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tionThe goal of this paper is to study two-dimensional 
odes with horizontal and verti
al
onstraints of �nite type, and to 
onstru
t new tools in order to investigate the entropyor 
apa
ity of su
h 
odes. In 
urrent storage devi
es | magneti
 disks and tapedrives, and opti
al disk drives | the re
ording medium is 
onsidered as having onedimension [3, 18, 24℄. Hen
e information is a sequen
e stored on a tra
k. For instan
e,for binary information, some pra
ti
al 
onstraints like this one | bit transitionsmust not o

ur too 
losely | are en
ountered. A well studied 
lass of 
odes is the(d; k) � RLL run length-limited 
odes, with d � k, where there are at least d 0's,but no more than k 0's, between su

essive 1's. The (2; 7)�RLL 
ode is 
lassi
al for
oding information for example on a magneti
 tape, see [3, 18℄, and the (1;1)�RLLis important from a theoreti
al point of view be
ause it is related to the Fibona

isequen
e and to the golden number [15℄. These topi
s are also related to numberrepresentation in irrational base, see [16, Chap. 7℄.



2 The resear
h in future storage te
hnologies 
onsiders re
ording medium as havingtwo dimensions: they are arrays stored on surfa
es. They are en
ountered for in-stan
e for holographi
 memories and 2D photon opti
al memories. Two-dimensional
onstraints of �nite type have been 
onsidered in terms of transition matri
es [7, 23℄,by bit-stuÆng methods i.e. maps of un
onstrained words into an array that satisfy(1;1)� RLL in row and 
olumn [22℄, or from an ergodi
 point of view [6℄. In mostof the arti
les, authors investigate the 
ase (1;1) � RLL in row and 
olumn by us-ing transition matri
es 
onstru
ted with square or re
tangular blo
ks of various sizes.The value of the entropy for this 
onstraint is very 
lose to 0.587891..., see [7, 11, 10℄,but to give an algebrai
 
hara
terization of it is an open problem.Our purpose is to des
ribe two-dimensional 
onstraints of �nite type with toolsfrom 
ombinatori
s on words and automata theory. We 
onsider general �nite type
onstraints in row and in 
olumn (not ne
essarily the same) and, in a �rst step, wetransform this problem into sets of minimal forbidden horizontal and verti
al words.Minimal forbidden words have been proved to be very useful for the des
ription ofproperties of symboli
 dynami
al systems, see in parti
ular [4℄, and for the multidi-mensional 
ase [5℄.In a se
ond step, we 
onstru
t a sequen
e of transition matri
es in order to 
omputethe 
apa
ity of these two-dimensional 
odes. These transition matri
es are built byusing two-dimensional squared substitutions of 
onstant size and automata. Thelink between automata and substitutions is also studied in [1℄ based on automati
sequen
es introdu
ed in [8℄. In a di�erent 
ontext, two-dimensional substitutionswith re
tangle blo
ks have been 
onsidered in [17℄.The organization of this arti
le is the following: Se
tion 2 is dedi
ated to de�nitionsand properties of words, automata and �nite type 
onstraints. Se
tion 3 deals withthe 
onstru
tion of transition matri
es by two-dimensional substitutions in the 
asethat the substitution has a �xed point. Two illustrations of the 
onstru
tion aregiven: Se
tion 4 presents the 
onstru
tion of transition matri
es for the Fibona

i
onstraint, that is to say the 
onstraint (1;1)� RLL in row and in 
olumn, and inSe
tion 5 we give a less pe
uliar example. In Se
tion 6, the 
onstru
tion is shownfor the general 
ase where the substitution has no �xed point. In the last se
tionwe 
onsider di�erent types of 
onstraint | su
h as diagonal ones | and by di�erentmethods we obtain transition matri
es for �rst-order 
he
kerboards 
onstraints bysubstitutions.2. Preliminaries2.1. WordsAn alphabet A is a �nite set. A �nite sequen
e of elements of A is 
alled a word, andthe set of words on A is the free monoid A�. The length of a word v is equal to thenumber of its letters, and is denoted by jvj. The empty word is denoted by ". Let vbe a word of A�, denote by vn the 
on
atenation of n times the word v, and by Anthe set of words on A of length n. A word u is a fa
tor of a word v if v = xuy. If x(resp. y) is the empty word, u is a pre�x (resp. suÆx) of v. A fa
tor u of v is stri
t



3if it is not equal to the entire word v.In this work we 
onsider a two-dimensional generalization. A two-dimensional wordof height m and length n is an array of letters of A of dimension m� n.2.2. AutomataWe refer the reader to [9, 20℄. An automaton over A, A = (Q;A;E; I; T ), is adire
ted graph labelled by elements of A. The set of verti
es, traditionally 
alledstates, is denoted by Q, I � Q is the set of initial states, T � Q is the set of terminalstates and E � Q�A�Q is the set of labelled edges. If (p; a; q) 2 E, we note p a�! q.The automaton is �nite if Q is �nite. A subset L of A� is said to be re
ognizable by a�nite automaton if there exists a �nite automaton A su
h that L is equal to the setof labels of paths starting in an initial state and ending in a terminal state.We re
all some 
lassi
al notions we will use in the sequel. The right 
ongruen
emodulo a language L � A� is de�ned byu �L v i� (8w 2 A�; uw 2 L () vw 2 L):It is known that L is re
ognizable by a �nite automaton if and only if �L has �niteindex. In that 
ase, the minimal �nite automaton re
ognizing L has for set of statesthe set of equivalen
e 
lasses modulo L. There is an edge [u℄L a�! [ua℄L for everya in A. The initial state is equal to ["℄L. The set of terminal states is equal tof[u℄L j u 2 Lg. There is a sink, whi
h is the 
lass of words not in L.2.3. System of �nite typeThis notion is traditionally de�ned for biin�nite sequen
es, see [15℄ for more detailson these topi
s. Here we introdu
e the same notion for �nite words. Let A be a �nitealphabet, and let H be a �nite subset of A�, the 
onstraint. A language of �nite typeis a subset SH of A� su
h that no word in SH 
ontains a stri
t fa
tor in H . A wordv of A� is said to be H-admissible if it does not 
ontain a stri
t fa
tor in H . In thefollowing we assume that the set H is the set of minimal forbidden words, that is, nostri
t fa
tor of H is in H . Clearly, if a word v is in SH , any fa
tor of v is in SH as well.A language of �nite type is re
ognizable by a �nite automaton, where all the statesare initial and terminal. Let AH be a deterministi
 �nite automaton re
ognizing SH .The transition matrix MH of the automaton is de�ned by MH [p; q℄ = k where k isthe number of edges from state p to state q in the automaton AH . The subshift of�nite type SH de�ned by H is thus the set of biin�nite sequen
es that are labels ofbiin�nite paths in the automaton AH . Equivalently, any �nite fa
tor of SH is in thelanguage SH .Denote by pH(n) the number of admissible words of length n in SH . The entropy(also 
alled the 
apa
ity) of SH is de�ned ash(SH) = limn!1 1n log pH(n):



4 We re
all some results from Perron-Frobenius Theory. Let �H > 0 be the largesteigenvalue of MH . The entropy of the subshift of �nite type SH is equal to log�H ,see [15, Chap. 4℄.We now 
onsider two-dimensional 
onstraints. A two-dimensional subshift of �nitetype is usually de�ned as a set of two-dimensional arrays that avoid a �nite numberof patterns, see [5℄ for instan
e. In this work we 
onsider a di�erent sort of two-dimensional 
onstraint. Take two �nite sets of 
onstraints on an alphabet A, thehorizontal one H and the verti
al one V . A two-dimensional word is said to be(H;V )-admissible if ea
h row is H-admissible and ea
h 
olumn is V -admissible. Thetwo-dimensional language of �nite type SH;V is the set of (H;V )-admissible two-dimensional words. Let PH;V (m;n) be the number of admissible words m � n withheight m and length n under the 
onstraints H and V . The entropy or 
apa
ity ofSH;V is de�ned as h(SH;V ) = limm;n!1 1mn logPH;V (m;n):The value of limn!1 PH;V (n; n)n�2 is 
alled the entropy 
onstant by 
ertain authors,see [10℄.2.4. SubstitutionsA substitution � on the alphabet A is a morphism � : A! A�. The image by � of aword is the 
on
atenation of the images of its letters, that is, if �(a) = w0 � � �wn�1then �2(a) = �(w0) � � ��(wn�1). If for ea
h a in A, the length of �(a) is the same,the substitution is said to be of 
onstant length. The link between substitutions and�nite automata is expli
ited in [8℄.When there is a letter a su
h that �(a) begins with a, the substitution has a �xedpoint w = (wj)j�0 de�ned as the limit when p goes to in�nity of �p(a).A two-dimensional substitution � maps a letter of A onto an array of letters of A�(a) = w(0;0) : : : w(0;n�1)... ...w(m�1;0) : : : w(m�1;n�1) :The image of su
h an array is a blo
k-matrix image, that is,�2(a) = �(w(0;0)) : : : �(w(0;n�1))... ...�(w(m�1;0)) : : : �(w(m�1;n�1)) :If for ea
h a in A, the dimension of �(a) is always equal to m�n, the substitution issaid to be of 
onstant dimension.When there is a letter a su
h that in the array �(a) the letter w(0;0) is equal toa, then the substitution � has a �xed point whi
h is a semi-in�nite matrix de�ned asthe limit when p goes to in�nity of �p(a).



53. Substitutions with �xed pointIn this se
tion we assume that H and V do not 
ontain words beginning with 00.The general 
ase will be handled in Se
tion 5. One 
an always suppose that words inthe 
onstraints H and V have length � 2.The 
onstru
tion 
an be followed on two examples, the two-dimensional Fibona

i
ase in Se
tion 4 and another example in Se
tion 5.3.1. Horizontal 
onstraintLet A be a �nite alphabet, whi
h 
an always be taken as a set of 
ontiguous digitsf0; 1; : : :g. Let H be a �nite set of minimal forbidden words on A. We 
onstru
t a
hara
teristi
 automaton CH asso
iated with the horizontal 
onstraint H as follows.� The set of states of CH is QH = A [ P (H) where P (H) is the set of stri
t pre�xesof H of length � 2. All states are initial and terminal.� There is an edge between states p and q labeled by a if and only if pa is H-admissibleand q = ua, where ua is the largest word in QH whi
h is a suÆx of pa. Clearly theautomaton is deterministi
. Remark that, by 
onstru
tion, in CH every edge arrivingin a state of name ua is labelled by a.Proposition 1 The 
hara
teristi
 automaton CH re
ognizes the set SH . The entriesof its transition matrix MH are equal to 0 or 1.Proof. By 
onstru
tion there is no transition outgoing from a state of QH arrivingin an element of H , so every word whi
h is re
ognized by CH is H-admissible.Conversely let w be a word with no fa
tor in H . There exists a fa
torization of winto elements of QH of maximal length, so w is the label of a path in CH . 2In general the 
hara
teristi
 automaton is not minimal.Let � be the 
ardinality of QH , and let K = f0; 1; : : : ; � � 1g. To ea
h state p ofQH is asso
iated an integer �(p) whi
h is its rank in the lexi
ographi
al order� : QH ! Kp 7! �(p)3.2. Verti
al 
onstraintLet V = fv1; : : : ; vrg be the verti
al 
onstraint on A, 
hosen minimal. For w a non-empty word, we denote by  (w) the last letter of w. For ea
h word vi of V , of lengthjvij, we 
onsider the set of sta
ks of states of QH of height jvij su
h that the verti
alword formed by the last letter of ea
h state of the sta
k is equal to the word vi, andlet X be the set of all su
h sta
ks 
orresponding to all the words vi of V . FormallyletX = f q0...qjvij�1 j for 0 � j � jvij � 1; qj 2 QH ; and vi =  (qjvij�1) � � � (q0); 8vi 2 V g:



6Let F = f�(qs) � � � �(q0) j q0...qs 2 Xgbe the set of forbidden sta
ks of states for the verti
al 
onstraint V .We 
onstru
t the minimal automaton MF re
ognizing the set of F -admissiblewords on K. We use a sink, denoted by the letter z, be
ause we need that theautomaton be 
omplete, i.e., from ea
h state there is a transition labelled by ea
hletter of the alphabet.Let QF be the set of states ofMF . We de�ne a substitution �V of 
onstant length� on QF as follows. For ea
h p in QF n fzg, there is a rule p ! p(0) � � � p(��1) withp(j) = q su
h that the edge p j! q, 0 � j � ��1, is inMF . The sink rule is z ! z��1.Set Card(QF ) = Æ, we order QF = fa0 : : : ; aÆ�1g with a0 su
h that �V (a0) beginswith a0, and aÆ�1 = z.Proposition 2 Let w = (wj)j�0 be the �xed point of �V . Then wj = z if and onlyif the base � expansion of j 
ontains a forbidden fa
tor in F .Proof. This is a parti
ular 
ase of Corollary 7 below. 23.3. Two-dimensional substitutionFirst we de�ne the 
artesian produ
t CH � CH as follows. Its transition matrix isequal to the tensorial produ
tMH
MH , obtained by repla
ing inMH ea
h 1 byMHand ea
h 0 by the zero matrix of same dimensions. More generally, for ea
h m � 1,we 
onsider CmH with adja
en
y matrix MH
m.For 0 � i � 2m�1 let < i >�= im�1 � � � i0 be the base � expansion of i and letî = i0...im�1 and by abuse ��1(̂i) = ��1(i0)...��1(im�1)Ea
h ��1(ik), for 0 � k � m � 1, is a state in QH . The following result is thenstraightforward.Lemma 3 For 0 � i; j � 2m�1, MH 
m [i; j℄ = 1 if and only if, for every 0 �k � m� 1, there is an edge between states ��1(ik) and ��1(jk) in the 
hara
teristi
automaton CH .Now, we build a two-dimensional substitution �H;V from the substitution �V andthe matrix MH : �H;V = �V ^MH is de�ned as follows. A rule ai ! a(0)i � � �a(��1)i of�V gives birth to a rule ai ! Wai in the two-dimensional substitution �H;V , where



7Wai is a � � �-matrix de�ned by Wai [p; q℄ = a(q)i if MH [p; q℄ = 1, and Wai [p; q℄ = zotherwise.Let � be the proje
tion de�ned on QF by �(ai) = 1 if ai 6= z, and �(z) = 0.The previous 
onstru
tion does the following. The horizontal 
onstraint for two-dimensional words of height m is 
ontrolled by the tensorial produ
t MH
m of thematrix MH . The �xed point of the substitution �V removes non-V -admissible statesof the automaton. Thus the substitution �H;V = �V ^MH repla
es every non-V -admissible 
olumn by a zero 
olumn. We 
ontrol only the admissibility of the indi
esof the 
olumns be
ause we are interested in the dominant eigenvalue, whi
h meansthe 
y
les of the transition graph.Theorem 4 Let H and V be �nite subsets of A�, and let �m be the dominant eigen-value of Tm = �(�mH;V (a0)). The number PH;V (m;n) of (H;V )-admissible words ofdimension m� n satis�eslimm;n!1 1mn logPH;V (m;n) = limm!1 1m log �m:Proof. For 0 � i; j � 2m�1, we have that Tm[i; j℄ = 1 if and only if, for every0 � k � m�1, there is an edge between states ��1(ik) and ��1(jk) in the 
hara
teristi
automaton CH (from Lemma 3), and if ��1(ĵ) is V -admissible (by Proposition 2),hen
e both horizontal and verti
al 
onstraints are satis�ed. Now �x m, and denoteby SH;V (m) the set of bands of height m in SH;V . Then the entropy of SH;V (m) isequal to h(SH;V (m)) = limp!1 1p logPerp(SH;V (m))where Perp(SH;V (m)) is the number of periodi
 points of period p of SH;V (m), see [15℄.Sin
e SH;V (m) is a system of �nite type we have that Perp(SH;V (m)) = tra
e(Tm)p.Thus the entropy of SH;V (m) is given by (see [12℄)h(SH;V (m)) = limn!1 1mn logPH;V (m;n) = limn!1 1mn log tra
e(Tm)n = log �m: 2It is known that the entropy of the system SH;V exists, see [11, 14, 19℄.Corollary 5 The entropy � of the system SH;V is given by the limitlimm!1 1m log �m = � where �m is the dominant eigenvalue of Tm.Proof. Re
all that h(SH;V ) = limm;n!1 1mn logPH;V (m;n). By Theorem 4,limm;n!1 1mn logPH;V (m;n) = limm!1 1m log �m: And by sub-additivity argument(see [14℄) limm!1 1m log �m = �. 2



83.4. Finite automatonWe now give the 
onstru
tion of the �nite automaton whi
h re
ognizes (H;V )-admissible words of �xed height m. The matrix Tm = �(�mH;V (a0)) is the transi-tion matrix of the automaton and is the transition matrix of SH;V (m). For ea
h0 � i � �m � 1, ��1(̂i) = p0...pm�1 is a state of the automaton.Edges are of the form p0...pm�1
d0...dm�1�! q0...qm�1where ��1(ĵ) = q0...qm�1 and dk is the last letter of the state qk of QH for 0 � k � m�1.4. The two-dimensional Fibona

i 
aseThe Fibona

i 
onstraint in one dimension is 
lassi
ally de�ned for �nite words onthe alphabet A = f0; 1g: a word is Fibona

i-admissible if it does not 
ontain two
onse
utive 1's as a subword. In the two-dimensional version, an array is admissibleif it does not 
ontain two 
onse
utive 1's in row and in 
olumn.This problem also appears in the literature with various denominations as hard-square model [22℄, diamond 
onstraint [23℄, 
he
kerboard 
onstraint [7, 23℄, two-dimensional (1;1) � RLL 
odes [21℄, two-dimensional golden subshift [15, 6℄. Thehard square entropy 
onstant is equal to 1.50304808247533226... Nothing is knownabout its arithmeti
 
hara
ter, see [10℄.Let H = f11g. The set of H-admissible words is re
ognizable by the following�nite automaton CH (see Figure 1). The set of states is QH = f0; 1g, where 0 and1 are 
onsidered as letters. Every state is initial and terminal. Sin
e there are twostates, � = 2 and K = f0; 1g (here 0 and 1 are integers).The transition matrix MH is equal toMH =  1 11 0!It is well known that, under this 
onstraint, the entropy is equal to h(SH) =limn!1 1n log pH(n) = log 1+p52 .
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0 10 10Figure 1: Automaton for the Fibona

i 
onstraintThe verti
al 
onstraint is V = f11g, thus the set X is equal to X = ( 11), andF = f11g.The minimal automatonMF re
ognizing the set of F -admissible words is the sameas in Figure 1, with a sink denoted by z (see Figure 2). Every state ex
epted z isterminal.
a b z0 10 1 0,1

Figure 2: Minimal automaton for the verti
al Fibona

i 
onstraintThe asso
iated substitution �V with 
onstant length 2 is�V : 8><>:a ! abb ! azz ! zzSin
e �V (a) begins with an a, the substitution �V has a �xed point, denoted byw = (wj)j�0 = abazabzzab � � � . We have that wj 6= z if and only if the 2-expansionof j, < j >2, is without two 
onse
utive ones. For instan
e, w3 = z and < 3 >2= 11.The two-dimensional substitution � = �H;V = �V ^MH is de�ned bya ! a ba z b! a za z z ! z zz z :



10As an example, for words of height two, we 
ompute the matrix �2(a) repla
ingea
h letter by the 
orresponding 2� 2 blo
ka! �(a) = a ba z ! �2(a) = a b a za z a za b z za z z z :Now, we proje
t �2(a) by �T2 = �(�2(a)) = 0BBB�1 1 1 01 0 1 01 1 0 01 0 0 01CCCA :Remark that words of height 2 satisfying the horizontal 
onstraint H only (noverti
al 
onstraint) are re
ognized by the 
artesian produ
t CH � CH , whi
h has fortransition matrix the tensorial produ
t MH 
MH ,MH 
MH = 0BBB�1 1 1 11 0 1 01 1 0 01 0 0 01CCCANote that T2 is just the matrix MH 
MH in whi
h the last 
olumn, of index 3, isrepla
ed by a zero 
olumn. This is be
ause < 3 >2= 11 is not Fibona

i-admissible.The matrix T2 is the transition matrix of the automaton re
ognizing Fibona

i-admissible (horizontally and verti
ally) words of height 2. Only the trimmed part isshown on Figure 3. The labelling of an edge here is just the name of the arrival state.The entropy for Fibona

i-admissible words of height 2 is equal tolimn!1 12n logPf11g;f11g = 12 log(1 +p2) be
ause 1 +p2 is the dominant eigenvalueof T2, the transition matrix of the system.5. Another exampleLet A=f0,1,2g, H = f202; 212; 222g and V= f22g. The 
hara
teristi
 automatonof SH has six states QH = f0; 1; 2; 20; 21; 22g, ordered by lexi
ographi
 order. It isshown on Figure 4.Its transition matrix is MH = 0BBBBBBBB�1 1 1 0 0 01 1 1 0 0 00 0 0 1 1 11 1 0 0 0 01 1 0 0 0 00 0 0 1 1 0
1CCCCCCCCA
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00 10

01
00 10000100 10 01

Figure 3: Automaton for Fibona

i-admissible words of height 2

2 22
1 21
0 200

1
0 011
21 12

0 12 0
0

Figure 4: Chara
teristi
 automaton CH for H = f202; 212; 222gThe set K is equal to K = f0; : : : ; 5g and � = 6. Then X = (22 ; 222 ; 222 ; 2222)



12and F = f22; 52; 25; 55g.The minimal automaton is shown on Figure 5. Every state is terminal ex
eptedthe sink z.
za b0,1,3,4 0,. . . ,52,5 2,50,1,3,4

Figure 5: Minimal automaton MF for F = f22; 25; 52; 55g on f0; : : : ; 5gThe asso
iated substitution �V is�V : 8><>:a ! aabaabb ! aazaazz ! zzzzzzThe two-dimensional substitution �H;V = �V ^MH isa ! a a b z z za a b z z zz z z a a ba a z z z za a z z z zz z z a a z
b ! a a z z z za a z z z zz z z a a za a z z z za a z z z zz z z a a z

z ! z z z z z zz z z z z zz z z z z zz z z z z zz z z z z zz z z z z z :Let T2 = �(�2H;V (a)). Take i = 2 and j = 11, then T2[i; j℄ = 1 be
ause < 2 >6=02, < 11 >6= 15, ��1(̂i) = 20 , ��1(ĵ) = 221 , ��1(ĵ) is V -admissible, and in the
hara
teristi
 automaton CH , there is an edge between states 2 and 22, and betweenstates 0 and 1.6. General 
aseHere we 
onsider the 
ase where H or V 
an 
ontain words beginning with 00. The
onsequen
e of this fa
t is that it will not be possible to 
onstru
t a substitution �H;Vhaving a �xed point.First the 
onstru
tion given in Se
tion 3 is 
arried along the same way. Denote byL the language re
ognized by the automaton MF . The start word for �V is a words = s0 � � � s��1 2 K� su
h that for ea
h 0 � j � � � 1, sj = [j℄L is the state of MFdenoting the right 
lass of j modulo L (see Se
tion 2.2 for de�nitions).



13Let n and i be positive integers with i < �n, and denote by (i)�;n the representationof i in base � with n digits.Proposition 6 Let �nV (s) = y0 � � � y�n+1�1. Then, for 0 � j � �n+1� 1, the letter yjis the state denoting the 
lass [(j)�;n+1℄L.Proof. We have that j = �i + `, with 0 � ` < �. Thus in the word �n�1V (s) =x0 � � �x�n�1, the image of the letter xi by the substitution �V is equal to�V (xi) = x(0)i � � �x(��1)iwith yj = x(`)i . By re
urren
e hypothesis, xi is the state denoting the 
lass [(i)�;n℄L.By 
onstru
tion, there is an edge xi �̀! x(`)i in the automaton MF . Hen
e yj is thestate denoting the 
lass modulo L of the word (i)�;n`, whi
h is equal to (j)�;n+1. 2Corollary 7 In �nV (s) = y0 � � � y�n+1�1 the letter yj is equal to z if and only if therepresentation (j)�;n+1 is not F -admissible.If �V (a0) begins with a0, then the start word is nothing else than �V (a0). ThusProposition 2 is a 
onsequen
e of Corollary 7.We then de�ne the substitution �H;V = � as in Se
tion 3.3. If H or V 
ontainssome words beginning with 00, there is no �xed point for �. Let s = s0 � � � s��1be the start word for �V . The start matrix W for � is de�ned by W [p; q℄ = sq ifMH [p; q℄ = 1, W [p; q℄ = z otherwise.Example 1 Take A = f0; 1g, H = f11g, and for verti
al 
onstraint the 
onstraint(d; k) = (1; 2). Thus V = f000; 11g. Sin
e the automaton for SH has two states, 0 and1 (see Figure 1),K is equal to f0; 1g, and the 
onstraint V 
onsists in forbidding sta
ksof states having a fa
tor in F = f000; 11g. On Figure 6 is the minimal automatonMF .We have that a = [1℄L, b = [0℄L, 
 = [00℄L, and z = [000℄L = [11℄L.The asso
iated substitution �V is�V : 8>>><>>>:a ! bzb ! 
a
 ! zaz ! zzThe start word for �V is s = ba. Then �V (s) = 
abz, �2V (s) = zabz
azz, and soon.The substitution � = �H;V = �V ^MH is given bya! b zb z b ! 
 a
 z 
! z az z z ! z zz z :
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a b

z
01 001 1

0,1

Figure 6: Minimal automaton for F = f000; 11g on f0; 1gThe start matrix for � is equal to W = b ab z :Then �(W ) = 
 a b z
 z b z
 a z z
 z z z : �Example 2 A famous example where the entropy is exa
tly 
omputed is the followingone. Take A = f0; 1; 2g, and H = V = f00; 11; 22g. The value of the entropy of SH;Vis equal to 32 log 43 , see [2℄.The asso
iated substitution given by our method is � = �H;Va ! z b 
z z 
z b z b ! z z 
a z 
a z z 
 ! z b za z za b z z ! z z zz z zz z z :The start matrix for � is equal toW = z b 
a z 
a b z : �As in Se
tion 3, we have



15Theorem 8 Let �m be the dominant eigenvalue of �(�m�1(W )): The entropy � ofSH;V exists and is given bylimm;n!1 1mn logPH;V = limm!1 1m log �m = �:7. Che
kerboard 
onstraintsWe now 
onsider other types of 
onstraints, the 
he
kerboard 
onstraints, see [23℄.They are binary two-dimensional arrangements where a 1 is surrounded by 0's a

ord-ing to some 
onstraints in rows, 
olumns and diagonals. We 
onsider only �rst-order
onstraints. A future work is to �nd a general 
onstru
tion for these kinds of 
on-straints.The Fibona

i 
onstraint H = V = f11g on the alphabet A = f0; 1g presented inSe
tion 4 
an be seen as the following 
ross00 1 00whi
h means that ea
h 1 in a word m� n is surrounded by 0's in rows and 
olumns.Let m be the �xed height, and denote < i >2= im�1 � � � i0, andî = i0...im�1 :As we have seen earlier, 11 is forbidden in row in the juxtaposition îĵ if and onlyif MH 
m [i; j℄ = 1 where MH =  1 11 0! :Remark that the matrix MH
m is equal to the matrix B2m of the Pas
al trianglemodulo 2 of dimension 2m de�ned by B2m [i; j℄ = B2m [i� 1; j℄ +B2m [i; j� 1℄ mod 2.Denote the golden number by ' and its 
onjugate by '0. The set of eigenvalues ofB2m is equal to f'k'0` j k + ` = mg.Note that B2m [i; j℄ = 1 if and only if the s
alar produ
t < i; j >= i0j0 + � � � +im�1jm�1 = 0. The asso
iated two-dimensional substitution is of 
ourse de�ned bya ! a aa z : (1)In this se
tion, the rule z ! z zz z



16must be added for ea
h substitution. Then ea
h letter not equal to z is proje
tedonto 1 and z is proje
ted onto 0. We 
onsider z as a \zero".The verti
al 
onstraint 010is generated by the two-dimensional substitutiona ! a ba b b ! a za z : (2)We need to de�ne the 
artesian produ
t of two two-dimensional substitutions. Wedo it only for dimension 2 � 2. Let �1 and �2 be de�ned on alphabets A1 and A2respe
tively. The 
artesian produ
t � = �1��2 is de�ned on the alphabet of 
ouplesA = A1 �A2. If �1(a1) = b1 
1d1 e1 ; �2(a2) = b2 
2d2 e2then �((a1; a2)) = (b1; b2) (
1; 
2)(d1; d2) (e1; e2)Then the 2-dimensional Fibona

i substitutiona ! a ba z b ! a za z z ! z zz z(see Se
tion 4) 
an be obtained as the 
artesian produ
t of substitutions (1) and (2)with the additional 
onvention that any 
ouple of the form (a; z) or (z; a) must be
onsidered as a zero z.We now introdu
e diagonal 
onstraints. The 1-diagonal 
onstraint010is equivalent to the s
alar produ
t i1j0 + � � �+ im�1jm�2 = 0. This is realized by thetwo-dimensional substitution a ! a ab b b ! a zb z : (3)



17As the other 1-diagonal 
onstraint 0 1 0is equivalent to i0j1 + i1j2 + � � �+ im�2jm�1 = 0, it is given bya ! a ba b b ! a bz z : (4)Thus the 2-diagonal 
onstraint 0 010 0is obtained by the produ
t of the substitutions (3) and (4)a! a b
 d b ! a bz z 
 ! a z
 z d ! a zz z : (5)The oblique 
onstraint is the following one00 1 00 :The asso
iated substitution is obtained by the produ
t of the substitutions (1) and(3), thus a ! a ab z b ! a zb z : (6)The oblique 
onstraint has the same entropy as the 2-dimensional Fibona

i 
on-straint.The hexagonal 
onstraint is 0 00 1 00 0 :The asso
iated substitution is the produ
t of the 2-dimensional Fibona

i substi-tution and the substitution (3)



18 a! a bb z b! a zb z : (7)For the hexagonal 
onstraint it is known that the entropy 
onstant is an algebrai
number [13, 10℄.The square 
onstraint is 0 0 00 1 00 0 0 :The substitution is the produ
t of the 2-dimensional Fibona

i substitution andthe substitution (5) a! a bb z b! a zz z : (8)Referen
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