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Abstract

We present a competitive model that describes the interattetween several competing telecommuni-
cations service providers (SPs), their subscribers, andtaark owner. Competition between the service
providers is assumed to take place in their pricing decsemwell as in terms of the quality of service (QoS)
they offer. In turn, the subscribers’ demand for the sengitan SP depends not only on the price and QoS
of that SP but also upon those proposed by all of its compstiie consider two types of games to describe
the competitive interactions and analyze the resultingliégia. As quality of service measures, we consider
delay, packet losses and call rejections. We establishitbonsi for existence and uniqueness of the equilibria,
compute them explicitly and characterize their properties

|. INTRODUCTION

Competitive routing and equilibrium models for telecomnoations networks generally assume a single
characteristic through which an equilibrium is computedachsas delay [17], prices [15], [19], or even loss
probabilities [2]. However, in order to take into accountality of Service (QoS) on a network, it is generally
necessary to incorporate into the model more than one paeama straightforward example is to include
both prices and some measure of QoS. Other multi-criteridatsomay incorporate, for example, delay and
reliability, the latter representing the QoS, price or gedad jitter, etc.

In this paper, we present a general model for computing aiteir@a Nash equilibrium of several telecom
providers. We shall then examine particular functionahfer and the resulting equilibrium properties, when
the two parameters of each providers are prices and a meafsQ@&S.

Often, in research on competitive network routing and éoiiim models, the demands are assumed to be
either given, as constants, or elastic but given by a funatiba single parameter. In this paper we assume
that the demand for the services of a given service providere described by a function that depends on the
vectors of prices and qualities of service (QoSalbfservice providers

Our methodology is strongly inspired by [4] who studied aayic competitive inventory control model that
includes both pricing as well as a quality parameter. Tha@streduced the problem to a static game which is
a special case of the general form of games that we shall stunlyr paper.

In the next section, we present a brief review of the relatedature. Section Il provides the general model
setting and some general theorems for existence and ur@gsiasf equilibria. Section 11I-B then presents
the linear demand model and establishes some preliminayepies of the equilibrium for fairly general
relation between the cost functions and QoS of the servigeigers, in the case where the QoS are fixed and
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competition occurs only through prices. The following twecsons obtain stronger characterizations of the
equilibria and analyze competition both in prices and in Qi specific QoS measures are considered: delay
(Section IV) and loss probabilities (Section V). Sectiom¢ludes several different possible ways of modeling
loss probabilities including packet loss versus sessig@ttien probability, and the influence of incorporating
large-deviation scaling. We conclude with a number of psing avenues for extending these results.

[I. LITERATURE REVIEW

Whereas equilibria in transportation networks have begastigated for more than fifty years, this issue
appeared much later in telecommunication networks, wighittitial work on problems of competitive routing
[7], [17], decentralized flow control [5], [11] and resourakocation [24]. One reason for the growing interest
in competitive approaches to network management is thegdktton of the telecommunication monopolies.
For surveys on competitive games in telecommunicatiores[He[3].

In our model, we do not take into account network topologynabke above references, but rather model the
total service proposed by ea8P as a single entity. In other words, the price and QoS propbgexh SP will
not depend on the physical source or destination, distaicethat underlies the request of each user. On the
other hand, our model does take into account the quantémsasted by users.

Telecommunications equilibria as a function of the pricarged have been considered in great detail, as
pricing has become a subject of intense research debate aothmunity. Numerous models exist, from utility
maximizing approaches [6], [19] to auction-type approacf&l]. In these contributions, price and quantity
requested have been the only parameters.

Another body of work has considered price as an endogenewigble, which is determined as a function of
the degree of saturation on the network. Typically in theg@@aches, the price isshadow priceor Lagrange
multiplier on inequality constraints, such as capacityrretsons. The reader is referred to [12], [13], [14], [23]
for further details on those approaches. Finally, we mentwork on defining equilibria on telecom networks
as a function of other characteristics, such as loss protxedi such as in [2].

In all of these approaches, however, a common point is thigt @re exogeneous characteristic gives rise
to a competitive equilibrium. However, it is clear that, @ wishes to model QoS effects, more than one
exogenous variable will need to be used. In this vein, J. Vaaghkm and P. Van Mieghem [22] consider the
problem of pricing and scheduling of telecom services, inciwhhe services are differentiated according to
throughput, delay, and loss. While the authors considendas in scheduling, they do not compute equilibria
or model competitive behavior. Park, Sitharam, and Chehdta8he other hand model a “QoS provision game”
in which QoS is defined by a vector of attributes. In their mptewever, they do not provide existence or
uniqueness results on the equilibria, as the particular utgegy functions they employ do not satisfy sufficient
concavity conditions. Rather, they provide results on fifigng Nash equilibria, and Pareto, and system-
optimal solutions.

[1l. M ODEL AND GENERAL PROPERTIES
A. Model setting
Let us consider a game in which there aveservice providersSP, the set of which is denoted i =
{1,2,..,N}. Each provider has two parameters to set as regards theseérdffers: (p,f) € Rf*N. (We

use bold face to denote a vector, eg.and denote itsth component by,.) Although the two parameters



can be quite general, we shall regard the first as priggis (he price thaSP i charges his subscribers per unit
demand) and the second as some QoS measure (delay, lossctoreprobability, etc). ThergP i experiences
a demand for its servicd); : Rf*N — Ry which depends not only on its own parametersand f;, but also
on the prices and QoS offered by its competitors; that idh damand functiorD,; depends upon the entire price
vectorp = (p1,p2,..,pn) and the entire QoS vectdr= (fi,..., fx). The demand functions themselves can
take on a number of functional forms, each with its own conseges upon the resulting equilibrium. In this
work, however, we shall consider only a linear demand maakich will be defined further in the following
section.

The utility functions of the service providers are given By: IR{PN — R, . Finally, we must define the
strategy space of th&¥ service providers. We shall suppose that all service pergicstrategies are defined by

the following orthogonal constraints; the strategy spatg,of provider: is given by the subset @&:
Ri={(pi, fi) 1 0<Gilfi) <pi <p™5 0 < fI" < fi < fY, @

wherep™™ = g,(f;). (The dependence pf*" on f; through the functio; will allow us to eliminate explicitly
policies that will result in negative profits for a servic@pider). The fact that there are maximum prices reflects
the fact that beyond some reasonable price, the demandeviletd (what ever the prices of competitors and
quality of services are). In additiog; is assumed convex so that the strategy space of plagesonvex, for

all i € Z. (This will be needed in Theorem Ill.1). We further define:

Rpi(fi) ={pi: 0<gi(fi) <pi <p™™}, Ry ={fi: 0< fon < f; < fooxy, @)

R:R1X"'RN, Rp(f):Rpl(f)X-'-RpN(f), Rf:Rf] X"'RfN. (3)

Along with the model of the service providers, we include adeloof the (single) network owner, who
may charge each service providéra cost per unit of bandwidth requested as a function of tleedniteria it
requires,p; and f;. Then, the total price charged to the service provider vélbfunction of that per-unit price
and of the demand that the provideexperiences. That is, given the aggregate demiand D;(p, f) of SP

i, we associate witBP i a cost function given by, (p;, fi, d;), representing the fee thapays to the network
owner.
We next define the Nash equilibria that we are interested mpeing. The first involves each service

provider setting a single parameter, as a function of thdsallather providers, and the second involves
simultaneous setting of both parameters by all providessa &unction of those of all other providers. As
already mentioned, our approach is inspired by [4] who siidi dynamic competitive inventory control model
that include both pricing as well as a quality parameter.

Definition 111.1: [Single-parameter Nash equilibrium] LetU;(p, f) be the net revendef service provider
i, when the vector of prices set by all the providers is givempbgnd the vector of Quality of Service parame-

ters,f, of all the providers is fixed at some predetermined p(f'lnt]'hen, a single-parameter Nash equilibrium

in p atf is the vectorp* that solves the following system for alkc Z.

U7(p*7f) = max Ui(pTv-"7p;<7]7p7:7p;<+]7"7p)]k\77f)' (4)
Pi €ERpi(F)

'The net revenue can be expressed as the income minus thg;c@&tamples will be given in later sections.



This equilibrium corresponds to a price equilibrium for &fixQoS vectof.

Definition 111.2: [Two-parameter Nash equilibrium] Let U;(p, f) be the net revenue of service provider
i, when the pair of vectors of parameters set simultaneouslgliithe providers is given byp, f). Then, a
two-parameter Nash equilibrium {ip, f) is the vector couplép™, f*) that solves the following system for all
1 €T.

Ui(p*v f*) = (prlz)ié{R U7(p>1kv ---apffhpiap;iH? "7p>‘]<V7 f]*7 ) fi)i] ’ fiv fi*+] )y f]t/') (5)

B. General demand model

We shall suppose that the average demdndp, f), is linear in all prices an@QoSlevels. For a particular
SP 4, the demand for its servicé); should be decreasing in the price it charggshut increasing in the prices
charged by its competitorg,;, ; # . The analogous relationship holds in service quality, buhat casep;

is increasing inf; and decreasing iffi;, for j # <. Then, we may write

D;(p.f) = a; — bip; + Z cijpj + Bifi — Z Yij [ (6)
JEL, jFi JEL jFi
with b;, ¢;;, 3; and~y;; positive constants. We shall make the following blanketiagstions, which will be in
effect throughout this study:
Assumption 1:.Without loss of generality, we shall assume that the demanction of each service provider
satisfies, for ali € Z,

Di(pmax - p‘;nin’ 071" f) < Oa; vf € Rfv (7)

where, as beforqﬁnin = gi(fi), and0_; is the N — 1-dimensional null vector.
The above assumption should be understood simply as ingpgsime relation between the parameters that
define the demand functions. It could seem an realistic gssom since it requires the demand to possibly
be negative. However, we note that the nonpossitivity ofdds@and function is required to hold for values of
the prices that are not necessarily within the set of feasibhtegiesR;’s. Therefore the assumption could be
understood as requiring that if we extrapolated linearky demand out of the feasible region and allowed the
prices of all other service providers to be zero, then we W@t a nonpositive demand.

We would expect, in practice, that an even stronger assomptiould likely be satisfied, namely that
D;(p;,0_;,f) < 0, Vf € Ry; Vp; € Ryi(fi). We require, for technical purposes, however, only this
weaker assumption, that the demand for each provider'scesrbe non-positive when competitor’s prices are

null, and his own prices are given py'a* — pinin = pmax _ g.( ),

Assumption 2:The constant$ and ¢ satisfy: b; > Z#i cij, ¢ € Z.Moreover, assume thdD; is non-
negative over the strategy space.

a) Sufficient condition for Assumption 1: Let Assumption 2 hold. In view of (6), if we choog&"**
large enough then Assumption 1 will hold.

Assumption 2 will be needed to ensure the uniqueness of thétireg equilibrium. It is furthermore a
reasonable condition, in that Assumption 2 implies thaitiflaence of arSP’s price is significantly greater on
its observed demand than the prices of its competitors. ddmslition could then take into account the presence
of customer loyalties and/or imperfect knowledge of conpet’ prices.



C. General QoS model

Along with the model of the service providers, the (singlejwork owner charges each service provider,
a cost per unit of bandwidth requested. We assume that thar@rabbandwidthy; requested byP i depends
on the demand it experiences and on the QoS it wishes to dfieth{gher the demand and the better the QoS,
the highenu; will be). For example, if the QoS is linear in the standardiktieck delay function (obtained from
an M/M/1 queuing model), i.ef; = ¢ — 1/(p; — d;), thenu;(f;, d;) = d; +1/(c — fi).

Thus, given the aggregate demahd= D;(p;, fi), the fee paid bysP i can be written asR; = v;u;( fi, d;),
whereyu;(fi,d;) € [0, B] is again the bandwidth required in order to guarantee the, @o&t a demand level
of d; for SP 4, andw; is the price to be paid per unit of bandwidth.

D. Utility model

The revenue ofSP i is given byp,; D;(p, ), whereas the profit (or net revenue) 8 i is the difference
between the revenue and the fee it pays to the network owner,

Ui(p.f) = p:Di(p.f) — Ri(fi, d;). (8)

In the sequel, we shall show the uniqueness of Nash equitibfor the price game (4) in which the capacity
w; required by usef has the following form:

wilfi,di) = digi(fi) + hi(fi), 9)

whereg; andh; are positive functions. Hence, the profit function becomes

Ui(p.f) = Di(p.£)(pi — vigi(fi)) — vih(fi).

In the single-parameter Nash game, the strategy space loSacis given by (1) and in the two-parameter
game, the strategy space is given by (2) whet& = §,(f;) = vigi(f;). Note that the setR;, andR,;,i € 7

are convex whep; is a convex function.

E. Properties of the general model

The question is then, under general assumptions on the nfmdgtions and data, when can we ensure
the existence and uniqueness of the resulting equilibriarasa service providers. To this end, we make the
following assumptions that concern the properties of tlhilgyutunctions.

Assumption 3:Without loss of generality, express the net revenue (oitytibf service provider asU; =

Ui(p.f.d;) = U(p,f), i € T where, as before]; = D;(p,f). Assume thal; is upper semi-continuous in
(p,f) e R, foralli € 7.

Under Assumption 3, one has the following general resulhereixistence of a Nash equilibrium among the
N service providers.

Theorem Il1.1: [Existence] Under the Assumption 3 and the definition of the strategy &p&c = R; x
-+ Ry, there exists at least one single-parameter (resp., twempeter) Nash equilibrium of the service
providers’ game.
Proof: The strategy space for eache 7 is convex and compact. The utility functions are assumed ins
both arguments. The existence of a Nash point follows (sed20]). a



We first consider the single-parameter price game (4) whisleswhen the vector of quality of service levels
of all providers is fixed. Then, we shall consider the twogpaeter price and QoS game.

The following theorem is a generalization of [4, Thrm. 5]ttkatablished uniqueness of an equilibrium for a
similar setting but whem,;(.) are all zero and for some specific functians.). By allowing for general; and
h; we shall be able to handle in the next sections a large nunflogratity of service functions that are typical

in networks.
Theorem Il11.2: [Uniqueness of Price-based Nash equilibrium] Consider the price game (4) which arises

when the vector of quality of service levelss fixed, and assume th&;(f) are nonempty; € Z. Then

1) The price game has a unique equilibrigri(f), with
pi(f) = -T)"'T" ¢ (10)

wherel’ = diag(2b1, ..., 2bn ), T;; = 0, Tj; = ;T; fori # jandg; = bivigi(fi) +ai+Bifi—>2,.:7 fj-

2) The equilibrium priceg; are increasing in each of the unit prices

3) The equilibrium priceg; are decreasing irf;, j € T wheng;(fj) < 2iez(L (’I >1l;’]lb1() “Dish; and

increasing otherwise.
Proof: The existence of a Nash equilibrium of the price game (4) vessahstrated in Theorem IIl.1. There-
fore, we show the uniqueness of the equilibrium point.
Sincep*(f) is a Nash equilibrium, it follows that; maximizes the functiod;(p;, p*,, f), wherep_; =

(p1,--sDi—1,Pi+1,--, PN )- Moreover , we have

lim @ ———= = d;(vigi(f;),p",,f) >0 11
pi—vigi(fi) Op; (vigi(f):p%. ) (D
. 8U(papt7 f) max max __ %
lim  ——— 0 = ™™+ bigi(fi) + Di(pm, pt, f)
pi*)p’rn,(l,.’l) ap/i

= — 2[)7pmax+zc7]p7 —i—bv,g7 f1 + Bifi — Z’Y?jfj

J#i e
< 2bpM A PN i+ bigi(f) + Bifi - > wiifi (12)
i iz
< — b7pmax + b i Vigi f1 + ﬂ?f? Z%jfj (13)
J7i
= di(p™™ — vigi(fi),0-4,f) <0 (14)

where the transition (12)-(13) is due to the Assumption 2thrdast transition is due to Assumption (1). Thus,
p} is unique solution of the optimality conditions:

0 p—
p;

= —bi(pi — vigi(fi)) + di(p, f). (15)

Then,p* is a solution to the following linear system

Lp=yq (16)



wherelL,;; = 2b;, Lij = —Cjj for ¢ #+ J andq,; = b,v,g7(f7) + a; + 51]67 - Zj;éi ’Yijfj.
To show the uniqueness of Nash equilibrium, it suffices toastiwt the linear system (16) admits a unique
solution. We observe that the matiixcan be written asL. = I'(1 — T') with T = diag(2by, ..., 2by), @and

. C1N
0 T
T =
CN1
2b N 0

The matrixT is substochastic smc%;M < 2L < 1. ThusL™! exists and is equal to/ — T')~'T~! and

p*(f) = L 'q = (I — T)"'I""'q. Writing explicitly one term from the equilibrium price vex, p?(f), and

rearranging terms to identify dependenciesfpand f; independently; € Z, j # ¢, we have that

pi(f) = (L7 Dalai + (bivigi(fi)) + £i((L7 )i = D> (L7 )iji) +

J7i
Z(Lil)w(” + bjvigi(fi) + Bif;) ZZ zﬂjlfl (17)

G#i JET I#i
Then, taking partial derivatives, we obtalﬂ”— “ijbivig(f3)+ (L7 )ii B8 — > er (L™ )irvji,, which
is negative when’;(f;) < ZleI(L(}j”f;ilmf)ff])”ﬂj. 0

Next we make the following assumptions on the functipnandh; appearing in Definition (9) ofi;. This
will guarantee the uniqueness of the equilibrigpt, £*) in the price-QoS game (5) which we shall compute.
Several examples of this structure will be given in Sectidhand V.

Assumption 4:.Let h;(.) = 0. Moreover, suppose thgl.) € C? is convex increasing, and its derivative
satisfies for ali € Z: limy, . gmex g/(f;) = +oo.

This assumption will be satisfied in most of the queuing systeve study. The following result establishes the
uniqueness of Nash equilibrium in which prices and QoS teget set by all players simultaneously.

Theorem I11.3: [Uniqueness of Price and QoS-based Nash equilibrium] Ket Assumption 4 hold. The
price-QoS problem (5) has a unique two-parameter Nashiequih (p*, f*), with f* the unique solution to

the following equations, for everye 7,

] * ﬁ ﬂ Inll’l
) = Lot 2 gy
fi = oif i < gi(fmmy
v;b;

Proof: Let
Ui(p, f) = loglpi — vigi(fi)] + log[Di(p, ).
Note that a vecto(p*, f*) is an equilibrium in the original utilities if and only if isian equilibrium in terms

of their logarithms, i.e. of the functioris;.



Sincey; is convex by assumptioj; is concave inp, f). Under Assumption 4, we have that

8I~Ji(p,f)_ lim —vig'(fi) n Bi

fimfmx O fim e pi — vigi(fi) - Di(p*,f)

This implies there will not be a Nash equilibrium at the coamistt boundary wheref; = f™**, i € 7. To
show the uniqueness of the Nash solution, we must thus exatinéninterior of the feasible region with re-
spect to the upper bound on tlfeand show that there is precisely one poim;, f*), which solves simul-
taneously the utility maximization problems of each previd € Z. Note from (18) that the lower limit,

Hmy,  pmin oU;(p.f)/df; may be either positive or negative, and as such, the Naslitegqun may arise at a

point for which f* = f™i» for somei € 7.

On the other hand, we do not need Lagrange multipliers foctmestraints orp; sincep; is obtained at a
point where the partial derivative (15) is zero, possiblyhatlower boundary, (11) and (14).

That s, it is necessary to consider the following Kuhn-Terakonditions in which a Lagrange multiplier;
represents the lower bound constraint frfor eachi. In other words,(p*, f*) is a Nash equilibrium if for

everyi € T, there exist non-negative Lagrange multipliefssuch that

oU; (p, ) 1 —b;

0 = = + 19
opi (pi —vigi(fi)) — Di(p*, 1) (19)

: oUi(p,f) _  —vigj(fi) Bi
ot = = i + 20
of ~ mmualf) T DD )
o' (fi = fi") = 0, a’ >0 (21)

By multiplying (19) by1/b; and (20) byl /3; and substituting the resulting equations, we obtain

@~ DB g (g, — g = 0 (22

Bi pi — v;9i(fi)

It follows thatg,(f;) = - if 5 > g/(f™") and f; = fm™™if 2 < gl(f™). Fixing f = f*, we obtain

vibi = vib; =

p* through (10). Thusgp*, f*) is the unique Nash equilibrium. d
Next, we consider two applications of this framework, makirse of two different QoS measures.

IV. CASE STUDY |: EXPECTED DELAY ASQOS
We shall suppose in this section that the measure definin@uf, f, corresponds to some function of
the expected delay. We shall use the Kleinrock delay fun€tighich is a common delay function used in
networking games [17]. Instead of Minimizing delay, we ddes the maximization of the reciprocal of its
square-root (in that way the QgSindeed increases as the delays decrease (this is simila®¥p [
1

= =i — d; 23
fi Bl 1t (23)

2This function corresponds to a queuing delay inMdyi)/ /1 queue with first-in-first-out discipline or to the more geadev//G/1

gueue under processor sharing delay.
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Thuspi(fi,d;) = d;g(f:) + hi(f;) whereg,(f;) = 1is indeed convex and whefe(f;) = f2. The cost that

SP i pays the network owner ig[(f2) + d;]. Then, the net revenue &P i that it wishes to maximize is then

Ui(p.f) = Di(p.f)(pi — v;) — vi f7. (24)

We observe that this profit function is special case of thed®fmed in (9), by taking;(f;) = 1 andh;(f;) =
f?. We shall make the following assumption:

Assumption 5:The constants, v, and3 satisfy: 2b,v; > 52, i€ Z

Remark IV.1:Note that, for price-sensitive demandsthis assumption is likely to hold, since in that case,
b; >> ;. For relatively pricein-sensitive demands, who value above all QoS, Assumptionysstithhold if
the unit price for capacity charged by the network ownesRa, ; is high.

We now proceed with the analysis of the price-QoS game (%)-(larameter) in which prices and services
levels are set by albPs simultaneously.

Theorem IV.1:Let Assumption 5 hold. The price-QoS game (5) with Qb6Sjiven by (23) has a unique
Nash equilibriump*, £*), with p} increasing in each;, j € 7.

Proof: Assumption 3 is satisfied by (5) with (23) and (24). Hence, Inedrem Ill.1, there exists a Nash
equilibrium.

We next show that the Nash equilibrium is unique. We have,seethe previous section, that the partial
derivatives of the profit functions with respect to priceigbtesp; of each providers will be zero. In this
section, the upper and lower bounds on the quality of senvadc&bles,f; may or may not be active, and so
we take a Lagrangian relaxation of those constraints andhiexathe Kuhn Tucker conditions of the resulting
Lagrangian.

To show the uniqueness of the Nash equilibrium solution, wesvdirst that the profit function&; are jointly
strictly concave in(p;, f;) for all providers,i € Z, so that the solution to system defined by the Kuhn Tucker
conditions is uniquely defined.

To this end, note first that

= —bi(pi —vi) + D;(p*,f) and———"—= = fBi(pi — vi) — 2v; f;
o, ((pi —vi) + Di(p*, f) o, Bi(pi — vi) — 2vifi
?U;(p, f) *Us(p, ) *Ui(p,f)
— 5 — = —2b; <0, ———— =f;, and——5— = —20; < 0.
o2 <0 g, of?
Since‘nggf = —2v; < 0 and %QPZ" = —2b; < 0, it suffices to show that the determinant of the Hessian matri
H is positive, where
9%U; 9%U;
op?  Opidf:
H =
9%U; 92U,
0fi0p; af?

. . ; 2
We havedet H[U;(p, f)] = %zfg" %ng" — (6?92gf) = 4bu; — 47 > 0. The latter inequality follows from

Assumption 5.
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We note that any solution to the following Kuhn-Tucker cdiadis is a Nash equilibrium: For eveiye 7,

there exist non-negative Lagrange multipliersand\’ such that

0 = 9Ui(p.f) = —bi(pi —vi) + Di(p*, f) (25)
Ipi
. : oUu; (p, f
a' =\ = 78(;: ) = Bi(pi — vi) — 2vifi (26)
o (fi = f™) = 0, N(f"™ —f;)=0 (27)

wherea! and )\’ are the Lagrange multipliers corresponding to the min ang ceastraints on the values ¢f.
As before, we do not need Lagrange multipliers for the camsts onp; sincep’ is obtained at a point where
the partial derivative (25) is zero, possibly at the loweuhdary, (11) and (14).

It follows from (26) that

B

if X' =0anda' =0, ff = 5, (i — i) (28)
V5

ifal >0, ff = fmin (29)

if A" >0, fr = fmax (30)

Hence, it follows thap* is solution of the following linear system
Ap=r (31)
where

(2

ﬁ.
Ay = 2b;— ‘5{»‘7&:0}%’ Aij = —cij + ‘S{”*ai:“}%-"fj-’
i Vi

512 ﬁ max min
Ri = bivitai+opiaizoy — > 5{mma‘:o}%j?] + Bi(0paisop fi™ + Ogaisoy i)
iz

= i pnisop [+ Spaisoy )
J#1
To show the uniqueness of Nash equilibrium, it suffices tovstat the linear system (31) admits a unique solu-

tion. We observe that the matrikcan be written asAd = T’y (1-T) ) withT'y = diag(2b, —6{Ai,aizo}%, vy 2bn —

2

b_4
5{)\i,lli:0}ﬁ), and

B
C1N*5{/\i,#i:n}’hz\rﬁ
oA

{A?—p?=0} 20,

2,6
Ty

81
ENT=85i i} INT 3,
2
BN
{A?—pu*=0} 2v

2by —6
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We observe that the matrik is substochastic since

ﬂ.
> jziCij — Oxi—pi=0}Vij3o; < > i Cij < b; < bi 1
2 = 2 = 2
Zbl — (S{)\ifﬂizo}f_;i sz - 2/81:1 Zbl - Qﬁ;z bl

The third inequality follows from Assumption 5. Thus™! = (I — T;)~'T; ! and

. B 33 Bk
pio= Y (AT (b 0+ b —aicoy — D S akmo) ik

JET k#j
+0j(8n 501 f1 + Sas oy 1)

=D kB i+ Bpaks) M)
ki

We conclude thatp*, £*) is the unique solution of Kuhn-Tucker conditions (25)-(2éy therefore the unique
Nash equilibrium to the price-QoS game (5). a

V. CASE STUDY lI: LOSS OR REJECTION PROBABILITY A0S

In this section, the quality of service corresponds to thes fprobability, where one may model packet loss
probabilities (e.g. at some common input queue) or rejagiimbability in a loss network (such as a circuit
switched network).

fi=@1— P, (32)

where P!

loss

is the loss probability. i.e,P) . := G(p;), with, as usualp; = d;/u; is the traffic intensity, and
s > 1is a scaling coefficient that adjusts the relative impontaotthe QoS parameter with respect to price.
Note that whers = 1, QoS enters linearly in the demand functidn, whereas fogs > 1, the QoS increases as
a concave function of its parameters; in other wordssfor 1, we allow fordecreasing rates of returan the
quality of service provided.

We will use the notatioii=’(p) to denote the derivative with respectd@and we assume thét'(p) is positive
function over the interval0, +oc). Hence, the loss probability is strictly increasingpirand the functiorG !
exists. Consequently, for alle 7,

1

.(]z‘(fz‘) = m (33)

Indeed, since&7 ! exists, thend; /i, = p; = G~ (1 — f;), it follows thaty; = md’ Hence from (9),

the functiong; is given by (33). Note thaf™™ = 0 and f™** = 1 for everyi € T.

We are going to present some important special cases fotwvthecassumption A4 is verified. In V-A and
V-C we consider only the linear relationship between QoSlasd probability, that is = 1, whereas in V-B
we give results for strictly concavgas well.

*Decreasing rates of returmeans that the marginal benefit of QoS decreases with inoge&0S levels This phenomenon is

observed often in practice; the amount that a user is wiliingay, per unit of QoS, decreases as the level increases.
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A. Packet loss probability: a basic M/M/1/K queuing model

In this paragraph, the quality of service corresponds tddke probability, or probability of a full buffer, in
the M/M/1/K queue. We note that this could be a good approtiondor the loss probabilities if the service
provider offers access to a network, and the bottleneckrmmgeof losses is in some common input buffer to
that network. Thus,

G(pi) =

(1 pi)plij@—pthy if 0<p; <1, K;=1,2,3,..,
(34)

1/(1(1 + 1) if pi=1, K;=1,2,3,..,

where K; is the buffer size. Clearly, the derivative (p) is positive, hence we can use the above framework.
Let the concavity coefficient satisfy = 1, implying that QoS measurg¢ and loss probabilities are linearly
related [see (32)].

The next lemma characterizes some properties of the fungtiwith respect to service levelg, i € 7.

Lemma V.1:The functiong;(.) € C? is convex, increasing, and its derivative satisfies

fliigl] 9;(fi) = +o0, and fljiino g;(fi) =1.

Proof: See Appendix in the full version of the paper [8] . g

The above result implies that the functignverifies Assumption 4. Hence, from Theorem II1.3, we have the
following result.

Corollary V.1: The price-QoS game (5) has a unique two-parameter Nashlequit (p*, f*), with f* the
unique solution to the equations

Bi .. B
Ty = > 1
g7(f7) U7b7 If 'U7b7 —
o= 0 if bi 4

Vib;
andp* is then obtained through (10).

B. Packet loss probability: incorporating large-deviatiscaling
Let P, be, as above, the loss probability for a M/M/1/K queue witlihe buffer size at the queue. Given
the probability of loss from (34), wheyg = i— and letting the arrival rate, capacity and buffer size lzdest

by a factorn, as in many-source large-deviation scaling, we obtaingktingn — oo,

(= p)pP™ (di— )T
nlllgc 1 anfH = a, ; (35)

with (-)™ = max{0,-}. Note that even though the buffer size goesxtothe delay remains constant as the
capacity, ;1;, also goes tax. In a deterministic fluid model, this has the simple intetgtion of fraction of
fluid lost when the arrival rate exceeds capacity. Using,(8% quality of service is then given by:

1—

fi= (36)

(di —pu)*t]""
d; ’
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Note that (36) is not a differentiable function due to the nogeration. However, since the QoS measure
remains constantf{f = 1) when the capacity exceeds the demand, it is sufficient tgidenthat the largest
capacity implemented would he, = d;. Hence, we shall neglect theax operation in (36), and then the
bandwidth required in order to guarantee the Qo8 given by:u; = ¢:(fi)d; with g;(fi) = f?
The profit of SP i is in turn given by:.U;(p, f) = D;(p, f)(p; — v f;), where the strategy space is given by the
subseR; whereR; = {(p;, fi) : pj"™ <pi <p; 0 < fi <1}.

We shall require the following assumption, which is likety told, since none of the constanisv or b
should be zero in this setting.

Assumption 6:The constants, », andj satisfy: 3; — b;v; # 0

Theorem V.1:The price-QoS problem (5) with Quality of Servi€eas in (36) has a unique two parameter
Nash equilibrium(p*, £*), with f* is given by:

1) For concave QoS coefficient,> 1, that is, under decreasing rate of return on the QoS,

R . 8
f‘* = (s”ibi ) ! if sv;b; < 17
Ji 0 " 5 -

sv;b; —

2) Fors =1, that is, under constant rate of return on the QoS le¥e} b;v;, i € Z, so that
f* . 1 if pgi< v;b;,
v 0 if 57 > U7b7
Proof: For all s > 0, the functiong; is convex, this implies that the functidry; is concave. Hence, we need
only to show that that the profit function of each provideés jointly log-concave inp;, f;) for s = 1. Recall

thatU; denotedog U;. Note that

i(p.f) 1 b g oUy(p, f) i n Bi
Ipi (pi —vifi)  Di(p*, 1) ofi (pi —vifi)  Di(p*, 1)
U (p.f) -1 b; < OUi(p,f) v; n bi 3
op? (pi —wifi)>  DXp*.f) 7 9pidfi (pi —wvifi)>  DZp*.f)
O*U;(p. f) _ —v? B2 <0
af} (pi —vifi)>  DZ2(p*.f)
Since %Zf% <0 and%@‘ < 0, it suffices to show that the determinant of the Hessian malfriis positive,
where
22U, 22U,
o} pi0f;
H =
92U; 92U0;
dfi0pi of?
We have
- o°U; 0°U; O’ 4
det H{Ui(p,f)] = % =5 — (7 2:<Dipi—v7:f7:)

([Df + b7 (pi — vifi)*|[i D} + BF (pi — vifi)?] — [viD} + bi Bi(pi — wfi)Q}Q)
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i — bivy)’
_ b
D;(pi — vifi)?
The latter inequality follows from Assumption 6.
Next, we shall establish the uniqueness of the equilibridimte first that any solution to the following Kuhn-
Tucker conditions is a Nash equilibrium: For evérg 7, there exist non-negative Lagrange multipliefsand

A\’ such that

B 8U7;(p, f) . 1 _ bi
"= opi  (pi—wiff)  Di(p*,f) (37)
i i oUi(p, f) svif] ! Bi
A\ — = = — 38
“ ofi (pi — vif?) - Di(p*,f) (38)

where, as beforey’ and )\ are the Lagrange multipliers corresponding to the min ang caastraints on the
values off;; note, also as before, that we do not need Lagrange mutsgioe the constraints op; sincep’ is
obtained at a point where the partial derivative (25) is zpossibly at the lower boundary, (11) and (14). By
multiplying (37) by, and (38) byb;, and summing the resulting equations, we obtain

Bi — svibi f!

bi(X —al) = (pi — vif?)

(40)

Now, we are going to detemine tiigoSfor s > 1. We have use the fact that the partial derivatf\%(j}’_i) is

positive. Hence we do not need the Langrage mulitipliefor the constraintf, — ™" > 0. According to

1
Bi o=t if Bi

. . - sv:b: :5‘71 4 s—1 - S 17
this, (40) become; \' = Z—""Ji e deduce that* = <S“lbl) svibi .
(pz 'szi ) ? 1 If ﬁib > 1

. . . . £ 0 if Bi < v;ib;
Letting nows = 1. It follows, then, from (40) withs = 0 that f* = { L0 B> b
Fixing f = f*, we obtain thap* is theuniquesolution of the linear system given by (16). This', f*) is

consequently is the unique Nash equilibrium. a

C. Session rejection probability: the Erlang loss formula

Consider now a model handling blocked calls in which theegdiaservers available, and each newly arriving
customer is given his own server; if a customer arrives wheseavers are occupied, that customer’s request
is lost. This system is of particular interest in telephoeéaorks, and is known as Erlang’s loss formula. In
terms of our notation, we have:

() /K

Pl = Gi(pi) = —2—"—""—
ovs = G0 = S ooy 1

(41)

We begin by taking the first derivatives 6f;(.) with respect tg. After some simplification, we obtain
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SR = j)pl T R
[ (pi) /1)

G

i(pi) = (42)

Hence the functior?; ' exists.
Let the concavity coefficient; = 1 implying that QoS measurg and loss probabilities are linearly related
(see (32). The following lemma characterizes some pragedf the functiony; with respect taf;.
Lemma V.2:The functiong;(.) € C? is convex, increasing, and its derivative satisfies
lim g/(fi) = +oc, and lim gi(f;) =
fi—1 fi—0 K;

2

Proof: See Appendix in the full version of the paper citeEAW. a

Combining the last lemma with Theorem II1.3 we obtain thédwing result.
Corollary V.2: The two-parameter price-QoS ganig, (with QoS defined as in (34) with= 1 and session
loss probability given by (41), has a unique Nash equilitrilp*, f*), with f* the unique solution to the

(g _ i if I > v, b;
equations{ gl(f]}) B ”O” _— <_U 7+ andp* is obtained through (10).

VI. CONCLUSIONS

We have presented a framework for modeling the complexantems among telecom and Internet service
providers through a class of one- and two-parameter Nashilqun models. The novel properties of the
models are the use of demand functions which describe eacltes@roviders’ customer set, and take into
account not only the characteristics of that service prwi@P), i, but also of all otheSP, j, the presence
of two parameters describing eaSR’s service price and Quality of Service (QoS) level, and theagality of
the utility functions, which permit incorporating compléxnctions such as those describing loss probabilities,
decreasing rate of return, and other general QoS forms.

The following potentially interesting avenues for furtliesearch have arisen during this study.

« It could be valuable to consider nonlinear expressionshierdemand experienced by e One could
envisage some general concave functions, or the logit drifproodels, for example. The logit model
has the positive feature of allowing closed form expressiftan the choice probabilities acro§P, but
suffers the drawback of requiring an i.i.d. assumption mséhprobabilities. The probit model allows for
covariances acros3Ps, but requires numerical simulation, in general, to obsailutions.

« It could be of interest to incorporate explicitly the netiwaf eachSP into the model. Indeed, in this
work, the characteristics of each provider's network hagerbaggregated into a single pair of functions,
representing some sort af/erageservice one would experience using that service providewéver, it
is well known that QoS, and in some cases, price, vary coraitie across the paths of a singd®. In
addition, the demand experienced bySkhdepends naturally on the source and destination of the d&man
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