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1 Introduction

Ant colony optimization (ACO) is a novel and promising meta-heuristic for solving hard combinatorial
optimization problems, such as travelling salesman[3] [4] [5] [6] [7] [8], quadratic assignment[9] [10] [11]
[12] and set covering problem [13]. Unfortunately, according to systems performance evaluation liter-
ature, the methods adopted to experimentally validate the current ACO are not enough accurate and
are excessively time-consuming. In fact, some works on heuristic optimization, suffer from the same
methodological limitations. However, since the research on ant colony optimization is recent, this com-
munity has the opportunity of rethinking the evaluation methods from scratch, avoiding misconception
on the evaluation the experimental data.

This paper describes a sound and efficient method for controlling the descriptive phase of ant systems
validation. The descriptive phase, devoted to discover which are the relevant factors and how they in-
fluence the heuristic performance, is a crucial pre-requisite for the heuristic adjustment and comparison
with other approaches. To illustrate the proposed method, we apply it to a case study, evaluating how
well ant systems can solve a documented instance of the set-covering problem.

The table (1) classifies the informal and statistical methods according to their purpose (e.g. summa-
rizing data, variability, and so on)1, while the table (2) presents a review of the main ACO works on
different problems, such as, Travelling Salesman Problem (TSP), Quadratic Assign Problem (QAP),
Schedulling Problem (SP), Vehicle Routing Problem (VRP), Network Routing (NR), Sequential Or-
dering Problem (SOP), Frequency Assignment (FAP) and Set Covering Problem (SCP).

The table (2) shows how those ACO works attend the descriptive phase, devoted to discover what
are the factors and how they influence the heuristic performance; the fine-tuning phase, intended to
find out the best values of these factors; and the comparative phase, designed to confront the heuristic
performance with other optimization methods. Observe that most of these ACO papers not only do
not attend all phases, but also use informal methods (except [5])2.

1It is obvious that table (2) does not summarize all statistical theory, but it is important in so far as shows an array
of the possibilities against to the methods frequently used by the ACO community.

2It is worthwhile to remark that the empirical testing cannot prove causality, but it indicates the reliability and validity
degree of the results. The more empirical testing is significant statistically, the more one can trust in the results. ACO
papers review alerts that the results evaluations should be improved.
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This paper describes a sound and efficient method for controlling the ACO descriptive phase, evaluating
how well ant systems (AS) can solve a documented instance [19] of the set-covering problem (SCP)3.

1. Design of Experiments
1.1. Simple ((a)one-factor-a-time, (b)instances versus alternatives);
1.2. DOE (e.g. (a)full-factorial, (b)fractional-factorial, (c)Latin-squares, (d)Taguchi);

2. Data analysis
2.1. Summarizing data by a single number (e.g. (a)mean, (b)median, (c)mode, (d)best);
2.2. Summarizing data by a distribution

(e.g. (a)using histogram plot, (b)using quantile-quantile plot);
2.3. Summarizing variability (e.g. (a)variance, (b)standard deviation,

(c)coefficient of variation, (d)ranges, (e)percentiles, (f)confidence interval);
2.4. Summarizing significance

(e.g. (a)R2, (b)F − test, (c)T statistic, (d)P statistic);
2.5. Summarizing relationships (e.g. (a)key-tradeoff graphics, (b)observation,

(c)ranking, (d)range, (e)regression techniques, (f)calibration techniques);

Table 1: Experimental evaluation techniques

Descriptive Fine-tuning Comparative
Prob. Alg. Design Analysis Design Analysis Design Analysis
TSP AS [3][4] 1.1(a) 2.5(a) 1.1(b) 2.5(b) 1.1(b) 2.5(b)

Ant-Q [5] NR NR ? ? 1.1(b) 2.3(d);2.4(c)(d)
ACS [6] NR NR ? ? 1.1(b) 2.5(b)

MMAS [7] NR NR NR NR 1.1(b) 2.5(b)
ASrank [8] NR NR ? ? 1.1(b) 2.5(b)

QAP AS-QAP [9] NR NR NR NR 1.1(b) 2.5(b)
HAS-QAP [10] 1.1(a) 2.5(a) ? ? 1.1(b) 2.5(b)

MMAS-QAP [11] 1.1(a) 2.5(a) ? ? 1.1(b) 2.5(b)
ANTS-QAP [12] 1.1(a) 2.5(a) ? ? 1.1(b) 2.5(b)

SP AS-FSP [14] NR NR ? ? 1.1(b) 2.5(b)
VRP AS-VRP [15] NR NR ? ? 1.1(b) 2.5(b)
NR Ant-Net [16] 1.1(a) 2.3(f);2.5(a) NR NR 1.1(b) 2.5(b)
SOP HAS-SOP [17] NR NR 1.2(a) 2.5(b) 1.1(b) 2.5(b)
FAP ANTS-FAP [18] NR NR ? ? 1.1(b) 2.5(b)
SCP AC-SCP [13] 1.1(b) 2.1(a) NR NR 1.1(b) NR

Table 2: Experimental evaluation techniques used in ACO works so far (Numeration in according to
table (1). NR = Not Reported and ? = Reported only the final results, without mentioning the
evaluation technique).

2 Empirical Testing Illustration

The experimental goal of our case study is discover which factors actually influence, and in what extent,
the performance of the ant system applied to SCP. The performance measure adopted in this work as
solution quality4 is the percent error from optimality, |x−x∗|

x∗ , where x is a heuristic solution and x∗ is
the optimal solution, or the best known solution, of a problem instance.

3The unique application of ACO to SCP [13] is hybrid - an ant colonies and local search combination, it has no report
on the experimental descriptive phase and uses simple design plus basic statistics.

4The literature contains a variety of criteria for choosing performance measures [2]: solution quality, computational
effort, and robustness. However, in order to illustrate an empirical testing, this paper shows only one quality solution
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The factors that in principle affect the ant system performance are α (that regulates the influence
of pheromone), β (that regulates the influence of heuristic value), ρ (that regulates the evaporation
of pheromone), Q (quantity of pheromone), n (number of ants), d (problem density), and s0 (initial
disposition of the ants).

The test instance we have used is called sortcap [19], an SCP instance with 49 demand nodes (48 US
capitals plus Washington DC) that are also candidates nodes. The experimental design adopted in this
case study was the 2kr factorial design with replication. This design is recommended to reduce the
number of levels of each factor (usually large) at the beginning of a performance study. Considering
that ant system makes random decisions as it searches for a solution of the problem, there are residuals
(errors) that can be quantified by repeating the measurements under the same factor-level combinations.
A full factorial design in which each of the k factors is used at two levels requires 2k experiments. If
each of the 2k experiments is repeated r times, we will have 2kr observations. In our case study, the
levels of the factors correspond to reasonable limits (borders) chosen according to the domains5 of the
problem: α = 0.25 and 5; β = 0 and 5; ρ = 0.1 and 0.9; Q = 1 and 100; n = 1 and 90; d = 0.066 and
0.234; s0 = C (all ants start on one demand node determined randomly) and D (all ants are distributed
on the demand nodes). In short, considering that we have decided to repeat each experiment 5 times,
we performed 640 (27 ∗ 5) observations.

In the descriptive context, data analysis using regression techniques is composed by the following steps:
(1) a regression model proposal, to estimate or predict a random variable as a function of several
other variables; (2) the regression model validation, to measure the precision of this model; (3) the
data interpretation, to infer conclusions about the algorithm behaviour; and (4) an optional practical
approach to find the combination of factor levels that produces a good performance.

The Regression Model Proposal
The regression model fitted to the 128 observations with 5 repetitions each, was the following multiple
linear, second-order regression model:

√
perc. error = 0, 502− 0, 0544α− 0, 0954β + 0, 269ρ− 0, 000875n+ 2, 15d+

+0, 00824αβ − 0, 000176αQ+ 0, 153αd− 0, 0339βρ+ 0, 000093βQ+
+0, 000573βn− 0, 000669ρn− 0, 671ρd− 0, 0156nd (1)

The Regression Model Validation
For each term of the regression equation (1), the table (3) shows the coefficients (Coef), their standard
deviations (SECoef), T and P statistics. The T and P are statistical significance measures. In our case
study for instance, at the 95% confidence, |T | must be more than 1.76, and P less than 0.05. There are
also overall ”good fit” indicators of the regression model, such as, R2 and F statistics (see table (3)).
While the bigger R2 better, F must be greater than 1.71 at the 95% confidence. Hence, the regression
model (1) has got excellent precision indicators in view of its statistics (see table 3): R2 = 81.3%, F =
194.35, T ≤ −2.47 or T ≥ 2.88, and P [0.000, 0.014].

In addition, also there are visual tests for verifying the regression assumptions. For instance, if one
uses a linear model (like Equation (1)) the assumptions, among others, are: (1) independent residuals,
the scatter plot of residual versus the fitted values cannot presents trends (see Figure 1.(a)); and (2)
normally distributed error, the residual histogram should be normally distributed ((Figure 1.(b)), and
the normal quantile-quantile plot of errors should be linear (Figure 1.(c)).

The Data Interpretation
According to the equation (1), the mean percentual error of the ant system for the set covering problem

performance measure.
5For instance, considering that ρ ∈ [0, 1], we chose ρ = 0.1 and ρ = 0.9. And, if α ≥ 0, one reasonable choice will be

α = 0.25 and α = 5.
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Factor Coef SE Coef T P Seq SS Imp. (%)
Constant 0,50157 0,02493 20,12 0,000

α -0,054367 0,004908 -11,08 0,000 1,3976 3,45%
β -0,095355 0,004545 -20,98 0,000 14,3490 35,40%
ρ 0,26873 0,03012 8,92 0,000 0,2832 0,67%
n -0,0008748 0,0002818 -3,10 0,002 5,7511 14,20%
d 2,1488 0,1260 17,06 0,000 10,2255 25,20%
αβ 0,0082417 0,0008125 10,14 0,000 1,5326 3,78%
αQ -0,00017583 0,00003233 -5,44 0,000 0,3166 0,78%
αd 0,15275 0,02414 6,33 0,000 0,5965 1,47%
βρ -0,033898 0,004824 -7,03 0,000 0,7354 1,81%
βQ 0,00009338 0,00003237 2,88 0,004 0,1239 0,306%
βn 0,00057276 0,00004336 13,21 0,000 2,5986 6,41%
ρn -0,0006692 0,0002710 -2,47 0,014 0,0908 0,224%
ρd -0,6714 0,1433 -4,68 0,000 0,3269 0,81%
nd -0,015648 0,001288 -12,15 0,000 2,1976 5,42%

R2 = 81.3%, F = 194.35,
∑14
i=1 SeqSSi = 40,5252

Table 3: Regression table

(a) Residuals versus Fits (b) Residual Histogram (c) Normplot of Residuals

Figure 1: Verifying Regression Visuality for
√

perc. error

with size 49x496 is 0.25 (Constant2 = 0, 501572 = 0.25157); the effect of α is 0.00296 (α2
coef =

0, 0543672 = 0.00296); β is 0.00909; ρ is 0.07222; n is 0.00000076528; d is 4.62; the interaction between
α and β accounts 0.00006793; and so on. Note that Q does not affect by itself the performance measure,
except when it is interacting with other factors. Observe also that s0 is not a relevant factor due to
fact that it not even to appear in equation (1).

The importance of a factor is measured by the proportion of the total variation in the response that
is explained by the factor. Table (3) shows the variation (SeqSS) and importance of each term of the
regression equation (1), according to square root of the performance measure (

√
perc. error). Note that

the three greatest influential factors are; β (35,40%), the density d of the problem (25,20%) and the
number of the ants n (14,20%). Observe that the importance of these three factors are quite big in
comparison with factors such as α (3,45%) and ρ (0,67%). One of the conclusions that we can infer is
that it is not recommended to use a pure ant approach (i.e. without heuristic information about the
problem) in a set covering problem with size 49x49.

A Good Combination of the Factor Levels

6Although the density of the problem was considered as a factor, the size of the problem was not. Therefore, all
conclusions concern only problems with size equal to 49x49 (demand nodes x facility nodes).
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As discussed in previous paragraphs, the regression technique serves to understand how the factors
influence the heuristic performance. However, the regression model (1) can also be used to find a good
combination of these factors values7, in a manner more easy and fast than when there is only the heuris-
tic to simulate. If the regression model is well behaved, an analytic evaluation can be used. Otherwise,
informal methods (e.g. observation, ranking and range) or optimization methods (e.g. enumeration,
greedy search) can be used. For instance, using the observation method, a good combination of the
factor levels in our case study was: α = 4, β = 1.5, ρ = 0.2, Q = 90 and n = 150 (for d = 0.066, with
percentual error equals to 0.0325); and α = 0.25, β = 5, ρ = 0.8, Q = 1 and n = 150 (for d = 0.234,
with percentual error equals to 0.0252).

3 Final Remarks

In this paper, we have explained a descriptive evaluation of the ant systems performance. The statis-
tical foundation of this evaluation establishes a structured framework, which facilitates the design of
experiments and shorten the time needed to get relevant results, as well as guarantees greater accu-
racy of the results. For instance, there are some performance considerations with regard to case-study
studied: (1) the importance of α and ρ is quite less than β and the number n of ants, so it is not
recommended to use the pure ant system approach; (2) the start position s0 of the ants is not relevant
for the solution quality; (3) the quantity of pheromone Q does not affect the performance, except when
it is interacting with β.

As further work, we intend to apply the same method to assess ant systems solutions to other opti-
mization problems, in particular to other facility location problems such as center problems, median
problems and fixed charge.
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