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tWe study permutations that avoid two distin
t patterns of length three and anyadditional set of patterns. We begin by showing how to enumerate these permuta-tions using generating trees, generalizing the work of Mansour [13℄. We then �ndsuÆ
ient 
onditions for when the number of su
h permutations is given by a poly-nomial and answer a question of Egge [6℄. Afterwards, we show how to use these
omputations to 
ount permutations that avoid two distin
t patterns of length threeand 
ontain other patterns a pres
ribed number of times.1 Introdu
tionLet q = q1q2 : : : qk be a permutation in the symmetri
 group Sk. We 
all k the length of qand write jqj = k. The redu
tion of a word w of distin
t integers of length k, red(w), is thek-permutation obtained by repla
ing the smallest number element of w by 1, the se
ondsmallest element by 2, and so on. We say that the permutation p = p1p2 : : : pn 2 Sn
ontains a q pattern if there is a subsequen
e pi1pi2 : : : pik of p that redu
es to q, that is,red(pi1pi2 : : : pik) = q. Otherwise we say that p is q-avoiding. For example, 3142 
ontainsa 132 pattern be
ause red(142) = 132, whereas 3124 is 132-avoiding.Let the set Sn(q) 
onsist of all n-permutations that avoid q. If Q is a set of permuta-tions, we de�ne Sn(Q) = \q2QSn(q);�This work has been partially supported by an NSF VIGRE grant to the Rutgers University Depart-ment of Mathemati
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so Sn(Q) 
onsists of all n-permutations that avoid every member of Q. We also de�neS(Q) = [n�1Sn(Q);and set sn(Q) = jSn(Q)j:Note that if q1; q2 2 Q and q2 
ontains q1, then the q2 restri
tion is super
uous, sin
eevery q1-avoiding permutation is also q2-avoiding. Hen
e we may assume that Q is ananti
hain with respe
t to the pattern 
ontainment ordering.The problem of �nding the 
ardinality of Sn(q) for various patterns q has re
eivedmu
h attention. The �rst two 
al
ulations were sn(123) and sn(132), by Ma
Mahon [12℄and Knuth [10℄ respe
tively. Both 
ardinalities turn out to be the nth Catalan number.Later, Simion and S
hmidt [18℄ found sn(Q) for all Q � S3. This was followed by severalarti
les that found sn(fq1; q2g) for various pairs of permutations: Billey, Jo
kus
h, andStanley [4℄, Guibert [9℄, and West [19℄ solved the problem for q1 2 S3, q2 2 S4, andKremer and Shiu [11℄ did several 
ases with q1; q2 2 S4.Two re
ent arti
les arti
les have dealt with 
ounting permutations that avoid at leasttwo patterns of length three subje
t to other 
onstraints. Mansour [13℄ found the gener-ating fun
tions for sn(Q [ fqg) expli
itly (in the form of a determinant) for all patternsq and sets Q � S3 with jQj � 2. Later, Mansour [14℄ 
omputed generating fun
tions forthe number of permutations that avoid at least two patterns of length three and 
ontainanother pattern (of any length) exa
tly on
e. We generalize and 
ombine these results inthis paper.We will start by showing how to routinely �nd sn(Q) for all sets of permutations Qwith jQ \ S3j � 2. Using ideas from Atkinson [1℄, we go on to show that this gives us analgorithm to �nd the number of n-permutations that avoid two patterns of length threeand 
ontain a �nite set of other patterns a pres
ribed number of times. Along the way,we answer a question of Egge [6℄ and see when the level sums of a generating tree agreewith a polynomial.We begin with de�nitions. If q is a permutation and q�1 is its group-theoreti
 inverse,then by elementary arguments (see, for example, Simion and S
hmidt [18℄), sn(q) =sn(q�1) for all n. The same holds between q and its reverse, qrev, where qrev(i) = q(jqj+1 � i). These two operations generate the dihedral group of order 8. If Q2 is a set ofpermutations that 
an be obtained from Q1 by an element of this group, then sn(Q1) =sn(Q2) and we say that Q1 and Q2 are in the same symmetry 
lass.If Q1 and Q2 are sets of patterns with sn(Q1) = sn(Q2) for all n then we say that Q1and Q2 are Wilf-equivalent , or that they belong to the same Wilf 
lass. As is the 
asewith 123 and 132, it 
an happen that two patterns are Wilf-equivalent even though theyare not in the same symmetry 
lass. One of the advantages of our approa
h is that ismakes Wilf-equivalen
e parti
ularly easy to noti
e (see Corollaries 3.4, 3.7, and 3.9).
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There are only six symmetry 
lasses of two element subsets of S3, listed below.symmetry 
lass membersA f132; 231g; f213; 312g; f132; 312g; f213; 231gB f132; 213g; f231; 312gC f123; 132g; f123; 213g; f231; 321g; f312; 321gD f132; 321g; f123; 231g; f123; 312g; f213; 321gE f123; 321gSimion and S
hmidt [18℄ found that these sets form only three Wilf 
lasses. In par-ti
ular, they showed that sn(Q) = 2n�1 if Q belongs to any of the symmetry 
lasses A,B, or C, sn(Q) = 1 + �n2� if Q belongs to 
lass D, and for n � 5, sn(Q) = 0 if Q is theset in 
lass E. For the remainder of this arti
le we ignore the degenerate f123; 321g 
ase.We rederive the other results in the next se
tion be
ause we will need to know more thanjust the 
ardinality of Sn(Q).2 Generating treesOur results will make use of what are known as generating trees. The introdu
tion ofgenerating trees is due to Chung et al. [5℄, who used them to 
ount Baxter permutationsand re
ommended their use in other problems involving permutations. Re
ently manyauthors have followed this advi
e. The reader is referred to West's papers [19℄ and [20℄ fornumerous examples and referen
es. More generally, several authors have begun to studythe algebrai
 properties of generating trees, see Banderier et al. [3℄, Ferrari et al. [7℄, andthe referen
es therein.Pre
isely, a generating tree is a rooted, labeled tree su
h that the labels of the 
hildrenof a node are determined by the label of that node. Therefore we spe
ify a generatingtree by providing the label of the root and a set of su

ession rules. For example, the
omplete binary tree is given by Root: (2)Rule: (2) ; (2)(2)If T is a tree, we will let T�x denote the subtree of T 
ontaining x and all of itsdes
endants. Also, be
ause it agrees with our appli
ations to permutations, we will saythat the root of T is on level 1, and for any level n, we will refer to the number of nodeson level n as the nth level sum of T .To use generating trees to 
al
ulate sn(Q) for a set of patterns Q, we �rst build thetree T (Q) (whi
h we will 
all a pattern-avoidan
e tree) with nodes S(Q) where p 2 Sn(Q)the ele
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is a 
hild of p0 2 Sn�1(Q) if p is formed by inserting n somewhere in p0. Then, we �nd agenerating tree that is isomorphi
 to T (Q). Four easy examples are 
ontained in the nexttwo propositions. Certainly these results are not original, but it seems that the derivationof T (f132; 231g) is the only one that has appeared in the literature (in West [19℄).Proposition 2.1 The pattern avoidan
e trees T (f312; 321g), T (f132; 213g), andT (f132; 231g) are all isomorphi
 to the 
omplete binary tree, so if Q belongs to 
lass A,B, or C, then sn(Q) = 2n�1.Proof: We will need a separate ad ho
 argument for ea
h tree. First, if n � 3 andp 2 Sn�1(f312; 321g), then 
learly we 
annot insert n anywhere before the se
ond-to-lastelement of p, sin
e the last two elements of p either form a 12 pattern or a 21 pattern.Furthermore, the insertion of n into either the next-to-last or last position in p mustprodu
e a permutation in S(f312; 321g) be
ause there will not be enough elements aftern to 
reate a new 312 or 321 pattern. Therefore ea
h node of T (f312; 321g) has pre
iselytwo 
hildren, as desired.Now assume p 2 Sn�1(f132; 213g). We 
annot insert n anywhere to the left of n� 1,unless we insert n at the very beginning, be
ause otherwise we 
reate a 132 pattern. Also,to avoid 
reating a 213 pattern, we 
annot insert n anywhere after n� 1 unless we insertn immediately after n � 1. It is easily 
he
ked that both of these insertions are �ne, soagain every node of T (f132; 213g) has pre
isely two 
hildren.For the last 
ase, let p 2 Sn�1(f132; 231g). We 
an insert n at the beginning or endof p, and nowhere in between, 
ompleting the proof. 3Proposition 2.2 The pattern avoidan
e tree T (f132; 321g) is isomorphi
 to the generat-ing tree given by Root: (2)Rules: (2) ; (2)(2)(2) ; (2)(1)(1) ; (1)so if Q is a member of 
lass D, sn(Q) = �n2�+ 1.Proof: Let p 2 Sn�1(132; 321). If p = 12 : : : (n�1), then we may insert n at the beginningor end of p, but nowhere in between; these permutations 
orrespond to nodes labeled (2).If p 6= 12 : : : (n � 1), we 
annot insert n at the very beginning of p be
ause that would
reate a 321 pattern, and we 
annot insert n anywhere else before n � 1 be
ause thatwould 
reate a 132 pattern. We 
an insert n right after n� 1 or at the end of p (in some
ases these two positions are the same, and this is when p 
orresponds to a node labeled(1)). Furthermore, we 
annot insert n elsewhere after n� 1, be
ause that would 
reate a132 pattern (sin
e n� 1 was not involved in a 321 pattern). 3
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3 Tree pruning and Wilf-equivalen
eWhen Q 
ontains at least two patterns of length three, T (Q) is a subtree of T (Q \ S3).Of 
ourse, not every subtree is possible. For example, T (Q) 
annot be isomorphi
 toT (f132; 312g) with just the bran
h rooted at 12 
ut o�, be
ause that would imply that12 2 Q, and thus other bran
hes would need to be pruned as well. Our goal is to dis
overa set of \pruning rules" that will tell us in what ways these trees 
an be pruned. Thesepruning rules will redu
e the problem of enumerating permutations that avoid a set ofpatterns to the mu
h easier problem of enumerating words that avoid (in a few di�erentsenses) a set of subwords. Although T (f132; 231g) �= T (f132; 213g) �= T (f312; 321g),we will see that ea
h tree prunes di�erently. We start with the easiest tree to prune,T (f132; 231g).Given an alphabet A, let An stand for the set of all words of length n with lettersfrom A and let A� = [nAn denote the set of all �nite words over A. If w 2 An, we letjwj = n. We denote the empty word by �. If u and w = `1`2 : : : `n are both words, where`i 2 A for all 1 � i � n, we write u � w if and only if w 
ontains u as a (not ne
essarily
ontiguous) subword, i.e., if and only if there is a set of indi
es i1 < i2 < : : : < ik su
hthat `i1`i2 : : : `ik = u.We asso
iate with ea
h permutation p 2 Sn(f132; 231g) a word wA(p) 2 fL;Rgn�1 inthe following re
ursive manner. First, we set wA(1) = �. For n > 1, assume that p isformed by inserting n into p0. Let wA(p) = wA(p0)L if p(1) = n and wA(p) = wA(p0)R ifp(n) = n (by Proposition 2.1 these are the only two possibilities).Theorem 3.1 Let p; q 2 S(f132; 231g). Then p 
ontains a q pattern if and only ifwA(q) � wA(p).Proof: Let n = jpj and k = jqj. We indu
t on n. If n = 1 then p = 1 and the theorem iseasily veri�ed. Similarly, we may assume that k > 1, so there are (possibly empty) wordsw and w0 and letters `; `0 2 fL;Rg so that wA(q) = w` and wA(p) = w0`0. Hen
e q isformed by inserting k into w�1A (w) and p is formed by inserting n into w�1A (w0).First, assume that p 
ontains a q pattern. Then w�1A (w0) 
ontains a w�1A (w) pattern,so by indu
tion, w � w0. If wA(q) � w0 � wA(p) then we are done, so we may assumethat wA(q) 6� w0. Then by indu
tion every q pattern in p uses the element n, so sin
e thiselement must play the role of k in any q pattern it parti
ipates in, ` = `0 as desired.Now assume that wA(q) � wA(p), so w � w0. If wA(q) � w0, then we are done byindu
tion. Hen
e we may assume that ` = `0. By indu
tion w�1A (w0) 
ontains a w�1A (w)pattern, and sin
e ` = `0, either q(1) = k and p(1) = n or q(k) = k and p(n) = n. In both
ases we �nd a q pattern in p, 
ompleting the proof. 3The previous theorem allows us to easily 
onstru
t generating trees isomorphi
 toT (Q) for all Q 
ontaining both 132 and 231. If u; w 2 fL;Rg� and u = `1`2 : : : `k whereea
h `i is a letter, let mu(w) = maxfi : `1`2 : : : `i � wg;the ele
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so mu(w) tells us how mu
h of u we have in w. Now setQ0 = Q n f132; 231g = fq1; q2; : : : ; qrg:For 
onvenien
e, let wi = wA(qi) = `i;1`i;2 : : : `i;jqij�1 where `i;j 2 fL;Rg. By Theorem 3.1,we 
an asso
iate with ea
h p 2 S(Q) a ve
tor~vQ0(p) = (mw1(wA(p)) + 1; mw2(wA(p)) + 1; : : : ; mwr(wA(p)) + 1)2 [jq1j � 1℄� [jq2j � 1℄� : : :� [jqmj � 1℄;be
ause if mwi(wA(p)) = jqij � 1 = jwij, then wi � wA(p) and thus p =2 S(Q). If ~a is anysu
h ve
tor and ` 2 fL;Rg, let d`(~a) = (b1; b2; : : : ; br) wherebi := � ai + 1 if `i;ai+1 = `,ai otherwise,Then by Theorem 3.1, T (Q) is isomorphi
 to the generating tree with labels [jq1j � 1℄ �[jq2j � 1℄ � : : : � [jqmj � 1℄ and root ~1 = (1; 1; : : : ; 1) in whi
h for ea
h ` 2 fL;Rg, anynode labeled ~a produ
es a 
hild labeled d`(~a) if and only if d`(~a) 2 [jq1j � 1℄� [jq2j � 1℄�: : :� [jqmj � 1℄.Note that if Q is a �nite set of patterns, then the generating tree given above has only�nitely many labels, and thus it is well-known that the generating fun
tion for sn(Q) isrational (and easily 
omputed). In fa
t, sin
e we have assumed that Q is an anti
hain thefollowing result of Atkinson et al. implies that Q is �nite. Re
all that a partially orderedset is 
alled partially well ordered if it 
ontains neither an in�nite stri
tly de
reasingsequen
e nor an in�nite anti
hain.Theorem 3.2 [2℄ For all sets of patterns Q with jQ \ S3j � 2, S(Q) is partially wellordered.Furthermore, in Se
tion 5, we will show that if Q 
ontains 132, 231, and at leastone pattern from S(f132; 231g), then sn(Q) is essentially a polynomial (we postpone thede�nition of \essentially" until Corollary 5.3).Now we move on to the 
ase of avoiding 132 and 213. As in the last 
ase, for ea
hp 2 Sn(f132; 213g) we re
ursively de�ne a word wB(p) of length n�1. First set wB(1) = �.For n > 1, assume that p is formed by inserting n into p0. By Proposition 2.1, we knowthat there are only two ways in whi
h this insertion 
an be performed. If p(1) = n,set wB(p) = wB(p0)L. Otherwise, n was inserted right after n � 1, and we set wB(p) =wB(p0)R.If u; w 2 fL;Rg�, we say that w 
ontains u as a fa
tor if u o

urs as a 
ontiguoussubword in w, that is, if there are (possibly empty) words w1; w2 2 fL;Rg� su
h thatw = w1uw2. We will also use this notion for permutations, and say that p 
ontainsa1a2 : : : am as a fa
tor if there is some i su
h that p(i+ j) = aj for all j 2 [m℄.If u = La1Ra2La3Ra4 : : : La2m�1Ra2m and w are both words in fL;Rg� witha2; a3; : : : ; a2m�1 > 0, we write u �R w if and only if there exist words w1; w2; : : : ; w2msu
h that w = w1w2 : : : w2m and for all i 2 [m℄,the ele
troni
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(i) w2i�1 
ontains La2i�1 as a subword, and(ii) w2i 
ontains Ra2i as a fa
tor.For example, LLRR 6�R LLRLR (despite the fa
t that LLRR � LLRLR), but LLRR �RLRLRR. Note that like �, �R is a partial ordering on fL;Rg�. In fa
t, � is a re�nementof �R, that is, u � w whenever u �R w.Theorem 3.3 Let p; q 2 S(f132; 213g). Then p 
ontains a q pattern if and only ifwB(q) �R wB(p).Proof: Let n = jpj and k = jqj. We indu
t on n. For n � 2 or k � 2 the theorem iseasily 
he
ked, so we may assume thatwB(q) = w`k�2`k�1;and wB(p) = w0`0n�2`0n�1;for some w;w0 2 fL;Rg� and `k�2; `k�1; `0n�2; `0n�1 2 fL;Rg. Hen
e q is formed by insert-ing k into w�1B (w`k�2) and p is formed by inserting n into w�1B (w0`0n�2).First assume that p 
ontains a q pattern. Then w�1B (w0`0n�2) 
ontains a w�1B (w`k�2)pattern, so w`k�2 �R w0`0n�2. If w�1B (w0`0n�2) 
ontains a q pattern, then by indu
tionwB(q) �R w0`0n�2 �R wB(p) and we are done. So, we may assume that n plays a role inall q patterns in p. If p(1) = n, then `0n�1 = L, and we must have q(1) = k (sin
e n mustplay a role in all q patterns and we are assuming that there is at least one q pattern inp). Hen
e `k�1 = L and wB(q) �R wB(p), as desired.Otherwise `0n�1 = R. It wB(p) does not 
ontain the letter L, then p = 12 : : : n, andthe theorem is 
learly true. So we may assume that wB(p) = u0LRj, and thusp = (n� j)(n� j + 1) : : : npj+2pj+3 : : : pn:Sin
e we are assuming that n must play a role in all q patterns in p, we must haveq = (k � j)(k � j + 1) : : : kqj+2qj+3 : : : qk;so wB(q) = uLRj for some word u. Furthermore, the (n� j)-permutation(n�j)pj+2pj+3 : : : pn must 
ontain a (k�j)qj+2qj+3 : : : qk pattern, so by indu
tion, uL �Ru0L, and thus wB(q) �R wB(p), as desired.Now assume that wB(q) �R wB(p). If wB(q) �R w0`0n�2, then we are done by indu
tion,so we may assume that wB(q) 6�R w0`0n�2, and thus `0n�1 = `k�1. Also note that we musthave w`k�2 �R w0`0n�2, so by indu
tion, w�1B (w0`0n�2) 
ontains a w�1B (w`k�2) pattern. If`k�1 = `0n�1 = L, then q(1) = k and p(1) = n, so p 
ontains a q pattern. Otherwise`k�1 = `0n�1 = R, p 
ontains a (n � 1)n fa
tor, and q 
ontains a (k � 1)k fa
tor. Byassumption, wB(q) = w`k�2R �R w0`0n�2R = wB(p);the ele
troni
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but wB(q) 6�R w0`0n�2;and thus any q pattern in p must use (n � 1) sin
e otherwise we 
ould form a q patternin w�1B (w0`0n�2) and get wB(q) �R w0`0n�2. Therefore, sin
e all wB(w`k�2) patterns inw�1B (w0`0n�2) use (n�1), and there is at least one of these patterns, p 
ontains a q pattern(whi
h uses both n� 1 and n). 3Almost immediately we get the following result about the relation between sn(Q) forsets 
ontaining f132; 231g and sets 
ontaining f132; 213g.Corollary 3.4 Let Q � S(f132; 213g). Then for all n,sn(f132; 231g [ w�1A (wB(Q))) � sn(f132; 213g [Q);with equality if Q � S(f132; 213; 123g)Proof: Sin
e �R is a re�nement of �, if wB(q) �R wB(p) then wB(q) � wB(p). There-fore by Theorems 3.1 and 3.3, if p; q 2 S(f132; 213g) and p 
ontains a q pattern, thenw�1A (wB(p)) 
ontains a w�1A (wB(q)) pattern, proving the inequality.Now suppose that Q � S(f132; 213; 123g). Be
ause wB(123) = RR, wB(q) does not
ontain an RR fa
tor for any q 2 Q. Hen
e, for all words w 2 fL;Rg�, wB(q) �R w ifand only if wB(q) � w. 3Theorem 3.3 also allows us to 
onstru
t a generating tree isomorphi
 to T (Q) for anyQ 
ontaining both 132 and 213 just as we did in the 
ase where Q 
ontains both 132and 231 (although in this 
ase the generating tree is slightly more 
ompli
ated). Weomit the expli
it 
onstru
tion but remark that if Q is an anti
hain (and we may alwaysassume this) then the generating tree 
onstru
ted has only �nitely many labels, so againthe generating fun
tion for sn(Q) is rational.Next we 
onsider sets of patterns 
ontaining 312 and 321. This is the most 
ompli
ated
ase, but after some work we will see (Corollary 3.7) that these sets behave like sets
ontaining 132 and 213; pre
isely, we will see that if Q 
ontains 312 and 321, then thereis a set of patterns Q0 
ontaining 132 and 213 so that T (Q) �= T (Q0).As usual, we start by de�ning a 
orresponden
e between permutations in S(f312; 321g)and words on the symbols L and R, wC(p), and a partial ordering of these words, �L.Let wC(1) = �, and for n > 1, assume that p 2 Sn(f312; 321g) is formed by inserting ninto p0. Proposition 2.1 shows us that there are only two possibilities for this insertion:the next-to-last or the last position. In the former 
ase let wC(p) = wC(p0)L, and in thelatter, wC(p) = wC(p0)R.We de�ne the 
omplement of the word w = `1`2 : : : `n 2 fL;Rgn, 
(w), to be theword whose ith letter is L if `i = R and is R if `i = L. For two words u; w 2 fL;Rg�,we write u �L w if and only if 
(u) �R 
(w). If u = La1Ra2La3Ra4 : : : La2m�1Ra2mwith a2; a3; : : : ; a2m�1 > 0, this means that u �R w if and only if there exist wordsw1; w2; : : : ; w2m su
h that w = w1w2 : : : w2m and for all i 2 [m℄,the ele
troni
 journal of 
ombinatori
s 9(2) (2003), #R6 8



(i) w2i�1 
ontains La2i�1 as a fa
tor, and(ii) w2i 
ontains Ra2i as a subword.Unfortunately, wC and�L do not fully 
apture the notion of pattern avoidan
e in this 
ase.In addition, we will need the rewriting system in whi
h any of the following operationsare allowed:(i) for j � 3, rewriting an Rj fa
tor with RLj�1R,(ii) for j � 2, rewriting an Rj fa
tor that o

urs at the beginning of a word with LjR,(iii) for j � 2, rewriting an Rj fa
tor that o

urs at the end of a word with RLj, or(iv) for j � 1, rewriting the word Rj with Lj+1.We write w =) u if u 
an be derived from w by performing one of the operations (i)-(iv),and w �=) u if u 
an be derived from w by any number of operations, that is, if there arewords w1; w2; : : : ; wm�1 su
h thatw = w0 =) w1 =) w2 =) : : : =) wm = u:For any word w 2 fL;Rg�, de�ne�C(w) = fu : w �=) ug:Note that sin
e ea
h of the operations (i)-(iv) de
reases the number of o

urren
es of theletter R, this system is Noetherian, i.e., there is no in�nite sequen
e of words w0; w1; w2 : : :su
h that w0 �=) w1 �=) w2 �=) : : : ;so �C(w) is �nite for all w. The next lemma des
ribes another important property ofthis rewriting system.Lemma 3.5 Let w 2 fL;Rg� and u 2 �C(w). Then for all j � 0, wRLj �=) uRLj, souRLj 2 �C(wRLj).Proof: Choose m minimal so that there are words w1; w2; : : : ; wm�1 so thatw = w0 =) w1 =) w2 =) : : : =) wm = u:We indu
t on m. If m = 0 then u = w and the lemma is true trivially. If m = 1, thenw =) u and we handle ea
h operation separately. If u is obtained from w by either (i) or(ii) then the lemma is 
learly true. If u is obtained from w by (iii), suppose that w = w0Riwhere i � 2. Then we havewRLj = w0Ri+1Lj =) w0RLiRLj = uRLjthe ele
troni
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by using (i). If u is obtained from w by (iv), then w = Ri for some i � 1, sowRLj = Ri+1Lj =) Li+1RLj = uRLjby using (ii), �nishing the m = 1 
ase.If m > 1, then by indu
tion wRLj �=) wm�1RLj and wm�1RLj �=) uRLj sowRLj �=) uRLj, 
ompleting the proof of the lemma. 3We are now ready to establish the pruning rule in this 
ase.Theorem 3.6 Let p; q 2 S(f312; 321g). Then p 
ontains a q pattern if and only ifu �L wC(p) for some u 2 �C(wC(q)).Proof: Let n = jpj and k = jqj. We indu
t on n. If n � 2 or k � 2, the theorem is easily
he
ked, so we may assume that wC(q) = w`k�2`k�1;and wC(p) = w0`0n�2`0n�1;where w;w0 2 fL;Rg� and `k�2; `k�1; `0n�2; `0n�1 2 fL;Rg.First assume that p 
ontains a q pattern. If w�1C (w0`0n�2) 
ontains a q pattern then weare done by indu
tion, so we will assume that w�1C (w0`0n�2) is q-avoiding, and thus n mustplay a role in every q pattern in p. Note that w�1C (w0`0n�2) must 
ontain a w�1C (w`k�2)pattern, so by indu
tion, there is at least one word u 2 �C(w`k�2) with u �L w0`0n�2.If p(n) = n (so `0n�1 = R), then sin
e there is at least one q pattern in p and all su
hpatterns must involve the element n we have q(k) = k (so `k�1 = R). Hen
e uR �L wC(p)and sin
e u 2 �C(w`k�2), by Lemma 3.5, uR 2 �C(w`k�2R) = �C(wC(q)).Otherwise p(n � 1) = n and thus `0n�1 = L. There are two possibilities: eitherp(n � 2) = n � 1 (so `0n�2 = L), or p(n) = n � 1 (so `0n�2 = R). In either 
ase, be
ausen�1 and n are adja
ent in p and w�1C (w0`0n�2) is q-avoiding, every q pattern in p must use(n� 1) as well as n. In the latter 
ase, this implies that q(k) = k � 1 and q(k � 1) = k,and thus wC(q) = wRL, and again using Lemma 3.5 we are done.The former 
ase, where p(n � 1) = n, p(n � 2) = n � 1, and thus wC(p) = w0LLis slightly more diÆ
ult. First, if wC(p) = Ln�1 then p = 23 : : : n1, so p only 
ontainspatterns of the form 12 : : : (j + 1) (with j < n � 1) and 23 : : : (j + 1)1 (with j � n� 1).If q = 12 : : : (j + 1) for some 1 � j < n� 1, then wC(q) = Rj and by applying operation(iv) we see that Lj+1 2 �C(wC(q)). We are now done be
ause Lj+1 �L wC(p). In theother 
ase, q = 23 : : : (j + 1)1 for some 1 � j � n � 1, so wC(q) = Lj �L wC(p).Therefore we may now assume that w0 
ontains the letter R, so let wC(p) = v0RLj, wherev 2 fL;Rgn�j�2. Thenp = p1p2 : : : pn�j�1(n� j + 1)(n� j + 2) : : : n(n� j):the ele
troni
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If there is a q pattern in p that uses the element (n� j), then we must haveq = q1q2 : : : qk�j�1(k � j + 1)(k � j + 2) : : : k(k � j);so w�1C (v0) = p1p2 : : : pn�j�1 
ontains a q1q2 : : : qk�j�1 pattern. Hen
e by indu
tion thereis some v 2 �C(wC(q1q2 : : : qk�j�1)) with v �L v0 and by Lemma 3.5,vRLj 2 �C(wC(q1q2 : : : qk�j�1)RLj) = �C(wC(q));and thus we are done be
ause vRLj �L v0RLj.Otherwise none of the q patterns in p use the element (n� j), sow�1C (v0Rj) = red(p1p2 : : : pn�j�1(n� j + 1)(n� j + 2) : : : n)
ontains a q pattern. By indu
tion this means that there is some u 2 �C(wC(q)) withu �L v0Rj. Hen
e u = u0Rj, and thuswC(q) �=) u = u0Rj =) u0RLj �L v0RLj = wC(p);by applying operation (iii). Therefore we are �nished with this dire
tion of the proof.Now assume that there is some u 2 �C(wC(q)) with u �L wC(p). We will show that p
ontains a q pattern by �rst showing that p 
ontains a w�1C (u) pattern and then showingthat w�1C (u) 
ontains a q pattern.Note that sin
e ea
h of the operations (i)-(iv) is length in
reasing, m � k � 2. Letu = w00`00m�2`00m�1;where w00 2 fL;Rg� and `00m�2; `00m�1 2 fL;Rg. As usual we may assume by indu
tionthat u 6�L w0`0n�2, so `0n�1 = `0m�1. Sin
e we must have w00`00m�2 �L w0`0n�2, by indu
tionwe see that w�1C (w0`0n�2) 
ontains a w�1C (w00`00m�2) pattern. Hen
e if `0n�1 = `00m�1 = R, sop(n) = n and w�1C (u)(m) = m, then p 
ontains a w�1C (u) pattern as desired.This leaves us with the 
ase where `0n�1 = `00m�1 = L. If `00m�2 = R then w�1C (u) endswith an n(n� 1) fa
tor. There must be at least one o

urren
e of the letter R in wC(p),and thus we may write wC(p) = v0RLj:Then w00R �L v0R so by indu
tion w�1C (v0R) 
ontains a w�1C (w00R) pattern, and from hereit is 
lear that p 
ontains a w�1C (u) pattern.If `00m�2 = L, then u = w00LL �L w0`0n�2L = wC(p);so sin
e we have assumed that u 6�L w0`0n�2, we must have `0n�2 = L. Therefore p endswith an (n � 1)nx0 pattern for some x0 2 [n � 2℄ and w�1C (u) ends with an (m � 1)mx00pattern for some x00 2 [m � 2℄. If there is a w�1C (w00L) pattern in w�1C (w0), then we aredone by indu
tion, so we may assume that all the w�1C (w00L) patterns in w�1C (w0L) (wehave remarked earlier that there must be at least one of these) use the element n � 1.This shows that p 
ontains a w�1C (u) pattern, 
ompleting this part of the proof.the ele
troni
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It remains only to show that w�1C (u) 
ontains a q pattern for all u 2 P (wC(q)). Choosem minimal so that there are words w1; w2; : : : ; wm�1 so thatwC(q) = w0 =) w1 =) w2 =) : : : =) wm = u:We indu
t on m. If m = 0 then w�1C (u) = q and the 
laim is true. If m = 1, thenwC(q) =) u and we examine ea
h operation separately.Suppose that u is obtained from wC(q) by (iv). Thenq = 12 : : : k;w�1C (u) = 23 : : : (k + 1)1;and we get q from w�1C (u) by removing 1 and redu
ing.If u is obtained from wC(q) by (iii), thenwC(q) = w1Rj =) w1RLj = u;so q = w�1C (w1)(k � j + 1)(k � j + 2) : : : k;w�1C (u) = w�1C (w1)(k � j + 2)(k � j + 3) : : : (k + 1)(k � j + 1);and to get q from w�1C (u) we just remove k � j + 1 and redu
e.If u is obtained from wC(q) by (ii), thenwC(q) = Rjw1 =) w1LjRw1 = u;and q is equal to the redu
tion of the permutation obtained from w�1C (u) by removing theelement 1.Finally, if u is obtained from wC(q) by (i), thenwC(q) = w1Rjw2 =) w1RLj�1Rw2 = u:and q is equal to the redu
tion of the permutation obtained by removing the elementjw1j+ 1 from w�1C (u), so w�1C (u) 
ontains a q pattern.If m > 1, then by indu
tion w�1C (wm�1) 
ontains a q pattern and w�1C (u) 
ontains aw�1C (wm�1) pattern, so w�1C (u) 
ontains a q pattern, 
ompleting the proof. 3Immediately from Theorems 3.3 and 3.6, we get the following result about Wilf-equivalen
e.Corollary 3.7 Let Q � S(f312; 321g). Then for all n,sn(f312; 321g [Q) = sn(f132; 213g [ w�1B (
(�C(wC(Q))))):the ele
troni
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Therefore for any set of patterns Q 
ontaining both 312 and 321, sn(Q) has a rationalgenerating fun
tion, and we 
an �nd this generating fun
tion by using Corollary 3.7 andthen 
onstru
ting the generating tree alluded to after Theorem 3.3.We have only one more symmetry 
lass to 
onsider, sets 
ontaining 132 and 321. FromTheorem 3.1 we see that T (f132; 321g) �= T (f132; 231; 4213g)be
ause wA(4213) = LRL. In fa
t, we will see that T (f132; 321g) prunes mu
h likeT (f132; 231; 4213g).As usual, let wD(1) = �, and for n > 1 assume that p 2 Sn(f132; 321g) is formedby inserting n into p0. We de�ne wD(p) by wD(p) = wD(p0)R if p(n) = n, and wD(p) =wD(p0)L otherwise (in this 
ase, either p = n1 : : : (n � 1) or n was inserted right aftern�1). By Proposition 2.2 the image of wD is pre
isely the set fw 2 fL;Rg� : LRL 6� wg.We will not need a new partial order for this 
ase, but we do need to de�ne anotherrewriting system. In this system only one operation is allowed: rewriting the word Ri+jas LiRj. Let �D(w) = fu : w �=) ug;so �D(w) = � fwg if L � w,fLiRjwj�i : 0 � i � jwjg if L 6� w.Theorem 3.8 Let p; q 2 S(f132; 321g). Then p 
ontains a q pattern if and only ifu � wD(p) for some u 2 �D(wD(q)).Proof: As we remarked above, be
ause p; q 2 S(f132; 321g), LRL 6� wD(p); wD(q).This means that wD(p) = Ra1La2Ra3 and wD(q) = Rb1Lb2Rb3 for some integers a1; a2; a3;b1; b2; b3 � 0. Furthermore, we have thatw�1D (RiLjRk) =(i+ 2)(i+ 3) : : : (i + j + 1)12 : : : (i+ 1)(i+ j + 2)(i+ j + 3) : : : (i+ j + k + 1):So w�1D (RiLjRk) 
onsists of three (possibly empty) in
reasing fa
tors of respe
tive lengthsb, a + 1, and 
 su
h that every element in the �rst in
reasing fa
tor is greater than allelements in the se
ond, but less than all elements in the third.First, if q is not 12 : : : k, then L � wD(q) and 
learly p has a q pattern if and only ifbi � ai for all i 2 [3℄. Sin
e �D(wD(q)) = fwD(q)g in this 
ase, we are done.Otherwise q = 12 : : : k (so wD(q) = Rk�1) and we need to 
onsider several di�erentkinds of q patterns in p. First, p 
ould have a q pattern in the 12 : : : (a1 + 1) fa
tor. Thiso

urs if and only if k � 1 � a1, i.e., if and only if Rk�1 � Ra1 . Se
ondly, we 
ould havea q pattern in the (a1 + a2 + 2)(a1 + a2 + 3) : : : (a1 + a2 + a3 + 1) fa
tor. This o

ursif and only if k � 1 � a3, whi
h is if and only if Rk�1 � Ra3 . We 
ould also have aq pattern formed using elements from both of these fa
tors, whi
h o

urs if and only ifRk�1 � Ra1Ra3 . All other q patterns must use the (a1+2)(a1+3) : : : (a1+ a2+1) fa
tor.the ele
troni
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Hen
e these patterns 
annot use the 12 : : : (a1+1) fa
tor, so we have su
h patterns if andonly if LiRk�1�i � La2Ra3 for some i � 0. Putting this together with our expression for�D(wD(q)), the theorem is proved. 3Theorem 3.8 gives us our last result about Wilf-equivalen
e.Corollary 3.9 Let Q � S(f132; 321g). Then for all n,sn(f132; 321g [Q) = sn(f132; 231; 4213g [ w�1A (�D(wD(Q)))):We 
on
lude this se
tion by 
olle
ting our various results about rational generatingfun
tions.Theorem 3.10 Let Q be any set of patterns that 
ontains two elements of S3. Then T (Q)is isomorphi
 to a generating tree with only �nitely many labels, and thus the generatingfun
tion for sn(Q) is rational.4 Interesting sets of restri
tionsSimion and S
hmidt [18℄ showed that sn(f123; 132; 213g) = Fn+1, the n + 1st Fibona

inumber. Egge [6℄ generalized this to show that for all n � 0 and k � 2,sn(f123; 132; (k� 1)(k � 2) : : : 1kg) = sn(f132; 213; 12 : : : kg) = F (k�1)n+1 ;where F (k)n denotes the nth k-generalized Fibona

i number de�ned by F (k)n = 0 forn � 0, F (k)1 = 1, and F (k)n =Pki=1 F (k)n�i for n � 2. This follows easily from our work in theprevious se
tion. First, note that f123; 132; (k� 1)(k� 2) : : : 1kg and f312; 321; 23 : : : k1gare in the same symmetry 
lass. Also, wB(12 : : : k) = Rk�1, wC(23 : : : k1) = Lk�1, and�C(Lk�1) = fLk�1g, so f123; 132; (k� 1)(k � 2) : : : 1kg and f132; 213; 12 : : : kg are Wilf-equivalent by Corollary 3.7.Hen
e we need only 
ompute sn(f132; 213; 12 : : : kg). Be
ause wB(12 : : : k) = Rk�1,Theorem 3.3 tells us that there is a bije
tion between Sn(f132; 213; 12 : : : kg) and the setof words in fL;Rgn�1 that do not 
ontain an Rk�1 fa
tor. It is well-known that thenumber of su
h words is F (k�1)n+1 .Egge [6℄ performs another 
al
ulation that follows easily from our previous work. It issn(f132; 213; 23 : : : k1g) = nXi=1 F (k�2)i : (1)Sin
e wB(23 : : : k1) = LRk�2, we getsn(f132; 213; 23 : : : k1g) = sn�1(f132; 213; w�1B (LRk�2)g) + sn�1(f132; 213; w�1B (Rk�2)g);= sn�1(f132; 213; 23 : : : k1g) + sn�1(f132; 213; 12 : : : (k � 1)g);= sn�1(f132; 213; 23 : : : k1g) + F (k�2)n ;the ele
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by our previous 
al
ulation, and now (1) follows. Noti
e that the di�eren
es ofsn(f132; 213; 23 : : : k1g) satisfy the (k � 2)-generalized Fibona

i re
urren
e. Inspired bythis and a 
al
ulation that is not aided by our work (that the (k � 3)rd di�eren
es ofsn(f132; 2341; k(k � 1) : : : 4213g) satisfy the Fibona

i re
urren
e), Egge asked: for alli � 0 and k � 1, is there a set of patterns Qi;k su
h that the ith di�eren
es of sn(Qi;k)satisfy the k-generalized Fibona

i re
urren
e? We answer this in the aÆrmative, withQi;k = f132; 213; (i+ 1)(i+ 2) : : : (i+ k + 1)i(i� 1) : : : 1g:The desired result follows easily from indu
tion on i and the fa
t thatwB((i+ 1)(i + 2) : : : (i+ k + 1)i(i� 1) : : : 1) = LiRk;so sn(Qi;k) = sn�1(Qi;k) + sn�1(Qi�1;k);for i; n � 1 (we have already settled the i = 0 
ase above).We 
an also get a sum of a bounded number of generalized Fibona

i numbers byadding another pattern to sets we have already 
onsidered:sn(f132; 213; 23 : : : k1; 12 : : : (j + 1)g) = jXi=1 F (k�2)i :Furthermore, we 
an �nd sets that (for n large enough) give us any 
onstant fun
tionwe would like: sn(f132; 213; 231; 12 : : : (k + 1)g) = minfn; kg;for all n.5 When sn(Q) is (essentially) a polynomialTheorem 3.10 tells us that there is a �nitely-labeled generating tree isomorphi
 to T (Q)whenever jQ\S3j � 2. In addition to giving rise to rational generating fun
tions, �nitely-labeled generating trees are ni
e be
ause they are equivalent to deterministi
 information-less Lindenmayer systems, or D0L-systems for short (see Ferrari et al. [7℄ for details). Thereader is referred to Rozenberg and Salomaa [16℄ for more information on D0L-systems.We will make use only of the following result of Salomaa, whi
h we have translated intogenerating tree terminology.Theorem 5.1 [17℄ Let T be a �nitely-labeled generating tree. If there is a node, sayx 2 T , su
h that T�x 
ontains two nodes on the same level with the same label as x, thenthe level sums of T are (
learly) exponential. Otherwise the level sums of T are boundedby a polynomial.the ele
troni
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It is relatively easy to see that if ; 6= Q � S(f132; 231g), then the generating treeisomorphi
 to T (f132; 231g[Q) that we 
onstru
ted in Se
tion 3 satis�es the hypothesesof Theorem 5.1: the ith 
omponent of d`(~a) is at least the ith 
omponent of ~a, and sin
eQ 6= ;, for some i 2 jQj the ith 
omponent of either dL(~a) or dR(~a) is stri
tly greater thanthe ith 
omponent of ~a.If T is a generating tree and x and y are nodes in T , then x and y 
an not share a labelif T�x 6�= T�y, but they 
an share a label if T�x �= T�y. Let �(T ) denote the 
ardinalityof the largest set of nodes X � T su
h that T�x 6�= T�y whenever x; y 2 X with x 6= y.In other words, �(T ) is the minimum number of labels needed for T . Note that if y is ades
endant of x in T , then �(T�y) � �(T�x).Theorem 5.2 Suppose that the generating tree T has polynomially bounded level sumsand the additional property that if y is a 
hild of x then �(T�y) = �(T�x) only if T�y �= T�x.Then there is a polynomial p(n) of degree at most �(T ) su
h that T has pre
isely p(n)nodes on level n for all n � �(T ).Proof: Let pT (n) denote the number of nodes on level n of T . We indu
t on �(T ). If�(T ) = 1, then sin
e the level sums of T are bounded by a polynomial, we must havepT (n) = 1 for all n � 1. Now assume that �(T ) � 2 and that the 
hildren of the rootnode are x1; x2; : : : ; xk. Hen
e for all n � 2,pT (n) = kXi=1 pT�xi (n� 1):If �(T�x1) < �(T ) for all i 2 [k℄, then the theorem follows by indu
tion. Otherwise,without loss assume that T�x1 �= T . Note that sin
e T has polynomially bounded levelsums, this is the only su
h 
hild. Therefore we get thatpT (n)� pT (n� 1) = kXi=2 pT�xi (n� 1);and we are again done by indu
tion. 3Applying this to our situation gives the following result.Corollary 5.3 Let ; 6= fq1; q2; : : : ; qmg � S(f132; 231g). Then there is a polynomial ofdegree at most (jq1j�1)(jq2j�1) : : : (jqmj�1) that agrees with sn(f132; 231; q1; q2; : : : ; qmg)for all n � (jq1j � 1)(jq2j � 1) : : : (jqmj � 1).Note that by our previous work on Wilf-equivalen
e, similar results hold in two other
ases:(1) By Corollary 3.4, if ; 6= fq1; q2; : : : ; qmg � S(f132; 213; 123g) then there is apolynomial of degree at most (jq1j � 1)(jq2j � 1) : : : (jqmj � 1) that agrees withsn(f132; 213; q1; q2; : : : ; qmg) for all n � (jq1j � 1)(jq2j � 1) : : : (jqmj � 1).(2) By Corollary 3.9, if 132; 321 2 Q then there is a polynomial that agrees with sn(Q)for all large n.the ele
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6 Con
lusionIn [15℄, Noonan and Zeilberger studied permutations that 
ontain patterns a pres
ribed(possibly non-zero) number of times. In parti
ular they 
onje
tured that the number of n-permutations with exa
tly r1; r2; : : : ; rj 
opies of the patterns q1; q2; : : : ; qj is P-re
ursivein n. Atkinson [1℄ showed using In
lusion-Ex
lusion and some simple 
ounting argu-ments that there are �nite sets of patterns Q1; Q2; : : : ; Qk so that the number of the afor-mentioned permutations is an integral linear 
ombination of sn(Q1); sn(Q2); : : : ; sn(Qk).Hen
e the Noonan-Zeilberger Conje
ture is equivalent to the seemingly weaker 
onje
tureof Gessel [8℄ that sn(Q) is P-re
ursive for all �nite sets of patterns Q. If r1 = r2 = 0, thenAtkinson's argument shows that the number of these permutations is equal to an integrallinear 
ombination of sn(fq1; q2g[Q1); sn(fq1; q2g[Q2); : : : ; sn(fq1; q2g[Qk) for some setsof patterns Q1; Q2; : : : Qk. Hen
e by Theorem 3.10, the Noonan-Zeilberger Conje
ture istrue whenever r1 = r2 = 0 and q1; q2 2 S3 with q1 6= q2. Moreover, Atkinson gives anupper bound on the lengths of the permutations in Q1; Q2; : : : ; Qk, so together with ourresults from Se
tion 3, we get an algorithm to 
ompute the number of these permutationsin the 
ase where r1 = r2 = 0, q1; q2 2 S3, and q1 6= q2. This is similar to the workof Mansour [14℄, who 
omputed generating fun
tions for the number of n-permutationsthat avoid two distin
t patterns of length three and 
ontain exa
tly one 
opy of anotherpattern of any length.It is natural to wonder what other pattern avoidan
e trees T (Q) have ni
e pruningrules. If the pruning rules are to look like the rules presented here then the tree must havebounded degrees, i.e., there must be a 
onstant d su
h that every permutation p 2 S(Q)has at most d 
hildren in T (Q). This for
es us to have, for some j; k � 0, both a 
hildof 12 : : : j and a 
hild of k : : : 21 in Q be
ause otherwise for all n either 12 : : : n or n : : : 21will have n+1 
hildren and thus the tree will not have bounded degrees. In fa
t, Kremerand Shiu [11℄ showed that this 
ondition is suÆ
ient.Theorem 6.1 [11℄ The pattern-avoidan
e tree T (Q) has bounded degrees if and only iffor some j; k � 0, Q 
ontains a 
hild of 12 : : : j and a 
hild of k : : : 21.For a start, it would be ni
e to know if all the pattern-avoidan
e trees with boundeddegrees are isomorphi
 to �nitely labeled generating trees. We have seen in Se
tion 3 thatthis is true if jQ\S3j � 2, and Kremer and Shiu [11℄ found it to be true when Q 
ontainspre
isely two distin
t elements of S4.A
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