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\Ve investigate the relationship between fluctuation theory and thermodynamic theory of 
non-equilibrium states assuming the Fokker-Planck equation for the evolution law, and 
deduce two formulas corresponding to the entropy and entropy-production balance equations 
m thermodynamics 

I. 

Tl. 

(¢ and </• 0 are time-dependent and steady-state solutions of the F-P equation. They are also 
contained in J,_, V", X" and T,,), The inequality in I represents the second law of thermo­
dynamics (ensured automatically by the F-P equation) while that in II the evolution criterion 
for stability (not automatically ensured) reflecting the Glansdorff-Prigogine theory, and are 
considered to realize the thermodynamic proposition without recourse to the local-equilibrium 
assumption. Vve discuss briefly the laser instability as an example. 

§ 1. Introduction 

Fokker-Planck equations have been a useful tool in studies of fluctuation phe­

nomena since the physical investigation of the Brownian motion was advanced 

in early clays. n, 2> It was attempted also with the equations to provide a statistical 

mechanical framevvork for the theory of non-equilibrium states so that the pertinent 

physical lavv may be formulated; for example, the entropy increase and Onsager's 

principle. *J 
Thus it would be natural to imagine that an intimate relationship might exist 

betv\'een the statistical theory of fluctuations with F okker-Planck equations and the 

thermoclynamic theory of non-equilibrium states clue to Glansdorff and Prigogine. 5>, 6J 

To elate. hmYever, little has been analyzed about the relationship. The present 

paper (together -with a forthcoming one) aims to fill this gap: We intend to 

sho\\' that se\·eral important concepts in thermodynamics can be incorporated 

The iir,;t important investigation along this direction which we wish to cite is the paper 
by J'v1. S. Green 3 ' who showed the H-theorem and a derivation of the Onsager's reciprocal relations 
in the framework of Fokker-Planck equations, and the paper by N. Hashitsume'l who showed the 
Onsager's principle (according to his nomination) of variation in some limited case of the equations. 
(For this see a recent paper by the author. 15 l) 
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1524 JL Hasegawa 

into the statistical mechanical framework by means of the Fokker-Planck equations. 

The concepts of interests are; entropy flow, entropy production, balance equations, 

stability-instability, and also several types of variational principles. In this paper 

we discuss these matters except the variational principles for which a more com­

prehensive treatment is necessary and is deferred to our later paper. 1GJ Sections 

2"-'4 are devoted to establishing the two formulas of entropy and entropy-production 

balance equation. Their thermodynamic significance is discussed in § 5, which is 

shown to be connected closely with the evolution criterion of Glansdorff and 

Prigoginen and is useful in studies of instability. 

In spite of the thermodynamic feature so announced, we must remark here 

on a difference between the starting point assumed by the ordinary thermodynamics 

and that by our Fokker-Planck framework. That is, the former requires the 

so-called "local equilibrium assumption" on the basis of which the entropy concept 

is introduced similarly to that in thermal equilibrium, whereas in the latter it is 

discarded and repla,ced by the explicit use of "ensemble" the probability density 

of which is made subject to the Fokker-Planck equation. However, this change 

will make the applicability of thermodynamics unifying. A good example is laser, 

for which a qualitative discussion is included in § 6. 

§ 2. Balance equations 

Let us denote a probability density function of the set of n state variables 

{x,} (in the Cartesian coordinate system) by <j;. Then, the Fokker-Planck equation 

for <j; which we treat throughout this study will be chosen in the form 

(2 ·1) 

where D,v, a symmetric and positive tensor satisfying 

(2·2) 

will be designated as the diffusion tensor, and v, as the total drift vector. 

(In presenting such equations as in the above, we use the usual sumn1ation con­

vention such that a doubly repeated index implies the summation with respect to 

that index.) These are in general functions of {x,,} and t. It is known8l that 

Eq. (1) is a truncation up to second order of a series with derivatives to infinite 

order, r.e., 

!J¢ = ( -1) s 
-=~ ·-at s~l s! 

(2· 3) 

so that the drift vector and the diffusion tensor are expressed as 

(2· 4) 
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Thermodynamic Properties of Non-Equilibrium States 1525 

and 

(2·5) 

As is known from the theory of stochastic processes,9> the coefficients K's are 

related to the conditional expectation of the Wiener process as follows: 

K ( ) _ 1. ( .x" c t + L1 t) - .x" c t) 1 (t) _ _ ) 
I' X - l!TI -- -- - --- .X" -X" , 

~tjO L}t ' 
(2·6) 

(2· 7) 

It is notable that the mean forward derivative K,,(x) which arises in the 

corresponding Langevin equation for a Brownian motion B (x ( t)) in 

(2·8) 

as its mean velocity is generally unequal to the total drift v, (x), but is related 

to the latter as Eq. (2 · 4). The writing of a Fokker-Planck equation 111 the 

form (2 ·1) (-which retains the diffusion part as self-adjoint) is not just for the 

purpose of convenience but for the physical significance of the total drift v" in 

many respects.*> Note that the adjoint manipulation associated with the spatial 

differential operations on ¢ is possible only under the satisfaction of the boundary 

condition for (/J: That is, the probability density function ¢ (x t) must be rapidly 

decreasing for l.rl ~= (the natural boundary condition according to Graham8>) 

which we assume throughout. 

Let us rewrite the Fokker-Planck equation (2·1) in the form of equation of 

continuity, and consider its effect on any quantity M represented as a function of 

the space-time variables: 

(2·9) 

We may write an equation involving Jl.I{;, by virtue of Eq. (2·9), as 

(2 ·10) 

Here, the current vector .1;, which continues {; may be obtained from Eq. (2 ·1) as 

(2 ·11) 

showing that the current vector is linearly dependent on log{;; a fact which 1s 

specific to the F okker-Planck equations. Equation (2 ·10) represents the local 

time variation of the density associated with Jl.f -vvhich consists of two origins; 

*' This conforms to a description by R. Graham in a recent article,''' where he changed the 

notation of the total drift (the present v") to K". 
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1526 H. Hasegawa 

viz., the divergence term - (8/8x~) (J~Mrf;) and the source term ((81Uj(jt) +J~ 

X (8M/8x 11 )) rj;. Thus, it corresponds to the balance equation associated with 

the quantity M in thermodynamic theory of irreversible processes. 6> (Here, the 

probability density rj; replaces the mass density of a constituent substance, and the 

space of the state variables (i.e., the phase space) by which the F-P equation is 

written replaces the real space.) It is more clearly demonstrated as follows: 

!!__ f M¢dx= f Mrj;J~'do"(x) + l (aM +J~' _aM)¢dx, 
dt Ja JiiJl Ja at ()xi' 

(2 -12) 

where the two kinds of the integration are specified by the volume element dx 

and the p-th normal component of the surface element do~(x) of a region f2 whose 

boundary, 8f2, is a smooth surface of fJ. On the right-hand side of (2 ·12) the 

first surface integral represents the contribution to M in f2 flowing from outside 

and the second volume integral that produces within fJ itself. The natural bound­

ary condition on </; ensures that the integral on the whole space (denoted by Rn) 

makes the flow contribution to vanish, so that 

(2 -13) 

§ 3. Entropy and entropy production 

The notion "entropy production" is a basic one in thermodynamics of irre­

versible processes, which we wish to formulate from the present standpoint. Here 

we assume that the diffusion process described by the Fokker-Planck equation (2 ·1) 

is stationary by requiring the coefficient functions v, and DjJ.v to be all time­

independent. We also assume the existence of a steady-state distribution t/J0 which 

satisfies 

0 = - () ( v 1'¢0) + !}__ ( D "' a</Jo) 
()xi' ()xi' ax, 

(3 ·1) 

under the natural boundary condition. This may impose some further restrictions 

on the nature of the total drift v 11 arid the diffusion coefficients D 11 , which we will 

discuss later to an extent of the stability consideration. 

Entropy is a curious quantity since Boltzmann, Gibbs, Ehrenfest and Shannon.*> 

Concerning the Fokker-Planck equations (2 ·1) and (3 -1), the natural definition 

of the entropy functional o£ the distribution s0 relative to t/Jo is the following 

integral: 

*l We will not go into the historical problem of how to define the entropy in non-2quilibrium 

states."> Our standpoint is, however, that as far as concerning Fokker-Planck equations the adop­

tion of the Gibbs entropy functional could provide a far-reaching understanding of thermodynamics. 

Note that De Groot and Mazur'> used the same Gibbs functional to discuss the entropy balance 

equation set up in the coordinate space. The present formulation extends their treatment to the 

whole phase space. 
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Thermodynamic ProjJerties of iVan-Equilibrium States 1527 

S {\"!, \L>o} = - S (log ~ ). ¢dx . 
Vo 

(3 ·2) 

This Js under the normalization condition 

(:3 ° 3) 

\vhich are ensured by the respective Fokker-Planck equations. This suggests to 

introduce the entrojJy for the present purpose as a space-time function JI(x t) 
whose balance equation is to be sought: 

Jlf = -loa </!_ 
a \L>o • (3 ° 4) 

Our first theorem, then, is expressed by the formula which corresponds to the 

entropy balance in thermodynamics as follows: 

(3 ° 5) 

where 

(3. 5a) 

(3·5b) 

and regarding the current vector introduced in (2 ·16) 

(3 · 5c) 

We have arranged this formula together with several defining equalities so that 

it may preserve a formal analogy to the usual thermodynamic version of the 

entropy balance. That is, the divergence-characteristic term of the entropy flow 

J;.( -log(<f;/<f;0))cf; plus the extra one - V~.<f; on the left-hand side and a term 

bilinear in regards to the two vectors X~' and V~' defined in Eqs. (3 · 5a) and 

(3 · 5b), respectively, on the right-hand side of Eq. (3 · 5). E,-idently, the ,-ector 

x/1 corresponds to the (generalized) force and ·v, to the flux, although in the 

present version these quantities contain the instantaneous distribution '/' (x t); a 

basically different feature from what the ordinary thermodynamics indicates. The 

point of implication of formula (3 · 4) is that the remo\·al of the local equilibrium 

assumption in the ordinary theory still enables one to maintain its essence of the 

assertion of entropy balance written in the phase space in the present Fokker­

Planck frameyvork, provided the entropy density Js so defined as to conform to 

the Gibbs functional. 

Thus, in view of the right-hand expresswn of Eq. (3 · 5), we designate the 
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1528 H. IIasegawa 

quantity V~X~ as the entropy production in the present framework. It is then 

interesting to inquire the balance equation associated with this quantity in connection 

with the work of Glansdorff and Prigogine. 51 Our second theorem is to answer 

to this inquiry, and is expressed as follows: 

(3·6) 

where the tensor TP., designated as the stress tensor, is given by 

(3 · 6a) 

zn which n-! is the inverse tensor of D(D;JDx,=O~,) and Vx0 is defined in 
Eq. (3 · 5c). We will show the derivation of the two formulas (3 · 5) and (3 · 6) 

and discuss their physical significance separately in the following sections. Here 

we note a simplification of the expression (3 · 6a) under the satisfaction of the 

potential condition. 81 ' 111 

If there exists a set of symmetry relations among the n components of the 

vector (D- 1v) 11 =D;;Jv, 

_iL (D;;lv ;.) = __j)_ (D;/v 1.), 
ax, ax" 

(3. 7) 

then the differential form - D;;fvxdx~ is the total differential of a scalar function 

denoted by ¢ so that 

It satisfies 

and, by setting - (a¢/Ox~) = (1/<,1;0) (a<J;0 jaxJ, rs equivalent to 

arf;o 
-v"<f;u+D", -=0, 

ax, 

(3·8) 

reducing to the F okker-Planck equation for the steady-state (3 ·1). This is the 

simplest case of the potential condition111 for which the steady-state distribution 

</J0 is ginn by 

</'o = e-·1> (3 ·9) 

= exp ( Jx D;;Jv,dx" + const). (3 · 9a) 
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Thermodynamic ProjJerties of Non-Equilibrium States 1529 

Under this circumstance 

(3 ·10) 

and the stress tensor T 1,v becomes symmetric and 1s simplified to 

(3 · 6a') 

indicating that the principal part of the stress tensor comes from the second-order 

derivative tensor of the potential ¢. Such an exposition of the tensor Tpv is, 

however, always possible (even in the absence of the simplest potential condition 

as above), if the steady-state distribution t/Jo is represented in terms of the potential 

as in (3 · 9) (thereby (3 · 9a) may not hold), so that 

T",=_fl¢ +l_JA aD~'1 +D-;} a (vA-vA 0). 

axpax, 2 axA ax, 
(3 · 6a") 

(Under general circumstances the tensor T 1, given by (3 · 6a 11 ) may not be sym­

metric, the asymmetric part coming from the third term on the right. Note that 

the antisymmetric part of Tpv is irrelevant to the balance equation (3 · 6) .) 

§ 4. Detailed derivation of the two balance equations 

Derivation of the entropy balance equation (3·5) 

Let us put M=log(t/J/1;0), where tjJ and t/Jo are time-dependent and a steady­

state solution of the Fokker-Planck equation, respectively, and obtain the right-hand 

side of the balance equation for M. For this purpose it is convenient to rewrite 

the respective Fokker-Planck equations in the form 

(4·1) 

(vA-v/) a 1ogtf;0 +·a-(vA-v1°)=0, 
axA axA 

(4·2) 

I.e., the evolution equations pertaining to the logarithm o£ the probability densities. 

The t\vo velocity-vectors VA and v"0 are the same as defined before, r.e., 

TT - D a ( 1 tj;) . 0- D a 1 I ~A- lv- - og- , V;. - lv -- og <jJo • 
ax, tf;o axv 

(4· 3) 

A subtraction o£ Eq. ( 4 · 2) from ( 4 ·1) on both sides yields 

a t/J a t/J ~a a -log - + JA - log - =- 1 ; - log t/J 0 -- 1~A . 
at tf;o OX;, tf;o UXA axA 

(4·4) 

By multiplying both sides of Eq. ( 4 · 4) by t/J, we get 
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1530 H. Hasegawa 

(4- 5) 

This last expression is inserted into the right-hand side of the balance equation, 
leading us to write Eq. (2-15) for M=log(tf;/tf;0 ) as 

~ (log!!!__) cjJ + _f} __ (J, (log!!!__)¢) = - _12__ (VA¢) +VA (JL log !!!__) cjJ. at cpo axA cpo ax, ax, cpo 

The first term on the right-hand side may be transferred to the left and mcor­
porated into the divergence term. Consequently, introducing the "force" 

(4 -6) 

and making a sign-reverse, we obtain the result 

(4. 7) 

Derivation of the entropy-production balance equation (3•6) 

We put M = V.aX.a as before, where X.a and V.a are defined in (3 ·Sa) and 
(3 · Sb) (also in ( 4 · 6) and ( 4 · 3)). Then, to deduce the right-hand side of the 
balance equation (3 · 6), we begin with the following manipulation: 

~ (V X ) + J, a_ (V X ) at I' I' axA I' I' 

+J aD"" X X 
A '" I' " uXA 

In the last expressiOn we may use the relation 

(4-8) 

as a consequence of the derivation of the identity D;;vD;,) = D.u"'' so that we have 
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Thermodynamic Properties of lYon-Equilibrium States 1531 

= 2v,(DX, +J~. aX,) -J~. _a!};2 y"y'. 
at ax~. ax~. 

(4· 9) 

Thus the problem reduces to reexpressing (a){,/ot) + J~. (fJX,/axJ 111 terms o£ Y 1, 

fJY;joxv etc., for \vhich our previous result may be aided. 

Let us recall Eq. (4·4), i.e., 

(4 ·10) 

where 

J~.=v;.-V;.0 -'r- V;.. (4·10a) 

We apply the differential operation- (a/axv) on both sides o£ Eq. (4·10), writing 

- f) (' v a I I ) + a2 Y~. - ~ 1. og (/Jo - • 
ax, ax~. ax~.oxv 

( 4 ·11) 

The last term on the left-hand side of Eq. ( 4 ·11) may be transferred to the 

right, and by virtue of the definition of the "force" in (4·6), Eq. (4·11) is 

rewritten as 

=- 3_ ("vi' _Q -log ¢o)- uy~. x~. 
o.:cv ox" axv 

a(v 2 -v2°) a2V 
x~. + - ~.-

OXv ax~.axv 

= f)_ ( V" f)_ log ¢0 ) -a "VI' f)_ log ¢0 

axv f)xl' axv f)xl' 

-De:} f) (v~ -v;o) V 
'' axv I' 

( 4 ·12) 

(A use of Eqs. C± ·lOa), ( 4 · 6) and a change of running index have been made.) 

This last expression is readily simplified, by regrouping the 1st and 2nd and also 

4th and 5th terms on the right-hand side of ( 4 ·12), so that 
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1532 H. Jiasegawa 

which can be inserted into Eq. ( 4 · 9). The result IS 

(4 ·14) 

where 

T a (D-' o) n-1 a ( o) 1 J aD7,v1 
pv = - -- pi. VA + f'A -- VA - VA + - A -· - • 

UXv UXv 2 UXA 

(4 ·14a) 

Finally, in terms of this stress tensor T,,v the entropy-production balance equation 

is obtained through a procedure just the same as before (from ( 4 · 4) to ( 4 · 7)) 
in the form 

I. 

= - 2 ( T v v -j- ()vI' () vv ) I "" I' v "" "" (jJ • 
uXv uXP-

(4·15) 

§ 5. The second law of thermodynamics and the stability problem 

Consider first the entropy balance equation (3 · 5): 

The right-hand side of this formula may be designated as the entropy production 

density in accordance with the argument m § 3, for which by virtue of (2 · 2) 
and (3·5b) 

(5 ·1) 

indicating that the entropy production is always positive. Formula I with the 

inequality (5 ·1) is a local representation of the second law of thermodynamics. 

For, an integration over the whole space of both sides of I yields the well-known 
H-theoremaJ, 12J 

~ f (-1og!I!...J¢dx= f D""( 0 log!!!...)(} log J!...)¢dx. 
dt JRn r/Jo JRn ax!' r/Jo UXv r/Jo 

>o. (5·2) 

As to a restricted regwn Q, the integration shows that the entropy change comes 

from two origins: 
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Thermodynamic ProjJerties of l'von-Equilibrium States 1:333 

+ f D,.,( f) log!!!_) (-Q log .i!_)¢dx, 
JJl f)x" </Jo OXv </Jo 

(:3. 3) 

viz., the production contribution inside of the region (>O) and the flow contribution 

through the boundary f).Q, the latter sign being not definite. Consequently, the 

left-hand side of Eq. (:3 · 3) may be of negative sign, if the flow contribution 

exceeds negatively the internal production. Such is the case, as we will discuss 

111 § 6, if an instability takes place. 

Next, we discuss the entropy-production balance equation (3 · 6): 

II. .2__ (V X ,r,) + 0-(J V X -2 fJV; V ),r· 
~ !' !''f' ~ l !' !' ~ !' 'f' 
vt vX;. vX" 

= -2(T V V + aV" aV")d· jH! }1- V 'f' • 

OXv ax}' 

The thermodynamic theory of the Glansdorff-Prigogine states that the time deriva­

tive of the entropy production should be of negative sign for a stable evolution 

of the system. This is based on the consideration that the increase of entropy 

by the second law must be more gradual when the system approaches the equilib­

rium position (linked with the principle of minimum entropy production), which 

has been proved near-equilibrium situation and extended to far from equilibrium_n. *) 
This criterion of evolution suggests that in the present Fokker-Planck framework 

one puts a negative sign on the right-hand side of formula II, so that 

(:3. 4) 

Unlike the second law inequality (:3 ·1), this inequality IS not verifiable from 

the Fokker-Planck equation (2·1) in itself: One has always 

but T~v is not necessarily a positive tensor. 

As we have discussed in the end of § 3, the stress tensor T~v IS expressed 

111 terms of the potential ¢ = -log </;0 as 

*l The statement may be interpreted in the present notation by 

(A) 

but not in the form expressed as the total time-derivative as in formula II. In v1ew of this, we 

examine the validity of this inequality in the present framework. A mainipulation similar to § 4 
gJVes 

(I3) 

This shows that the potential condition (:3 ·7) and hence (:3 ·10) ensures the inequality J Y 1,CoX" ot) 
· <J!dx~O, but otherwise (A) is generally not true. 
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1534 H. Ifasegawa 

Tl',= fl¢;_+-_.:!:_J" aD;;}+-D;;vt a (v;-v""). 
a.rl'aX, 2 a.rA ax, 

(5·6) 

Generally, the second~order derivative tensor (a2/a.r'"a.r,) ¢ dominates over the 

other terms (which is true at least under the potential condition and the constant 

diffusion tensor), and 

(5 ·7) 

because of the assumption that the steady~state distribution t/Jo exists satisfying 

the natural boundary condition. Thus inequality (5 · 4) holds provided the deter­

ministic motion by the potential ¢ is stable. It is an instability of the motion 

that the evolution criterion (5 · 4) becomes critical, where the left-hand side consists 

of the two competing quantities; one negative due to the unstable motion and the 

other positive which represents the effect of fluctuations relaxing the former. The 

Fokker~Planck equation therefore establishes a representation of the Glansdorff­

Prigogine criterion of evolution in the form of competition between the organization 

and the randomness and the prediction of the latter to overcome the former for 

the over all stability. 

Remarl~ The inequality of stability evolution criterion in II is a proposition which 

has not been established with a general proof, as mentioned above. It is interest­

ing, therefore, to discover its condition of validity. One conjectures that the ex­

istence of the solutions tjJ and t/Jo is sufficient for it. It is highly desirable to 

ascertain whether it is true or not. 

§ 6. Application to laser instability 

The best example to which the foregoing formulation may apply is the single~ 

mode laser action which has been studied extensively by using a Fokker-Planck 

equation.13l We reconsider the problem qualitatively from the present thermody­

namic point of view.* 1 The laser Fokker~Planck equation may be written (after 

the elimination of an atomic freedom) as 

a¢_ ( a v </J+-_1 v ¢) +D (a2¢ +- azcjJ_) 
at- - ax X ay y aX2 ()y 2 ' 

D=const, 

which satisfies the potential condition, so that 

(6 ·1) 

(6 ·1a) 

(6·1b) 

*1 A unification of the laser theory in a macroscopic standpoint and the Glansdorff-Prigogine 
theory has been discussed by R. Graham, 141 who pointed out some difficulty in associating the con­
cepts of both entropy and entropy production with quantities to be derived from the single poten­
tial function ¢, proposing a counter consideration. Our formulation should answer to his question­
ing, which will be discussed elsewhere together with a full numerical analysis. (Note added in proof) 
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Thermodynamic Properties of 1Von-Equilibrizmz States 1535 

(6 ·2) 

(6. 3) 

and 

(6· 4) 

The natural boundary condition requires that the constant a 2 must be positive 

while the other one a, the pumping parameter, may vary from -co to +co, 

but the situation 

ayya; (6·5) 

1s of particular interest which corresponds to far abo,-e threshold. 

In the situation of (6 · 5), the potential q) is of the form such that its minimum 

points encircles the origin o£ the x-y plane, i.e., the complex plane of the active 

mode amplitude. These minima yield the stable equilibrium of the deterministic 

motion 

X=·vx, )!=vy, 

and corresponds to the state of steady photon 

generation, while the origin, the 0-photon 

state, yields the unique unstable equilibrium. 

It is the most interesting feature of a tran­

sient laser action that the initial distribution 

peaked at the 0-photon state undergoes flat­

tening, not to reach a completely broadened 

distribution, but to reach the steady-state 

distribution Yo peaked at around the minimum. 

circle of ¢, the appearance of this peak being 

considered as a kind of the "dissipative 

structure" formation. 14J 

The disappearance of the 0-photon peak 

at the initial stage may be considered as a 

consequence of the entropy production ac­

companied by the dissipative time-evolution 

of the states. Actually, it is not a mere 

dissipation, the instability of the motion 

(6 · 6) enhancing the "fall". The effect of 

this enhancement can be seen from the 

entropy production balance equation II as 

follows: 

(6. 6) 

¢ (x,y) 

Fig. 1. The instability region (denoted by 

I) which i:; surrounded by the insta­

bility circle (denoted by C) in the 

complex plane of the active mode 

amplitude in the laser action. The 
arrows indicate a systematic entropy 
flow to cause the "grow" of the 

steady state distribution. 
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1536 H. Hasegawa 

where 

82¢ 
T".=----

8x"8x. 
(6·7) 

by virtue of the potential condition and of the constancy of the diffusion coefficient. 

Let us call the region where Ttt.~/t.<O the instability region. For the function 

¢ given in (6 · 2) it is the inside of a circle C specified by 

C: ij_2_j_ = 0 inside of which Cl_~p-<O, 
dr2 dr2 

(6·8) 

which is located inside the minimum circle. (Fig. 1) Thus, on the right-hand side 

of the formula II the two terms Ttt• Vtt V. and (8Vttj8x.) (8V,j8xtt) are competing 

each other, implying that the increase of entropy by the second law is hardly 

suppressed in the instability region. In this sense, the instability of the determin­

istic motion is against the evolution criterion (as it should). The second term 

(8Vttf8x,) (8V,j8xtt) which arises due to fluctuations moderates the negative value 

of the first term (82¢/8xp8x.) vf-1 v. to recover the evolution criterion generally. 

(This is a feature of the present formulation to remedy the inadequacy14> of the 

theory which identifies -rjJ(x) =log </J0 (x) with the entropy to be applied to the 

Glansdorff-Prigogine theory.) 

The enhancement of the entropy increase at around the instability region 

should be linked with a "grow" of the distribution </J outside of the instability 

region, producing </J0 • This is because a systematic entropy flow is needed through 

the instability circle C from outside to inside of the instability region, so that the 

flow contributes additively to the internal entropy production there: 

~ f (-log !1!_) ¢da= dS.+ dS;, 
dt Jr ¢0 dt dt 

d~= f (-log i_)¢Vdl>O, 
dt Ja ¢0 

dS;_l((a ¢) 2 (a ¢) 2
) - = -- log - + - log - cjJda>O. 

dt I f}x c/Jo f}y cfJo 
(6·9) 

The grow of the peak at around the minimum circle of ¢ 1s a consequence of 

the flow which results m 

~ f (-log i_)cjJda<O. 
dt Jo c/Jo 

(6 ·10) 
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(I and 0 denote the inside and outside of the instability region.) 

We examine these predictions by computing explicitly time-dependent solutions of 

the laser Fold.;:er-Planck equation (6·1). Details will be reported in the near 

future. (See Note added m proof.) 
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