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NUMERICAL SIMULATION
OF STOCHASTIC EVOLUTION EQUATIONS ASSOCIATED
TO QUANTUM MARKOV SEMIGROUPS

CARLOS M. MORA

ABSTRACT. We address the problem of approximating numerically the so-
lutions (X¢ :t € [0,T]) of stochastic evolution equations on Hilbert spaces
(B, (-,-)), with respect to Brownian motions, arising in the unraveling of back-
ward quantum master equations. In particular, we study the computation
of mean values of (X, AX;), where A is a linear operator. First, we intro-
duce estimates on the behavior of X:. Then we characterize the error induced
by the substitution of X; with the solution X, of a convenient stochastic
ordinary differential equation. It allows us to establish the rate of conver-
gence of E<)~(t,n,A)~(t,n> to E (X¢, AXt), where Xt,n denotes the explicit
Euler method. Finally, we consider an extrapolation method based on the
Euler scheme. An application to the quantum harmonic oscillator system is
included.

1. INTRODUCTION

This paper is concerned with the computation of E (X, AX;), where A is a linear
operator and X; satisfies the following linear stochastic evolution equation on the
infinite dimensional separable (complex) Hilbert space (b, (-, ))

t m t
(1.1) Xt::c0+/ GXsds—i—Z/ Ly X, dWE tel0,T],
0 10

with z¢ € b, {Wk}kzl___ ., iIndependent standard Brownian motions on a filtered

complete probability space (Q,F, (Ft)tZO,P), T € Ry and m € N. Here, all

integrals are understood in the It6 sense and Li,...,L,,, G are general linear
operators in h. Furthermore, we will focus our attention on the case

R
(1.2) G:—zH—§ZLij,
j=1

where H is a self-adjoint operator in b.
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Our main motivation came from the numerical simulation of open quantum sys-
tems. In particular, we are interested in problems arising in quantum optics. Next,
we give a brief introduction to this application. In the framework of quantum me-
chanics the state of a physical system is defined by specifying an element of an
adequate complex Hilbert space [1} 4]. Since h plays the role here of this quantum
state space, b describes, for example, one-particle wave functions [1}, [4] or the Fock
representation of the states in the second quantization formalism [I]. In this con-
text, xq is the initial state. Moreover, E (X;, AX}) is interpreted as the mean value
of the observable A at the instant t whenever A is self-adjoint. This interpretation is
easily obtained in the approach that describes the dynamics of quantum systems by
stochastic evolutions of the corresponding state vectors [3] [I9]. This technique al-
lows us to characterize, for instance, the dynamics of an individual quantum system
which is continuously monitored by some measurement device [14]. Alternatively,
in the Heisenberg picture the evolution of the observable A, in systems whose initial
state is xo, is simulated by (xg, ®; [4] o), where ®;[A] is the minimal solution of
the backward quantum master equation

D [A] = A, and Vi, ¢ € ® = Dom (G)N (ﬁ Dom (Lk)> ,

k=1
d m
(13) = (0, @ [A] @) = (G, @, [A] 6) + (4, @ [A] Go) + Y _ (L, @ [A] L;6).
j=1
Here H represents the Hamiltonian and the operators L;, j = 1, ..., m, describe

the effects of the environment. Now, we have that if A is a bounded linear operator,
then under weak conditions [10, [2]

(1.4) E (X;, AX) = (xq, ®; [A] z0) .

We conclude this paragraph with some complementary remarks. First, the property
(T4) leads us to solve ([3) through the weak numerical solution of (I1]). Further-
more, this procedure allows us to overcome the difficulties arising in the direct
numerical integration of (L3) in many cases; see, e.g., [19]. Second, ®; commonly
define a minimal quantum dynamical semigroup on B () [7]. Third, (I3)) is based
on the Born-Markov approximation of quantum phenomena, which has been used
in quantum optics with great success. Finally, it is worth pointing out that there
is a semigroup ¥, in the space of trace-class operators such that ®; is the adjoint
of W, [1]; that is, ¥ is the predual semigroup of ®;. Hence

E <Xt; AXt> =Tr (\I/t [Pxo] A) 5

where Tr means the trace and P, is the orthogonal projection of  over the linear
span of xg. Furthermore, ¥; solves the forward quantum master equation [10} [7]
and represents the evolution of the density operators in the Schrédinger picture.

To compute E (X;, AX;), we consider a sequence (h,),, of finite dimensional
Hilbert spaces such that

P1: b, C Dom (H) N (N, Dom (L)) N (N, Dom (L)),
P2: Vz € b, Iz, € b, such that z,, —, z.

Then we may proceed as follows:
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Step 1: E (X;, AX,) is approximated by E (X, ,,, AX, ,,), where X} ,, is a con-
tinuous adapted stochastic process with values on b,, given by

t mooat
(1.5) Xt = PaXo +/ G Xsnds + Z/ Lin XsndWE,
0 170
with P, : h — b, the orthogonal projection of h over b,, Ly, = P,Ls,
whenever £k =1,...,m, and
1 m
(1.6) G, = —iP,H — 3 Z P,L;P,L;.

j=1

Step 2: E (X, ,, AX; ) is simulated numerically using weak schemes for sto-
chastic differential equations (SDE’s)

Before going on, we would like to say a few words in relation to the definition of
G,,. Fagnola and Chebotarev [5, [7] proved that the minimal quantum semigroup
is Markov, i.e., ®;[I] = I, under rather general hypotheses. Therefore (ITI) is
conservative; that is, E | X,]|* = || X0, in a wide class of applications. The ap-
proximations X, preserve this property if G,, is chosen as in ([L6). This is not
necessarily the case if G,, = P,G. Notice that the fact that (I5) is conservative
allows us to construct efficient numerical schemes [17].

Our primary objective is to start providing the numerical simulation of quantum
phenomena using stochastic evolution equations like (1)) [9] [3] (19, 14l 22] with a
theoretical treatment. Particularly, in this article we are interested in the theoretical
understanding of Steps 1 and 2.

This paper is organized in six sections. Section 2 is devoted to introducing nota-
tion and preliminary results. In Section 3 we assume analogous hypotheses to those
used by Fagnola and Chebotarev to obtain the uniqueness of the solution of (3.
Let C be a linear operator associated to ([LT]) through these conditions. Then we es-
timate the quantities sup;¢(o ) E HC’l/QXtH2 and sup;¢po,7] E ||C’1/2Xt7n||2. These
bounds, called “a priori” estimates on X; and X ,, will play an important role
in the characterization of the speed of convergence the approximations introduced
in Steps 1 and 2. Section 4 provides the rate of convergence of E (X ,,, AX; ) to
E (X, AX:) whenever ¢t € [0,T]. In other words, we address the problem of esti-
mating |E (X, AX;) — E(X; n, AX; )| The primary goal of Section 5 is to study
the rate of convergence of E <Z7A§V’,n’ AZ%MJ) to E <XTJM,AXTJM>, where M €
N, TjM =4jT/M,5=0,..., M, and Z,],V{L is the Euler approximation of (CH), i.e.,
Zé‘f[n = Xy, and for any ¢ € [T]M,Tj]‘fr[l},

m
Zt% = Z%M,n + G”Z%M,n (t - TjM) + Z Lk,nz%w,
k=1

(Wf - W%M) .

n

This is the first step to approaching more complex numerical schemes, for example,
those based in the computation of Xy ,/ || Xt |- Finally, in Section 6 we apply our
main results to an example of a quantum harmonic oscillator.

2. PRELIMINARIES

2.1. Notation. In the following Z; = NU{0}. Let p € N and m = (mj)j=1____ »

n=(nf) _ € ZP. Then |n| = S P_ ‘n3| In addition, we write n > m iff
Jj=1,...,p k=1



1396 C. M. MORA

for any j = 1,...,p, n/ > m/. Now we set [n,m] = {k € ZP : k > n and m > k}.
Analogously, we define the partial orders <, <, > and the boxes |-[, ]-], [[[ With
each ¢ € Z is associated the vector ¢ in ZP with all coordinates equal to c.

As usual in quantum mechanics, we consider that the scalar product (-,-) is
linear with respect to the second variable and antilinear with respect to the first
one. Let B be a linear operator. We use the notation Dom(B) for the domain of
B, and B* will be the adjoint of B. If I is any logical statement, then we consider
the Boolean function

1, if T'is true,
1r = . .
{ 0, if I'is false.
For notational clarity we shall often suppress the explicit dependence of TJM and
Z,I’V,IL on M. Moreover, the same symbol K will denote various constants in the
forthcoming sections. These are always assumed to be independent of bh,, and M
unless it is explicitly stated otherwise.
2.2. Preliminary results. Suppose that
H1: G is the infinitesimal generator of a strongly continuous contraction semi-
group in b,
H2: Dom (G) C Dom (L), whenever k =1,...,m,
H3: for each k =1,...,m, L is closable,
H4: there is a core ©* for G* such that ®* C Dom (L}), k=1,...,m.

Hence from [I0] we have that there exists a unique (a.s.) adapted stochastic
process X such that

e X is weakly continuous in probability,
2 2

o EIX]” < [IXof%,

e forall p € ®* and t € [0, T,

t
0

@1) (6, X)) = (6. Xo) + / (G0, X, ds+ 3 / (Lid, X.) dWE.
k=1

In addition, (T4) defines a quantum dynamical semigroup ®; in B (), which is
the minimal solution of (I3) when ©* is an invariant domain of e©"?.

2.3. Auxiliary lemmata. For completeness we state and prove the following two
lemmata.

Lemma 2.1. Let Y € L?(P;h) = {f :Q— b, E|\f||2 < —l—oo}, Suppose that

2
there is a self-adjoint positive operator C such that sup.soE HCEUQYH < o0,
where C. = (I +eC)"'C(I+eC)"". ThenY € Dom (CY?) a.s. and

2
EHCl/QYH < 400.

Proof. First, by the Banach-Alaoglu theorem, there are &, —, 0 and g € L? (P;h)
such that for any f € L? (P;h),

E(C3V.f) —=uBlg.]).
Next, we consider a linear operator M1z in L? (P;h) with domain

{f € L?(P:h) : Yw € Q, f (w) € Dom (01/2> and E HC’l/QfH2 < —l—oo}
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such that Mgi/2 f = C f whenever f € Dom (Mgy2). Since CV/2 is self-adjoint
[12], from the properties of the resolvent of C' it follows that

(2.2) E (Y, Mev/af) = ImE (CV2 (1 +2,0) 'Y, f) = B9, ).

Therefore Y € Dom (Mgm).

Finally, the conclusion follows as in the proof of Lemma 1.1 of [§]. In fact, if
(#k)4>; is an orthonormal basis of L? (P;C), then there are yy, gr, € b, k > 1, such
that Y =", o ykér and g = >, grdk. It is worth pointing out that the above
equalities are understood in the L2 (P;h) sense. From (22)) we obtain that for any
v € Dom (C'/?), (yx,C'/?v) = (gi,v). Then gy = (01/2)*%. This implies that
Cc2y = > k>19kPr a.s. and the required result follows. O

Lemma 2.2. Let «, 1 and ¢ : [a,b] — Ry be integrable functions. Assume that ¢
is continuous. If a has a nonnegative continuous derivative and for all t € [a,b],

(2.3) () < alt)+ / b (s) Vo (8)ds,
then (1) < (& L (s)ds + v/ (t))2.

Proof. By (23) we have that for any € > 0 and ¢ € [a, b]
1 at)+y ) Vo) a(t) v ()

Z <

1
= +
12
2(64—04 +f¢ s)\ ¢ ds) 2(e+a(®) 2
It follows that /e + ¢ (t 5 f ¥ (s)ds + y/e + a(t) and the proof is finished

taking the limit as ¢ — 0 (]

3. A PRIORI ESTIMATES ON X AND X,

This section has two main objectives: first, to obtain uniform estimates with
respect to m on the behavior of X ,; second, to state regularity results for X,
where X is the stochastic process X given in subsection 2.2.

Theorem 3.1. Suppose that assumptions H1 to H4 hold and

H5: for any ¢ € D%, G*¢ = lim,, G},¢ and Li¢ = lim, L}, ¢,

H6: vn € N, b, C D%,

HT: there is a self-adjoint positive operator C such that for each n > 0,
b, C Dom (01/2) and N € b,

2Re (C1/29,CV2Gt) + fj |o*2 L] < & (Hcl%HQ + ||¢||2> ,

H8: V¢ € Dom (C/?), ||CY?Po¢|| —n—is ||CV/20]].
If Xg € Dom (01/2) a.s., then X; € Dom (01/2) a.s. and there is a constant K
such that

(3.1) sup EHCl/QXtH <K<H01/2X0H + |1 Xl )
tEOT
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and

2 2
sup E HCl/QXth <K (HCl/QPnXOH + ||X0||2> , forallneN.
te[0,T]

In a wide class of applications assumptions H1 to H8 hold. In fact, these con-
ditions are analogous to those used in [7] to derive that there is a unique o-weak
continuous family (®;),-, of positive maps on B (b) satisfying (L3).

Notice that the first stage of the Galerkin method [15] is fulfilled in Step 1. Now,
we carry out the next three stages of this procedure in the proof of Theorem B.11
Stage 4 rests on modifications of ideas presented in [§].

Proof of Theorem [3-1l In the second stage of the Galerkin method we have to estab-
lish estimates on X,,. Here, since for any ¢ € b, 2Re (¢, Grp) +> 1oy | Linel® =
0, it follows from It6’s formula that

2 2
(32) E [ Xinl” = [1Xonl"-
In addition, for any ¢ € ©*,

t m t
<¢7 Xt,n> - <¢7 XO,n> + /0 <G:z¢7 Xs,n> ds + Z/O <L;;,n¢a XS,”> dWsk
k=1

Therefore, using ([3-2), H5 and the integration by parts formula [20], we obtain that
for all ¢ € ©* there exists a constant Ky such that

(3.3) E (¢, X0 — Xon)|? < Ky (t— 5) || Xol*
Finally, C*/?P, € B (h) leads to

¢ mo g

(3.4) CY%X,, =CY2Xy, + / CY2P,Gn X nds+ / CYV2P, Ly X g ndWE.
0 =10

Therefore for each ¢ € [0, T7,

2
E HCI/QXMH —E HCWXO,,Z

2 t
+ 2E/ Re <Cl/2XS,n, 01/2ans,n> ds
0

m t
+ ZE/ HCl/2Lk,nXs,n
k=1 70

Hence, by (B.2) and condition H7

2
ds.

2

2 2 t
E|c'2X..| <E[c2Xo., +Kt||X0||2+/ Ec'2X,. | ds.
0

This implies

1/2 2 1/2 2 2
(3.5) EHC / XMH gK(HC 2 X0 || + 1 X0l )
Next, we consider the third stage of the Galerkin method, where we have to
study the limit as & — oo of a certain subsequence (X.,, ),

Let F} be the o-algebra generated by (WS)SE[O,t] and the P-null sets of F'. Thus,

for each n there is a (Ft> N -adapted stochastic process )~(.7n such that )~(.7n and
>0
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X. n,, are indistinguishable. Now, by ([83) we can ensure that for all £ € L? (P;C)
and ¢ € D,
2
o o 2 2
B (6. %0 = Xo)|” < Ko (0= 5) oo B¢l

Thus {E{ <d>, X’n>} N is a uniformly bounded and equicontinuous family of
n>0

functions defined on [0,T]. Let (&¢;) ;>1 be the sequence obtained by arranging
all products of elements of the dense subset {¢n},-, of D" with elements of the
dense subset {{,},5, of L? (P;C). Hence Arzela-Ascoli’s theorem and diagonali-

zation arguments show that there exist a subsequence (f( ""’“>k> and a sequence
1

(fl)l21 of continuous functions defined on [0,7] such that E¢ <¢1,X.7nk> =k fi

and HEgl <¢1,X.,nk> . le < 1/1, whenever k > .
On the other hand, using (3.2)), we obtain that for each ¢ € [0,T] there is X, €

L? (P,Ft;f)) and a subsequence (Xt,nk(p)> oy’ such that
p>0

Then f; (t) = E& (¢1, X;) and

2 e = 2 2
EHXtH §11m11;fEHXt,nk(p) < ||zol|” -

Therefore it follows from the previous paragraph that for each Z € L?(P;h),
E(Z %) Zhioe B(Z,X).

We are ready to proceed with Stage 4 of the Galerkin method, which concerns
the properties of X.

Let £ € L? (P,Ft;(C). Then there exist predictable processes H* k= 1,...,m,

in L2 ([0,¢] x ;v x P;C) such that £ = E{+ Y, fg HEdWE. Thus we have that
for any ¢ € ®* and j =1,...,m,

t t
E¢ / (L} Koy ) W] — EE / (L%, 6, X)) AW
0 0

_ E/Ot g (<L;nk¢, Xn> (L%, 0, XS>) ds.

As a consequence, taking the limit as k — oo in

B (6. K1) = BE (6, Ko ) + B | (G0 Xum, ) ds

m t
3 e [ (L0 X)W,
j=1 0

we obtain

t m t
Ee (6, X,) — B¢ (6, Xo) +E/ §<G*¢,X5>ds+ZE£/ (L:6, X.) dW?.
0 - 0
7j=1
Then X satisfies (ZI). Since X is weakly continuous in the mean-square sense, it
follows from subsection 2.2 that X = X a.s.
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Inspired by the proof of Theorem 2.2 of [§], we now consider the variant of
the Yosida approximation C. = (I +eC)~1C(I + eC)~!. Combining (35) and
051/2 < CY?2, we arrive at

(3.6) E Hcg/QXt,n

2
<K <Hcl/2X0,n

).
On the other hand, for any Z € L? (P;h) and each t € [0, T

E <Z, c;/QXt,nk> —E <C€1/QZ, Xt,nk> —E <Z, c;/QXt> .
Then (4] leads to

2
(37) E Hc;/QXt < liminf E Hc;/QXt,nk

2 1/9 2 9
< & ([l + pxale).

By BX1) and Lemma 21 X; € Dom (01/2) a.s. and E HC’I/QXtH2 < +o00. Finally,
051/2Xt” < ||C'1/2XtH and the property

using the inequality ‘

Cgl/2Xt = (I+ 50)71 Cl/QXt —e—0+ (;11/2)(157
one concludes (B0) from (B.7). O

It follows from It6’s formula in a Hilbert space and Theorem [3.1] that

Corollary 3.2. Let Dom (01/2) C Dom (G). Then there exists a unique strong
topology solution of (1) which is weakly continuous in probability under the as-
sumptions of Theorem [Tl

Remark 3.3. A closer inspection of the proof of Theorem B reveals that the as-
sertions of this theorem hold when G,, = P,G and for any ¢ € Dom (G),

m
2
2Re (p,Go) + Y [ Lrgl* <0.
k=1
Remark 3.4. Employing similar arguments to those used in the proof of Theorem
B.1], we can generalize the results given in Theorem B.1 and Remark [B.3]to the case
m = +o0o under the hypothesis that for any ¢ € ©*, Z]Oil HL;¢H2 < +o0.

4. RATE OF CONVERGENCE OF FINITE DIMENSIONAL APPROXIMATIONS

This section deals with the last stage of the Galerkin method, i.e., with
strong convergence results. More precisely, we derive the rate of convergence of
E (X, AX, ) to E(X;, AX;), where A belongs to a certain class of linear opera-
tors.

First, let us note that A is an unbounded operator in many physics applications
[19,[14]. Therefore we do not restrict ourselves here to the case A € B (). We also
point out that the basic idea behind the proof of the main results of this part is
the application of Theorem [B.1l. Roughly speaking, we will combine the constraint
given by the domain of C' 2 with estimates introduced in Theorem .11

To be concrete, from now on we will suppose that

S1: There are an orthonormal basis of ) {¢; }jeZi’ p € N, and a positive real

number ¢ such that the operator Cp; = |j|lc ¢, satisfies condition HT.
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In addition to the fact that assumption S1 frequently holds in applications in
quantum optics (see, e.g., [6 [7] and Section 6), this case allows us to introduce a
general procedure which can be useful in other situations. Notice that p is inter-
preted as the number of modes or degree of freedom of physical systems.

For simplicity, we consider that b,, is the linear span of {gaj 0 < j <ti¢. That
is, we reduce ourselves to the Galerkin approximation with fixed basis. To state
our next results precisely, we introduce the following notation.

Definition 4.1. Let a and b be nonnegative integer numbers. Assume that [ is
a nonnegative real number. Then O;,; denotes the set of all linear operators
B :Dom (B) C h — b such that for any k € Z , By, belongs to the linear span of

l
{03} sepaprn and 1Boill < K max { k', 1}

We are now ready to fulfill our objective of characterizing the convergence pro-
perties corresponding to Step 1 explained in Section 1.

Theorem 4.2. Let A € Oy namas G € Otgngmeg and Lj € O npomy, J =
1,...,m. Suppose that Xo € Dom (01/2) C Dom (G) and lc > 2max {la,lq, 20}
Then under assumptions S1 and H1 to H6, we have that for any n > 0,

2
sup |E (X, AXy) — E (Xpn, AXp )| < K (HCWXOH " |X0|2>
t€[0,T)

. 1 Lag>o0 Li,>0+1m, >0 Lac>o0 Ly,s0+1m,.>0
nlc—lA nlc/QflG nlc/272lL nlc—QlG—lA nlc—4lL—lA :

For expository purposes, before proving Theorem 2] we give Lemma F3.
Lemma 4.3. Let ® € O 4. Then ®* € O o. Furthermore, if P, is the or-
thogonal projection of b over the linear span of {Saj}je[ﬁ K]’ then H(I)PkH <K |k|l
whenever k # 0.

Proof. Since j € [k —a,k+b] iff k € [j — b, j + a], P*¢ belongs to the linear span
of {p; }je[kib kra] Let k£ > 0. By the Cauchy-Schwarz inequality,

2

||<I>]5kz||2 < K|k;|2[ Z |zz|2 Z Z |zj‘2 ,

i€ [0,k i€[0,k] jE€li—a—b,i+a+b]N[0,k]

[N

where z € . Thus H‘I)szHQ < K |k|*||z||*>. Finally, if S is the linear span of
{#3} okt then
* <q)*30ka¢ D
ol = sup LD <o) 0p
sesoz0 |9l
This implies that ®* € Oy 4. O

Proof of Theorem [{.2} One easily obtains that we can reduce the study of the trun-
cation error

B (X, AX,) — E (X, ., AX, )|
to the analysis of the errors H! = |E(X;, AX;) — E(P,X;, AP, X;)| and H? =
|E (P, X, AP, X:) — E (Xt 5, AXt 5)|. Then we will concentrate on estimating H}
and H?.
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Next, we will check that
2
(11) i} < ke (oo + 1),

To verify (), we decompose H} as follows:
(4.2)  H' < |E(P.Xi,A(Xi— P.X)| + |E (X, — P,X,, AP, X})|
+|E(X; — P, Xy, A(X: — P X))l
Now, by A € O, na,mas
(Xt = Po Xy, A(Xy — P Xy))

S S IR SR

j&[ﬁ,ﬁ] ke[j—nA,j-l-mA]ﬂ[@,ﬁ]

Hence, using the Cauchy-Schwarz inequality and the fact that k € [j — na, j + ma]
iff j € [k — ma, k + na], one concludes that

(X: — P X, A(Xe — P X))

<k | Y || 2 S XM )

¢ [0.7] §¢[0.7] kelj—na.j+maln[0.7]°
12
<Kk Y |x|
7¢[0.7)
Since lc > 4,
2
(4.3) K&—Rxmux—axmngﬂccmmH,

Repeating the arguments given above, we obtain
|<Xt - PnXt; APnXt>|
<> > th‘ | XF| 1{er, A

k¢[0,7] j[0,7]

<K | Y

k¢ [0.7

.12
S {1}

pedh
] J€[0,7],|j|>n—map

It follows from lo > 214 that for every n > map,

(4.5) (X, — PyX;, AP, X,)| < Knla~le Cl/QXtH2.

Furthermore, (@) implies that for any n < map,

(4.6) (X, — PuXy, AP X)) < MWW”WW&M&H
< Kn'aTle ||CVEXG| X

Finally, since (P, X, A (X — P, Xy)) = (A*P, X¢, Xt — P, X;), combining Lemma
3, inequalities ([@H), (Z6), (@3) and Theorem B we arrive at (ZI)).
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Now, we go on estimating H?. To treat this term, we first note that

1 1
2 2

an i < ((BIAXl)" + (B1AXAI0)") (BIRX - X0P)

+ |AP, || E||P, X, — Xp0|?

Since

[N

2 . 2
max{|j| A ,1}

JA Xl < K |30 |xi,
7€[0.7]

=

2
15> )3 s (1))
J€[0,7] kel[j—na—ma,j+na+maln|[0,7]
(4.8)
. 2
X P <K Y |xd, ).
j€[0,7]

Therefore, Lemma [£3] leads to

2 o
+ ‘Xﬁn

2 . 2 .
max{|j| A ,1} <K (HCth,n

)
Using Theorem B.1] Lemma[£3] (£8) and (9) in (£1), it follows that

12 < iillcte x| 2 2
;< 2P Xo|| + [ Xoll"VE[ P Xt — Xl

2 ~
n ’Xﬁn

(1.9 45017 < & (|04 xe,

(4.10)
+ Kn"E||P,X, — Xl

Consequently, it remains to bound h (t) = E || P, X; — Xt7n||2. Applying Corollary
B2, one concludes that

t m t
P X — Xyp = / (P,GXs — GnXsn)ds + Z/ Ly (X — Xg0) dWE.
0 61”0

Therefore, 1t6’s formula yields

t
h(t) = 2E/ Re (P Xs — X5, PaGXs — G X ) ds
0

m ¢
+> E/ | L (X5 — Xo.0)|? ds.
k=1 70
Thus, we deduce from (L6) that E || P, X; — Xt,n||2 = Zi=1 JF, where

t
J = 2E/ Re (P, X, — Xqn, (PG — Gp) P, X,) ds,
0
t
JE = 2E/ Re (P, Xs — Xgn, PuG (X — P, Xy)) ds,
0

m t
J3 = ZE/O | Lk (X5 — PuXs)||” ds,
k=1
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and J# = 237" 2E [ Re (Lyn (X5 — PuXy), Lign (P X — X)) ds.
Fix my = 0. Then J} = 0, because (P,G — G,,) P,X,s = 0. In the other case,
i.e., my > 1, combining Lemma [£3] and Theorem B.1] we obtain

E||(P.G — Gn) P, X,

m - * *
< 7 O BIPuLiPuLi = PaLiLe) (PaXe = Pooin, X
k=1

< KneE||Py X, — Py, X
2
< Kptle—le (HCUQXOH + ||X0||2) )

which yields

1
2 z gt
Jb < K1y, son®s~F (HCéXOH +||Xo||2> /E (1P X, = Xoul?) ds.
0

It is worth mentioning that in previous inequalities if n — mp < 0, then we put
P, =0.

Clearly, if ng = 0, resp. ny = 0, then J? = 0, resp. J = 0. Moreover, from
(E3), Lemma A3,

|1P.G (X5 — PuX,)|* = (Xs — P Xs, G*P,G (X, — P X))
and || Lin (Xo — PaX)|? = (Xo — PuXs, L PoLy, (Xs — PuX,)), it follows that

1 2
R+ 3t < Lot ([t + %0l

1
2 2t
+Lagson'e 2 |orx |+ 1xal?) [ B (12X, - Xl .
0
Since
<Lk,n (Xs - PnXs) ) Lk,n (PnXs - Xs,n)>
- <LZPnLk (Xs - PnXS) ;PnXs - Xs,n> )
we also have
1
2 3 ot
JA < 1, sk n2elo/? <HC%X0H + ||X0||2> / E? (||an5 - Xs,n||2) ds.
0

To summarize, we have obtained that

1, 1 2
h(t) < K20 <HcéX0H +||X0||2>

nlo—2ly

1 2 2 z Lo>0+ 1m0 Lig>o0 ¢
+K HC2XOH X)) (T Ox/h(s)ds.

nlc/2—lc

Therefore, according to Lemma [2.2]

1 2 ]-n 1m 1n 2
a0 <& (o] + ) (st e e )

nlc/2—2lL nlc/2—lc
Then the required result follows from ({ZI10). O

To handle the case A € B (h)\UZZ,mA=0 O0,n4,ma, We present the following
theorem.



NUMERICAL SIMULATION OF SEE’S ASSOCIATED TO QMS’S 1405

Theorem 4.4. Let A € A € B(h), G € Oy ngme and Lj € Oy nypomp, J =
1,...,m. Suppose that Xqg € Dom (01/2) C Dom (G) and lc > 2max{lg,2lL}.
Then under assumptions S1 and H1-H6, we have that for any n > 0,

sup |E <Xt, AXt> — E <Xt,n; AXt,n>|
t€[0,T)

2 1 1, 1, 1,
S K <Hcl/2X0H + ||X0|2) ( + a>0 + L>0+ L>0) .

nlc/2 T ple/2—lc nlo/2—2lL
Proof. Let H} and H} be defined as in the proof of Theorem 2 Hence

HY < JAIE (2P X0 X0 = P Xl + 1 X0 — P X

and
9 2\ 2 2\ 2 2\ 2
o< AL (B I) "+ (B1x0) ) (B IR - X0P)
+AI B[ PX; — Xpnl.
Therefore, applying (£3)) and (@IT), the theorem follows. O

5. RATE OF CONVERGENCE OF THE EXPLICIT EULER SCHEME

In this section our aim is to progress in the theoretical understanding of Step 2 of
the procedure given in Section 1. Indeed, we will address the numerical simulation
of E (X n, AX: ) using the explicit Euler scheme, i.e., the scheme Z. ,, recalled in
Section 1.

Because of its instability, the explicit Euler scheme Z does not present a good
performance when (L5) is a stiff SDE [16][13]. Though this situation often appears
in quantum mechanics, the error analysis presented here can be a useful pattern
for studying more complex numerical schemes, such as implicit Euler methods [16]
13 [26], Euler-Exponential methods [17] and those resulting of the application of
the above schemes to the solution of the SDE satisfied by X,/ || X¢.nll-

We start the section with Theorem [5.1] which provides the rate of convergence
of the explicit Euler scheme. Next, we focus on a numerical method based on the
extrapolation of this scheme.

Theorem 5.1. Suppose that u is a positive constant and conditions of Theorem
7.4 hold. Let (cy),, be a sequence of real numbers such that

S2: for anyn > 1 and x € b, ||GnPn||2 <ec, and
2 2 )
Hcl/QanH < Key, (Hcl/%H Iy )

Moreover, assume that
S3: the operator given by C1p, = |n|lcl ©n, wherele, is a positive real number

such that lc > loy + 4max{lg, I} and le, > la, fulfills condition H7 .
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If ¢, < pM, then for any 7=0,..., M,
‘E (X, AXr,) ~E (2}, Az} )
2 2 2
<& oz + 1)

% < T 1"G>0

M " ple/2-lc
1TLL>0 + ]—mL>O 1TLG>0 ]-nL>O + 1mL>O 1
nlc/Q—QZL nlC*QlG*lA nlcf4lL7lA nlcflA

As we will illustrate in Section 6, the hypotheses of Theorem [(.1] are general
enough for applications in quantum optics. The underlying idea in the proof of
Theorem Bl is to refine standard arguments employed to prove the rate of conver-
gence of classical weak numerical schemes for finite dimensional SDEs [23], 24] [T6] T3]
keeping in mind the characteristics of our case, e.g., Remark and Lemma B3

Remark 5.2. One specific feature which is used in the proof is that for each x € b,
t €[0,T] and s € [0, 1],

(5.1) <a:, <I>f7na:> =E <Yt‘ff, AYt‘j;f> ,
where for every t € [s,T]
t m

(5.2) Yol =x+ / GnY, o du + Z / Len Yy wdWph

S k=1 S
and

t

(5.3) ®;, = P, AP, + / L, (95,,) du

with £,, : B (h,) — B (h,) given by

m
L, (X)=P,G:X + XG, P, + Z P,L;P,XP,LyP,.
k=1

0

For the sake of simplicity, we use the shorthand notation ®;_s , to mean ®3_ .

Lemma 5.3. Suppose that the hypotheses of Theorem [51] hold. Consider By, By €
Ol npmp satisfying lc > lo, +2lp. Then
2
6 BB )] < K ([ 100°)
whenever T; < s < T,

Proof. First, we establish estimates on Z; ,. Next, using them, we obtain (&.4)).
By Itd’s formula, we have that for every ¢ € |Tj, Tj11]

E||Ztull*

J

t m t
:E||ZTNL||2+E/ 2Re<Zs7n,GnZTj,n>ds+ZE/ | LinZr, 0| ds
k=1 “7Ti

t
:E||ZTNL||2+E/ 2Re (GnZr,m (s — Tj) ,GnZr, n) ds.

J
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Hence E | Z,|° < E || Zr, .| (1 + G Pl? @) . Therefore

72\’ T2
—2) <N Zowl? €T < | Zon|? 5T

63)  BIZial < 120nl? (14 oz

On the other hand, for every t € |7}, T}j11]
1 1 t 1 i ¢ 1 k
CiZtm = CEZT]’,VL +/ CiGTLZTj,YLdS + Z/ CiLk,nZTj,ndWs :
T; ;

Therefore, from It6’s formula it follows that

2 ) 2 t )
EHC%ZM - EHCEZTM +E/ 2Re (C4Z,0,CH G Zr, ) ds
T;
+ZE/ | nZr, | ds.
k=1 “Ti

Thus (&F) and hypothesis S1 yield
KT
< <1+—) EciZ1,n

t
—|—E/ 2Re <C% (Zs,n - ZTj,n) aC%GnZT7v"> ds.

T;

N 2 2 KT
B |z, + =7 120l

Hence combining S2, the linearity of (LX) and the fact that ¢, < pM, we obtain
KT
< (1 + —) E||ctzs,

Then for any ¢ € [T, Tj11],

KT

EHC%ZM + 57 1 2ol

T KT\’ , 2 ]
E||ctZi| < <1+W) E||ct Zo.n +Z<1 >_|ZM|
k=0
2 K
< E||ctzn eK+K||Zo,n||2<< M) )
1 2
< KB|CH Zon| + K1 Zoal® (5 - 1),

In the remainder of the proof we verify (). Using the polarization identity,
(BT)) and the property ®; 4, = ®;,,, we obtain

4 ‘E B1ZT~ ,My (I>T —s nBQZij">|

Z "B ((B1 + " Bs) Z1, n, @1, —sn (B1 + " Bs) Zr, )
k=0

3
S [p {Tuas2)|.
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G S s,(B1+i*B2)Zr,
with Y, = Y. ( )7;

Toom Proceeding as in the proof of Theorem [42] one
arrives at

,k>/ )
<KE[| ) |y
[0.77]

B (T AT,

Fs
Y,

2
b max (i 1} P,

le

2 ~=
<KE (HClYnkH +||75.

2
| /FTS) :
It follows from Theorem BTl and the Markov property of Y that

B (R ATu) /1)

<K <Hc1 (By +i*B2) Zr,

2 & 2
B +B2) 21, )
Since lo > lo, + 25,

B ((Fos AToi) /1)

<K (HC%ZTNL

2
+12407).

Then we conclude the proof of (54) by an application of the estimates obtained in
the first part. O

Proof of Theorem [5.1l The error ‘E <XTj,AXTj> —E <Z%7n, AZ%JL

composed into the sum of the error ‘E <XTJ.,AXTJ.> —E <XTJ.7",AXTJ.,,L>
arises in Step 1, and the discretization error

> can be de-
, which

‘E (X1, n, AX7, ) — B <Z§4n AZ%_’”> .

Theorem provides estimates for the first term, so that it remains to bound the
discretization error.

To this end, we introduce the functions u,, : [0, T}] X b, X b, — C, n € N, defined
by

wn (s,2,) = (2,95, ).

where T = Eje[@,ﬁ] T;p; whenever x = Eje[@,ﬁ] zj¢;. Recall that {(pj 0<j< ﬁ}
is an orthogonal basis of §,,. It follows from (EI)) that

E <ZTj,n7 AZTJ',TL> - E <XT]',T7,; AXTj,n>
=E (un (Tj; ZTj,ru ZTj,n) — Un (0; XO,'m XO,n))

j—1
= § 61@;
k=0

where 6, = E (Un (Tk+17 ZTHl,n, ZTkH,n) — Unp (Tka ZTk,na ZTk,n)) :
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Now, Itd’s formula and (B.3)) yield

Thy1
0 = E/ <Gn (ZTk,n - Zs,n) , (I)Tj—s,nZs,n> ds
T

Th1
+E/ <Zs,n; @ijs,nGn (ZTk,n - Zs,n)> ds
Ty

T

m Tr41
+ Z E/ <Ll,nZTk,n7 (I)Tj—s,nLl,nZTk,n> ds
=1

m Tr41

- Z E/ <Ll,nZs,n; @ijs,nLl,nZs,n> ds.
=1 “Tk

Therefore, a simple calculation leads to

Thy1
Sp=— > / E(B1Z1, n, P71, s B2 21, ) (s — T1)" ds,
(Bi1,Ba,r)es ” T
where S is the set formed by the following triplets: (G%, 1, 1), (I, G2, 1), (G%, Gy, 2),
(Gna G?m 2); (GnLl,n; Ll,n; 1); (Ll,n; GnLl,n; 1)7 (Ll,n; Ll,nGn; 1)7 (Ll,nGnv Ll,nv 1)7

(LinGr, LinGr,2) and (L Liy n, LinLiy pn, 1), with 1,13 = 1,...,m. Thus Lemma
5.3 completes the proof. O

To improve the weak convergence order of the Euler scheme, Talay and Tubaro
generalized in [25] the Romberg extrapolation methods to the context of stochas-
tic differential equations. Inspired by this work, we next develop a second-order
scheme.

Theorem 5.4. Suppose that in addition to the hypotheses of Theorem [521l we have
S4: the operator given by Cop, = |n|lc? ©n, wherelc, is a positive real number
such that lc, > lo, + dmax{lg, I} and lc, > la, fulfills condition H7 .
Then for any 7 =0,..., M,
‘E <XTJ_M,AXT]M> _9E <Z§% Azgz%m> +E <Z7Af§vn AZ%_MJ)

?
25 oM J

2 2 1
§K<HCV2XOH +||Xo||2> (T 4 g0 | Zne>0tlnyz

M?2 nlc/Q—lc nlc/2—2lL

Lac>0 Ly,s0+1m, >0 1
nlc—2lg—la nlo—4lp—la nlc—la

+

provided that ¢, < uM.

For expository purposes, before proving Theorem (4] we give the following
lemma.

Lemma 5.5. Suppose that the hypotheses of Theorem[5.4] hold. Assume that B €
Olpnp,mp and that By € O np, mp, for k =1,...,4. Iflc > lc, +2lp, and
ley, > oy, + 20, then

$,B1Zs n+B2Z1; n B3 Zs.n+BaZr; n 1 2
(T a2 < (e

Jm

whenever 0 < s <T; <5< 7T,.
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Proof. The linearity of (5.2)) and the polarization identity allow us to assume with-
out loss of generality that B; = Bs and By = By. It follows from (B1I) that

E <BYS B1Zs,n+B2Z1;,n @TK?S nBYS B3 Zs,nt+BaZr;, n> —E <}~/,AY> 7

s,B1Zs, »,,+BQZT n

SBY e . .
with ¥ = Yr, i . Hence proceeding as in the proof of Lemma B3]
we obtain
5 B1Zsn+BaZr; n B1Zs n+B2Zr; 0 ||
‘E (7. 47) /F)| < K(|cdpyyn HB o 2|
< HC1 sBlzﬁ ntB2Zr; n H sBlzﬁ nt+B2Z1;,n 2).

Therefore

B ((7.47) /F) 181 Zun + o)

< K(Hclé (BIZs,n+B2ZTj,n)

1 2 2 2 2
< K(jciz., 12+ Z1,])

+ ¢t za,m

Thus the desired result follows from the estimates given in the first part of the proof
of Lemma B3] 0

Proof of Theorem [5.7] Returning to the proof of Theorem [E.T] one may notice that
the polarization identity leads to

T T 112
5k = —m » BX:I)ES/T E <B1Xs,n7 ¢Tj—s,nB2Xs,n> ds — 5k - 5k7
1,02,
with
N _ Tk+1
(5.6) 6} = k/ E (BZ1, 0, ®1;—snBZ1, ) (s — Ti,)" ds
B k r
% T+ ,
— Z i_ / E <BXTk,n; (I>Tj—s,nBXTk,n> (S — Tk) dS,
(B,I_c,r)eg T
52 = —k T . r
Po= ) E (BXr1, , ®1,—s n BX1, ) (s — Ti)" ds
— ~ Tk
(Bkr)es

i T Th1
B ( z:) B - 2M E <BXs,n; (I>Tj—s7nBXs,n> ds7
B.k,1)eS

where S = {(B,/Z-,r) .k =0,...,3, B= By +i*B, with (Bi, Ba,7) es}.

We now focus on the estimation of g,i For any B present in (5.6)), let us define
the function v,, by

Un (87 xv y) = E <BY’1§kxn7 ¢Tj7§7nBY;;?n> ’
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provided that 0 < s < T} <5< Tj and x,y € h,,. Thus for any § € [T, Tk+1]

E <BZTk,YL) @Tj—g,nBZTk,n> -E <BXTk,YL) @Tj—g,nBXTk,n>
k—1

= Ev, (Ti11, Z1i01m Z11 10 .m) — Bon (T, Z110, Z1y ) -
=0

It follows from It0’s formula that

E (UTL (ﬂ+17 ZTH,l,YL) ZTH,l,TL) — Un (7117 ZT[,TM ZT[,TL))

Tiy1 b
= E/ (&Un (T Zv" ns Lr n) + ‘CZT, 2Ty n (vn) (T7 Zrn,s Zr,n)) dr,

T
with
ovy, _ v,
,Ca,ﬁ (Un) (Saxvy) - Z ? (S, x,y) (Gn()é)l + Z 7 (S, x’y) (Gnﬂ)l
le[@,ﬁ] lE[@,ﬁ]
1 & 0%v,, o .
+§ Z Z Y (s,2,9) (Ll nOé) (Ll na)
=1 f,je[0,7]
1 - 0 n k =
+§ Z Z axE 7 (57 T, y) (Ll na) (Ll nﬁ)
I=1%,je[0,7]

+
N
hE
Pl
@wl @M
<
’5
5
=
B
S
3
\%
1

Y Y P ) (L8 (Lnp)
2 y; S, %,Y l,n l,n )

where for any O € B (b,,), the operator O is defined by Ogy = Oy, k € [6, ﬁ}

Furthermore, again using Itd’s formula, we arrive at

E (vn (TlJrl’ ZTI+17"7 ZT1+17") — Un (Tl’m’ ZTMI))
Ty41 T —
= E/ /Tl ﬁm’ZT“n (ﬁm’zﬂm (’Un)) (S, Zs,n; Zs,n)) dsdr
Ti41 T
— 2E/ /T (LTMZTM (L (vn)) (s,m, Zsm)) dsdr
l

Ty
+E/ / s an,Zgn))dsdr,
T,

with £ (vy) (s,2,y) = Loy (vn) (s, 2, y).
Now, a long calculation leads to

Laa (Lo (0n)) (5,8,7) = 2B (BYR S 0p, s BYG)

Tkn

and Laa (£ (v)) (5.2.2) = Y, .)er B <BY;kyn, @Tm,g,nBygm, where 7 is the
set formed by the following pairs: (G%a,x), (Gna, Gpz), (Gpz, Gpa), (a:, G%a),
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(Ll,nGna; Ll,nx); (Ll,nxv Ll,nGna)7 (Ll,na; GnLl,na); (Lll,nLl,na; Ll1,nLl,na) and
(GnLyno, Ly po) with I, Iy = 1,...,m. Therefore, Lemma B.9 yields

< (57) (Jors i),

It remains to estimate Si Combining the integration by parts formula and (&3],
we have that

Tr41
/ E <BXTk,n7 ¢T1_37nBXTk7n> (S — Tk) ds

Tk

1T\
- 5 (M) E<BXTk,n7(I)ijTk+1,nBXTk,n>

1 Thy1 9
+ 5 / E <GnBXTk,n; @ijs,nBXTk,n> (S — Tk) ds
Tk

1 Thy1 9
+ 5 / E <BXTk,n7 (I)ijs,nGnBXTk,n> (S — Tk) ds
Tk

m Thy1
4330 [ B LB Xty LB X, ) (5 = 1) ds,

1
2 1=1 YTk

where (B, k, 1) € S for some k. Since
E <BXs,n; @Tj—s,nBXs,n> =E <BXTk,n; (I>Tj—s,nBXTk,n>

+/k E<BGan,na(I)ijs,nBXr,n>dr

T

+ / E (BX, ., ®1,—sn BGn Xyp) dr
T;

k

m s

+ Z / E <BLl,an,n7 (I)ijs,nBLl7an,n> dT,
1=1 7Tk

we conclude the proof by applying the integration by parts formula and (B3] to

f;:“ E (BX1y n, ®1,—snBX1, ) ds and arguing similarly as in the last part of

the proof of Lemma B3] O

6. APPLICATION

This section is devoted to illustrating the main results of this paper. More
precisely, in view of the harmonic oscillators’ considerable importance in quantum
mechanics [4, 21], we develop here an example of a forced and damped quantum
harmonic oscillator in the interaction representation. Then this concrete situation
allows us to give the flavor of the hypotheses that support our presentation. We
begin by establishing the corresponding notation.

In what follows, we assume b = [? (Z,) and that (px),, is the canonical or-
thonormal basis on the space [2 (Z, ). Moreover, we denote by a', a the creation
and annihilation operators; that is, the domain of af, a is

r€l?(Zy): ij|mk|2 < +oo
k>0
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and Cﬁ@n =vn+lpnii,

0, if n=0,
a =
Pn Vren—1, ifn>0.

The number operator is given by N = a'a.
From now on we consider the system defined by the effective Hamiltonian

H =ik (aT —a) + ko N

and the Lindblad operators L, = cia, Lo = cpa®, L3 = ¢sN, L, = C4a‘L, where
k‘l,kg € R and Cly...,Cq4 € C.

The model presented here describes many physical phenomena, for instance a
single mode of a quantized electromagnetic field. In this framework, the vectors ¢y,
k = 0,1,..., characterize the levels of energy. Moreover, the operator a' creates
a photon, whereas the operator a destroys a photon. Then the term ik; (aJr — a)
describes a driving force or lineal pumping and L, describes the damping due to
photon emission. E (X;, NX;) is the mean photon number or energy at time ¢.

Let b, be equal to the linear manifold spanned by {¢; : 0 < j < n}. Then ®* =
Uo—, bn satisfies hypothesis H4. In addition, for any ¢ = (¢o, ..., $n,0,...) € by,

2Re (N7¢, NPGod) + > [INP Ly ||
k=1

=Y lerP 104 (=% + G = D) +leal’ 6575 G = 1) (=% + (G - )
j=1

n—1
+ ) eal 1 G+ 1) (=57 + (G + 1))
j=0
+2k11/j + 1Re (dj1105) (5 + 1) — j27).

Hence H7 is fulfilled by any C = N?P, with p € Z,. Since for any ¢ € Dom (G),
Re (¢, Go) = —3 >, |Lx¢||* < 0, G is a dissipative linear operator on h. Fur-
thermore, ||GP, — P,GP,| < |ki|vn+1+ % (n+1). Thus H1 follows from
Theorem 2 of [11]. Notice that G € Oz11 and L; € O121, j = 1,...,4. Therefore,
Theorem E.2 implies

Proposition 6.1. Let A € O, 1, ma. and p € N such that p > max{la,2}. If
Xo € Dom (NP), then for any n > 0,

sup |E <Xt, AXt> — E <Xt,n7 AXt’n>|
t€[0,T

1 1
< K (IN"Xo|* + 1 Xl (n - >

p—2 n2r—4—la
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Furthermore, for any ¢ € b, a straightforward computation yields that
||N”Gnqb||2 is equal to

al’n , eln(n-1)  jofn?

(k1 [éna])” n®P*t 0% [gn ] |ikan + = 2 2

n—

1
+> 5% ‘kﬂﬁj—l\/j— kigjVi+1
j=1

g Jeal GG =1 el | el G+1)

95 | thej + ==+ 2 T 2

Thus choosing ¢,, = n*, we can obtain condition S2. Then Proposition 6.2 follows
from Theorem [5.1]

Proposition 6.2. Let A € O, 4 ma and p € N such that p > max{la/2+4,14}.
If there exists a constant p such that n*/M < u, then

B (X1, AXr,) ~E(Z} ., AZ}! )

2 2 T 1 1
< K, (IN X0l + 1o ) <M tom t nl> :

where the constant K, depends on p. Furthermore, for any p > {la/2+ 8,14},
‘E <XTJ_M,AXT]M> _9E <Z§¥M AZ%QJ{M) +E <Z§‘§4,n, AZ%MWM
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) ) T\*> 1 1
<K, (||NpXo|| +||Xo||) <—> tomt

M p—2 n2p—4—la
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