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NUMERICAL SIMULATION
OF STOCHASTIC EVOLUTION EQUATIONS ASSOCIATED

TO QUANTUM MARKOV SEMIGROUPS

CARLOS M. MORA

Abstract. We address the problem of approximating numerically the so-
lutions (Xt : t ∈ [0, T ]) of stochastic evolution equations on Hilbert spaces
(h, 〈·, ·〉), with respect to Brownian motions, arising in the unraveling of back-
ward quantum master equations. In particular, we study the computation
of mean values of 〈Xt, AXt〉, where A is a linear operator. First, we intro-
duce estimates on the behavior of Xt. Then we characterize the error induced
by the substitution of Xt with the solution Xt,n of a convenient stochastic
ordinary differential equation. It allows us to establish the rate of conver-

gence of E
〈
X̃t,n, AX̃t,n

〉
to E 〈Xt, AXt〉, where X̃t,n denotes the explicit

Euler method. Finally, we consider an extrapolation method based on the
Euler scheme. An application to the quantum harmonic oscillator system is
included.

1. Introduction

This paper is concerned with the computation of E 〈Xt, AXt〉, where A is a linear
operator and Xt satisfies the following linear stochastic evolution equation on the
infinite dimensional separable (complex) Hilbert space (h, 〈·, ·〉)

(1.1) Xt = x0 +
∫ t

0

GXsds+
m∑
k=1

∫ t

0

LkXsdW
k
s , t ∈ [0, T ] ,

with x0 ∈ h,
{
W k
}
k=1,...,m

independent standard Brownian motions on a filtered

complete probability space
(

Ω, F, (Ft)t≥0 ,P
)

, T ∈ R+ and m ∈ N. Here, all
integrals are understood in the Itô sense and L1, . . . , Lm, G are general linear
operators in h. Furthermore, we will focus our attention on the case

(1.2) G = −iH − 1
2

m∑
j=1

L∗jLj,

where H is a self-adjoint operator in h.
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Our main motivation came from the numerical simulation of open quantum sys-
tems. In particular, we are interested in problems arising in quantum optics. Next,
we give a brief introduction to this application. In the framework of quantum me-
chanics the state of a physical system is defined by specifying an element of an
adequate complex Hilbert space [1, 4]. Since h plays the role here of this quantum
state space, h describes, for example, one-particle wave functions [1, 4] or the Fock
representation of the states in the second quantization formalism [1]. In this con-
text, x0 is the initial state. Moreover, E 〈Xt, AXt〉 is interpreted as the mean value
of the observable A at the instant t whenever A is self-adjoint. This interpretation is
easily obtained in the approach that describes the dynamics of quantum systems by
stochastic evolutions of the corresponding state vectors [3, 19]. This technique al-
lows us to characterize, for instance, the dynamics of an individual quantum system
which is continuously monitored by some measurement device [14]. Alternatively,
in the Heisenberg picture the evolution of the observable A, in systems whose initial
state is x0, is simulated by 〈x0,Φt [A]x0〉, where Φt [A] is the minimal solution of
the backward quantum master equation

Φ0 [A] = A, and ∀ψ, φ ∈ D = Dom (G) ∩
(

m⋂
k=1

Dom (Lk)

)
,

d

dt
〈ψ,Φt [A] φ〉 = 〈Gψ,Φt [A]φ〉+ 〈ψ,Φt [A]Gφ〉 +

m∑
j=1

〈Ljψ,Φt [A]Ljφ〉 .(1.3)

Here H represents the Hamiltonian and the operators Lj, j = 1, . . ., m, describe
the effects of the environment. Now, we have that if A is a bounded linear operator,
then under weak conditions [10, 2]

(1.4) E 〈Xt, AXt〉 = 〈x0,Φt [A]x0〉 .

We conclude this paragraph with some complementary remarks. First, the property
(1.4) leads us to solve (1.3) through the weak numerical solution of (1.1). Further-
more, this procedure allows us to overcome the difficulties arising in the direct
numerical integration of (1.3) in many cases; see, e.g., [19]. Second, Φt commonly
define a minimal quantum dynamical semigroup on B (h) [7]. Third, (1.3) is based
on the Born-Markov approximation of quantum phenomena, which has been used
in quantum optics with great success. Finally, it is worth pointing out that there
is a semigroup Ψt in the space of trace-class operators such that Φt is the adjoint
of Ψt [7]; that is, Ψt is the predual semigroup of Φt. Hence

E 〈Xt, AXt〉 = Tr (Ψt [Px0 ]A) ,

where Tr means the trace and Px0 is the orthogonal projection of h over the linear
span of x0. Furthermore, Ψt solves the forward quantum master equation [10, 7]
and represents the evolution of the density operators in the Schrödinger picture.

To compute E 〈Xt, AXt〉, we consider a sequence (hn)n of finite dimensional
Hilbert spaces such that

P1: hn ⊂ Dom (H) ∩ (
⋂m
k=1 Dom (Lk)) ∩ (

⋂m
k=1 Dom (L∗k)),

P2: ∀x ∈ h, ∃xn ∈ hn, such that xn →n x.

Then we may proceed as follows:
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Step 1: E 〈Xt, AXt〉 is approximated by E 〈Xt,n, AXt,n〉, where Xt,n is a con-
tinuous adapted stochastic process with values on hn given by

(1.5) Xt,n = PnX0 +
∫ t

0

GnXs,nds+
m∑
k=1

∫ t

0

Lk,nXs,ndW
k
s ,

with Pn : h→ hn the orthogonal projection of h over hn, Lk,n = PnLk,
whenever k = 1, . . . ,m, and

(1.6) Gn = −iPnH −
1
2

m∑
j=1

PnL
∗
jPnLj .

Step 2: E 〈Xt,n, AXt,n〉 is simulated numerically using weak schemes for sto-
chastic differential equations (SDE’s)

Before going on, we would like to say a few words in relation to the definition of
Gn. Fagnola and Chebotarev [5, 7] proved that the minimal quantum semigroup
is Markov, i.e., Φt [I] = I, under rather general hypotheses. Therefore (1.1) is
conservative; that is, E ‖Xt‖2 = ‖X0‖2, in a wide class of applications. The ap-
proximations Xt,n preserve this property if Gn is chosen as in (1.6). This is not
necessarily the case if Gn = PnG. Notice that the fact that (1.5) is conservative
allows us to construct efficient numerical schemes [17].

Our primary objective is to start providing the numerical simulation of quantum
phenomena using stochastic evolution equations like (1.1) [9, 3, 19, 14, 22] with a
theoretical treatment. Particularly, in this article we are interested in the theoretical
understanding of Steps 1 and 2.

This paper is organized in six sections. Section 2 is devoted to introducing nota-
tion and preliminary results. In Section 3 we assume analogous hypotheses to those
used by Fagnola and Chebotarev to obtain the uniqueness of the solution of (1.3).
Let C be a linear operator associated to (1.1) through these conditions. Then we es-
timate the quantities supt∈[0,T ] E

∥∥C1/2Xt

∥∥2
and supt∈[0,T ] E

∥∥C1/2Xt,n

∥∥2
. These

bounds, called “a priori” estimates on Xt and Xt,n, will play an important role
in the characterization of the speed of convergence the approximations introduced
in Steps 1 and 2. Section 4 provides the rate of convergence of E 〈Xt,n, AXt,n〉 to
E 〈Xt, AXt〉 whenever t ∈ [0, T ]. In other words, we address the problem of esti-
mating |E 〈Xt, AXt〉 −E 〈Xt,n, AXt,n〉|. The primary goal of Section 5 is to study

the rate of convergence of E
〈
ZM
TMj ,n

, AZM
TMj ,n

〉
to E

〈
XTMj

, AXTMj

〉
, where M ∈

N, TMj = jT/M , j = 0, . . ., M , and ZM·,n is the Euler approximation of (1.5), i.e.,
ZM0,n = X0,n and for any t ∈

[
TMj , TMj+1

]
,

ZMt,n = ZMTMj ,n +GnZ
M
TMj ,n

(
t− TMj

)
+

m∑
k=1

Lk,nZ
M
TMj ,n

(
W k
t −W k

TMj

)
.

This is the first step to approaching more complex numerical schemes, for example,
those based in the computation of Xt,n/ ‖Xt,n‖. Finally, in Section 6 we apply our
main results to an example of a quantum harmonic oscillator.

2. Preliminaries

2.1. Notation. In the following Z+ = N∪{0}. Let p ∈ N and m =
(
mj
)
j=1,...,p

,
n =

(
nj
)
j=1,...,p

∈ Zp. Then |n| =
∑p

k=1

∣∣nj∣∣. In addition, we write n ≥ m iff
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for any j = 1, . . . , p, nj ≥ mj . Now we set [n,m] = {k ∈ Zp : k ≥ n and m ≥ k}.
Analogously, we define the partial orders ≤, <, > and the boxes ]·[, ]·], [·[. With
each c ∈ Z is associated the vector ~c in Zp with all coordinates equal to c.

As usual in quantum mechanics, we consider that the scalar product 〈·, ·〉 is
linear with respect to the second variable and antilinear with respect to the first
one. Let B be a linear operator. We use the notation Dom(B) for the domain of
B, and B∗ will be the adjoint of B. If Γ is any logical statement, then we consider
the Boolean function

1Γ =
{

1, if Γ is true,
0, if Γ is false.

For notational clarity we shall often suppress the explicit dependence of TMj and
ZM·,n on M . Moreover, the same symbol K will denote various constants in the
forthcoming sections. These are always assumed to be independent of hn and M
unless it is explicitly stated otherwise.

2.2. Preliminary results. Suppose that
H1: G is the infinitesimal generator of a strongly continuous contraction semi-

group in h,
H2: Dom (G) ⊂ Dom (Lk), whenever k = 1, . . . ,m,
H3: for each k = 1, . . . ,m, Lk is closable,
H4: there is a core D∗ for G∗ such that D∗ ⊂ Dom (L∗k), k = 1, . . . ,m.

Hence from [10] we have that there exists a unique (a.s.) adapted stochastic
process X such that

• X is weakly continuous in probability,
• E ‖Xt‖2 ≤ ‖X0‖2,
• for all φ ∈ D∗ and t ∈ [0, T ],

(2.1) 〈φ,Xt〉 = 〈φ,X0〉+
∫ t

0

〈G∗φ,Xs〉 ds+
m∑
k=1

∫ t

0

〈L∗kφ,Xs〉 dW k
s .

In addition, (1.4) defines a quantum dynamical semigroup Φt in B (h), which is
the minimal solution of (1.3) when D∗ is an invariant domain of eG

∗t.

2.3. Auxiliary lemmata. For completeness we state and prove the following two
lemmata.

Lemma 2.1. Let Y ∈ L2 (P;h) =
{
f : Ω→ h, E ‖f‖2 < +∞

}
. Suppose that

there is a self-adjoint positive operator C such that supε>0 E
∥∥∥C1/2

ε Y
∥∥∥2

< +∞,

where Cε = (I + εC)−1
C (I + εC)−1. Then Y ∈ Dom

(
C1/2

)
a.s. and

E
∥∥∥C1/2Y

∥∥∥2

< +∞.

Proof. First, by the Banach-Alaoglu theorem, there are εn →n 0 and g ∈ L2 (P;h)
such that for any f ∈ L2 (P;h),

E
〈
C

1/2
ε(n)Y, f

〉
→n E 〈g, f〉 .

Next, we consider a linear operator MC1/2 in L2 (P;h) with domain{
f ∈ L2 (P;h) : ∀w ∈ Ω, f (w) ∈ Dom

(
C1/2

)
and E

∥∥∥C1/2f
∥∥∥2

< +∞
}
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such that MC1/2f = C
1
2 f whenever f ∈ Dom (MC1/2). Since C1/2 is self-adjoint

[12], from the properties of the resolvent of C it follows that

(2.2) E 〈Y,MC1/2f〉 = lim
n

E
〈
C1/2 (I + εnC)−1 Y, f

〉
= E 〈g, f〉 .

Therefore Y ∈ Dom
(
M∗
C1/2

)
.

Finally, the conclusion follows as in the proof of Lemma 1.1 of [8]. In fact, if
(φk)k≥1 is an orthonormal basis of L2 (P;C), then there are yk, gk ∈ h, k ≥ 1, such
that Y =

∑
k≥1 ykφk and g =

∑
k≥1 gkφk. It is worth pointing out that the above

equalities are understood in the L2 (P;h) sense. From (2.2) we obtain that for any
v ∈ Dom

(
C1/2

)
,
〈
yk, C

1/2v
〉

= 〈gk, v〉. Then gk =
(
C1/2

)∗
yk. This implies that

C1/2Y =
∑
k≥1 gkφk a.s. and the required result follows. �

Lemma 2.2. Let α, ψ and φ : [a, b]→ R+ be integrable functions. Assume that ψ
is continuous. If α has a nonnegative continuous derivative and for all t ∈ [a, b],

(2.3) φ (t) ≤ α (t) +
∫ t

a

ψ (s)
√
φ (s)ds,

then φ (t) ≤
(

1
2

∫ t
a
ψ (s) ds+

√
α (t)

)2

.

Proof. By (2.3) we have that for any ε > 0 and t ∈ [a, b]

1
2

α̇ (t) + ψ (t)
√
φ (t)(

ε+ α (t) +
∫ t
a ψ (s)

√
φ (s)ds

)1/2
≤ 1

2
α̇ (t)

(ε + α (t))1/2
+
ψ (t)

2
.

It follows that
√
ε+ φ (t) ≤ 1

2

∫ t
a
ψ (s) ds +

√
ε+ α (t) and the proof is finished

taking the limit as ε→ 0. �

3. A priori estimates on X and X·,n

This section has two main objectives: first, to obtain uniform estimates with
respect to n on the behavior of Xt,n; second, to state regularity results for Xt,
where X is the stochastic process X given in subsection 2.2.

Theorem 3.1. Suppose that assumptions H1 to H4 hold and
H5: for any φ ∈ D∗, G∗φ = limnG

∗
nφ and L∗kφ = limn L

∗
k,nφ,

H6: ∀n ∈ N, hn ⊂ D∗,
H7: there is a self-adjoint positive operator C such that for each n ≥ 0,

hn ⊂ Dom
(
C1/2

)
and ∀φ ∈ hn,

2 Re
〈
C1/2φ,C1/2Gnφ

〉
+

m∑
k=1

∥∥∥C1/2Lk,nφ
∥∥∥2

≤ K
(∥∥∥C1/2φ

∥∥∥2

+ ‖φ‖2
)
,

H8: ∀φ ∈ Dom
(
C1/2

)
,
∥∥C1/2Pnφ

∥∥→n→+∞
∥∥C1/2φ

∥∥ .
If X0 ∈ Dom

(
C1/2

)
a.s., then Xt ∈ Dom

(
C1/2

)
a.s. and there is a constant K

such that

(3.1) sup
t∈[0,T ]

E
∥∥∥C1/2Xt

∥∥∥2

≤ K
(∥∥∥C1/2X0

∥∥∥2

+ ‖X0‖2
)



1398 C. M. MORA

and

sup
t∈[0,T ]

E
∥∥∥C1/2Xt,n

∥∥∥2

≤ K
(∥∥∥C1/2PnX0

∥∥∥2

+ ‖X0‖2
)
, for all n ∈ N.

In a wide class of applications assumptions H1 to H8 hold. In fact, these con-
ditions are analogous to those used in [7] to derive that there is a unique σ-weak
continuous family (Φt)t≥0 of positive maps on B (h) satisfying (1.3).

Notice that the first stage of the Galerkin method [15] is fulfilled in Step 1. Now,
we carry out the next three stages of this procedure in the proof of Theorem 3.1.
Stage 4 rests on modifications of ideas presented in [8].

Proof of Theorem 3.1. In the second stage of the Galerkin method we have to estab-
lish estimates on Xn. Here, since for any ϕ ∈ hn, 2 Re 〈ϕ,Gnϕ〉+

∑m
k=1 ‖Lk,nϕ‖

2 =
0, it follows from Itô’s formula that

(3.2) E ‖Xt,n‖2 = ‖X0,n‖2 .

In addition, for any φ ∈ D∗,

〈φ,Xt,n〉 = 〈φ,X0,n〉+
∫ t

0

〈G∗nφ,Xs,n〉 ds+
m∑
k=1

∫ t

0

〈
L∗k,nφ,Xs,n

〉
dW k

s .

Therefore, using (3.2), H5 and the integration by parts formula [20], we obtain that
for all φ ∈ D∗ there exists a constant Kφ such that

(3.3) E |〈φ,Xt,n −Xs,n〉|2 ≤ Kφ (t− s) ‖X0‖2 .

Finally, C1/2Pn ∈ B (h) leads to

(3.4) C1/2Xt,n = C1/2X0,n+
∫ t

0

C1/2PnGnXs,nds+
m∑
k=1

∫ t

0

C1/2PnLk,nXs,ndW
k
s .

Therefore for each t ∈ [0, T ],

E
∥∥∥C1/2Xt,n

∥∥∥2

=E
∥∥∥C1/2X0,n

∥∥∥2

+ 2E
∫ t

0

Re
〈
C1/2Xs,n, C

1/2GnXs,n

〉
ds

+
m∑
k=1

E
∫ t

0

∥∥∥C1/2Lk,nXs,n

∥∥∥2

ds.

Hence, by (3.2) and condition H7

E
∥∥∥C1/2Xt,n

∥∥∥2

≤ E
∥∥∥C1/2X0,n

∥∥∥2

+Kt ‖X0‖2 +
∫ t

0

E
∥∥∥C1/2Xs,n

∥∥∥2

ds.

This implies

(3.5) E
∥∥∥C1/2Xt,n

∥∥∥2

≤ K
(∥∥∥C1/2X0,n

∥∥∥2

+ ‖X0‖2
)
.

Next, we consider the third stage of the Galerkin method, where we have to
study the limit as k → ∞ of a certain subsequence (X·,nk)k.

Let F̃t be the σ-algebra generated by (Ws)s∈[0,t] and the P-null sets of F . Thus,

for each n there is a
(
F̃t

)
t≥0

-adapted stochastic process X̃·,n such that X̃·,n and
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X·,nk are indistinguishable. Now, by (3.3) we can ensure that for all ξ ∈ L2 (P;C)
and φ ∈ D∗, ∣∣∣Eξ 〈φ, X̃t,n − X̃s,n

〉∣∣∣2 ≤ Kφ (t− s) ‖x0‖2 E |ξ|2 .

Thus
{

Eξ
〈
φ, X̃·,n

〉}
n≥0

is a uniformly bounded and equicontinuous family of

functions defined on [0, T ]. Let (ξlφl)l≥1 be the sequence obtained by arranging
all products of elements of the dense subset {φn}n≥1 of D∗ with elements of the
dense subset {ξn}n≥1 of L2 (P;C). Hence Arzela-Ascoli’s theorem and diagonali-

zation arguments show that there exist a subsequence
(
X̃·,nk

)
k≥1

and a sequence

(fl)l≥1 of continuous functions defined on [0, T ] such that Eξl
〈
φl, X̃·,nk

〉
⇒k fl

and
∥∥∥Eξl 〈φl, X̃·,nk〉− fl∥∥∥∞ < 1/l, whenever k ≥ l.

On the other hand, using (3.2), we obtain that for each t ∈ [0, T ] there is X̄t ∈
L2
(
P,F̃t;h

)
and a subsequence

(
X̃t,nk(p)

)
p≥0

, such that

X̃t,nk(p) −→weak∗

p→+∞ X̄t.

Then fl (t) = Eξl
〈
φl, X̄t

〉
and

E
∥∥X̄t

∥∥2 ≤ lim inf
p

E
∥∥∥X̃t,nk(p)

∥∥∥2

≤ ‖x0‖2 .

Therefore it follows from the previous paragraph that for each Z ∈ L2 (P;h),
E
〈
Z, X̃·,nk

〉
⇒k→+∞ E

〈
Z, X̄

〉
.

We are ready to proceed with Stage 4 of the Galerkin method, which concerns
the properties of X̄.

Let ξ ∈ L2
(
P,F̃t;C

)
. Then there exist predictable processes Hk, k = 1, . . . ,m,

in L2 ([0, t]× Ω; υ ×P;C) such that ξ = Eξ+
∑m

k=1

∫ t
0
Hk
s dW

k
s . Thus we have that

for any φ ∈ D∗ and j = 1, . . . ,m,

Eξ
∫ t

0

〈
L∗j,nkφ, X̃s,nk

〉
dW j

s −Eξ
∫ t

0

〈
L∗j,nkφ, X̄s

〉
dW j

s

= E
∫ t

0

H l
s

(〈
L∗j,nkφ, X̃s,nk

〉
−
〈
L∗j,nkφ, X̄s

〉)
ds.

As a consequence, taking the limit as k → ∞ in

Eξ
〈
φ, X̃t,nk

〉
= Eξ

〈
φ, X̃0,nk

〉
+ E

∫ t

0

ξ
〈
G∗nkφ, X̃s,nk

〉
ds

+
m∑
j=1

Eξ
∫ t

0

〈
L∗j,nkφ, X̃s,nk

〉
dW j

s ,

we obtain

Eξ
〈
φ, X̄t

〉
= Eξ

〈
φ, X̄0

〉
+ E

∫ t

0

ξ
〈
G∗φ, X̄s

〉
ds+

m∑
j=1

Eξ
∫ t

0

〈
L∗jφ, X̄s

〉
dW j

s .

Then X̄ satisfies (2.1). Since X̄ is weakly continuous in the mean-square sense, it
follows from subsection 2.2 that X̄ = X a.s.
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Inspired by the proof of Theorem 2.2 of [8], we now consider the variant of
the Yosida approximation Cε = (I + εC)−1C(I + εC)−1. Combining (3.5) and
C

1/2
ε ≤ C1/2, we arrive at

(3.6) E
∥∥∥C1/2

ε Xt,n

∥∥∥2

≤ K
(∥∥∥C1/2X0,n

∥∥∥2

+ ‖X0‖2
)
.

On the other hand, for any Z ∈ L2 (P;h) and each t ∈ [0, T ]

E
〈
Z,C1/2

ε Xt,nk

〉
= E

〈
C1/2
ε Z,Xt,nk

〉
→k E

〈
Z,C1/2

ε Xt

〉
.

Then (3.6) leads to

(3.7) E
∥∥∥C1/2

ε Xt

∥∥∥2

≤ lim inf
k

E
∥∥∥C1/2

ε Xt,nk

∥∥∥2

≤ K
(∥∥∥C1/2X0

∥∥∥2

+ ‖X0‖2
)
.

By (3.7) and Lemma 2.1, Xt ∈ Dom
(
C1/2

)
a.s. and E

∥∥C1/2Xt

∥∥2
< +∞. Finally,

using the inequality
∥∥∥C1/2

ε Xt

∥∥∥ ≤ ∥∥C1/2Xt

∥∥ and the property

C1/2
ε Xt = (I + εC)−1

C1/2Xt →ε→0+ C1/2Xt,

one concludes (3.1) from (3.7). �

It follows from Itô’s formula in a Hilbert space and Theorem 3.1 that

Corollary 3.2. Let Dom
(
C1/2

)
⊂ Dom (G). Then there exists a unique strong

topology solution of (1.1) which is weakly continuous in probability under the as-
sumptions of Theorem 3.1.

Remark 3.3. A closer inspection of the proof of Theorem 3.1 reveals that the as-
sertions of this theorem hold when Gn = PnG and for any ϕ ∈ Dom (G),

2 Re 〈ϕ,Gϕ〉+
m∑
k=1

‖Lkϕ‖2 ≤ 0.

Remark 3.4. Employing similar arguments to those used in the proof of Theorem
3.1, we can generalize the results given in Theorem 3.1 and Remark 3.3 to the case
m = +∞ under the hypothesis that for any φ ∈ D∗,

∑∞
j=1

∥∥L∗jφ∥∥2
< +∞.

4. Rate of convergence of finite dimensional approximations

This section deals with the last stage of the Galerkin method, i.e., with
strong convergence results. More precisely, we derive the rate of convergence of
E 〈Xt,n, AXt,n〉 to E 〈Xt, AXt〉, where A belongs to a certain class of linear opera-
tors.

First, let us note that A is an unbounded operator in many physics applications
[19, 14]. Therefore we do not restrict ourselves here to the case A ∈ B (h). We also
point out that the basic idea behind the proof of the main results of this part is
the application of Theorem 3.1. Roughly speaking, we will combine the constraint
given by the domain of C

1
2 with estimates introduced in Theorem 3.1.

To be concrete, from now on we will suppose that
S1: There are an orthonormal basis of h {ϕj}j∈Zp+

, p ∈ N, and a positive real

number lC such that the operator Cϕj = |j|lC ϕj satisfies condition H7.
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In addition to the fact that assumption S1 frequently holds in applications in
quantum optics (see, e.g., [6, 7] and Section 6), this case allows us to introduce a
general procedure which can be useful in other situations. Notice that p is inter-
preted as the number of modes or degree of freedom of physical systems.

For simplicity, we consider that hn is the linear span of
{
ϕj : ~0 ≤ j ≤ ~n

}
. That

is, we reduce ourselves to the Galerkin approximation with fixed basis. To state
our next results precisely, we introduce the following notation.

Definition 4.1. Let a and b be nonnegative integer numbers. Assume that l is
a nonnegative real number. Then Ol,a,b denotes the set of all linear operators
B : Dom (B) ⊂ h→ h such that for any k ∈ Zp+, Bϕk belongs to the linear span of

{ϕj}j∈[k−a,k+b] and ‖Bϕk‖ ≤ K max
{
|k|l , 1

}
.

We are now ready to fulfill our objective of characterizing the convergence pro-
perties corresponding to Step 1 explained in Section 1.

Theorem 4.2. Let A ∈ OlA,nA,mA , G ∈ OlG,nG,mG and Lj ∈ OlL,nL,mL , j =
1, . . . ,m. Suppose that X0 ∈ Dom

(
C1/2

)
⊂ Dom (G) and lC ≥ 2 max {lA, lG, 2lL}.

Then under assumptions S1 and H1 to H6, we have that for any n > 0,

sup
t∈[0,T ]

|E 〈Xt, AXt〉 − E 〈Xt,n, AXt,n〉| ≤ K
(∥∥∥C1/2X0

∥∥∥2

+ ‖X0‖2
)

∗
(

1
nlC−lA

+
1nG>0

nlC/2−lG
+

1nL>0 + 1mL>0

nlC/2−2lL
+

1nG>0

nlC−2lG−lA +
1nL>0 + 1mL>0

nlC−4lL−lA

)
.

For expository purposes, before proving Theorem 4.2, we give Lemma 4.3.

Lemma 4.3. Let Φ ∈ Ol,a,b. Then Φ∗ ∈ Ol,b,a. Furthermore, if P̄k is the or-
thogonal projection of h over the linear span of {ϕj}j∈[~0,k], then

∥∥ΦP̄k
∥∥ ≤ K |k|l

whenever k 6= ~0.

Proof. Since j ∈ [k − a, k + b] iff k ∈ [j − b, j + a], Φ∗ϕk belongs to the linear span
of {ϕj}j∈[k−b,k+a]. Let k > 0. By the Cauchy-Schwarz inequality,

∥∥ΦP̄kz
∥∥2 ≤ K |k|2l

 ∑
i∈[~0,k]

∣∣zi∣∣2


1
2
 ∑
i∈[~0,k]

∑
j∈[i−a−b,i+a+b]∩[~0,k]

∣∣zj∣∣2


1
2

,

where z ∈ h. Thus
∥∥ΦP̄kz

∥∥2 ≤ K |k|2l ‖z‖2. Finally, if S is the linear span of
{ϕj}j∈[0,k+a], then

‖Φ∗ϕk‖ = sup
φ∈S,φ 6=0

〈Φ∗ϕk, φ〉
‖φ‖ ≤ ‖ϕk‖

∥∥ΦP̄k+a

∥∥ .
This implies that Φ∗ ∈ Ol,b,a. �
Proof of Theorem 4.2. One easily obtains that we can reduce the study of the trun-
cation error

|E 〈Xt, AXt〉 −E 〈Xt,n, AXt,n〉|
to the analysis of the errors H1

t = |E 〈Xt, AXt〉 −E 〈PnXt, APnXt〉| and H2
t =

|E 〈PnXt, APnXt〉 −E 〈Xt,n, AXt,n〉|. Then we will concentrate on estimating H1
t

and H2
t .
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Next, we will check that

(4.1) H1
t ≤ KnlA−lC

(∥∥∥C1/2X0

∥∥∥2

+ ‖X0‖2
)
.

To verify (4.1), we decompose H1
t as follows:

H1
t ≤ |E 〈PnXt, A (Xt − PnXt)〉|+ |E 〈Xt − PnXt, APnXt〉|(4.2)

+ |E 〈Xt − PnXt, A (Xt − PnXt)〉| .
Now, by A ∈ OlA,nA,mA ,

|〈Xt − PnXt, A (Xt − PnXt)〉|

≤ K
∑

j /∈[~0,~n]

∣∣∣Xj
t

∣∣∣ |j|lA ∑
k∈[j−nA,j+mA]∩[~0,~n]c

∣∣Xk
t

∣∣
 .

Hence, using the Cauchy-Schwarz inequality and the fact that k ∈ [j − nA, j +mA]
iff j ∈ [k −mA, k + nA], one concludes that

|〈Xt − PnXt, A (Xt − PnXt)〉|

≤ K
√√√√ ∑
j /∈[~0,~n]

∣∣∣Xj
t

∣∣∣2 |j|lA√√√√ ∑
j /∈[~0,~n]

∑
k∈[j−nA,j+mA]∩[~0,~n]c

∣∣Xk
t

∣∣2 (|k|+ pnA)lA

≤ K
∑

j /∈[~0,~n]

∣∣∣Xj
t

∣∣∣2 |j|lA .
Since lC ≥ lA,

(4.3) |〈Xt − PnXt, A (Xt − PnXt)〉| ≤ KnlA−lC
∥∥∥C1/2Xt

∥∥∥2

.

Repeating the arguments given above, we obtain

|〈Xt − PnXt, APnXt〉|

≤
∑

k/∈[~0,~n]

∑
j∈[~0,~n]

∣∣∣Xj
t

∣∣∣ ∣∣Xk
t

∣∣ |〈ϕk, Aϕj〉|
≤ K

√√√√ ∑
k/∈[~0,~n]

∣∣Xk
t

∣∣2√√√√ ∑
j∈[0,~n],|j|>n−mAp

∣∣∣Xj
t

∣∣∣2 max
{
|j|2lA , 1

}
.

(4.4)

It follows from lC ≥ 2lA that for every n > mAp,

(4.5) |〈Xt − PnXt, APnXt〉| ≤ KnlA−lC
∥∥∥C1/2Xt

∥∥∥2

.

Furthermore, (4.4) implies that for any n ≤ mAp,

|〈Xt − PnXt, APnXt〉| ≤ KnlA−lC/2
∥∥∥C1/2Xt

∥∥∥ ‖Xt‖(4.6)

≤ KnlA−lC
∥∥∥C1/2Xt

∥∥∥ ‖Xt‖ .

Finally, since 〈PnXt, A (Xt − PnXt)〉 = 〈A∗PnXt, Xt − PnXt〉, combining Lemma
4.3, inequalities (4.5), (4.6), (4.3) and Theorem 3.1, we arrive at (4.1).
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Now, we go on estimating H2
t . To treat this term, we first note that

H2
t ≤

((
E ‖A∗Xt,n‖2

) 1
2

+
(
E ‖AXt,n‖2

) 1
2
)(

E ‖PnXt −Xt,n‖2
) 1

2
(4.7)

+ ‖APn‖E ‖PnXt −Xt,n‖2 .
Since

‖A∗Xt,n‖2 ≤ K

 ∑
j∈[~0,~n]

∣∣∣Xj
t,n

∣∣∣2 max
{
|j|lA , 1

}2


1
2

∗

 ∑
j∈[~0,~n]

∑
k∈[j−nA−mA,j+nA+mA]∩[~0,~n]

∣∣Xk
t,n

∣∣2 max
{
|k|lA , 1

}2


1
2

,

(4.8)

‖A∗Xt,n‖2 ≤ K
∑

j∈[~0,~n]

∣∣∣Xj
t,n

∣∣∣2 max
{
|j|lA , 1

}2

≤ K
(∥∥∥C 1

2Xt,n

∥∥∥2

+
∣∣∣X~0

t,n

∣∣∣2) .
Therefore, Lemma 4.3 leads to

(4.9) ‖AXt,n‖2 ≤ K
(∥∥∥C 1

2Xt,n

∥∥∥2

+
∣∣∣X~0

t,n

∣∣∣2) .
Using Theorem 3.1, Lemma 4.3, (4.8) and (4.9) in (4.7), it follows that

H2
t ≤ K

√∥∥∥C 1
2PnX0

∥∥∥2

+ ‖X0‖2
√

E ‖PnXt −Xt,n‖2

+KnlAE ‖PnXt −Xt,n‖2 .
(4.10)

Consequently, it remains to bound h (t) = E ‖PnXt −Xt,n‖2. Applying Corollary
3.2, one concludes that

PnXt −Xt,n =
∫ t

0

(PnGXs −GnXs,n) ds+
m∑
k=1

∫ t

0

Lk,n (Xs −Xs,n) dW k
s .

Therefore, Itô’s formula yields

h (t) = 2E
∫ t

0

Re 〈PnXs −Xs,n, PnGXs −GnXs,n〉 ds

+
m∑
k=1

E
∫ t

0

‖Lk,n (Xs −Xs,n)‖2 ds.

Thus, we deduce from (1.6) that E ‖PnXt −Xt,n‖2 =
∑4
k=1 J

k
t , where

J1
t = 2E

∫ t

0

Re 〈PnXs −Xs,n, (PnG−Gn)PnXs〉 ds,

J2
t = 2E

∫ t

0

Re 〈PnXs −Xs,n, PnG (Xs − PnXs)〉 ds,

J3
t =

m∑
k=1

E
∫ t

0

‖Lk,n (Xs − PnXs)‖2 ds,
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and J4
t = 2

∑m
k=1 2E

∫ t
0

Re 〈Lk,n (Xs − PnXs) , Lk,n (PnXs −Xs,n)〉 ds.
Fix mL = 0. Then J1

t = 0, because (PnG−Gn)PnXs = 0. In the other case,
i.e., mL ≥ 1, combining Lemma 4.3 and Theorem 3.1, we obtain

E ‖(PnG−Gn)PnXs‖2

≤ m

4

m∑
k=1

E ‖(PnL∗kPnLk − PnL∗kLk) (PnXs − Pn−mLXs)‖2

≤ Kn4lLE ‖PnXs − Pn−mLXs‖2

≤ Kn4lL−lC
(∥∥∥C1/2X0

∥∥∥2

+ ‖X0‖2
)
,

which yields

J1
t ≤ K1mL>0n

2lL− lC2
(∥∥∥C 1

2X0

∥∥∥2

+ ‖X0‖2
) 1

2
∫ t

0

E
1
2

(
‖PnXs −Xs,n‖2

)
ds.

It is worth mentioning that in previous inequalities if n − mL < 0, then we put
Pn−mL = 0.

Clearly, if nG = 0, resp. nL = 0, then J2
t = 0, resp. J3

t = 0. Moreover, from
(4.3), Lemma 4.3,

‖PnG (Xs − PnXs)‖2 = 〈Xs − PnXs, G
∗PnG (Xs − PnXs)〉

and ‖Lk,n (Xs − PnXs)‖2 = 〈Xs − PnXs, L
∗
kPnLk (Xs − PnXs)〉, it follows that

J2
t + J3

t ≤ 1nL>0Kn
2lL−lC

(∥∥∥C 1
2X0

∥∥∥2

+ ‖X0‖2
)

+ 1nG>0Kn
lG−lC/2

(∥∥∥C 1
2X0

∥∥∥2

+ ‖X0‖2
) 1

2
∫ t

0

E
1
2

(
‖PnXs −Xs,n‖2

)
ds.

Since

〈Lk,n (Xs − PnXs) , Lk,n (PnXs −Xs,n)〉
= 〈L∗kPnLk (Xs − PnXs) , PnXs −Xs,n〉 ,

we also have

J4
t ≤ 1nL>0Kn

2lL−lC/2
(∥∥∥C 1

2X0

∥∥∥2

+ ‖X0‖2
) 1

2
∫ t

0

E
1
2

(
‖PnXs −Xs,n‖2

)
ds.

To summarize, we have obtained that

h (t) ≤ K 1nL>0

nlC−2lL

(∥∥∥C 1
2X0

∥∥∥2

+ ‖X0‖2
)

+K

(∥∥∥C 1
2X0

∥∥∥2

+ ‖X0‖2
) 1

2

∗
(

1nL>0 + 1mL>0

nlC/2−2lL
+

1nG>0

nlC/2−lG

)∫ t

0

√
h (s)ds.

Therefore, according to Lemma 2.2

(4.11) h (t) ≤ K
(∥∥∥C 1

2X0

∥∥∥2

+ ‖X0‖2
)(

1nL>0 + 1mL>0

nlC/2−2lL
+

1nG>0

nlC/2−lG

)2

.

Then the required result follows from (4.10). �
To handle the case A ∈ B (h)�

⋃∞
nA,mA=0O0,nA,mA , we present the following

theorem.
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Theorem 4.4. Let A ∈ A ∈ B (h), G ∈ OlG,nG,mG and Lj ∈ OlL,nL,mL , j =
1, . . . ,m. Suppose that X0 ∈ Dom

(
C1/2

)
⊂ Dom (G) and lC ≥ 2 max{lG, 2lL}.

Then under assumptions S1 and H1–H6, we have that for any n > 0,

sup
t∈[0,T ]

|E 〈Xt, AXt〉 −E 〈Xt,n, AXt,n〉|

≤ K
(∥∥∥C1/2X0

∥∥∥2

+ ‖X0‖2
)(

1
nlC/2

+
1nG>0

nlC/2−lG
+

1nL>0 + 1mL>0

nlC/2−2lL

)
.

Proof. Let H1
t and H2

t be defined as in the proof of Theorem 4.2. Hence

H1
t ≤ ‖A‖E

(
2 ‖PnXt‖ ‖Xt − PnXt‖+ ‖Xt − PnXt‖2

)
and

H2
t ≤ ‖A‖

((
E ‖Xt,n‖2

) 1
2

+
(
E ‖Xt,n‖2

) 1
2
)(

E ‖PnXt −Xt,n‖2
) 1

2

+ ‖A‖E ‖PnXt −Xt,n‖2 .

Therefore, applying (4.3) and (4.11), the theorem follows. �

5. Rate of convergence of the explicit Euler scheme

In this section our aim is to progress in the theoretical understanding of Step 2 of
the procedure given in Section 1. Indeed, we will address the numerical simulation
of E 〈Xt,n, AXt,n〉 using the explicit Euler scheme, i.e., the scheme Z·,n recalled in
Section 1.

Because of its instability, the explicit Euler scheme Z does not present a good
performance when (1.5) is a stiff SDE [16, 13]. Though this situation often appears
in quantum mechanics, the error analysis presented here can be a useful pattern
for studying more complex numerical schemes, such as implicit Euler methods [16,
13, 26], Euler-Exponential methods [17] and those resulting of the application of
the above schemes to the solution of the SDE satisfied by Xt,n/ ‖Xt,n‖.

We start the section with Theorem 5.1 which provides the rate of convergence
of the explicit Euler scheme. Next, we focus on a numerical method based on the
extrapolation of this scheme.

Theorem 5.1. Suppose that µ is a positive constant and conditions of Theorem
4.2 hold. Let (cn)n be a sequence of real numbers such that

S2: for any n ≥ 1 and x ∈ hn, ‖GnPn‖2 ≤ cn and∥∥∥C1/2Gnx
∥∥∥2

≤ Kcn
(∥∥∥C1/2x

∥∥∥2

+ ‖x‖2
)
.

Moreover, assume that

S3: the operator given by C1ϕn = |n|lC1 ϕn, where lC1 is a positive real number
such that lC ≥ lC1 + 4 max{lG, lL} and lC1 ≥ lA, fulfills condition H7 .
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If cn ≤ µM , then for any j = 0, . . . ,M ,∣∣∣E 〈XTj , AXTj

〉
−E

〈
ZMTj ,n, AZ

M
Tj ,n

〉∣∣∣
≤ K

(∥∥∥C1/2X0

∥∥∥2

+ ‖X0‖2
)

∗
(
T

M
+

1nG>0

nlC/2−lG

+
1nL>0 + 1mL>0

nlC/2−2lL
+

1nG>0

nlC−2lG−lA +
1nL>0 + 1mL>0

nlC−4lL−lA +
1

nlC−lA

)
.

As we will illustrate in Section 6, the hypotheses of Theorem 5.1 are general
enough for applications in quantum optics. The underlying idea in the proof of
Theorem 5.1 is to refine standard arguments employed to prove the rate of conver-
gence of classical weak numerical schemes for finite dimensional SDEs [23, 24, 16, 13]
keeping in mind the characteristics of our case, e.g., Remark 5.2 and Lemma 5.3.

Remark 5.2. One specific feature which is used in the proof is that for each x ∈ hn,
t ∈ [0, T ] and s ∈ [0, t],

(5.1)
〈
x,Φst,nx

〉
= E

〈
Y s,xt,n , AY

s,x
t,n

〉
,

where for every t ∈ [s, T ]

(5.2) Y s,xt,n = x+
∫ t

s

GnY
s,x
u,ndu +

m∑
k=1

∫ t

s

Lk,nY
s,x
u,ndW

k
u

and

(5.3) Φst,n = PnAPn +
∫ t

s

Ln
(
Φsu,n

)
du

with Ln : B (hn)→ B (hn) given by

Ln (X) = PnG
∗
nX +XGnPn +

m∑
k=1

PnL
∗
kPnXPnLkPn.

For the sake of simplicity, we use the shorthand notation Φt−s,n to mean Φ0
t−s,n.

Lemma 5.3. Suppose that the hypotheses of Theorem 5.1 hold. Consider B1, B2 ∈
OlB ,nB ,mB satisfying lC ≥ lC1 + 2lB. Then

(5.4)
∣∣E 〈B1ZTj ,n,ΦTκ−s,nB2ZTj ,n

〉∣∣ ≤ K (∥∥∥C 1
2X0

∥∥∥2

+ ‖X0‖2
)

whenever Tj ≤ s ≤ Tκ.

Proof. First, we establish estimates on Zt,n. Next, using them, we obtain (5.4).
By Itô’s formula, we have that for every t ∈ ]Tj, Tj+1]

E ‖Zt,n‖2

= E
∥∥ZTj ,n∥∥2 + E

∫ t

Tj

2 Re
〈
Zs,n, GnZTj ,n

〉
ds+

m∑
k=1

E
∫ t

Tj

∥∥Lk,nZTj ,n∥∥2
ds

= E
∥∥ZTj ,n∥∥2 + E

∫ t

Tj

2 Re
〈
GnZTj ,n (s− Tj) , GnZTj ,n

〉
ds.
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Hence E ‖Zt,n‖2 ≤ E
∥∥ZTj ,n∥∥2

(
1 + ‖GnPn‖2 (t−Tj)2

2

)
. Therefore

(5.5) E ‖Zt,n‖2 ≤ ‖Z0,n‖2
(

1 + cn
T 2

2M2

)j
≤ ‖Z0,n‖2 e

cnT
2

2M ≤ ‖Z0,n‖2 e
µ
2 T

2
.

On the other hand, for every t ∈ ]Tj , Tj+1]

C
1
2Zt,n = C

1
2ZTj ,n +

∫ t

Tj

C
1
2GnZTj ,nds+

m∑
k=1

∫ t

Tj

C
1
2Lk,nZTj ,ndW

k
s .

Therefore, from Itô’s formula it follows that

E
∥∥∥C 1

2Zt,n

∥∥∥2

= E
∥∥∥C 1

2ZTj ,n

∥∥∥2

+ E
∫ t

Tj

2 Re
〈
C

1
2Zs,n, C

1
2GnZTj ,n

〉
ds

+
m∑
k=1

E
∫ t

Tj

∥∥∥C 1
2Lk,nZTj ,n

∥∥∥2

ds.

Thus (5.5) and hypothesis S1 yield

E
∥∥∥C 1

2Zt,n

∥∥∥2

≤
(

1 +
KT

M

)
E
∥∥∥C 1

2ZTj ,n

∥∥∥2

+
KT

M
‖Z0,n‖2

+E
∫ t

Tj

2 Re
〈
C

1
2
(
Zs,n − ZTj ,n

)
, C

1
2GnZTj ,n

〉
ds.

Hence combining S2, the linearity of (1.5) and the fact that cn ≤ µM , we obtain

E
∥∥∥C 1

2Zt,n

∥∥∥2

≤
(

1 +
KT

M

)
E
∥∥∥C 1

2ZTj ,n

∥∥∥2

+
KT

M
‖Z0,n‖2 .

Then for any t ∈ ]Tj, Tj+1] ,

E
∥∥∥C 1

2Zt,n

∥∥∥2

≤
(

1 +
KT

M

)j
E
∥∥∥C 1

2Z0,n

∥∥∥2

+
j−1∑
k=0

(
1 +

KT

M

)k
KT

M
‖Z0,n‖2

≤ E
∥∥∥C 1

2Z0,n

∥∥∥2

eK +K ‖Z0,n‖2
((

1 +
K

M

)M
− 1

)

≤ KE
∥∥∥C 1

2Z0,n

∥∥∥2

+K ‖Z0,n‖2
(
eK − 1

)
.

In the remainder of the proof we verify (5.4). Using the polarization identity,
(5.1) and the property Φt−s,n = Φst,n, we obtain

4
∣∣E 〈B1ZTj ,n,ΦTκ−s,nB2ZTj ,n

〉∣∣
=

∣∣∣∣∣
3∑
k=0

i−kE
〈(
B1 + ikB2

)
ZTj,n,ΦTκ−s,n

(
B1 + ikB2

)
ZTj ,n

〉∣∣∣∣∣
≤

3∑
k=0

∣∣∣E〈Ỹn,k, AỸn,k〉∣∣∣ ,
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with Ỹn,k = Y
s,(B1+ikB2)ZTj,n
Tκ,n

. Proceeding as in the proof of Theorem 4.2, one
arrives at ∣∣∣E(〈Ỹn,k, AỸn,k〉�Fs)∣∣∣

≤ K E

 ∑
l∈[~0,~n]

∣∣∣Ỹ ln,k∣∣∣2 max
{
|l|lA , 1

}
�FTs


≤ K E

(∥∥∥C 1
2
1 Ỹn,k

∥∥∥2

+
∥∥∥Ỹ ~0n,k∥∥∥2

�FTs
)
.

It follows from Theorem 3.1 and the Markov property of Y that∣∣∣E(〈Ỹn,k, AỸn,k〉�Fs)∣∣∣ ≤ K (∥∥∥C 1
2
1 (B1 + ikB2)ZTj ,n

∥∥∥2

+
∥∥(B1 + ikB2)ZTj ,n

∥∥2
)
.

Since lC ≥ lC1 + 2lB,∣∣∣E(〈Ỹn,k, AỸn,k〉�Fs)∣∣∣ ≤ K (∥∥∥C 1
2ZTj ,n

∥∥∥2

+
∥∥ZTj ,n∥∥2

)
.

Then we conclude the proof of (5.4) by an application of the estimates obtained in
the first part. �

Proof of Theorem 5.1. The error
∣∣∣E 〈XTj , AXTj

〉
−E

〈
ZMTj ,n, AZ

M
Tj ,n

〉∣∣∣ can be de-

composed into the sum of the error
∣∣E 〈XTj , AXTj

〉
−E

〈
XTj ,n, AXTj ,n

〉∣∣, which
arises in Step 1, and the discretization error∣∣∣E 〈XTj ,n, AXTj ,n

〉
−E

〈
ZMTj ,n, AZ

M
Tj ,n

〉∣∣∣ .
Theorem 4.2 provides estimates for the first term, so that it remains to bound the
discretization error.

To this end, we introduce the functions un : [0, Tj]×hn×hn → C, n ∈ N, defined
by

un (s, x, y) =
〈
x̄,ΦsTj ,ny

〉
,

where x̄ =
∑
j∈[~0,~n] xjϕj whenever x =

∑
j∈[~0,~n] xjϕj . Recall that

{
ϕj : ~0 ≤ j ≤ ~n

}
is an orthogonal basis of hn. It follows from (5.1) that

E
〈
ZTj ,n, AZTj ,n

〉
−E

〈
XTj ,n, AXTj ,n

〉
= E

(
un
(
Tj, ZTj ,n, ZTj ,n

)
− un

(
0, X0,n, X0,n

))
=

j−1∑
k=0

δk,

where δk = E
(
un
(
Tk+1, ZTk+1,n, ZTk+1,n

)
− un

(
Tk, ZTk,n, ZTk,n

))
.
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Now, Itô’s formula and (5.3) yield

δk = E
∫ Tk+1

Tk

〈
Gn (ZTk,n − Zs,n) ,ΦTj−s,nZs,n

〉
ds

+E
∫ Tk+1

Tk

〈
Zs,n,ΦTj−s,nGn (ZTk,n − Zs,n)

〉
ds

+
m∑
l=1

E
∫ Tk+1

Tk

〈
Ll,nZTk,n,ΦTj−s,nLl,nZTk,n

〉
ds

−
m∑
l=1

E
∫ Tk+1

Tk

〈
Ll,nZs,n,ΦTj−s,nLl,nZs,n

〉
ds.

Therefore, a simple calculation leads to

δk = −
∑

(B1,B2,r)∈S

∫ Tk+1

Tk

E
〈
B1ZTk,n,ΦTj−s,nB2ZTk,n

〉
(s− Tk)r ds,

where S is the set formed by the following triplets:
(
G2
n, I, 1

)
,
(
I,G2

n, 1
)
,
(
G2
n, Gn, 2

)
,(

Gn, G
2
n, 2
)
, (GnLl,n, Ll,n, 1), (Ll,n, GnLl,n, 1), (Ll,n, Ll,nGn, 1), (Ll,nGn, Ll,n, 1),

(Ll,nGn, Ll,nGn, 2) and (Ll,nLl1,n, Ll,nLl1,n, 1), with l, l1 = 1, . . . ,m. Thus Lemma
5.3 completes the proof. �

To improve the weak convergence order of the Euler scheme, Talay and Tubaro
generalized in [25] the Romberg extrapolation methods to the context of stochas-
tic differential equations. Inspired by this work, we next develop a second-order
scheme.

Theorem 5.4. Suppose that in addition to the hypotheses of Theorem 5.1 we have

S4: the operator given by C2ϕn = |n|lC2 ϕn, where lC2 is a positive real number
such that lC1 ≥ lC2 + 4 max {lG, lL} and lC2 ≥ lA, fulfills condition H7 .

Then for any j = 0, . . . ,M ,∣∣∣E〈XTMj
, AXTMj

〉
− 2E

〈
Z2M
T 2M

2j ,n, AZ
2M
T 2M

2j ,n

〉
+ E

〈
ZMTMj ,n, AZ

M
TMj ,n

〉∣∣∣
≤ K

(∥∥∥C1/2X0

∥∥∥2

+ ‖X0‖2
)(

T 2

M2
+

1nG>0

nlC/2−lG
+

1nL>0+1mL>0

nlC/2−2lL

+
1nG>0

nlC−2lG−lA +
1nL>0 + 1mL>0

nlC−4lL−lA +
1

nlC−lA

)
provided that cn ≤ µM .

For expository purposes, before proving Theorem 5.4, we give the following
lemma.

Lemma 5.5. Suppose that the hypotheses of Theorem 5.4 hold. Assume that B ∈
OlB ,nB ,mB and that Bk ∈ OlB1 ,nB1 ,mB1

for k = 1, . . . , 4. If lC ≥ lC1 + 2lB1 and
lC1 ≥ lC2 + 2lB, then∣∣∣E〈BY s,B1Zs,n+B2ZTj,n

Tj ,n
,ΦTκ−s̄,nBY

s,B3Zs,n+B4ZTj,n

Tj ,n

〉∣∣∣ ≤ K (∥∥∥C 1
2X0

∥∥∥2

+ ‖X0‖2
)

whenever 0 ≤ s ≤ Tj ≤ s̄ ≤ Tκ.
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Proof. The linearity of (5.2) and the polarization identity allow us to assume with-
out loss of generality that B1 = B3 and B2 = B4. It follows from (5.1) that

E
〈
BY

s,B1Zs,n+B2ZTj,n

Tj ,n
,ΦTκ−s̄,nBY

s,B3Zs,n+B4ZTj,n

Tj ,n

〉
= E

〈
Ỹ , AỸ

〉
,

with Ỹ = Y
s̄,BY

s,B1Zs,n+B2ZTj,n
Tj,n

Tκ,n
. Hence proceeding as in the proof of Lemma 5.3,

we obtain∣∣∣E(〈Ỹ , AỸ 〉�Fs̄)∣∣∣ ≤ K(
∥∥∥C 1

2
2 BY

s,B1Zs,n+B2ZTj,n

Tj ,n

∥∥∥2

+
∥∥∥BY s,B1Zs,n+B2ZTj,n

Tj ,n

∥∥∥2

)

≤ K(
∥∥∥C 1

2
1 Y

s,B1Zs,n+B2ZTj,n

Tj ,n

∥∥∥2

+
∥∥∥Y s,B1Zs,n+B2ZTj,n

Tj ,n

∥∥∥2

).

Therefore∣∣∣E(〈Ỹ , AỸ 〉�Fs)∣∣∣ ≤ K(
∥∥∥C 1

2
1

(
B1Zs,n +B2ZTj ,n

)∥∥∥2

+
∥∥B1Zs,n +B2ZTj ,n

∥∥2)

≤ K(
∥∥∥C 1

2Zs,n

∥∥∥2

+
∥∥∥C 1

2ZTj ,n

∥∥∥2

+ ‖Zs,n‖2 +
∥∥ZTj,n∥∥2).

Thus the desired result follows from the estimates given in the first part of the proof
of Lemma 5.3. �

Proof of Theorem 5.4. Returning to the proof of Theorem 5.1, one may notice that
the polarization identity leads to

δk = − T

2M

∑
(B1,B2,1)∈S

∫ Tk+1

Tk

E
〈
B1Xs,n,ΦTj−s,nB2Xs,n

〉
ds− δ̃1

k − δ̃2
k,

with

δ̃1
k =

∑
(B,k̄,r)∈S̃

i−k̄
∫ Tk+1

Tk

E
〈
BZTk,n,ΦTj−s,nBZTk,n

〉
(s− Tk)r ds(5.6)

−
∑

(B,k̄,r)∈S̃
i−k̄

∫ Tk+1

Tk

E
〈
BXTk,n,ΦTj−s,nBXTk,n

〉
(s− Tk)r ds,

δ̃2
k =

∑
(B,k̄,r)∈S̃

i−k̄
∫ Tk+1

Tk

E
〈
BXTk,n,ΦTj−s,nBXTk,n

〉
(s− Tk)r ds

−
∑

(B,k̄,1)∈S̃
i−k̄

T

2M

∫ Tk+1

Tk

E
〈
BXs,n,ΦTj−s,nBXs,n

〉
ds,

where S̃ =
{(
B, k̄, r

)
: k̄ = 0, . . . , 3, B = B1 + ik̄B2 with (B1, B2, r) ∈ S

}
.

We now focus on the estimation of δ̃1
k. For any B present in (5.6), let us define

the function vn by

vn (s, x, y) = E
〈
BY s,x̄Tk,n

,ΦTj−s̄,nBY
s,y
Tk,n

〉
,
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provided that 0 ≤ s ≤ Tk ≤ s̄ ≤ Tj and x, y ∈ hn. Thus for any s̄ ∈ [Tk, Tk+1]

E
〈
BZTk,n,ΦTj−s̄,nBZTk,n

〉
−E

〈
BXTk,n,ΦTj−s̄,nBXTk,n

〉
=

k−1∑
l=0

Evn
(
Tl+1, ZTl+1,n, ZTl+1,n

)
−Evn

(
Tl, ZTl,n, ZTl,n

)
.

It follows from Itô’s formula that

E
(
vn
(
Tl+1, ZTl+1,n, ZTl+1,n

)
− vn

(
Tl, ZTl,n, ZTl,n

))
= E

∫ Tl+1

Tl

(
∂

∂r
vn
(
r, Zr,n, Zr,n

)
+ LZTl,n,ZTl,n (vn)

(
r, Zr,n, Zr,n

))
dr,

with

Lα,β (vn) (s, x, y) =
∑

l∈[~0,~n]

∂vn
∂xl

(s, x, y)
(
Gnα

)l
+
∑

l∈[~0,~n]

∂vn
∂yl

(s, x, y) (Gnβ)l

+
1
2

m∑
l=1

∑
k̄,j̄∈[~0,~n]

∂2vn

∂xk̄xj̄
(s, x, y)

(
Ll,nα

)k̄ (
Ll,nα

)j̄
+

1
2

m∑
l=1

∑
k̄,j̄∈[~0,~n]

∂2vn

∂xk̄yj̄
(s, x, y)

(
Ll,nα

)k̄
(Ll,nβ)j̄

+
1
2

m∑
l=1

∑
k̄,j̄∈[~0,~n]

∂2vn

∂yk̄xj̄
(s, x, y) (Ll,nβ)k̄

(
Ll,nα

)j̄
+

1
2

m∑
l=1

∑
k̄,j̄∈[~0,~n]

∂2vn

∂yk̄yj̄
(s, x, y) (Ll,nβ)k̄ (Ll,nβ)j̄ ,

where for any O ∈ B (hn), the operator Ō is defined by Ōϕk = Oϕk, k ∈
[
~0, ~n

]
.

Furthermore, again using Itô’s formula, we arrive at

E
(
vn
(
Tl+1, ZTl+1,n, ZTl+1,n

)
− vn

(
Tl, ZTl,n, ZTl,n

))
= E

∫ Tl+1

Tl

∫ r

Tl

(
LZTl,n,ZTl,n

(
LZTl,n,ZTl,n (vn)

) (
s, Zs,n, Zs,n

))
ds dr

− 2E
∫ Tl+1

Tl

∫ r

Tl

(
LZTl,n,ZTl,n (L (vn))

(
s, Zs,n, Zs,n

))
ds dr

+ E
∫ Tl+1

Tl

∫ r

Tl

(
L (L (vn))

(
s, Zs,n, Zs,n

))
ds dr,

with L (vn) (s, x, y) = Lx,y (vn) (s, x, y).
Now, a long calculation leads to

Lᾱ,α (Lᾱ,α (vn)) (s, x̄, x) = 2E
〈
BY s,GαTk,n

,ΦTκ−s̄,nBY
s,Gα
Tk,n

〉
and Lᾱ,α (L (vn)) (s, x̄, x) =

∑
(y,z)∈I E

〈
BY s,yTk,n

,ΦTκ−s̄,nBY
s,z
Tk,n

〉
, where I is the

set formed by the following pairs:
(
G2
nα, x

)
, (Gnα,Gnx), (Gnx,Gnα),

(
x,G2

nα
)
,
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(Ll,nGnα,Ll,nx), (Ll,nx, Ll,nGnα), (Ll,nα,GnLl,nα), (Ll1,nLl,nα,Ll1,nLl,nα) and
(GnLl,nα,Ll,nα) with l, l1 = 1, . . . ,m. Therefore, Lemma 5.5 yields∣∣∣δ̃1

k

∣∣∣ ≤ K ( T

M

)3(∥∥∥C 1
2X0

∥∥∥2

+ ‖X0‖2
)
.

It remains to estimate δ̃2
k. Combining the integration by parts formula and (5.3),

we have that∫ Tk+1

Tk

E
〈
BXTk,n,ΦTj−s,nBXTk,n

〉
(s− Tk) ds

=
1
2

(
T

M

)2

E
〈
BXTk,n,ΦTj−Tk+1,nBXTk,n

〉
+

1
2

∫ Tk+1

Tk

E
〈
GnBXTk,n,ΦTj−s,nBXTk,n

〉
(s− Tk)2 ds

+
1
2

∫ Tk+1

Tk

E
〈
BXTk,n,ΦTj−s,nGnBXTk,n

〉
(s− Tk)2

ds

+
1
2

m∑
l=1

∫ Tk+1

Tk

E
〈
Ll,nBXTk,n,ΦTj−s,nLl,nBXTk,n

〉
(s− Tk)2

ds,

where
(
B, k̄, 1

)
∈ S̃ for some k̄. Since

E
〈
BXs,n,ΦTj−s,nBXs,n

〉
= E

〈
BXTk,n,ΦTj−s,nBXTk,n

〉
+
∫ s

Tk

E
〈
BGnXr,n,ΦTj−s,nBXr,n

〉
dr

+
∫ s

Tk

E
〈
BXr,n,ΦTj−s,nBGnXr,n

〉
dr

+
m∑
l=1

∫ s

Tk

E
〈
BLl,nXr,n,ΦTj−s,nBLl,nXr,n

〉
dr,

we conclude the proof by applying the integration by parts formula and (5.3) to∫ Tk+1

Tk
E
〈
BXTk,n,ΦTj−s,nBXTk,n

〉
ds and arguing similarly as in the last part of

the proof of Lemma 5.3. �

6. Application

This section is devoted to illustrating the main results of this paper. More
precisely, in view of the harmonic oscillators’ considerable importance in quantum
mechanics [4, 21], we develop here an example of a forced and damped quantum
harmonic oscillator in the interaction representation. Then this concrete situation
allows us to give the flavor of the hypotheses that support our presentation. We
begin by establishing the corresponding notation.

In what follows, we assume h = l2 (Z+) and that (ϕk)k≥0 is the canonical or-
thonormal basis on the space l2 (Z+). Moreover, we denote by a†, a the creation
and annihilation operators; that is, the domain of a†, a isx ∈ l2 (Z+) :

∑
k≥0

k |xk|2 < +∞


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and a†ϕn =
√
n+ 1ϕn+1,

aϕn =

{
0, if n = 0,
√
nϕn−1, if n > 0.

The number operator is given by N = a†a.
From now on we consider the system defined by the effective Hamiltonian

H = ik1

(
a† − a

)
+ k2N

and the Lindblad operators L1 = c1a, L2 = c2a
2, L3 = c3N , L4 = c4a

†, where
k1, k2 ∈ R and c1, . . . , c4 ∈ C.

The model presented here describes many physical phenomena, for instance a
single mode of a quantized electromagnetic field. In this framework, the vectors ϕk,
k = 0, 1, . . ., characterize the levels of energy. Moreover, the operator a† creates
a photon, whereas the operator a destroys a photon. Then the term ik1

(
a† − a

)
describes a driving force or lineal pumping and L1 describes the damping due to
photon emission. E 〈Xt, NXt〉 is the mean photon number or energy at time t.

Let hn be equal to the linear manifold spanned by {ϕj : 0 ≤ j ≤ n}. Then D∗ =⋃∞
n=0 hn satisfies hypothesis H4. In addition, for any φ = (φ0, . . . , φn, 0, . . .) ∈ hn,

2 Re 〈Npφ,NpGnφ〉+
m∑
k=1

‖NpLk,nφ‖2

=
n∑
j=1

|c1|2 |φj |2 j
(
−j2p + (j − 1)2p

)
+ |c2|2 |φj |2 j (j − 1)

(
−j2p + (j − 2)2p

)

+
n−1∑
j=0

|c4|2 |φj |2 (j + 1) (−j2p + (j + 1)2p)

+ 2k1

√
j + 1 Re

(
φj+1φj

)
((j + 1)2p − j2p).

Hence H7 is fulfilled by any C = N2p, with p ∈ Z+. Since for any φ ∈ Dom (G),
Re 〈φ,Gφ〉 = − 1

2

∑m
k=1 ‖Lkφ‖

2 ≤ 0, G is a dissipative linear operator on h. Fur-

thermore, ‖GPn − PnGPn‖ ≤ |k1|
√
n+ 1 + |c4|2

2 (n+ 1). Thus H1 follows from
Theorem 2 of [11]. Notice that G ∈ O2,1,1 and Lj ∈ O1,2,1, j = 1, . . . , 4. Therefore,
Theorem 4.2 implies

Proposition 6.1. Let A ∈ OlA,nA,mA and p ∈ N such that p ≥ max {lA, 2}. If
X0 ∈ Dom (Np), then for any n > 0,

sup
t∈[0,T ]

|E 〈Xt, AXt〉 −E 〈Xt,n, AXt,n〉|

≤ K
(
‖NpX0‖2 + ‖X0‖2

)( 1
np−2

+
1

n2p−4−lA

)
.
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Furthermore, for any φ ∈ hn a straightforward computation yields that
‖NpGnφ‖2 is equal to

(k1 |φn−1|)2
n2p+1 + n2p |φn|2

∣∣∣∣∣ik2n+
|c1|2 n

2
+
|c2|2 n (n− 1)

2
+
|c3|2 n2

2

∣∣∣∣∣
2

+
n−1∑
j=1

j2p
∣∣∣k1φj−1

√
j − k1φj+1

√
j + 1

−φj

(
ik2j +

|c1|2 j
2

+
|c2|2 j (j − 1)

2
+
|c3|2 j2

2
+
|c4|2 (j + 1)

2

)∣∣∣∣∣
2

.

Thus choosing cn = n4, we can obtain condition S2. Then Proposition 6.2 follows
from Theorem 5.1

Proposition 6.2. Let A ∈ OlA,nA,mA and p ∈ N such that p ≥ max {lA/2 + 4, lA}.
If there exists a constant µ such that n4/M ≤ µ, then∣∣∣E 〈XTj , AXTj

〉
−E

〈
ZMTj ,n, AZ

M
Tj ,n

〉∣∣∣
≤ Kp

(
‖NpX0‖2 + ‖X0‖2

)( T

M
+

1
np−2

+
1

n2p−4−lA

)
,

where the constant Kp depends on p. Furthermore, for any p ≥ {lA/2 + 8, lA},∣∣∣E〈XTMj
, AXTMj

〉
− 2E

〈
Z2M
T 2M

2j ,n, AZ
2M
T 2M

2j ,n

〉
+ E

〈
ZMTMj ,n, AZ

M
TMj ,n

〉∣∣∣
≤ Kp

(
‖NpX0‖2 + ‖X0‖2

)(( T

M

)2

+
1

np−2
+

1
n2p−4−lA

)
.
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la solution. Math. Mod. Numer. Anal. 20 (1986), 141–179. MR 87k:60153

[25] D. Talay, L. Tubaro, Expansion of the global error for numerical schemes solving stochastic
differential equations. Stochastic Anal. Appl. 8 (1990), 483–509. MR 92e:60124

[26] D. Talay, Stochastic Hamiltonian systems: exponential convergence to the invariant measure,
and discretization by the implicit Euler scheme. Markov Processes. Related Fields 8 (2002),
163–198. MR 2003e:60129
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