwise, if
r! > m’, by contradiction assume that r* < r’; then, n* > n’. Since 7/ > r’, then there
must be at least one link [ for which f]’ < f]j From the Kuhn-Tucker conditions, we have

that 4 4 , . ‘ .
n = B = Ki(f], fi) + Ko(r?!) > Ki(fi, f;) + Ko(r') > 0" — 5;

We then have a contradiction since 7' > 7. ' _
Now we show that f; > f/ for all links [ € £. Assume that to the contrary fi < fi7

for some [. Then, by the Lemma 4.1 we have f/ < fl] on all other links, which upon
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summation yields r* < r7, which contradict r* > r/. 1

Proof of Proposition 4.2: Let i, j such that o’ > o’. By contradiction, assume that

r’ < rf, implies that exist a link [ € £ such that f; < fl] Hence (14) together with it’s
assumptions imply that :

W= B/l = Ki(fl, fi)+ Ko(r)) > Ki(fi, fi) + Ko(r') >0 — B/

. . 1 1
-0+ G —) > 0

J a (%
Since o > o, it follows from the last inequality :

> (35)
However, 7' < r7 implies that n’ < n’, which contradict (35). 1

Proof of Lemma 5.1.- We first show that r* = 77 for i, j € Z such that o' = o’. By
contradiction we assume that r’ # 7/, and without loss of generality we assume that
rt > rt.

Now we construct a directed network (N, L"), where N/ = A and the set of links £’
is constructed as follows : ' ,
1. For each link [ = (u,v) € £, such that f/ > f/, we have a link I" = (u,v) € L"; to such

a link " we assign a (flow) value zy = f/ — f/.
2. for each link | = (u,v), such that f/ < f/, we have a link I' = (v,u) € L'; to such a
link we assign a (flow) value zp = f/ — f.

It is easy to verify that the value z;y constitutes a nonnegative, directed flow in the

network. Since r* > r7, zp must carry some flow (the amount of ' — r7) from the source

s to the destination d, this implies that there exists a path p* from s to d, such that

zp > 0 for all I' € p*. 4 _ ' '
Consider now a link ' = (u,v) € p*. Since zp > 0 either f} > fl or fl, > fl..

In the case where f) > fJ = we have :

al<)\?u - )\:L[)) = alKUU<. ’l’i,’l)? fuv) + ﬁuv!f(fuv) > ayKU'U(. ’IZ’U’ fuv) + ﬁuvgl(fuv)
> al(N, — X))

Thus
N (36)

If f7, > fi., we have by symmetry that o/ (M — M) > o'(A\ — X)) thus we obtain (36).
Define more precisely the path p*, by p* = (s, uy, ug, ..., Uy, d), where uy, k =1,2,..,n*,
is the k' node after the source s on the path p* and n* is the number of nodes between

the source s and the destination d. Hence, from (36) we have :

VD VD U AN U P VR ) (37)

Uy Uy U,y U,y

In the other hand, we have m < r? < r* < M, it follows that p’ = 4/ = 0, and from
(8) we have :

Ko(rt) = Xy + X, < Ko(r7) = Xy + X,
Since Ky is strictly increasing and r* > 77, we have from the last inequality that
— A, + AL < =X, 4+ M| which contradict (37).

We now proceed to show that fi = fl], for all | € £. By contradiction we assume that
fi, > f] for some Iy € L. Since r* = 17, by using the same procedure as previously we
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can show that there exists a cycle S = (ug, 1, ug, ..., Up+, up), such that z,, ., > 0 and

Zu,eug > 0, where uy, k=1,2,..,n", is the k'™ node after the node ug on the cycle S and
n* is the number of nodes in the cycle. Similarly we have :

Ay =M > A =M > >N =N >N =N,

Which is contradiction. -
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