
Algorithms for Routing with Multiple ConstraintsAnuj Puri and Stavros TripakisDecember 16, 1999AbstractIn this paper, we study the problem of routing under multiple constraints.We consider a graph where each edge is labelled with a cost and a delay.We then consider the problem of �nding a path from a source vertex toa destination vertex such that the sum of the costs on the path satisfythe cost constraint and the sum of the delays satisfy the delay constraint.We study the complexity of this problem and then present three di�erentalgorithms for solving the problem. These algorithms have varying levelsof complexity and solve the problem with varying degrees of accuracy. Wepresent an implementation of these algorithms and discuss their performanceon di�erent graphs.1 IntroductionRouting data from one node to another is among the most basic problems in computernetworking. A model for such a problem is a graph where an edge in the graphrepresents a physical link in the network. Associated with each edge is its length.This length could represent the delay of the physical link, or its cost, or a summaryof various properties of the link. The routing problem is to �nd a path from thesource to the destination of minimum length.This formulation requires us to summarize all properties of a link with a singlenumber, or to focus only on a single property at the expense of others. For example,we may have a choice between a low cost link which has a high delay (such as asatellite link), or a high cost link with a low delay (such as a �ber optic link). It isnot clear how to summarize these links with a single number in the routing problem.1



In this paper, we present a more general formulation of the problem. We modela physical link with an edge in the graph that is labelled with two numbers: a delayand a cost. We are given a delay constraint D and a cost constraint C. Our objectiveis to �nd a path from the source to the destination such that the sum of all delayson the path is less than D, and the sum of all costs is less than C. We �rst showthat this problem is NP-hard. We then present three di�erent algorithms for solvingthe problem. The �rst algorithm is a pseudo-polynomial time algorithm which solvesthe problem exactly in time O(jV jjEjminfC;Dg) where jV j is the number of verticesand jEj is the number of edges in the graph. The algorithm either reports backwith a path satisfying the constraints or states that no such path exists. The secondalgorithm solves the problem approximately but with an error of at most �. That is,either it states that no path satisfying the constraints exists, or it �nds a path suchthat the sum of costs on the path is at most C(1+�), and the sum of delays is at mostD(1+ �). The complexity of this algorithm is O(jV j2jEj(1+ 1� )). The third algorithm�nds a path with an error of at most � = 1. This algorithm requires a solution of theshortest path problem on the given graph. Although most of the paper is focused ondealing with two constraints, The �rst two algorithms generalize in a straight forwardmanner to more than two constraints.In Section 2, we de�ne our problem more formally and introduce our notation. InSection 3, we show the problem is NP-Complete. In Section 4, we present a pseudo-polynomial time algorithm for the problem. In Section 5, we present a polynomialtime approximation scheme. In Section 6, we present an algorithm based on solvingthe shortest path problem on the graph. In Section 7, we present a linear programmingsolution to a relaxed problem. In Section 8 we discuss other possible extensions.Secion 9 discusses the performance results for the di�erent algorithms and Section 10is the conclusion. In the appendix, we describe the details of our software and howit can be used.Relationship to other workThe routing problem with more than one constraint seems to have been studied byseveral researchers. It seems to be well known that the problem is NP-Complete[3, 2, 1]. An explicit proof of this is provided in [4]. In [3], a pseudo-polynomial timealgorithm is presented for exactly solving the problem. This algorithm is similar tothe algorithm presented in Section 4. Although [3] states that the complexity of thealgorithm is O(jV j5maxfC;Dglog(jV jmaxfC;Dg)). By a more careful analysis and2



using the data structures in a more clever manner, we can show the complexity ofour algorithm is O(jV jjEjminfC;Dg). In [3], an approximation algorithm that solvesthe problem with approximation error � = 1 using the shortest path algorithm isalso presented. Although this is similar to our algorithm in Section 6, our algorithmin general will perform better because we solve a series of shortest path problems,each obtaining a better solution than the last one. In [2], several algorithms are pre-sented for approximating the solution to the problem. Although the author restrictsto acyclic graphs, extensions to general graphs should be straight forward. The com-plexity of the two approximation algorithms are O(loglogB( jV jjEj� + loglogB)) andO(jEj jV j2� log(n� )) where � is the error of the approximation and B = maxfC;Dg.Our approximation algorithm in Section 5 has complexity O(jV j2jEj(1 + 1� ). Thealgorithms also use somewhat di�erent techniques. Our algorithm is essentially ageneralization of the Bellman-Ford algorithm where we keep track of errors duringthe iteration.Although, several algorithms have been proposed for solving the routing problemwith multiple constraints, there seems to be no results available about the actualimplementation or the performance of these algorithms. In our work, we presentseveral new ideas for solving the problem, a complete implementation of these ideasand a comparison of the performance of these algorithms.2 Problem FormulationWe consider a directed graph G = (V;E) where V is the set of vertices and E is theset of edges. An edge e 2 E is e = (v;w; c; d) where the edge goes from v to w, andhas delay delay(e) = d and cost(e) = c. We write this as u (c;d)�! v. When there isno confusion, we may also write the edge as (v;w) and say the edge is labelled with(c; d).A path is p = v1 (c1;d1)�! v2 (c2;d2)�! v3 (c3;d3)�! � � � (cn ;dn)�! vn+1. The cost of a path iscost(p) =Pni=1 ci and its delay is delay(p) =Pni=1 di.Given a path p and cost constraint C and delay constraint D, we say p is feasibleprovided cost(p) � C and delay(p) � D. The problem of routing under two constraintsis, given G = (V;E), cost constraint C and delay constraint D, a source node s 2 Vand a destination node t 2 V , �nd a feasible path p from s to t, or decide that nosuch path exists. 3
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(1,2)Figure 1: A Simple NetworkExample 2.1 Consider the graph of Figure 1. Each edge is labelled with (c; d) where cis the cost of the edge and d is the delay of the edge. For example, the edge from vertex1 to vertex 2 has cost 3 and delay 1. Suppose the source vertex is 1, the destinationvertex is 4, the cost constraint is C = 5 and the delay constraint is D = 2. Then,the path 1 (3;1)�! 2 (2;1)�! 4 is feasible, whereas 1 (1;2)�! 3 (1;2)�! 4 is not (since it violates thedelay constraint).The reader can check that if C = 4 and D = 3, then there is no feasible path.Rather than checking to see if a graph has a feasible path, it is sometimes usefulto minimize the following objective functionM(p) = maxfmaxfcost(p); CgC ; maxfdelay(p);DgD gObserve that for any path p, M(p) � 1 and M(p) = 1 i� p is feasible. But evenif a feasible path does not exist or is hard to �nd, by trying to minimizing M(p) wecan get a path that comes \close" to satisfying the constraints.Formally, we de�ne the error of a path p aserror(p) = M(p) �M(p�)M(p�)where p� is the path which minimizesM (in case more than one paths minimizeM ,we pick p� arbitrarily among them, since the minimal value M(p�) is the same for allof them). 4
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nFigure 2: Graph obtained from the knapsack problemNotice that error(p) � 0 and error(p) = 0 i� p is feasible. Also note that ifcost(p)�CC � � and delay(p)�DD � �, then error(p) � �. Indeed, the two above conditionsimply that M(p) � 1 + � and, since M(p�) � 1, we get error(p) � �.In case it is too di�cult to �nd p�, we look for a path p for which error(p) is small.We will next consider the complexity of �nding a feasible path, and algorithms for�nding a feasible path and for �nding paths for which error(p) is small.3 ComplexityWe show that the routing problem with two constraints is NP-Complete.Theorem 3.1 The routing problem with two constraints is NP-Complete.Proof: We will provide a reduction from the knapsack problem. Recall that in theknapsack problem, we are given positive integers c1; c2; : : : ; cn, and N , and the objec-tive is to �nd a subset S � f1; : : : ; ng such that Pi2S ci = N .From the knapsack problem, we construct a graph with vertices f1, . . . , ng. Thereare two edges from vertex i to vertex i+1: edge (i; i+1; ci; 0) and edge (i; i+1; 0; ci).Figure 2 shows the scenario. Our objective is to �nd a path from vertex 1 to vertexn with cost constraint N and delay constraint Pni=1 ci �N . It is easy to check thatthere is a path that satis�es the constraints i� there is a solution to the knapsackproblem. 5



4 An O(jV j � jEj � minfC;Dg) pseudo-polynomial al-gorithmIn this section, we propose an algorithm for the problem of routing under two con-straints with worst-case complexity O(jV j � jEj � minfC;Dg). That is, the algorithmis polynomial on the size of the graph (quadratic on the number of nodes and linearon the number of edges), but also linearly depends on the smaller of the bounds Cand D. Therefore, it is a pseudo-polynomial algorithm.Let us begin by making a safe hypothesis. Consider a graph G = (V;E) andlet costmax = maxfc j ( ; ; c; ) 2 Eg and delaymax = maxfd j ( ; ; d; ) 2 Eg bethe maximum cost and delay associated with any edge of G. Now, assume thatn � costmax � C. Then, given u; v 2 V , there exists a feasible path from u to v i�there exists a path p from u to v such that delay(p) � D. To see this, observe thatif there is a path p from u to v such that delay(p) � D, then there is a simple path(i.e., with no cycles) from u to v. Assuming p to be simple, p has length at most jV j,thus, cost(p) � n � costmax � C, which implies that p is feasible. The inverse directionis trivial.Given this observation, �nding a feasible path in G from u to v comes down to�nding the smallest-delay path from u to v, that is, the path p that minimizes delay(p).This can be easily done using a shortest-path algorithm, with cost O(jV j � jEj). Sincethis is less than O(jV j � jEj �minfC;Dg), this case is not interesting. The case wheren � delaymax � D is symmetric.So, from now on we assume that n � costmax > C and n � delaymax > D. We alsoassume that the greatest common divisor of fC; cost(e) j e 2 Eg is 1, and similarlyfor the delays (otherwise we could just divide all costs/delays by their GCD, withouta�ecting the problem).Informally, the algorithm works as follows. For each node w, we compute a set ofcost-delay pairs Fw. Each (c; d) 2 Fw will represent the cost and delay of a possiblepath from w to the destination node v. To keep the size of Fw manageable, weeliminate from Fw all elements corresponding to infeasible paths (i.e., all (c; d) suchthat c > C or d > D). Moreover, we eliminate from Fw all redundant elements, thatis, all elements which have greater both cost and delay from some other element. Letus make these more precise below. 6



Cost-delay sets. A cost-delay set for a node w is a set Fw � N � N. An element(c; d) of Fw is called infeasible if either c > C or d > D. An element (c; d) of Fw iscalled redundant if there exists a di�erent (c0; d0) 2 Fw such that c0 � c and d0 � d.A cost-delay set F is said to be minimal if it contains no infeasible or redundantelements. The following properties hold (assuming C and D �xed):Proposition 4.1 If F is minimal, then jF j � minfC;Dg. To every cost-delay set Fcorresponds a unique greatest minimal subset F 0 � F .We write min(F ) to denote the greatest minimal subset of F .Figure 3 displays the typical structure of a cost-delay set and its minimal. Blackand grey bullets are infeasible and redundant elements, respectively.
cost (b)(a)Ddelay delayD costC CFigure 3: A cost-delay set (a) and its minimal (b)The algorithmwe present below works with minimal cost-delay sets. It is unneces-sary to consider non-minimal sets, since we are interested in an exact algorithm (thatis, which computes only feasible solutions) and redundant points represent \worse"paths in both cost and delay.Moreover, minimal sets admit an e�cient canonical representation in terms ofsorted lists. Consider a minimal set F = f(c1; d1); (c2; d2); :::; (cn; dn)g and assume,without loss of generality, that c1 � c2 � � � � � cn. Then, d1 � d2 � � � � � dn musthold, otherwise there would be at least one redundant element in F . Consequently,F can be represented as the list (c1; d1) (c2; d2) � � � (cn; dn), sorted using cost as the7



\key". This representation is canonical in the sense that two minimal sets F1; F2 areequal i� their list representations are identical.In the algorithm that we present below, we use two operations on cost-delaysets, namely, set union and translation with respect to a vector (c; d) 2 N2. Wenow consider these operations and discuss how they can be implemented using thesorted-list representation in order to preserve minimality.Given minimal (i.e., feasible and non-redundant) F1; F2, the union F1 [ F2 is al-ways feasible, but not necessarily non-redundant. In order to compute F = min(F1 [F2) directly from the list representations L1; L2 of F1; F2, we can use a simple mod-i�cation of a usual merge-sort algorithm on lists. The latter takes as input L1; L2and produces L, the list representation of F . In order to guarantee the absence ofredundant points in L, it compares at each step the heads (c1; d1) and (c2; d2) of (theremaining parts of) L1; L2. If c1 � c2 and d1 � d2 then (c2; d2) is redundant and isskipped. If c2 � c1 and d2 � d1 then (c1; d1) is skipped. Otherwise, the pair withthe smallest ci is inserted in L and the head pointer move one element ahead in thecorresponding list Li. It is easy to see that this algorithm is correct. The cost of thealgorithm is n1 + n2, where ni is the length of Li. Therefore, from proposition 4.1,the worst-case complexity of computing the union of cost-delay sets is O(minfC;Dg).Translation is de�ned on a cost-delay set F and a pair (c; d) 2 N2:F + (c; d) def= f(c0 + c; d0 + d)j(c0; d0) 2 FgThat is, F + (c; d) is the set obtained by translating all points in F by (c; d) (equiv-alently, F + (c; d) is the Minkowski sum of F and f(c; d)g). If F is minimal, thenF + (c; d) will be non-redundant, however, it may contain infeasible points. Thesecan be easily eliminated, however, and this can be done while building the list L0 formin(F +(c; d)): the list of F is traversed, adding (c; d) to each of its elements, (ci; di);if ci+ c � D and di+d � D then (ci+ c; di+d) is inserted at the end of L0, otherwiseit is infeasible and it is skipped. At the end L0 will be sorted by cost. The complexityof translation is O(minfC;Dg).The algorithm. The algorithm iteratively computes the (minimal) cost-delay setsof all nodes in the graph. Let F jw denote the cost-delay set for node w at iteration j.Initially, all nodes have empty cost-delay sets, F 0w = ;, except for the destination nodev, the cost-delay set of which is F 0v = f(0; 0)g. At each iteration, each node updatesits cost-delay set with respect to all its successor nodes. Computation stops when no8



cost-delay set gets updated any more. We now present the operations performed ateach iteration at each node w.Let w1; :::; wn be the successor nodes of w, that is, w (ci;di)�! wi, for i = 1; :::; n (notethat w1; :::; wn might not be distinct). Then, the cost-delay set of w at iteration j+1will be: F j+1w = min�F jw [ n[i=1 (F jwi + (ci; di))� (1)That is, we add to the possible cost-delay values for w all values obtained by takingan edge to some successor node wi, and then continuing with a possible cost-delayvalue for wi.The following proposition proves termination and correctness of the algorithm.Proposition 4.2 (Termination) The updating of the cost-delay sets will stabilize af-ter at most jV j iterations, that is, for any node w, F jV j+1w = F jV jw . (Correctness) Afeasible path from w to v exists i� F jV jw 6= ;. For any (c; d) 2 F jV jw , there exists a pathp from w to v such that cost(p) = c and delay(p) = d.Worst-case complexity of the algorithm. Proposition 4.2 implies that the algo-rithm stops after at most jV j iterations. At each iteration, the cost-delay set of eachnode is updated with respect to all its successor nodes. Thus, there is at most jEjupdates at each iteration. Each update involves a translation and a union, both ofwhich have complexity O(minfC;Dg). Therefore, the overall worst-case complexityof the algorithm is O(jV j � jEj �minfC;Dg).Incorporating routing information. As de�ned, cost-delay sets do not containany routing information, that is, at the end of the algorithm, we know that a pointin Fw represents the cost-delay value of a possible feasible path from w to v, but wedo not know which path. This information is easy to incorporate, at the expense ofassociating to each (c; d) 2 Fw the edge e = (w;w1; c0; d0) and a pointer to the element(c1; d1) 2 Fw1, from which (c; d) was generated. The edge and (c1; d1) element areunique, and come from the operation Fw [ (Fw1 + (c0; d0)). The time complexity ofthe algorithm is not a�ected by the extra information. In order to reconstruct thepath from w with cost-delay (c; d) we follow the edge e to w1, then look for the pathfrom w1 with cost-delay (c1; d1), and so on.9



5 A bounded-error approximative algorithmIn this section we give an approximative algorithm for the problem of routing undertwo constraints. The algorithm is approximative in the sense that, it might not yielda feasible path, even if such a path really exists. However, the error in the path p re-turned by the algorithm can be bounded: error(p) � �, where � is an input parameter.The algorithm has worst-case complexity O(jV j2 � jEj � (1 + 1� )), which implies that itis worth using only when jV j is (much) smaller than �1+� �minfC;Dg. Otherwise, thealgorithm of section 4, being exact and less expensive, would be preferable. In therest of this section we assume that jV j < �1+� �minfC;Dg.Minimal-distance cost-delay sets. The approximative algorithm is similar to theone of section 4, with the additional fact that it eliminates elements of cost-delay setswhich are \too close" to some other element. More formally, for (c1; d1); (c2; d2) 2 N2,de�ne: jj(c1; d1); (c2; d2)jj def= maxfjc1 � c2j; jd1 � d2jgThen, a cost-delay set F is said to haveminimal distance � i� for all distinct (c1; d1); (c2; d2) 2F , jj(c1; d1); (c2; d2)jj � �.Given a cost-delay set F and some � � 2, we would like to �nd a subset F 0 � F ,such that:1. F 0 has minimal distance �, and2. for all x 2 F � F 0, there exists y 2 F 0 such that jjx; yjj < �.Condition 2 ensures that no elements of F are dropped unnecessarily (were condition2 to be missed, the trivial subset F 0 = ; would satisfy condition 1). A subset F 0 � Fsatisfying the above conditions is called a maximal �-distance subset of F . In general,there may be more than one maximal �-distance subsets of a given F (any one ofthem is good for our purposes). We now give a procedure to compute, given F , amaximal �-distance subset F 0 � F .The procedure takes as input the list representation L of F and generates asoutput the list representation L0 for min dist�(F ). Assume L = (x1; :::; xn). Initially,L0 = (x1). Let y denote the last element of L0, at each point during the execution ofthe procedure. For each i � 2, if jjxi; yjj � � then xi is appended at the end of L0and y is updated to xi, otherwise, xi is skipped. It can be shown that the list built10



that way represents a legal �-distance subset of F . From now on, we denote this setby min dist�(F ).De�nition 5.1 We de�ne the step error, ��, to be minC;D��jV j .The algorithm. The approximative algorithm is obtained by the algorithm of sec-tion 4 by the following modi�cation. Given � 2 [0; 1], instead of keeping a minimalset Fw for each node w, we keep a set Bw such that:1. Bw has no redundant elements,2. for each (c; d) 2 Bw, c � (1 + �) � C, d � (1 + �) �D (that is, the feasibilityregion is extended by (� � C; � �D),3. Bw has minimal distance ��.That is, in the approximative algorithm, the �x-point equations are as follows:Bj+1w = min dist���min�Bjw [ n[i=1 (Bjwi + (ci; di))�� (2)As in the case of the exact algorithm, termination of the approximative algorithm isensured in jV j steps.Proposition 5.1 Consider a graph G, nodes u; v of G, and cost-delay constraintsC;D. Then, for given �:(1) If Bu = ; at the end of the approximative algorithm, then no feasible pathfrom u to v exists.(2) If Bu 6= ;, then for each (c; d) 2 Bu, there exists a path p from u to v suchthat cost(p) = c, delay(p) = d and error(p) � �.Proof (sketch):Let w be a node and Fw; Bw be the �nal cost-delay sets computed for w bythe exact and approximative algorithms, respectively. The result is based on the factthat, for any (c; d) 2 Fw, there exists (c0; d0) 2 Bw, such that jj(c; d); (c0; d0)jj � jV j ���.11



This is because at most �� \error" accumulates at each step of the algorithm, wheneliminating pairs during the min dist operation.By de�nition of ��, we have that jj(c; d); (c0; d0)jj � minfC;Dg ��. Then, assuming(c; d) to be the cost and delay of an optimal path p� and (c0; d0) the cost and delay of apath p computed by the approximative algorithm, it is easy to prove that error(p) � �.For (1), notice that if p� is feasible then c0 � (1+�) �C and d0 � (1+�) �D, This meansthat (c0; d0) is indeed \inside" the extended feasibility region, thus, is not eliminatedfrom Bw during the approximative algorithm.Worst-case complexity. The only di�erence from the algorithm of section 4 is inthe worst-case size of the cost-delay sets Bw. Since the latter have minimal distance�� and are bounded by the feasibility region ((1 + �) � C; (1 + �) �D), we have jBwj �(1+�)�minfC;Dg�� . By de�nition of ��, we get jBwj � (1+�)� jV j. The union, translationand min dist operations can be implemented using sorted lists to represent the setsBw (canonicity is not a�ected by minimal distance). The cost of the operations is, aspreviously, linear on the size of the lists, which yields an overall worst-case complexityof O(jV j2 � jEj � (1 + 1� )).6 Satisfying constraints by using the shortest pathalgorithmIn this section, we consider an algorithm for �nding a path which satis�es the twoconstraints by using the shortest path algorithm. Our objective will be to use theshortest path algorithm to �nd a path p which minimizes M(p).For the rest of this section we assume that we have normalized the costs anddelays by dividing the costs by C and the delays by D. Figure 4 shows the �gurefrom Example 2.1 where the cost constraint is 5 and the delay constraint is 2.A path is feasible in the new graph if cost(p) � 1 and delay(p) � 1. Note that apath is feasible in the new graph i� it was feasible in the original graph. Furthermore,M(p) is the same in both graphs.To �nd a path satisfying two constraints by using the shortest path algorithm,we choose an 0 � � � 1 and replace the cost c and the delay d associated with anedge with the weight �c+ (1��)d. We then use the shortest path algorithm to �nd12
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(0.2,1)Figure 4: A network with normalized costs and delaysa path with the smallest weight. We refer to this path as SP (G;�). As the nextlemma shows, p = SP (G;�) has an error Error(p) of at most 1 for � = 12.Lemma 6.1 For a graph G = (V;E), M(p�) �M(SP (G; 12)) � 2M(p�) where p� isthe path which minimizes M .Proof: Compute p = SP (G; 12). If M(p) = 1, then clearly M(p) � 2M(p�). Soassume M(p) > 1. ThenM(p) � cost(p) + delay(p) � cost(p�) + delay(p�) � 2M(p�)The previous lemma shows that by choosing � = 12, we can obtain a path p withan error of error(p) � 1. We now present an algorithm that minimizes M(SP (G;�))by choosing the appropriate �.The algorithm works by binary search: say we know that the optimal value of� lies in the interval [l; u]; we �nd p = SP (G;�) for � = l+u2 ; if cost(p) � delay(p),we eliminate the interval ( l+u2 ; u] from consideration, otherwise, we eliminate [l; l+u2 ).The algorithm terminates when SP (G; l) = SP (G;u).The reason that half of the interval can be eliminated follows from the followinglemma.Lemma 6.2 Suppose p = SP (G;�) and cost(p) � delay(p). Then for �0 � � andp0 = SP (G;�0), cost(p0) � cost(p) and delay(p0) � delay(p).13



Proof: There are four cases:1. cost(p0) > cost(p) and delay(p0) > delay(p).2. cost(p0) < cost(p) and delay(p0) < delay(p).3. cost(p0) > cost(p) and delay(p0) < delay(p).4. cost(p0) � cost(p) and delay(p0) � delay(p).Case 1 is not feasible because then path p improves on p0 = SP (G;�0). Case 2 isnot feasible because then path p0 improves on p = SP (G;�). Case 3 is not feasiblebecause �cost(p0)+(1��)delay(p0) � �cost(p)+(1��)delay(p) and (�0��)cost(p0)+(� � �0)delay(p0) > (�0 � �)cost(p) + (� � �0)delay(p), and hence �0cost(p0) + (1 ��0)delay(p0) > �0cost(p) + (1 � �0)delay(p) | a contradiction since p0 = SP (G;�0).Therefore Case 4 is the only feasible option.Now assume we found p = SP (G;�) and delay(p) > 1 and cost(p) � delay(p).Then from Lemma 6.2, for �0 � �, for p0 = SP (G;�0), cost(p0) � cost(p) anddelay(p0) � delay(p). Therefore M(p0) � M(p), and hence the interval (�; u] canbe eliminated from consideration. By similar reasoning, if delay(p) � cost(p), thenthe interval [l; �) can be eliminated.Here is a more formal statement of the algorithm:Algorithm to �nd � to minimize M(SP (G;�)):l = 0u = 1pl = SP (G; l)pu = SP (G;u)Repeat� = l+u2p� = SP (G;�)if ( cost(p) � delay(p) )l = �pl = p�else u = �pu = p�Until (pl = pu) 14
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εFigure 5: A graph for which the error is error(SP (G;�)) = 1� � for all 0 � � � 1Theorem 6.1 The above algorithm terminates in polynomial number of steps, andthe �� computed by the algorithm satis�es M(SP (G;��)) � M(SP (G;�)) for � 2[0; 1].Although the above algorithm computes the �� which minimizes M(SP (G;�)),�gure shows an example where the error error(SP (G;�)) = 1� � for all 0 � � � 1.Example 6.1 Consider the example in Figure 5 where the cost constraint is C = 1and the delay constraint is D = 1. It is easy to check that for any 0 � � � 1,error(SP (G;�)) = 1 � �.7 A Linear Programming solution to a relaxedproblemIn this section, we relax the requirements of our problem. Rather than asking for asingle path that satis�es the cost and delay requirements, we allow for the data tobe routed over multiple paths. But we require the average delay and average cost tosatisfy the constraints.Let us de�ne fe to be fraction of the data from the source to the destination that
ows over the edge e. We then have the following constraints ( O(v) are the outgoingedges and I(v) are the incoming edges from a vertex v ):For each e 2 E; fe � 0Xe2O(s) fe = 1 (3)15



Xe2I(t)fe = 1 (4)For v 6= s and v 6= t; Xe2I(v) fe = Xe2O(v) fe (5)Xe2E fe Cost(e) � C (6)Xe2E fe Delay(e) � D (7)Equation 3- 5 are the balance equations for the nodes. Equation 6 states thatthe average cost must be less than the cost constraint C, and equation 7 states thatthe average delay must be less than the delay constraint D.A feasible solution of the above linear program tells us how the data should berouted from the source to the destination so that average cost and delay constraintsare satis�ed.Example 7.1 Consider again Example 2.1 and Figure 1 with cost constraint 4 anddelay constraint 3. If we formulate the above set of linear constraints for this problem,we note that fe = 12 for each edge e is a solution. This means that half of the datafrom the source is routed to node 2, and the other half to node 3. The averagedelay corresponding to this solution is 12(2 + 2 + 1 + 1) = 3, and the average cost is12(3 + 2 + 1 + 1) = 3:5. Notice that even though the average cost and delay satisfy theconstraints, individual paths may not (i.e., path (1; 3)(3; 4) doesn't satisfy the delayconstraint).If we restrict ourselves to integer solutions of the above linear program (i.e, ainteger programming problem), each solution then represents a single path that sat-is�es the delay and cost constraints. Ofcourse, checking feasibility of integer linearprograms is NP-Complete.8 Other ExtensionsIn this section we discuss the extension of the problem to the case with more thantwo constraints. We also discuss a somewhat di�erent, but sometimes more usefulproblem in practice, where we minimize the cost subject to a delay constraint.16



8.1 More than two constraintsIn a problem with k constraints, each edge is labelled with a k-tuple (d1; d2; : : : ; dk).We are required to �nd a path such that the sum of the ith constraint along the pathis less than a bound Ci. The basic idea of the extension is that we store a set ofk-tuples (a1; : : : ; ak) at a node S when it is possible to get from S to the destinationvertex along a path in which the sum of the ith constraint is ai.By a straight forward extension of the algorithm in Section 4 and Section 5, it iseasy to show that we can get an exact algorithm with complexity O(jV jjEjQki=1 Ci),and an approximative algorithm with complexity O(jV jkjEj(1 + 1� )k) where � is themaximum error allowed.It is also possible to extend some parts of the algorithm in Section 6. It is possibleto obtain a path with error � = k � 1 for a problem with k constraints by solvingthe shortest path algorithm. But it is not clear how to extend the algorithm whichiterates over shortest path problems to the case with more than two constraints.8.2 An alternative formulationAn alternative and sometimes more useful formulation is when a bound is given onthe delay, and subject to this, we are required to minimize the cost. The algorithmof Section 4 and Section 5 stores a set f(ci; di)g where it is possible to reach thedestination vertex with cost ci and delay di. From this set it is possible to �nd thepair (ci; di) which has minimum cost and meets the delay constraint.To be able to solve this alternate formulation, we also augmented the algorithmof Section 6. To �nd a path which meets the delay constraint D and has minimumcost C, we solve a problem with delay constraint D and cost constraint C where C isinitially chosen to be large. We then �nd the minimum cost by performing a binarysearch on C.9 Experimental resultsWe have implemented the bounded-error approximative algorithm (section 5) andthe shortest-path based algorithm (section 6). The algorithms, implemented in C,are available to the public. The algorithms can be used17



� either as stand-alone programs, taking as input a �le containing the descriptionof the graph;� or as C functions called from a program. In this case the graph is stored in aspeci�c data structure and passed as argument to the functions implementingthe algorithms.The usage of these tools is explained in more detail in the appendix.In this section, we report experimental results obtained by applying the algo-rithms, we compare the performance of the algorithms and make a number of obser-vations.The algorithms were run on a set of multi-weight graphs obtained by elevationmaps of physical landscapes. Each map was a 2-dimensional array M of integers,the i; j-th element giving the altitude of the longitude-latitude point correspondingto coordinates i; j (from now on, we use i and j to denote the longitude and latitudeof the corresponding point). On top of M , we randomly generated two more arraysD1;D2, with same dimension asM , according to a Gaussian distribution, with a givennumber of \peaks". The valueDk(i; j) of the i; j-th element of array Dk; k = 1; 2, wassupposed to represent the degree of \danger" of point (i; j), for two di�erent typesof danger. Said di�erently, Dk(i; j) represents the probability of a vehicle \failing"for reason k, at point (i; j), so that the sum of Dk(i; j) for all i; j is equal to 1. Theprobabilities of failing in di�erent points are assumed to be independent, so that theprobability of failing along a path is the sum of probabilities of failing on either ofthe traversed points.For each map (along with the random arrays Dk) we generated two multi-weightgraphs, a 2-weight and a 3-weight graph, according to the following procedure:� The nodes of the graph were the set of points i; j, latmin � i � latmax,lonmin � j � lonmax, where latmin; latmax; lonmin; lonmax are minimumand maximum latitudes and longitudes of the map.� There was an edge from node (i; j) to each of the nodes (i � 1; j), (i; j � 1),(i+ 1; j) and (i; j + 1), except when i or j are border coordinates (i = latminor i = latmax, or j = lonmin or j = lonmax), in which case (i; j) has only 3 or2 edges. So, a central node has 4 neighbors (up, down, left, right), and thereare no \diagonal" edges. 18



n Number of nodesm Number of edgesc \Cost" of pathd1 \Delay 1" of pathd2 \Delay 2" of path�� Step-error for bounded-error approximate algorithmTable 1: Notation for tables 2 and 3.� The �rst weight (\cost") of an edge (i; j)! (i0; j 0) was de�ned to be � � ji0 �ij+� � jj 0�jj+
 � je0�ej, where e; e0 were the elevations of points (i; j), (i0; j 0),and �; � were parameters. This weight was supposed to model the cost, say,in fuel or in time delay, that it takes for a vehicle to move from one point toanother. This cost could be de�ned by any function f(i; i0; j; j 0; e; e0). So, thecost of a path can be de�ned as the sum of costs of each of the edges.� The second weight (\delay 1") of the 2-weight or the 3-weight graph of an edge(i; j)! (i0; j 0) was de�ned to be D1(i; j).� The third weight (\delay 2") of the 3-weight graph of an edge (i; j)! (i0; j 0)was de�ned to be D2(i; j).Then, the multi-constrained shortest-path problem was de�ned for each of the result-ing graphs as follows. Given a source node S, a destination node D, and bounds B1and B2, �nd the minimum-cost path from S to D such that delay i of the path is atmost Bi. That is, we were trying to minimize the fuel consumption, or time delay,subject to some upper bounds on the probability of failing. For all the performanceresults reported in this section, B1 = B2 = 0:1.We have generated various 2-weight and 3-weight graphs, of di�erent sizes. Thebounded-error algorithm was run on both the 2-weight and 3-weight graphs (accordingto the extensions described in section 8), where-as the shortest-path algorithm wasrun only on the 2-weight graphs. The algorithms were run in \batch" mode, readingtheir input from a �le. The notation used below is explained in table 1. We measuredthe time consumed by the algorithms to actually compute the path (i.e., the timetaken for parsing the input was ignored { the portion of this time was not signi�cantin the bounded-error algorithm whereas it was indeed in the shortest-path algorithm).The times for each experiment (measured in seconds) are shown in the �rst, third19



and �fth rows of the tables.Tables 2 and 3 show the results of applying the bounded-error approximativealgorithm and the shortest-path algorithm, respectively, on three di�erent 2-weightgraphs. The three graphs were obtained from a 91 � 51 map, a 183 � 199 map anda 455 � 496 map, respectively. For each graph, we run the two algorithms six times,varying the source/destination pairs and the step-error on the second weight. Theobjective was to see how sensitive the algorithms were to di�erent source/destinationpairs, as well as di�erent step-errors.The �rst source/destination pair was chosen to be the north-west and south-east points, i.e., (0; 0) ! (90; 50), (0; 0) ! (182; 198) and (0; 0) ! (454; 495). Forthe second source/destination pair, we chose points closer to the center of the map:(20; 20) ! (50; 50), (50; 50) ! (100; 100) and (60; 60) ! (300; 250). The step-errorwas chosen to be 10�4, 10�5 or 10�6.From table 2, we observe the following:� Independently of the step-error ��, the algorithm always produced a path sat-isfying the B1 constraint � 10%.� Reducing the step-error �� by one or two orders of magnitude resulted indramatic increases in running time, whereas the paths found were only slightlyless \dangerous" than before, or the same as before.� The algorithm consumes more time on the NW/SE source/destination pair.This is reasonable, since these two points are further away from each other thanthe points of the other source/destination pair. This implies a higher numberof iterations until the costs stabilize in the �rst case than in the second.From table 3, we observe the following:� The shortest-path algorithm is two or more orders of magnitude faster thanthe bounded-error approximative algorithm.� Although in principle the shortest-path algorithm can yield paths as much astwice as dangerous as a feasible path, in these experiments, the shortest-pathalgorithm actually gave less or same dangerous paths than the bounded-errorapproximative algorithm. 20



Source/dest.: NW/SE points Other source/dest.�� = 10�4 �� = 10�5 �� = 10�6 �� = 10�4 �� = 10�5 �� = 10�6graph 1 70 s. 413 s. 1274 s. 13 s. 51 s. 118 s.n = 4641 c = 1532 c = 722m � 4 � n d1 = 2:15% d1 = 0:2% d1 = 0:14%graph 2 56 s. 1278 s. 16740 s. 153 s. 4668 s. 32477 s.n = 36417 c = 4152 c = 1172m � 4 � n d1 = 0:2% d1 = 0:15% d1 = 0:3%graph 3 725 s. 3503 s. 9971 s. 193 s. 419 s. 1387 s.n = 225680 c = 9409 c = 4298m � 4 � n d1 = 0:01% d1 = 0% d1 = 0:02% d1 = 0%Table 2: Results of the bounded-error approximative algorithm on 3-weight graphs.� In terms of cost, the shortest-path algorithm yields a little more costly pathsthan the bounded-error approximative algorithm.From these observations, it seems that although the \best" paths (paths whichare feasible in terms of danger and have minimum cost) are indeed obtained usingthe bounded-error approximative algorithm, the shortest-path algorithm yields com-parably good paths in incomparably less time.Figure 6 illustrates a particular execution of the bounded-error approximativealgorithm.Table 4 shows the results of applying the bounded-error approximative algorithmon three di�erent 3-weight graphs. The three graphs were obtained from a 37 � 21map, a 38 � 31 map and a 42 � 41 map, respectively. Our objective was to seehow adding one more weight/constraint to the problem a�ects the performance ofthe algorithm. Our experiments showed a dramatic increase in execution time withrespect to 2-weight graphs, and this is why we could only treat 3-weight graphs ofrelatively small sizes (up to 1700 nodes).For each graph, we run the algorithm three times, changing the step-error indelay 2 (the step error in delay 1 was kept �xed at 10�6). It is worth noting that theexecution time improves a lot as the step-error increases, while at the same time thepaths we obtain are exactly the same. 21



Source/dest.: NW/SE points Other source/dest.graph 1 0.94 s. 0.48 s.n = 4641 c = 1564 c = 723m � 4 � n d1 = 1:27% d1 = 0:14%graph 2 7.16 s. 3.48 s.n = 36417 c = 4220 c = 1184m � 4 � n d1 = 0:04% d1 = 0%graph 3 47.96 s. 31.56 s.n = 225680 c = 9411 c = 4487m � 4 � n d1 = 0% d1 = 0%Table 3: Results of the shortest-path algorithm on 2-weight graphs.

Figure 6: An output of the bounded-error approximative algorithm: the solid blackline depicts the path; red dots are \danger" zones; the grey scale background repre-sents the elevation variations of the terrain (white: high, black: low).22



�� = 10�4 �� = 10�5 �� = 10�6graph 4 1.49 s. 1.80 s. 1.85 s.n = 777 c = 720m � 4 � n d1 = 5:6%d2 = 6:43%graph 5 4.25 s. 153.97 s. 6095.42 s.n = 1178 c = 994m � 4 � n d1 = 1:79%d2 = 5:39%graph 6 1352.54 s. 17631.51 s. 29274.12 s.n = 1722 c = 1024m � 4 � n d1 = 3:68%d2 = 4:66%Table 4: Results of the bounded-error algorithm on 3-weight graphs.10 ConclusionIn this paper, we have presented several di�erent algorithms for solving the routingproblem with multiple constraints. These algorithms vary in their complexity andthe accuracy of their solutions. We have implemented these algorithms and comparedtheir performance on di�erent graphs.References[1] M.R. Garey and D.S. Johnson, Computers and Intractability | A Guide to thetheory of NP-Completeness, Freeman, San Francisco, 1979.[2] R. Hassin, Approximation Schemes for the Restricted Shortest Path Problem,Mathematics of Operations Research, Vol. 17, No. 1, Feb. 1992.[3] J. M. Ja�e, Algorithms for Finding Paths with Multiple Constraints, Networks,Vol. 14, 1984, pp. 95-116. 23



[4] Z. Wang and J. Crowcroft, Quality-of-Service Routing for Supporting MultimediaApplications, IEEE Journal on Selected Areas in Communications, Vol. 14, No.7, Sept. 1996.
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(1,2)Figure 7: An Example GraphA Implementation and Input FormatThe system consists of a parser, a module implementing the bounded error algorithmand a module implementing the shortest path algorithm. The complete system con-sists of about 2000 lines of C code. The input to the system is a graph along with aspeci�cation of bounds on the cost of the paths. The input to the system can eitherbe provided as a text �le, or provided to the system through a function call. Sec-tion A.1 describes the format of the text �le that describes the graph, and Section A.2describes the format of the function call and the associated data structures.A.1 File Format for GraphsFigure 8 shows the input �le for the graph of Figure 7. The �eld \Num Vertex"speci�es the number of vertices in the graph. The �eld \NumConstraint" speci�es thenumber of constraints (for the shortest path algorithm, this must be set to either 1 or2). The �eld \Source" speci�es the start vertex, and the �eld \Destination" speci�esthe destination vertex. The �elds \Constraint 0" and \Constraint 1" speci�es thebound on the total cost of constraint 0 and 1 on the path found. The �elds \ErrorConstraint 0" and \Error Constraint 1" specify the errors that the bounded erroralgorithm can make at each iteration. The \Vertex" �eld is followed by the vertexname. The �eld \Num Edges" speci�es the number of edges a vertex has. Each edgeis then speci�ed by the �eld \to" to which the edge is going, followed by the cost ofconstraint i for each i.The grammar for the input graph is given in Figure 9. All words in boldface are25



Num Vertex: 4Num Edges: 0Num Constraint: 2Source: (0,0)Destination: (1,1)Minimize: 0Constraint 0: 3.5Constraint 1: 6.0Error Constraint 0: 0.001Error Constraint 1: 0.001Vertex: (0,0)Num Edges: 2to: (0,1) 0: 1 1: 2to: (1,0) 0: 3 1: 1Vertex: (0,1)Num Edges: 2to: (1,0) 0: 1 1: 2to: (1,1) 0: 3 1: 2Vertex: (1,0)Num Edges: 2to: (1,1) 0: 1 1: 2to: (0,1) 0: 1 1: 1Vertex: (1,1)Num Edges: 0 Figure 8: Input �le for a graph26



keywords that can be typed either in uppercase or lowercase. A Name is any stringof characters beginning with a letter, a \(", \)", \ ", or \,", followed by any of thesame characters or digits. An integer is a sequence of digits. A 
oat is a 
oatingpoint number expressed as a seqence of digits followed by a decimal point, followedby more digits.A.2 Interface through Function CallsAn alternative interface to the program is provided through two function calls. Thefunction callMakeRoute() takes as input a graph speci�cation and computes a pathusing the bounded error algorithm. The function call MakeRouteWithShortest-Path() also takes as input a graph and uses the shortest path algorithm to �nd apath. Both algorithms return the path found. The algorithms require that the callerspecify the graph in the internal data structures used by our algorithm.Figure 10 shows the interface to the MakeRoute() call and Figure 11 showsthe interface for the MakeRouteWithShortestPath() call. The parameter Ver-texNo is the number of vertices in the graph, ConstraintNo is the number ofconstraints, ConstraintToMinimize is the constraint to be minimized, StartVer-tex is the starting vertex and EndVertex is the destination vertex. The parameterConstraintBounds is an array of the bounds on constraints, and ConstraintEr-rors is an array of error allowed for each constraint for each iteration. The parametervertices speci�es the graph as an array of vertices.We next describe how the graph is speci�ed as an array of vertices and the pathwhich is returned by the function calls.Data Structures for the GraphA graph is speci�ed as an array of vertices of length VertexNo where each vertex isof type Vertex shown in Figure 12. Each vertex has a �eld sym which should be settoNULL since it is only used when the input is given as a �le. The �eldNumEdgesis the number of out going edges from the vertex. Each vertex also points to a list ofedges with the �eld e.Each edge is of type Edge shown in Figure 13. The �eld to should be set toNULL because it is only used when the input is a �le. The �eld ToVertex is thevertex to which the edge points. The �eld constr is an array of lengthConstraintNo27



Start: NumVertex NumConstraints SourceVertex DestinationVertex MinimizeAllConstraints AllErrorConstraints VerticesNumVertex: num vertex : IntegerNumConstraints: num constraint : IntegerSourceVertex: source : NameDestinationVertex: destination : NameMinimize: minimize : IntegerAllConstraints: � j AllConstraints ConstraintConstraint: constraint Integer : NumberAllErrorConstraints: � j AllErrorConstraints ErrorConstraintErrorConstraint: error constraint Integer : NumberVertices: � j Vertices OneVertexOneVertex: vertex : Name num edges : Integer VertexEdgesVertexEdges: � j VertexEdges AnEdgeAnEdge: to : Name EdgeConstraintsEdgeConstraints: � j EdgeConstraints SingleEdgeConstraintSingleEdgeConstraint: Integer : NumberNumber: Integer j FloatFigure 9: Grammar for the Input Graph28



ROUTE MakeRoute( int VertexNo, /* Number of vertices */int ConstraintNo, /* Number of constraints */int ConstraintToMinimize, /* Constraint to be minimized */double *ConstraintBounds, /* Array of Constraint bounds */double *ConstraintErrors, /* Errors allowed on Constraints */Vertex *vertices, /* Array of vertices */int StartVertex, /* Starting Vertex */int EndVertex /* Ending Vertex */)Figure 10: Function Call for the Bounded Error AlgorithmROUTE MakeRouteWithShortestPath(int VertexNo, /* Number of vertices */int ConstraintNo, /* Number of constraints */int ConstraintToMinimize, /* Constraint to be minimized */double *ConstraintBounds, /* Array of Constraint bounds */double *ConstraintErrors, /* Errors allowed on Constraints */Vertex *vertices, /* Array of vertices */int StartVertex, /* Starting Vertex */int EndVertex /* Ending Vertex */)Figure 11: Function Call for the Shortest Path Algorithm29



containing the value of the costs labeling the edge. The �eld next points to the nextedge from this vertex./* Data structure for storing a vertex */typedef struct Vertex fstruct Symbol *sym; /* Name of the vertex */int NumEdges; /* number of edges for the vertex */struct Edge *e; /* link to edges */g Vertex; Figure 12: Type de�nition for Vertex/* Data structure for storing an edge */typedef struct Edge fSymbol *to; /* where is the edge going to */int ToVertex; /* vertex to which the edge is going */Constraint *constr; /* the value of the costs on the edges */struct Edge *next; /* next edge */g Edge; Figure 13: Type de�nition for EdgeData Structure for Returned PathA call to functions MakeRoute() and MakeRouteWithShortestPath() returnsa variable of typeROUTE which is de�ned in Figure 14 and Figure 15. The �eld sta-tus indicates the status of the function call and can take the values FOUND ROUTE,MORE THAN 2 CONSTRAINTS, DESTINATION NOT REACHABLE,or PATH LENGTH EXCEEDED. Only when the status equalsFOUND ROUTEis a valid path been found. The status equalsMORE THAN 2 CONSTRAINTSif the functionMakeRouteWithShortestPath() is called with more than two con-straints. The status equalsDESTINATION NOT REACHABLE if the destina-tion is not reachable in the graph. And the status equalsPATH LENGTH EXCEEDED30



if the path was longer than VertexNo. This could occur, for example, if some of theedge weights were negative.When the status equals FOUND ROUTE, a valid path has been found. Inthat case the PathLength �eld containts the length of the Path found, the �eldPath[i] is the ith vertex on the path and the �eld cost[i] is the total cost of theith constraint for the path. When the caller is �nished using the path, it shoulddeallocate the memory used by the path by calling freeROUTEData(r) where rwas the variable of type ROUTE originally obtained./* pointer to data structure containing the path found */typedef ROUTEInfo *ROUTE;Figure 14: Type de�nition for ROUTE/* Data structure containing the path found */typedef struct fint status; double *cost;int PathLength;int *Path;g ROUTEInfo; Figure 15: Type de�nition for ROUTEInfo
31


