
A PRIMITIVE TRINOMIAL OF DEGREE 6972593RICHARD P. BRENT, SAMULI LARVALA, AND PAUL ZIMMERMANNAbstra
t. We des
ribe a sear
h for primitive trinomials of degree 6972593over GF(2). The only primitive trinomials found were x6972593 + x3037958 + 1and its re
ipro
al. This 
ompletes the sear
h for primitive trinomials whosedegree is a Mersenne exponent less than ten million.1. Introdu
tionIn this note we des
ribe an extension of the 
omputation [3℄, to whi
h we refer formotivations, de�nitions, histori
al 
omments and additional referen
es. Through-out, all polynomials are assumed to be in Z2[x℄. When 
onsidering trinomialsT (x) = xr + xs + 1, we assume that 1 � s � br=2
, so we disregard the re
ipro
altrinomial xrT (1=x) = xr + xr�s + 1.Using standard algorithms, it is possible to �nd irredu
ible polynomials of highdegree r, but it appears to be impossible to test if these polynomials are primitiveunless the 
omplete fa
torization of 2r�1 is known. For this reason we restri
t ourattention to Mersenne exponents r, for whi
h 2r � 1 is prime.Primitive trinomials xr+xs+1 whose degree is a Mersenne exponent r � 3021377were 
onsidered in [3, 7, 8, 9, 15℄. Here we 
onsider the next Mersenne exponentr = 6972593. A

ording to the GIMPS proje
t [14℄, 6972593 is the only Mersenneexponent in the interval (3021377; 107).We remark that, at the time of writing (August 2003), one larger Mersenneexponent is known. This exponent, r = 13466917, is not the degree of a primitivetrinomial. Be
ause r = 5 mod 8, Swan's theorem [13℄ implies that we only need to
onsider s = 2. However, xr + x2 + 1 is divisible by x2 + x+ 1, sin
e r = 1 mod 3.For Mersenne exponents r = �3 mod 8, 5 < r < 107, no primitive trinomialof degree r exists. However, in ea
h 
ase we 
an �nd a primitive polynomial ofdegree r dividing a trinomial xr+Æ + xs + 1, for some Æ � 12. Su
h trinomials are
alled almost primitive and are dis
ussed in [4, 5℄.2. Computational resultsUsing the algorithm of [3, x4℄, a sear
h for irredu
ible trinomials of degreer = 6972593 was started in February 2001 and 
ompleted in July 2003. Siev-ing eliminated all but 236244 (6.78%) of the br=2
 = 3486296 
andidate trinomialsand took about 5% of the total time. (For the 
ase r = 3021377 
onsidered in [3℄,the 
orresponding �gures are 109245 (7.23%) of 1510688.) In most 
ases we sieved1991 Mathemati
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2 R. P. BRENT, S. LARVALA, AND P. ZIMMERMANNup to degree 26 (versus 24 for r = 3021377). We found that sieving for fa
tors ofdegree k removed about 1 in k of the remaining trinomials, e.g. sieving for fa
torsof degree 25 removed 9593 of the 253723 
andidates remaining after we had alreadysieved for fa
tors of degree 2; 3; : : : ; 24.For the 236244 
andidate trinomials T (x) not eliminated by sieving, we per-formed a \full irredu
ibility test": T (x) is irredu
ible i� x2r = x mod T (x). Insome 
ases we tested the re
ipro
al of T (x) instead of T (x), see [3, Thm. 2 & x4℄.One primitive trinomial,T (x) = x6972593 + x3037958 + 1;was found on August 31, 2002. Our 
omputations show that this is the only prim-itive trinomial of degree 6972593, apart from its re
ipro
al.If we 
onsider irredu
ible trinomials of degree r, it is plausible that Mersenneexponents r = �1 mod 8 behave like other primes r = �1 mod 8. There are 1613su
h primes r < 30000, giving a total of 5276 irredu
ible trinomials. Of these 1613primes, 189 (11.7%) are asso
iated with exa
tly one irredu
ible trinomial. For 63(3.9%) of the primes r, there is no irredu
ible trinomial of degree r. The distribu-tion of the number of irredu
ible trinomials for given prime degree r = �1 mod 8,r < 30000, appears to be approximately Poisson with mean 3:271� 0:045.The existing data for Mersenne exponents r = �1 mod 8 is 
onsistent with su
h aPoisson distribution: for the 21 Mersenne exponents r = �1 mod 8 in [7; 107℄, thereare 64 irredu
ible trinomials (mean 3:05� 0:38 per exponent) and two exponents(89 and 6972593) are asso
iated with exa
tly one irredu
ible trinomial.The 
omputation for r = 6972593 was performed on an average of about 300pro
essors and took approximately 230000 Mips-years (17.8 times as long as forr = 3021377). The bit-
omplexity1 of the 
omputation is O(r3). In pra
ti
e thetime in
reases faster than r3 be
ause of 
a
he e�e
ts: (6972593=3021377)3 � 12:3 <17:8. For pro
essors whose speed is limited by memory bandwidth, it is relevantto note that approximately 236244 � 3:5 � r2=64 � 6:28 � 1017 64-bit memoryreferen
es were required for the full irredu
ibility tests (see [3, x4℄).3. Che
king the resultsIt is important to 
he
k the results of su
h a long 
omputation to dete
t human,software and/or hardware errors [8, 10, 14℄. Ideally, we should repeat the entire
omputation with an independently-written program, but this is not feasible withour 
urrent 
omputing resour
es. Most software that 
an be used to 
ompute irre-du
ible/primitive trinomials is impra
ti
al for degrees as large as 6972593 be
auseof ineÆ
ient use of memory or non-optimized algorithms. NTL [12℄ is the onlygeneral-purpose pa
kage that we have found 
apable of 
he
king the irredu
ibilityof a trinomial of degree 6972593 over Z2, and NTL takes three times longer thanour program irred (13 hours versus 4.33 hours on an 833 Mhz Alpha EV68 toverify our primitive trinomial).Our program irred, whi
h is available as open-sour
e software [2℄, produ
es alog �le where ea
h line is a triple (r; s; k). Su
h a line indi
ates that the trinomialT (x) = xr +xs +1 has been tested. If k is an integer, then T (x) has an irredu
iblefa
tor of degree k and no fa
tor of smaller degree. For example, the line1This assumes that a 
lassi
al GCD is used for sieving { the bit-
omplexity 
ould be redu
edif we used an asymptoti
ally faster GCD and sieved further.



A PRIMITIVE TRINOMIAL OF DEGREE 6972593 36972593 5 10indi
ates that x6972593 + x5 +1 has an irredu
ible fa
tor of degree 10. By redu
ingthe exponents mod 1023 (to redu
e memory requirements), and then taking a GCDwith x1023 � 1, we 
an easily verify with NTL or Magma [6℄ that the irredu
iblefa
tor is x10 + x7 + x6 + x5 + x3 + x2 + 1.If k has the form xd7 � � � d0 then the low 32 
oeÆ
ients of x2r mod T (x) areen
oded in the hexade
imal number d7 � � � d0. For example, the line6972593 27 x08053348indi
ates that the trinomial T (x) = x6972593+x27+1 passed the sieving phase, butfailed a full irredu
ibility test, and�x26972593 mod T (x)� mod x32 = x27 + x18 + x16 + x13 + x12 + x9 + x8 + x6 + x3:If k has the form yd7 � � � d0 then the re
ipro
al polynomial was tested, and thelow 32 
oeÆ
ients of x2r mod xrT (1=x) are en
oded in d7 � � � d0. This usually o

urswhen s is even, see [3, x4℄.Finally, a line su
h as6972593 3037958 irredu
ible (may be primitive)means that xr+xs+1 is irredu
ible (and hen
e primitive if r is a Mersenne exponent,but irred does not 
he
k this).Sin
e a bug in our sieving routine might result in a primitive trinomial beingdis
arded erroneously, we have taken 
are to 
he
k the sieving phase of our programwith NTL. For degree r = 3021377, we have 
he
ked the log entries for 1396610(99:7%) of the 1401443 trinomials dis
arded by sieving (in
luding degrees up to 23).Thirteen of the log entries for trinomials not dis
arded by sieving have also been
he
ked with NTL. For r = 6972593, we have 
he
ked the log entries for 3183710(98:0%) of the 3250052 trinomials dis
arded by sieving (in
luding degrees up to 20).No dis
repan
ies have been found.Agreement with the 
he
ks performed by NTL gives 
on�den
e in the 
orre
tnessof the di�erent versions of irred (32 and 64-bit, C, Intel MMX, PowerPC). We havealso 
ross-
he
ked by dupli
ating more than 2% of the results with di�erent versionsof irred. To guard against the possibility of hardware errors, we are running the
omplete 
omputation for degree r = 3021377 again. The 
omputations for smallerMersenne exponents r = �1 mod 8 have been double-
he
ked, as already reportedin [3, x6℄.The log �les for r = 6972593 and other Mersenne exponents less than 107 areavailable on our web site [2℄, and any dis
repan
ies found during testing will bereported there.A
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