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ON THE HELICITY IN 3D-PERIODIC NAVIER-STOKES
EQUATIONS I: THE NON-STATISTICAL CASE

CIPRIAN FOIAS, LUAN HOANG anD BASIL NICOLAENKO

ABSTRACT

We consider the three-dimensional Navier—Stokes equations with potential forces and study the helicity of the
regular solutions which are periodic in the space variables. We will give a detailed description of the behavior of
the helicity for large times. In particular, the following asymptotic dichotomy of the helicity will be established:
the helicity either is identically zero or is eventually non-zero and converges to zero as te~=2m0? for time t — oo.
The relation between the helicity and the energy is also investigated in connection with that between the
energy and enstrophy. Our study relies on the theory of the asymptotic expansion of the regular solutions of
the Navier—Stokes equations and its associated normalization map as well as a Phragmen-Linderlof principle.
The application of this principle is possible due to our proof that the domain of analyticity (in complexified
time) of the regular solutions contains (up to a logarithmic correction) a right half plane.

1. Introduction

In this paper we study the incompressible viscous flows which are periodic in the space variables
and are driven by potential body forces. Then the velocity field

u(x,t), where x = (1,12, 23) € R?,
satisfies the periodicity condition
u(x,t) =u(x+ Le;,t), forxe R% and j =1,2,3,
(where L > 0 is the spatial period and {e;, ez, e3} is the standard basis of R?) as well as the
Navier—Stokes equations
0 t
% + (u- Vu(x,t) — vAu(x,t) = —Vp(x,t) — Vo(x,t),
V-u(x,t) =0,

where v is the viscosity of the fluid, p is the pressure, and ¢ is the potential of the body force;
here we assume that the mass density is equal to 1. Using the well-known remarkable Galileian
invariance of the Navier—Stokes equations we can also (by a change of the reference system)
consider only the flows satisfying the following zero-space average condition:

J u(x,t)de =0, Q= (-L/2,L/2)3,
Q

where dx = dzydzodrs is the usual volume element in R3.

Recall that the curl of the velocity, that is, V X u, is usually called the vorticity of the flow
and is denoted by w. The kinetic energy/mass, the rate of energy dissipation/mass, and the
helicity /mass are respectively defined by

Et)y=1 JQ lu(x,t)|? dze, F(t) = JQ lw(x,t)|*dz and H(t) = J'Q u(x,t) - w(x,t)de.
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These entities satisfy the following (balance) equations:
d d
Eg(t) +vF(t) =0, %H(t) +2vJ(t) =0,
where
J(t) = J w(x,t) - (V X w(x,t))dx.
Q

Above, u - w is the helicity density of the flow. The invariance of the helicity for the inviscid
flows (case v = 0) seems to have first been noticed by Moreau [20]. However the first thorough
study of the helicity and its density for inviscid incompressible flows was done by Moffatt [17].
He gave a connection of the helicity to the topological invariants and dynamics of the vortex
tubes as well as the first examples of physically relevant fluid flows with non-zero helicity. (In
connection with the latter contribution, let us mention that for the flows considered in our
paper, the non-zero helicity case represents not the exception, but the generic situation (see
Theorem 3.2 below).) The work [17] was followed by many studies devoted to the role of the
helicity in dissipative turbulent flows (for example, [16-19] and the references therein). There is
a general agreement that helicity plays an important role in magneto-hydro dynamics, but not
in the dynamics of ‘neutral’ flows (that is, solutions of the Euler or the Navier—Stokes equations)
[1]. However, theoretical, empirical and numerical evidence indicate that the helicity can
provide insights into the nature of the fluid flows, at least in the case when the viscosity is small
[19]. Moreover, the behavior of the helicity in turbulent flows and its influence in the statistical
dynamical behavior of those flows at different length scales were extensively studied [1, 12, 19,
16]. This also led to a large array of empirical facts which are not yet subsumed to a generally
accepted theory. Therefore the study of the helicity in decaying turbulence based on the mathe-
matical analysis of the Navier—Stokes equations may be of interest. This paper is a contribution
in this direction. In this paper, we focus on the study of the asymptotic behavior (for ¢ — o) of
the helicity of the solutions of the Navier—Stokes equations defined above. The choice of those
solutions is motivated by the fact that they are more amenable to analysis, and can carry
turbulent statistics, as exploited in numerical simulations (in, for example, [2]). The statistical
corollaries of our study will be presented in a forthcoming paper (part IT of the current work).

To give a brief presentation of our results, let us start by recalling that when u(x,t) is not
identically zero we have

. In (537 [, [u(x, t)* dz) i In (& [ lw(x,t)]? dz)
t—o0 vt t—o0 vt
where \; = 472 /L? is the first eigenvalue of the Stokes operator (that is, V x (V x ) = —A
restricted to divergence-free vector fields which are L-periodic in the spatial variables and
with zero-space averages) and ng)\; is an eigenvalue of the Stokes operator [5]. Moreover, the
asymptotic behavior of the regular solution u(x,t) is

= 72)\1710, (11)

e"Mmolyu(x, ) — Wy, (X), ast — oo, (1.2)

uniformly for x € R?, where w,,, (x) is an eigenfunction of the Stokes operator corresponding
to the eigenvalue A\ing.

As a consequence of (1.1) and the Schwarz inequality, the helicity will converge to zero for
t — oo at least with exponential rate 2vAing. However, (1.1) and (1.2) do not imply that the
helicity will decay exponentially at exactly the same rate 2vAing as that of the energy or
even that its decay is exponential. This is due to the possibilities of the cancellations in the
scalar product u - w and in its sign while integrating the helicity density. In particular, it was
not known whether the helicity can switch sign or vanish infinitely many times when ¢t — oc.
In this paper we show that the helicity has only two possibilities: it is either identically zero
(that is, the flow is helicity-free) or eventually non-zero. We also show that these two cases
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turn out to be quite substantive so that neither can be neglected in the study of fluid flows.
The helicity-free flows are ‘unstable’, in the sense that small perturbations can always produce
non-helicity-free flows (see Theorem 3.2 and its proofs in §6). Also inspired by the discussion in
[19] on the generation of non-zero helicity for initially helicity-free flows, we prove that for our
simpler type of flows, the initially helicity-free flows which have non-zero helicity are generic
(see Proposition 3.3). For these latter flows, the helicity eventually has one sign (positive or
negative) and
In (] [qw(x,t) - u(x,t) dz|)

fli)l?élo ot = —2)\1]10, (13)

where hg is a positive integer which is always greater than or equal to the above ng. In fact, we
show that the asymptotic behavior of the helicity is always of the form ct?e=2* 1ot where d
is a non-negative integer and c is a constant with the appropriate physical dimension. If d > 0
then necessarily hg > ng and there are flows for which this is the case. The set of these integers
ho in (1.3) is strictly larger than the set of the integers ng occurring in (1.1) and there are
flows for which the ratio ho/ng can be as large as desired. However, unlike the case of (1.1)
the problem of identifying all possible values of hy is still open (see Remark 7.6).

In the study of the relation between the helicity and the energy, we will also show that
their quotient H(t)/E(t) converges to 20+/ngA; for t — oo, where the number 6, belonging to
[—1, 1], measures the asymptotic alignment between velocity and vorticity. In particular, when
0 attains its maximum or minimum value, that is, § = £1, the above eigenfunction wy,, (x)
of the Stokes operator is an eigenfunction of the curl operator Vx, that is, a Beltrami flow;
hence, in this case, w(x,t) &~ £v/noA; u(x,t) when time ¢ is large. Moreover for any eigenvalue
noA1 of the Stokes operator and € in [—1, 1], there exists a flow for which H(¢)/E(t) converges
exactly to 20+/ngA; when t — oco. Clearly the case hy > ng can occur only when 6 = 0.

Let us now briefly discuss our method of studying the helicity in this paper. Using the
asymptotic expansion of the regular solutions of the Navier—Stokes equations we derive and
study the asymptotic expansion of the helicity. It follows that each coefficient in the asymptotic
expansion of the helicity is a polynomial in time and in finitely many components of the
normalization map, each of which is an eigenvector of the Stokes operator. The explicit
computation of the polynomials necessitates the superposition of algebraic relations involving
the non-linear term in the Navier—Stokes equations and the curl operator. When the asymptotic
expansion of the helicity is not identically zero we can concentrate the study on the first non-
zero polynomial under the constraints imposed by the vanishing of its preceding polynomials.
This part of our study has a rather algebraic character and it exploits a surjective property
of the normalization map (see the statement (4.5)). However, to prove that the helicity has
zero asymptotic expansion only if the helicity itself is identically zero, we need techniques from
complex analysis. For this, we will use the analyticity of the solutions in the complexified time.
In particular, we will show that the domain of time-analyticity in this case is sufficiently large
to permit us to apply the Polya—Szeg6é improvement of the Phragmen—Linderlof theorem to
conclude that the helicity is identically zero for all times.

The structure of this paper is the following. In §2, we present the functional settings of
the Navier—Stokes equations. Our main results are stated in §3. Section 4 is a review of the
asymptotic expansions of regular solutions and the normalization map as well as of some
algebraic properties of the non-linear term in the Navier—Stokes equations which we need in
the proofs. In §5 we derive and study the asymptotic expansion of the helicity, particularly
when this asymptotic expansion is not identically zero. In § 6 we study the set Rq of the regular
initial data such that the solutions are regular and have zero helicity for all time ¢ > 0. Though
‘small’ compared to the set of regular initial data for which the helicity is eventually non-zero,
R contains infinitely many invariant closed linear manifolds of infinite dimension. In §7, we
present examples of solutions for which the helicity and energy display similar and dissimilar
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asymptotic behavior. There we also show that the helicity is, in fact, asymptotically decaying
at least as fast as the energy. Moreover, we give examples showing that the exponential decay
of the helicity may have an exponent which is much larger than that of the energy (that is,
ho > ngp). In §8, we show that the helicity can be extended by analyticity in time to the whole
image of a right half plane by a conformal map which is a ‘small’ perturbation of the identity
map. This allows us to prove that the helicity is identically zero when its asymptotic expansion
is identically zero. In Appendix A, the abstract asymptotic expansions in normed spaces are
presented for the completeness of the paper. In Appendices B and C, we prove the technical
results in complex analysis which are used in § 8.

In fairness to the reader, we must discuss the abbreviated functional notation we will use
throughout the proofs. Most of those proofs are based on calculations with long formulas and
estimates. Using the classical notation would substantially increase the space necessary for
those proofs. Therefore we introduce the functional notation in §§2 and 3 and, in order to help
the reader become familiar with the notation, we use it simultaneously with the classical one
in those two sections.

2. Preliminaries

We consider the Navier—Stokes equations in the whole three-dimensional (3D) space R? with
a potential body force

u + (u-V)u—vAu=-Vp— Ve,
div u =0, (2.1)
u(x,0) = uo(x),

where v > 0 is the kinematic viscosity, u(x,t) = (u1,u2, us)(x,t) is the unknown velocity field,
p € R is the unknown pressure, the body force is (—V¢) with a given function ¢ € R, and the
initial velocity ug is also known. Recall that for each ¢ > 0, u(x) = u(x, t) satisfies

u(x+ Lej) =u(x) forallx€R® and j=1,2,3, (2.2)
and

J u(x)dz =0, (2.3)
Q

where {e; : j = 1,2,3} is the canonical basis in R*, L > 0 and Q = (—L/2,L/2)3. We say that
those functions satisfying (2.2) are L-periodic functions. Throughout L = 27 and v = 1, the
general case being easily recovered by a change of scale.

For a = (a1,az,a3) and b = (by,ba,b3) in C3, we define a-b = ajb; + agby + agbz and
|a] = Va-a*, where a* = (@1,d2,a3). Let (-,-) and | -| denote the usual scalar product and
norm, respectively, in L?(Q)3, that is,

o) = [ a0 ve ool =t = (| ) ut) dx)w, (2.0

for u = u(-) and v = v(-) in L2(Q)3. Here and in the sequel a vector field u(-), with values u(x)
at x € R3, is denoted simply by u when viewed as an element of a specified functional space.
Also note that we use | - | for the length of vectors in C? as well as the L?-norm of vector fields
in L2(2)3, but in each case the context clarifies the precise meaning of this notation.

Let V be the set of all L-periodic trigonometric polynomials on € with values in R? which
are divergence-free as well as satisfy the condition (2.3). We define

H to be the closure of V in L*(Q)3 = H(Q)?, (25)
V to be the closure of V in H(Q)3, '
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where H'(Q) (with I = 0,1,2,...) denotes the Sobolev space of functions ¢ € L2(Q2) such that
for every multi-index o with |a| < [ the distributional derivative D®p belongs to L?(Q2). On V/

we consider the inner product ((-,-)) and the norm ||-|| defined by
3 3 2
Ou(x) Jv;(x) 2 J Ou;(x)
— = = 2.
=3 [, PRI il = ) PORE o KD

for u=u(") = (u1(*),u2(-),us3(:)) and v = v(-) = (v1(:), v2(*),v3(+)) in V. In order to study the
dissipation term (—vAu) which involves the second derivatives, let Dy =V N H?(2)? and
define the Stokes operator by

3. 92
Au=—Au(-) = (— Z 8—u2k> for all w =u(-) = (u1(-),u2(),us3(-)) € Da. (2.7)
=025 Jr=10

The inner product of u,v € D4 and the norm of w € D4 are defined by (Au, Av) and |Aw|,
respectively. In fact, this norm |Aw|, with w € Dy, is equivalent to the usual Sobolev norm
of H?(2)3.

Recall that the curl of a vector field u(x) is V x u(x) and that in the case u(x) is a
velocity field of a fluid, w(x) = V x u(x) is called the vorticity field of the fluid. In our study
the restriction of this curl operator to the space V' will be denoted by €&, that is, €w is the
field V x w(x) (with x € R?) in H (where the derivatives are taken in the weak sense) for
w = w(-) € V. With this notation, we have, due to the fact that w(-) is divergence-free,

3 2
Owy (x
feul = [ 1V xweoPdo = [ 57 | % do = u? (25)
k,j=1 J

for w=w(-) = (w1 (-),wa2(:),w3(-)) € V. Thus € is an isometric operator from V into H, in
fact it is surjective. Again, because u(-) is divergence-free, we have for u = u(-) € Dy,

€2y =V x (Vxu()) = —Au(-) = Au. (2.9)
Moreover, this curl operator € is symmetric, that is,
(Cu,v) = J [V xux)] v(x)de = J u(x) - [V x u(x)] dz = (u, Cv), (2.10)
Q Q

for u,v € V.
Another operator playing a major role in this paper is associated with the non-linear term
in the equations (2.1). This operator is defined on Dy x D4 (and valued in H) by the formula

B(u,v) = P[(u(-) - V)v(:)] for all u=u(-) and v =v(:) in Da, (2.11)

where P is the orthogonal projection of L?(Q)? onto the space H. Recall that for v = v(-) in
L?(Q)3 the projection w = Pv € H is defined by the following decomposition:

v=w+ Vg, (2.12)

where w € H and ¢ is a 27-periodic function in H'(2). Note that w is divergence-free and
belongs to H. Thus (2.12) is an adequate generalized variant of the classical Helmholtz
decomposition of a vector field v(x) into its divergence-free w(x) and gradient V¢ components.
Thus for u,v € Dy and w € H,

(Bluv),w) = | [(a6x) - V)vo)] - wix) da,

Q
The following relations are well known:

B(u,u) = —P(u x €u) = —P[u(-) x (V xu(-))] forallue Dy (2.13)
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and

(B(um),v)zj [(w-V)v]-vdz =0 for u,v € Da. (2.14)
Q
Also for u,v € D4, we have

(B(€v,v),u) = J ((V x v) - V)V] - udae

Q
= JQ[(u -V)v] - (V x v)dx = (B(u,v), Cv), (2.15)
whence
JQ[(u -V)u] - (V x u)dz = (B(u,u),Cu) = (B(Cu,u),u) =0 for u € Dy, (2.16)

by virtue of (2.14).

A time-dependent velocity field of a fluid with finite kinetic space average energy /mass, that
is, [ [u(x,t)[? dz < oo, can be viewed as an H-valued function u(t) = u(-,t). If this u(t) € V,
then the vorticity w(-,t) =V x u(,t) can be also denoted by w(t) = €u(t) when considered
as an element of H. Thus €2u(t) is the field V x w(-,t) = V x (V x u(-,t)) provided u(t) € V'
and Cu(t) e V.

A classical result (tracking back to Leray’s pioneering works in the 1930s, for example,
[13, 14, 15]) in the theory of the Navier—Stokes equations is that for any initial data up(x) in
H there exists a weak solution u(x,t) defined for all ¢ > 0 which eventually becomes regular
and |u(t)|® = [, lu(x,t)|* dz converges exponentially to zero as t — co. We recall that a weak
solution u(t) is called regular in a time interval [to,t1) (where to < t1 < 00) if it is continuous
from [to,t1) to V. In this case, its values u(t) (for to <t < t1) are uniquely determined by
the value u(tp). Recall that in this paper we consider only the case when the driving force is
potential (that is, of the form —V) and the velocity field is periodic in the space variables.
In this case if u(t) is regular on [t, 1) the velocity field u(x, ) is analytic in (x,t) for x € R3
and t € (to,t1) (see, for example, [3, 9, 4]). It easily follows that the sum p + ¢ of the pressure
p and the potential ¢ of the force is also analytic in (x,t) for x € R3 and t € (tg,t1). We stress
that these analyticity results do not automatically hold when the driving force is not potential
or when the fluid is bounded by walls. In our present situation the regularity and analyticity
results recalled above imply that for any weak solution u(-,t) of the Navier—Stokes equations
there exists a time tg > 0 (depending on the solution) such that for ¢ > tg both the vector
field u(x,t) and the sum p + ¢ are analytic in (x,t) and satisfy the Navier—Stokes equations.
Moreover, such a solution u(t) = u(-,t) satisfies the following functional form of the Navier—
Stokes equations which is derived by applying the operator P to the momentum equations in
(2.1) which eliminates the gradient terms:

dl;i(tt) + Au(t) + B(u(t),u(t)) =0, fort > to;
here the equation holds in H and u(t) is continuous from [tg, 00) into V. Since the interest of this
paper is to study the asymptotic behavior of a solution for time ¢t — oo, we will restrict all our
considerations to the set R of all the initial data ug in V' such that the solution u(t) satisfying
u(0) = wg is regular (and hence also unique) in [0, 00); whenever not otherwise specified, the
topology of R is that of V. In other words, we will study the following functional form of
Navier—Stokes equations:

dz;_(tt) + Au(t) + B(u(t),u(t)) =0, fort¢ >0, (2.17)

U(O) =ug € R,
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where the equation holds in H for all ¢ > 0, and u(t) is continuous from [0, c0) into V. In this
way both the pressure and the driving force have no effect on the asymptotic behavior of u(t).
A subset S of R is called invariant if for any ug € S, the regular solution u(t) of (2.17) stays
in S for all time ¢ > 0.
In particular, the analyticity of a regular solution u(x,t) in its variables for x € R3 and ¢ > 0
easily implies that the energy balance

1d 1d
t)? > ==-— t)[? J t)> da = 2.1
S P Hleuf = 34 | P do+ | wxoPa=o (1)
and helicity balance
1d ,
22 {u(t) €u(t) + (eutt), €u(n)
1
= —ij u(x,t) - w(x,t)ds —|—J w(x,t) - (Vxwx,t)de=0 (2.19)
hold for all t > 0. Above %|u|? = 1 [ [u(x,t)[*dz and (u, €u) = [, u( w(x,t) dx are the

space average (kinetic) energy/mass and he11c1ty/mass of u(-, ).

Finally, since the eigenvalues and eigenspaces of the Stokes operator play an important role
in our analysis, we recall their explicit forms here. The Stokes operator A has a sequence of
eigenvalues {\; : j = 1,2,3,...} = 0(A) of the form \; = |k|? for some k € Z* \ {0}. Note that
A1 = 1 = |e;|? and hence the additive semigroup generated by these eigenvalues coincides with
the set N={1,2,3,...} of all natural numbers. For n € N we denote by R,, the orthogonal
projection of H onto the eigenspace of A associated to n, namely,

R,H ={u € H : Au = nu}. (2.20)
If n is an eigenvalue of A, then R, H is generated by functions of the forms
(af +iad)e' ™) 4 (af —iad)e k%) with k € Z3 and [k|> =n
where
aj,ai €¢R® and aj-k=ai k=0.

Otherwise, R, = 0, for example, R; = 0, R15 = 0, Ro3 = 0, etc.

3. Main results

To describe the asymptotic behavior of the helicity, we will need some asymptotic properties
of the solutions to (2.17). It is known from [5] that for any solution u(t) of the Navier—Stokes
equations (2.17) with initial data ug € R, there is an eigenvalue ng of the Stokes operator A
such that

leu®))> . [V xu(x, t)|? dx .
oo [u(t)]2 oo fﬂ|u(x,t)|2 de (3.1)
and
lim u(t)e™" = wy,, (uo) € RnyH \ {0}, (3.2)

t—o0

where the limit is taken either in H or in V' (see §4). Recall that w(-,t) =V x u(-, %) is the
vorticity field and u(x,t) - w(x,t) is the helicity density.
In this paper, we study the behavior of the helicity

H(t) = (Cut), u(t)) = (w(t), u(t)) = Lw(x, £) - u(x, t) do
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and its related quantity

T() = (€u(t), Cu(t)) = Lz IV x (V x u(x, )] - [V x u(x, )] dz

= (Cw(t),w(t)) = J [V X w(x,t)] - w(x,t)dz

Q
for time ¢ — oco. These two satisfy the equation (see (2.19))
1dH(t)
——2 t)=0. 3.3
s a0 (33)

This resembles the energy relation (2.18) connecting |€u(t)|? = |w(t)|* and |u(t)|*. We will find
the analogues of the relations (3.1) and (3.2) for J(¢)/H(t) and H(t). The asymptotic behavior
of H(t) and J(t) as t — oo will also be described.

The main results of this paper are summed up in the following theorems.

THEOREM 3.1. The helicity H(t) of a regular solution u(t) of (2.17) is either
(i) eventually non-zero and decaying when t goes to infinity as tie=2"! where d > 0 and
ho > 0 are integers depending on the solution and

lim —? = lim Ugw(x,t) (V x w(x,t)) dx/ JQ u(x,t) - wx,t)de| = hy, (3.4

(ii) identically zero.
The next theorem shows that both cases (i) and (ii) above are substantive.

THEOREM 3.2. Let Ry and Ry denote the subsets formed by the initial data uy € R for
which the solutions are in case (1), respectively (ii), of Theorem 3.1. Then R is open and dense
in R, while Ry is closed and contains an infinite union of invariant closed linear manifolds of
infinite dimension.

Moreover, we also have the following similar relation between the initially helicity-free flows
and the identically helicity-free flows (see the proof after Remark 6.7).

PROPOSITION 3.3. The set Ry is a closed nowhere dense subset of {ug € R : (Cug, ug) = 0}.

The connections between the exponential decay in (3.1) and Theorem 3.1 can be explicated
as follows.

THEOREM 3.4. Let ug € R\ {0} and let u(t) be the regular solution of (2.17) and let ng
be defined by (3.1). Then
lim ) = lim J w(x,t) - u(x,t) dm/J lu(x, t)|> dz| = ag (3.5)
=00 [u(t)]? = g ’ o ’

and ag € [—/No, /N0 |. Moreover, for any n € o(A) and o € [—/n,/n], there is uy € R such
that the solution u(t) of (2.17) satisfies
2 V x D12 d
i QP Jo W xu P dz (3.6)
t=oo ut)]? = [ u(x,t))? do

and
Jim Zj(ng = lim Ugw(x,t)~u(x, 1) da JQ u(x, t)|2d4 —a (3.7)
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It is clear that in the preceding theorem, if o # 0 then u(t) is in case (i) of Theorem 3.1
with d =0 and hg = ng € o(A). In fact, hg = ng if and only if ag # 0 (see Remark 7.5). The
other situation when ay = 0 will be analyzed further in the next theorem.

THEOREM 3.5. For any n € 0(A) and M > 0, there exists an initial data ug € R such that
the corresponding regular solution u(t) of (2.17) satisfies (3.1), is in case (i) of Theorem 3.1,
with ng = n and hg > ng + M, and is such that

H(t)
|u(®)[?

Also, there are solutions with the helicity satisfying the condition

= | w(x,t)- -u(x T u(x, t)|?de = O(e™2M)  as t — . .
= |, wlen utx e/ | ueenPde =0 as ¢ (38)

t—oo t—oo

lim H(t)t~%e*Mt = lim t_de%otJ w(x,t) - u(x,t)dr exists and is not zero,
Q
where d > 0 or hg is not an eigenvalue of A.

Theorems 3.4 and 3.5 provide supplementary information only about the solutions in the
set Ry in Theorem 3.2. We also note that if ug € Ry (respectively, Rg) and u(t) (¢t > 0) is the
regular solution of (2.17), then u(t) € Ry (respectively, Rg) for all ¢ > 0. In other words, R
and R are invariant.

The remainder of this article is devoted to the proofs of the results stated above.

4. Mathematical prerequisites

In this section, first we review some asymptotic properties of the solutions of (2.17) which
are outlined below (see [5, 6, 7, 10] for more details).

Let u(t) be a regular solution of the Navier—Stokes equations with initial data ug € R. Then
it has the following asymptotic expansion:

u(t) ~ (e + qt)e ™ +gs(t)e ™ + ..., (4.1)

where ¢;(t) is a polynomial in ¢ of degree at most (j —1) and with values trigonometric
polynomials in H. This means that for any IV € N the correction term

N .
o (t) = u(t) = 3 g (1)

satisfies
lun (t)] = O(e=NF9t)  for t — oo with some & = ey > 0. (4.2)

In fact, vy (t) belongs to C*(]0,00); V) N C°°((0,00); C*°(R3)) and for each m € N,
on ()] rm () = O(e= VT as t — oo for some € = enm > 0. (4.3)
Define the normalization map W by
W (uo) = Wi(ug) ® Wa(uo) ® ...,

where W;(ug) = R;q;(0), for j =1,2,3,.... Then W is a one-to-one analytic mapping from
R to the Fréchet space Sy = RiH @ RoH @ ... equipped with the component-wise topology.
Also, W'(0) = Id meaning

W/(O)U/O = Riug ® Raug ® R3ug P .. .. (44)
Therefore, if Iy denotes the canonical projection of S4 onto RiH & ... ® Ry H then
{TINW (ug) : |Jug|| < p} is a neighborhood of 0 in IS4, (4.5)
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forall p>0and N =1,2,3,....
The case (3.1) holds if and only if

Wl(uo) = WQ(U()) =...= Wno—l(UO) =0 and Wno (UO) 7é 0,
in this case
H=E@R=...=qn-1=0 and ¢n, = W, (o) = Wy, (ug). (4.6)

Moreover, if up € R and Wi(ug) = (§1,&2,...), then the polynomials g¢; are the unique
polynomial solutions of the following equations:

g+ (A=34)g; + 65 =0, (4.7)
with R;q;(0) = &;, where the terms (3, are defined by
Bi=0 and forj>1, B;= Y Blgra) (4.8)
koti=j

Explicitly, the polynomials g;(t) are recurrently given by the formulas

60 =&~ | Riy(r)dr+ () (A=) (T - R)I (d) (I-R)B;,  (49)

0 ">0 dt
for j =1,2,3,..., where [(A—j)(I — R;)]7" ! is defined by
1 —n— a ik-x

k|27
for u = Z\k|27$j ae’™®* and x € R?, in V. Here I denotes the identity map on H.

We will also need some algebraic properties of the bilinear map B(-,-) introduced in (2.11).
Replacing v by v+ w in (2.14) gives

(B(u,v),wy = —=(B(u,w),v), for u,v,w € Dy. (4.11)

By writing v = v + Aw in (2.15), where A is a real parameter, and collecting the coefficients of
)\ one obtains

(B(u,u), Cv) + (B(u,v),Cu) + (B(v,u),Cu) =0, for u,v € Dy. (4.12)

For u,€u € Dy, it follows from (4.12), (4.11) and (2.16) that
(B(u,u), ) = (B(u, Cu),v) — (B(Cu,u),v)
is valid for all v € D4 and by continuity also for all v € V; hence B(u,u) belongs to V' and
¢B(u,u) = B(u,Cu) — B(Cu,u). (4.13)

Replacing u by w + v in (4.13), we obtain

¢B(u,v) + ¢€B(v,u) = B(u, ) + B(v,Cu) — B(Cu,v) — B(Cv,u), (4.14)
for Cu, Cv € Dy.

5. Exponential decay of the helicity

We will derive the asymptotic expansion of the helicity H(t). This can be easily seen as a
formal expansion of (€u(t),u(t)) based on the expansion (4.1) of u(t):

(@u(t),u(t) ~ > e > (Cqp, q)-
>l k=g

In fact, this formal computation will be proved to be valid in the rigorous sense of Definition
A.1 in Appendix A. In the spirit of Definition A.1, we can say from (4.2) and (4.3) that the
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regular solution u(t) of (2.17) has a unique asymptotic expansion
u(t) ~ 3 qi(t)e™" in H™(Q) for m =0,1,2,.. . (5.1)
i>1

The asymptotic expansions of €u and ¢2u are formally calculated by applying ¢ and €2,
respectively, to (5.1) term by term. This is justified by Lemma A.3 and we have the following
expansions.

LEMMA 5.1. Let u(t) be a regular solution of (2.17) with the asymptotic expansion (5.1).
Then the vorticity and its curl have the asymptotic expansions

w(-,t) = Cult) ~ Y Cq;(t)e " (5.2)
j=1
and, respectively,
V xw(-,t) = Cu(t) ~ > gi(t)e ", (5.3)
j=1

in all H™(Q) for m =0,1,2,....

By Lemmas 5.1 and A.4, we easily and rigorously obtain the asymptotic expansions of H(t)

and J(t).

LEMMA 5.2. Let u(t) be a regular solution of (2.17) with the asymptotic expansion (5.1).
Then the helicity H(t) and J(t) have the following asymptotic expansions:

H(t) = (Cu(t), ult)) ~ Y da(t)e™™, (5.4)

where
dn(t) = > (€g;(t), (1)), (5.5)

j+i=n
and, respectively,

T () = (Su(t), €u(t)) ~ > ta(t)e ™, (5.6)

where
Ua(t) = D (€g(t), Ca(t)). (5.7)

jt+i=n

Proof. Apply Lemma A.4 with X =Y = L?(Q), and Z = R and the use of (5.1) as well as
Lemma 5.1 for individual expansions of u(t), €u(t) and €2u(t). (]

So far we have obtained the asymptotic expansions (5.4) and (5.6) of H(t) and J(t),
respectively. The functions H(t) and J(t) are connected by equation (3.3). The corresponding
connection between ¢,, and v, in those asymptotic expansions is given in the following lemma.

LEMMA 5.3. Foralln e Nandt > 0,

d’ln (t) = non(t) + 2¢n(t) = 0. (5.8)
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Proof. Taking the derivative of ¢,,(t), we obtain

)= (Cqm,gi)+ Y (€q )

m-+k=n m+k=n

Z <Q:Qm7qz>+ Z <q;m¢q/€>

m+k=n m+k=n

2 Y (Cqm,qh) =2 > (Cqm, g — kai + Br),
m-+k=n m-+k=n

by virtue of (4.7); hence
G(t) = —20 +2 > (Cqm,kar) =2 D (€. ).
m-+k=n m-+k=n
The second term on the right-hand side of (5.9) is

D (Cam kar) + (Cqpmgm) = D (Cqm, (m+E)g) =1 D> (€, gk) = nn.

m+k=n m-+k=n m+k=n
Using (4.8), (2.10) and (4.14) we can write the last term of (5.9) as

-2 Z <Q:qm,ﬂk> =-2 Z <Q:Q'I7L7B(qj7ql)>

m-+k=n m+j+l=n

=— > ((€qm, B, @) + (€qm, Blai, q;)))
m+j+l=n
m+j+l=n

= Y {gmB(¢q;.q) + B(€q,q;) — B(gj,€q) — Blai, €q;))

m+j+l=n

=2 > gm:B€g@)—2 > (gm, Blg;, ).

m+j+l=n m+j+l=n

We have, from (4.11),
2 > Agm:B(g;,€q)) =2 Y (€q,B(gj,qm)) =2 Y (€qm,Blg;,q))

m+j+l=n m4+j+i=n m+j+l=n
=2 Z <Q:Qma ﬁk)a
m-+k=n

and
2 > (amBEga))= Y (am BC&qga))+ Y. (@, B(€q,qm)) =0.
m+j+l=n m+j+l=n m+j+l=n
Therefore,
m+k=n m+k=n
and hence it is zero. Thus, ¢!, = —21,, + n¢, and this proves (5.8).

O

The behavior of ¢, (t) and 1, (t) for large times ¢ is constrained by Lemma 5.3 and the fact

that these functions are polynomials. Indeed we also have the following.

LEMMA 5.4. For each n € N, either
(i) ¢, and v, are identically zero, or
(ii) ¢y, and v, are eventually non-zero.
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In the second case,
Ya(t) n
=—. 1
v on(t) 2 (5.10)

Proof. In the case where ¢, is identically zero, so is 1, by virtue of (5.8), and hence (i)
holds. If ¢,, is not identically zero, since it is a polynomial, we have deg ¢! < deg ¢,,. Hence
@) —nd, is not identically zero and due to (5.8), neither is t,. Since both ¢, and 1, are
polynomials, it follows that for all large enough t, say, ¢t > to, ¥, (t) # 0 and ¢, (¢) # 0; this
proves (ii). Moreover, for ¢ > ty, we have

/
% —n—i-Q% =0, (5.11)
where the first term goes to zero as ¢ — oco. Clearly, (5.11) now implies (5.10). d

Continuing our study of the asymptotic expansions (5.4) and (5.6) we first consider the case
when the asymptotic expansion (5.4) of H(¢) is not identically zero, that is when at least one of
the polynomials ¢, (t) (n = 1,2,3,...) is not identically zero. The other case when all ¢,,(t) = 0
will be relegated to § 8. In the former case, let N be the smallest n € N such that the polynomial
on(t) is not identically zero. By Lemma 5.4, this number N is also the smallest n € N such
that the polynomial v, (¢) in the asymptotic expansion (5.6) of J(¢) is not identically zero.
Hence, we have

() =Up(t) =0 for L<n <N, ¢n({t)£0 and ¥n(t) ZO0. (5.12)
The asymptotic expansions (5.4) and (5.6) of H(¢) and, respectively, J(¢) now become
H(t) = on(t)e ™ N+ 0(e= N9 and T (t) = ¢ (t)e Nt + O(e” NV F), (5.13)
for some € > 0. Therefore
lim S0 _ oy P80 N (5.14)

t—o0 H(t) t—o0 (;SN(t) 2’
by (5.10). Thus, if we denote d = deg ¢n(t), then d = deg ¥n(t) and from (5.13), we see that
t t
tlirgo t:% and tlggo tfgigllt exist and are non-zero. (5.15)
A priori, it may happen that the limit number N/2 is not an integer and hence is not an
eigenvalue of A. However, a more careful analysis will restrict the value N/2 to integers only.
In order to prove this, it is convenient to introduce the following definition.

DEFINITION 5.5.  For r € NU {0}, we denote by F, the set of functions f(x) = >, s fice™
belonging to V such that fi, = 0 whenever |k|? # r(mod 2).

It is clear that

(a) for each r =0,1,2,..., F, is a linear space and R, H C F,, for all n € N;

(b) F,. = Fs if r = s(mod 2);

(c) ¢F. C F,, R,F,. CF,, (I - R,)F, C F,, and [(A —n)(I — R,)]"'F, C F, (see formula

(4.10));
(d) if u(t),v(t) € F, for all ¢ > 0 then the integral fé u(7) dr and the derivatives d"v(t)/dt",
forn=0,1,2,3,... and t > 0 are also in F, whenever these quantities are defined;

(e) ifu € F,, v € Fs, and r #Z s(mod 2) then (u,v) = 0.
The action of the non-linear term B(-,-) on the classes F,. is given by the following lemma.

LEMMA 5.6. For any r,s € NU{0}, B(F;, Fs) C Fy4s.
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Proof. Let u=7), s uge™®* € F., v = D 1ezs wet™* € Fy and
B(u,v) = Z Be™X,
meZ3
Then an elementary computation shows that

HTTQQmm, where Qm = i Z (uy - Dvy.

k+1=m

By=0 and form#0, By =Qm—

Therefore, if By, # 0, there must exist k,1 € Z3 such that ux #0, v #0 and m =k + L.
According to Definition 5.5, these k and 1 satisfy |k|? = r(mod 2) and [1|> = s(mod 2). Hence

m = [k + 1 = [k + |12 + 2k - 1= (k[ + 1)) (mod 2) = (r + s)(mod 2).

This means that By, # 0 implies |m|? = (r + s)(mod 2), and thus B(u,v) € F, . O
We can now establish a relation between the polynomials g, (t) in (5.1) and the classes F.
PROPOSITION 5.7. For alln € N and t > 0, g,(t) € F,.

Proof. We will prove this by induction. Since ¢; = £ € R1H, we have ¢; € Fy by (a). Let
n > 1 and suppose that the statement holds for all ¢; with j < n. Consider g, () given by (4.9):

t h
[ d
) =& | Rur)dr + X0 =1 = RO () (1= R
0
h>0
Note that &,, R.0, € R,H; hence they belong to F,. Furthermore, if r + s = n, then ¢, € F.
and g5 € Fy. Hence B(gr,qs) € Frys = Fyy, by Lemma 5.6. Thus 3, =3 . B(g,qs) is
in F,,. Thanks to (c) and (d),

d

h
E) (I — R,)Bn, forh=0,1,2,...,

J;Rnﬁn(T)dT and [(A—n)(I—Rn)]—h—l(

are in F),. In conclusion, ¢,(t) is a sum of F,,-functions. Therefore ¢, (t) € F),, due to (a). [

We are ready now to prove the following supplementary property of the expansions (5.4)
and (5.6).

PRrROPOSITION 5.8. For odd numbers n, the polynomials ¢, and v, are identically zero.

Proof. Suppose that n is odd, and consider ¢,, = Zj+l:n<€qj,ql>. For each term of the
sum, Lemma 5.7 implies that ¢; € F; and ¢; € F; and hence €q; € F; by virtue of (c). Since
Jj+1=nis odd or equivalently j # I(mod 2), property (e) yields (€g;,q) = 0. It follows that
¢n = 0. A similar argument applies to the polynomials 1,,. Ll

The preceding proposition has the following direct consequence.
COROLLARY 5.9. The integer N in (5.12) is even.

The above discussion establishes Theorem 3.1 in a particular case. Indeed, we can sum up
that discussion as follows.
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PROPOSITION 5.10. Let u(t) be a regular solution of (2.17) such that its helicity H(t) has
a non-zero asymptotic expansion. Then there exist integers d > 0 and hg > 0 such that

J(t)

lim —= =h 5.16
A gy = ho (5.16)
and
t 2hot
tlim Ll Zj exists and is non-zero. (5.17)

Proof. Set N = 2hg in (5.12). Then (5.16) coincides with (5.14), while (5.17) is already
contained in (5.15). Finally, the fact that hg is an integer was established in Corollary 5.9. [

Clearly, to conclude the proof of Theorem 3.1, it suffices to establish the following.

PROPOSITION 5.11. Let u(t), with t € [0,00), be a regular solution of (2.17). Then the
asymptotic expansion (5.4) of its helicity H(t) = (€u(t), u(t)) is identically zero if and only if
H(t) is identically zero.

We postpone the proof of Proposition 5.11 to §8 since it involves some finely tuned
properties of the regular solutions which are of independent interest. However, Theorem 3.2 is
a consequence of Proposition 5.11 (and hence of Theorem 3.1) as will be shown in the next
section.

6. On the flows with zero helicity

In this section, we will prove that the set R of all initial data in R for which the solutions
have identically zero helicity is a closed, rich but nowhere dense subset of R endowed with the
topology of V.

First it will be useful to give formulas for the helicity (€u, u) and the non-linear term B(u, u)
(see equation (2.11)) in terms of Fourier coefficients of u. Recall that for a = (a1, ag, a3) and
b= (bl,bg,bg) € (C3, we define a-b = a1b; + asbs + azbs, a* = (dl,dg,dg,) and |a\ = +a-a*.
Again, we use |- | for the length of vectors in C3 as well as the L?-norm of vector fields in
L?(Q)3, but in each case the context clarifies the precise meaning of this notation. The same
holds true for the following abuse of notation. The exponential e’* will denote both the
function of x viewed as an element of L?(Q) as well as its value at point x. With this notation,
every u € V has a Fourier series of the form

w= Z ae™*, (6.1)
kez3

where ax = all( + iai €eC? ax-k=0, a_x = ay, ao =0 and ax # 0 for only finitely many
vectors k of Z3. Also if v = > kezs ve™®* is an R3-valued trigonometric polynomial (that
is, if v_x = v}, vo = 0 and vk # 0 for only finitely many k) then the Leray projection of v is
simply given by

P (Z vkezk'x> = Z ae™*, where ag = 0 and ax = vy — %k fork #0. (6.2)
keZ3 keZ3

We apply the curl and Stokes operators to (6.1) term by term and obtain

Cu = Z ik X axe’™ ™, (6.3)
kez3
Au = Z k|2 aye™>. (6.4)

keZz3
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Furthermore, for u =Y, ;s axe™™> and v =Y, ;s bxe’®™> in V, the Fourier series of the
bilinear mapping B(u,v) is

B(u,v) = P (Z Qnei"'X> = Y Bne™>, (6.5)

nezs3 nez3

where Y 75 Qne™> is an R*-valued trigonometric polynomial since

Qu=1i Y _ (ax-j)bj forneZ’ (6.6)
k+j=n
Therefore
Qn - n

By=0 and Bn=Qn— Wn for n # 0. (6.7)

We also have
(Cu,v) =iL® > (kx ax) - by =iL> Y k- (ax x by). (6.8)

kez3 keZ3

In particular, when u = v this becomes

(@u,u) =iL® Y k- [(ay +iay) x (ay —iaf)] = 2L° > k- (ay x ag). (6.9)
keZ3 keZz3

REMARK 6.1. The general term of the last sum in (6.9) vanishes if aj x ai = 0. This
happens when af = 0 or af, = 0 or ay. is parallel with af. In particular, if ax € 2xR? for all k
with some 2y, € C, then (€u, u) = 0. We often use the case a, € R3, for all k € Z3, or ay € (iR?),
for all k € Z3, in our examples in §§6 and 7 below.

REMARK 6.2. Let u and v in V be such that whenever ax # 0 and b; # 0, the vectors k
and j are parallel or ax and b; are (complex) collinear. For such k and j, ax - j = 0; hence Qn
given in (6.6) is zero and so is By. Therefore, B(u,v) = 0. Also, if €u = pu for some u € R,
then by the relation (2.13), the non-linear term B(u,u) = 0.

We give here a simple description of eigenspaces of the curl operator €. Suppose that u = u(-)
is an eigenfunction of € corresponding to some eigenvalue . Then
Cu=pu and Au=C?u= p’u.

Thus 2 is an eigenvalue of A and u is also an eigenfunction of A corresponding to 2. Therefore
u € R,2 H and has the Fourier expansion of the form

u= Z ae’™ >, ax =ap +ia € C3, ax k=0, a_x=aj. (6.10)
Ik|=|pl
Moreover, from (6.3) it follows that

ik X ax = pax or ik x (ap +ial) = play +ial).

This is equivalent to

k x a) = pai, kxai=—pag
or
2 _ 1 1 ko,
ap = — X g, ap = ~ X ay. (6.11)

Obviously, (6.11) holds if and only if either a = ai =0, or |ai.| = |ag| # 0 and

{k/u,ai./lay|,ai /|ai|} is a positively oriented orthonormal basis of R?.
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The orientation in R? considered here is that of the standard basis {e1,eq, e3}. We sum up
this discussion with the following result.

LEMMA 6.3. The spectrum of the curl operator € is
o(@) ={+vn:ne€a(A)}={+kl:kez\{0}}. (6.12)

Moreover, the eigenfunctions of € corresponding to an eigenvalue p are the functions of the
form (6.10) such that non-zero coefficients ax = aj. + ial in (6.10) satisfy

() Jak| = lo| # 0 and
(i) {k/u, ai/laLl, ai/lai|} is a positively oriented orthonormal basis of R3.

We now establish some properties of the sets Ry and R\ Rp in the following proposition
which is essentially the same as Theorem 3.2 with R, being replaced by R \ R here.

PROPOSITION 6.4. The set R\ Ry is open in V and dense in R, while Ry is closed and
consists of an infinite union of invariant closed linear manifolds of infinite dimension.

Proof. First, let us recall that
R is open in V. (6.13)

The reason is that for any ug € R, we know that |[u(t)|| = O(e™"°") as t — oo for some ny > 0.
Therefore [ |lu(t)||* dt < oo, and hence, there is a neighborhood of ug in V' which is also a
subset of R (see, for example, [22]).

We now show that Ry is closed in R. Suppose that ug € R and there is a sequence {uf }nen
in Rg such that lim,, e ||uf — ugl| = 0. Let u(t) and u™(t) be the regular solutions of (2.17)
with initial data uo and, respectively, uj. Again, in our case of potential forces,

J:o u() [ dt < oo, (6.14)

For large n, the norm difference ||uf} — ugl| is so small that we have (cf. [22])
[ (#) = w(t)]| < lJug — uolle™*/2eM w02,
for some constants C7,Cy > 0 independent of n. Thus for each t > 0,

lim [Ju™(£) — u(t)] = 0.

n—oo

Since uf € Ry, (€u"(t),u"(t)) = 0 for all ¢ > 0. For each ¢t > 0,

H(t) = (Cu(t),u(t)) = lim (€u™(t),u"(t)) = 0.

n—oo

This implies that ug € Ro, and hence R is closed in R. Since R is closed in R, its complement
R\ Ry is open in R and hence (due to (6.13)) in V.

We next prove that R \ R is dense in R. Given ug € Ry, the corresponding solution u(t)
of (2.17) satisfies (Cu(t),u(t)) = 0 for all ¢ > 0, and in particular, (€ug, up) = 0. If ug = 0, we
can take u§ = evg where € > 0 and vy = pvg # 0 with some p € o(€) (see Lemma 6.3). The
solution of (2.17) with initial condition u§ is uf(t) = ee~# vy, The helicity is

Heo(t) = (€uf (£), u" (1)) = epfuo e £ 0.

Hence u§ € R\ Ro and ||u§ — ug|| = ||u§l| = €||vo|| which goes to zero as e goes to zero.
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In the case when ug # 0, then uy = up(+) has the Fourier series

uy = Z axe™®* €V, where ax = —J uo(x)e_“"x dx
Q

L3
keZ3
and there is k% € Z3\ {0} such that ayo # 0. Given € > 0, consider the perturbed initial
condition
ug = ug + (be“‘o'X + b*e*iko'x),
where b = b(g) = b! 4 ib? with b!, b? € R3 specified later satisfying k° - b = 0. By denoting
aj = (ax + a})/2 and ai = (ax — a)/2i for all k € Z3, we infer from (6.9) that
He(0) = (Cuf,uf) =2L° Y k- (ay x ap) +4L°K" - (ago +b') x (apo +b?)
k#k0,—kO
= (Cug, ug) + 4L°K - (a0 x b? +b! x als + bl x b?)
= 4L%k% - (a0 x b? +b' x ago + b' x b?).
If ajo # 0, we choose b! = 0 and b? = ek x aj,. Then |b| = £|k%||al,| < e[k ||ayo|,
ago X b2 +b! x aZo +b' x b? = afe x b? = ek®|as0|* — ago(kK” - ago) = ek®|ago|?
and
He(0) = 4Lk Plao |* # 0.
If a, = 0, we must have ai, # 0, and consequently we can choose b? = 0 and b' = ek” x a,.
Then [b| — £[k’] a2, | < <K° o],
ago x b2 +b! x afo + b x b? =b' x af, = —ek’|aio|?
and
H-(0) = —4L%[k°*|ago |* # 0.
Therefore, in both cases (that is, regardless of whether aj, is zero or not), we have
H.(0) #0 and |b| < e|k’||axo| for all e > 0. (6.15)
Moreover, for the difference between the two initial data we have
lug — uo* < 2L3K°12|b|? < 262Kk ayo|> — 0 as e — 0. (6.16)

From (6.13) and (6.16), we have u§ € R for € small enough. Hence the corresponding perturbed
solution u°(t) exists for all time ¢ > 0 and the first property in (6.15) shows that u§ € R \ Ro.
We have proved that in any neighborhood (in V) of ug € R, there exists some uf € R \ Ry.
Therefore R \ Ry is a dense subset of R.

To complete our proof we must show that Ry contains many infinite-dimensional invariant
linear manifolds. We will present three different types of such manifolds. Our first example is
the class of 2D solutions to the 3D Navier—Stokes equations. We define

M?B = {u eViur~ Z axe™ >, ay € C x C x {0}}, (6.17)
keZxZx {0}

where Z x Z x {0} = {(k1,k2,0) : k1, ks € Z} and C x C x {0} = {(21, 22,0) : 21, 22 € C}. From

the theory of 2D Navier-Stokes equations, for ug € M?% the corresponding regular solution

u(t) = u(-,t) exists for all time ¢ > 0 and belongs to M%bz, hence M7 is invariant. Note that

in this case V x u(x,t) € Res which is orthogonal to u(x,t) € (Re; + Rey) as vectors in R3.

Therefore,

H(t) = J.Q(V xu(x,t)) -u(x,t)de =0, fort >0,



ON THE HELICITY IN 3D-PERIODIC NAVIER-STOKES EQUATIONS I 71

and hence M%g C Rp. We can also equally define the other two similar manifolds, namely,

M%DB = {u eV iun~ Z are™ >, a, € C x {0} x (C} (6.18)
keZx{0}xZ
and
M%@ = {u eV:iun~ Z axe™ ™, a € {0} x C x (C}. (6.19)
ke{0} XZXZ

Then M35 and M3 are invariant submanifolds of Ry.

The second example is an extension of the family of manifolds given in Remark 7 of [5]. Let
a be a vector in R3 such that its orthogonal plane has non-trivial intersection with Z3; this
means that

at:={keZ: k-a=0}# {0}
Define the linear manifold M . in V by

Mgy = {u eViu= Z are’™ >, ay is (complex) collinear to a, for all k € at } (6.20)

keat

For ug € My, u(t) = e *4ug belongs to M,. for all ¢ € [0,00) and solves the linearized
Navier—Stokes equations

du
s Au=0, fort>0, (6.21)
u(O) =ug €V,

as well as the Navier—Stokes equations (2.17) (the non-linear term B(u,u) vanishes according
to Remark 6.2). Also, in view of Remark 6.1, (€u,u) = 0 for all u € M,1. Hence

H(t) = (Cu(t), u(t)) =0 for all £ > 0.

Therefore, uy € Rg and M. is an invariant linear manifold in Rg.
Before moving on to the next manifold, let us state a simple lemma on closed linear subspaces
of H and invariant sets. O

LEMMA 6.5. Let X be a closed linear subspace of H such that P,u € X for all u € X and
n € N, where P, = Ry + Ro + ...+ R, and Au, B(u,u) € X for allu € X NV. Then X N R is
invariant.

Proof. Let uy be the initial condition in X "R and u(t) be the corresponding regular
solution of (2.17). For each n € N, we consider the Galerkin approximation of the Navier—Stokes
equations on the finite-dimensional subspace P, X C V with initial condition P,ug € P, X (see,
for example, [3]). Since Av, P, B(v,v) € P, X for v € P, X, this approximation problem has a
unique solution u,(t) € P, X, with ¢ € [0, T] for some T' > 0. From the theory of Navier-Stokes
equations, there is a subsequence {u, } such that

lim wn(t) =u(t) in H for almost every ¢t € (0,T). (6.22)
Since X is closed in H, we have u(t) € X for almost every ¢t € (0,7"). By the strong continuity
(in H) of the regular solution, u(t) € X for all t € [0,T), and because u(t) is a global solution,
we can take T = oco. O
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Proof of Proposition 6.4 (continued). The last manifold we present in this proof is the one
formed by anti-symmetric (odd) functions v € V. Namely, define

Hoga = {u=u(") € H : u(—x) = —u(x), a.e. in R*}

— {u €EH:u= Z axe™*, ayx € iR3 for all k € Z3}. (6.23)
kez?
For each uw € Hoqga NV, using (6.4)—(6.7) one can verify that Au, B(u,u) € Hoqq. It is also

clear from (6.23) that Hyqq is a closed linear subspace of H and P,u € Hyqq for all n € N and
u € Hyqq. By virtue of Lemma 6.5,

Hyqqa N'R is invariant. (6.24)

Moreover, if u € Hoqqa NV, then it follows from (6.23) and Remark 6.1 that (Cu,u) = 0.
Therefore, due to (6.24),

Hyqa NR C Ro. (625)

Also, it is well known that for § > 0 small enough and |Jug|| < §, the solution w(t) exists for
all times ¢t > 0 and d||u(t)||?/dt < 0 for t > 0. Therefore, ||u(t)||? < |lug||* < 62, for t > 0 and
hence M? = {u € V : |lu|| < 6} is invariant. Together with (6.24) and (6.25) we infer that
./\/lgdd = Hyqq N M? is a subset of Rg and invariant. O

REMARK 6.6. The manifolds Mfg, M%g, M%% and M, 1 above are closed linear subspaces
of V, while M2, is only a portion of the closed linear subspace V N Hoqq. Clearly, these
manifolds are of infinite dimension.

REMARK 6.7. Theorem 3.2 is a direct consequence of Propositions 6.4 and 5.11 (to be
proved in §8 as already indicated). Indeed, it is obvious that Proposition 5.11 implies that
R1 =R\ Ro.

Taking into account Theorems 3.1 and 3.2 we now prove Proposition 3.3.

Proof of Proposition 3.3. Let M = {u € R : (€u,u) = 0}. Since Ry is clearly closed in M,
we only have to prove that Ry is nowhere dense in M. In the contrary case, let ug € Rg be
such that

Mn{veV:||v—ugl <e} CRo, (6.26)

for some € > 0. Since R is open in V, we can also assume that {v € V : ||[v — ug|| < e} C R. Let
u(t) be the regular solution with initial data ug and take t; > 0 such that u; = u(t1) satisfies
lugp — u1|| < /2. Then u; € Da and (Cuy,u;) = (€%uy, €uy) = 0. Note that u; € No NN,
where

No={vEDy:(Cv,v) =0} and N;={veEDy: (¢, ) =0}
Let N ={v €Dy :|lv —ui|| <e/2} C R. Then (6.26) implies that
NQQNCMQNC’DAQRQCNL (627)

Since the identity map from D4 to V is continuous, A is an open neighborhood of u; in D 4.
Therefore the tangent space Tp = {w € D4 : (Cw, u1) = 0} of Ny at uy is a subset of the tangent
space Ty = {w € D4 : (€w, Auy) = 0} of N7 at uy. Hence Au; = Auy, for some eigenvalue A
(depending on up) of A. Let ug = u; + v + w where €v = VEkv and €w = —vVhw with k and
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h any fixed eigenvalues of A satisfying A < k < h. We have
(Cuy, us) = (Cv,v) + (Cw, w) = Vk |[v]> = Vh |w|?,
and
(€2uy, Cug) = (€%, €v) + (€2w, Cw) = k3/2|v|? — B3/ |w|?.
Since h # k, we can take small |v| and |w| so that us € N and
VEPP = Vh|w?=0 and k/?|v|? — h3?jw|* # 0.

Thus us € (Mo NN) \ N7 which contradicts (6.27). Therefore Ry is nowhere dense in M. [

REMARK 6.8. For ug € M\ Ry, the analyticity in the time ¢ € (0, 00) of the helicity implies
that the non-zero helicity is generated instantly right after the initial time.

7. Rates of exponential decay of the helicity

In this section we will discuss in more detail the possible values that N, hg and d (see
Proposition 5.10) can take. This will give a clearer picture of the difference between the
asymptotic behavior of the helicity and that of the energy of the flow. Recall that the helicity
H(t) = (Cu(t), u(t)) has the asymptotic expansion (5.4). We consider the case when one of the
polynomials ¢, (¢) in this expansion is not identically zero. The previously obtained asymptotic
properties of H(t) and J(t) = (€%u(t), €u(t)) in this case are summarized in Proposition 5.10.
We start by comparing the limits

T @ |
ho = tlirgo HD) in (5.16), tlggo PO ng € o(4) in (3.1),
and
H(t) .
ap = tll}lglo W m (35)

The last limit exists due to the asymptotic expansions of the helicity and energy (see the proof
of Theorem 3.4 below). Note that

HO _ |€u@®)[[u®)] _ [u@)]
< = — /Ny ast— oo.
|u(t)[? u(t)[? |u(®)]
Hence |ag| < /no € o(€). In the sequel, we will present some samples of solutions with different
relations between the limits hg, ng and «g. Due to these examples, Theorems 3.4 and 3.5 will

have straightforward proofs. The first example will show that ng and hy can be any eigenvalue
of A while ag can attain the eigenvalues +,/ng of €.

EXAMPLE 7.1. Let n € 0(A). Using Lemma 6.3, we can find uZ € R, H \ {0} such that
Cuf = +/nuf. By (2.13) one has B(uZ,ul) = 0 and the solution of (2.17) with the initial
data ug is

ut(t) = e "MuE, fort > 0.
Therefore
WGP = e g, et @)1 = ne|ug |,
H*(t) = (€u (1), u™ (1)) = £vne > ug, ug) = £v/n [u™(t)]?
and
JE(@) = (€2uE(t), Cu® (1)) = +nvne 2" (ud  ul) = nH*(t).
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Hence the corresponding limits na[, héﬁ and ao® above are given by ng* = hotf =ne o(A)

and ap® = +/n = £v/neT € o(€).

The next example shows that there are initial data ug for which the limits hg are no longer
in the spectrum of A although we always have ng € o(A).

EXAMPLE 7.2. There is ug € R such that the corresponding limit hg in (5.16) is 7 which
does not belong to the spectrum of A.

Proof. Part I. We choose & € R4H and & € RsH such that |£4] and |¢5| are very small
satisfying
(€64, 64) =0=(&&,&5) and (€64, B(5,65)) # 0. (7.1)
A concrete choice of such & and &5 will be given in Part II of this proof. Let
£€=1(0,0,0,&4,85,0,0,...,0) € I1;454.

Since ¢ is small, (4.5) implies that & = T34 W (ug) for some uy € R. Trivial calculations using
(4.8) and (4.9) yield

q1 = 07 /61 = ﬁZ = 0) q2 = 07 63 = 07 q3 = 07 ﬁﬁl = 07 (72)
u==E&, B=0, ¢=8&, Ps=0, (7.3)
%6=0, fr=0, ¢r=0. (7.4)
By Proposition 5.8, for odd integers n, the polynomials ¢,, in the asymptotic expansion (5.4)
of H(t) are identically zero. Concerning the polynomials ¢, for even n, from (7.2)—(7.4) we
easily obtain
G2 = ¢4 = s =0,
as well as
ds = (Cquqa) +2 Y (Cqr,q) = (Cqu, qa) = (€4, &) =0, (7.5)
k<4,k+1=8
and
$10 = (€q5,q5) + 2(Cqu,q6) +2 > (Cqp, @) = (€g5,q5) = (€&,&) =0, (7.6)
k<4,k+1=10

where we also used the condition (7.1). Since {4 € R4H, the Fourier expansion (6.1) of u = &4
is £4 = |10 axe™*. Therefore, by (6.5), we have

58 = B(Q4;Q4) = B(£47§4) = ZBmeim.xa

where the summation is over all m = k +k’ for k,k’ € Z3 with k| = |k/| =2 and k # —K'.
Moreover, for each k as above, Remark 6.2 implies that Qo = Bax = 0. Therefore, By, # 0
only if m belongs to the set

E={k+tk kK cZ |kl = K| =2, k # £k}
= {(€2,€'2,0),(0,€2,€'2), (¢2,0,€'2) : ¢, = 1,—1}.

Thus B = > cp Bme™* and |m|? = 8 for each m € E; hence s € RgH and ¢g(t) = —tf%s,
by (4.9). Since ¢4 € R4H and qs € RgH, we have ¢12 = 2(€qq, gs) = 0. From the relations (4.8),
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(4.9) and (4.10) one can readily infer that

By = B(g5,q1) + B(q4, ¢5), (7.7)
q9(t) = —tRyfy — [(A = 9)(I — Ry)]"*(I — Ry)fo, (7.8)
Bio = B(gs,45) = B(&.&5), (7.9)
q10(t) = —tR10B10 — [(A — 10)(I — R10)] ' (I — R10) B0, (7.10)
and consequently
b14 = 2(€gs5, o) + 2(€q4, q10), (7.11)

by (5.4). Now, using (7.8), (7.7), (4.10) and (4.12), we obtain
(€g5,q9) = (€&5, —[(A = 9)(I = Ro)] ' (I = Ro)fy)
= (€, —[(A = 9)(I — Ro)] "' (I — Ro)&s) = 3(€&s, Bo)
= (€&, B(£4,85) + B(&s,64)) = —1(€&4, B(&5,85)),
and similarly,
(€qa, q10) = (€4, —[(A = 10)(I — R10)] " (I = R10)Bio)
= $(C&, Bro) = (€&, B(&5,&5))-
Thus (7.11) finally gives us
d1a =2 (-3 + 5) (€&, B(&,&)) = —2(€&4, B(&5,65)),

which is not zero by our condition (7.1). We conclude that the number N identified in (5.12)
is 14 and it follows from (5.14) that

which is not an eigenvalue of the Stokes operator A.
Part II.  Fix e > 0, let k; = (0,2,0) and ax, = £(1,0,0) and define

54 = ay, (eik1-x + efikl-x) c R4H (712)
We choose m; = (2,1,0), mp = (—2,1,0), by, = &(—1,2,0), and by, = £(0,0,1) and let
€5 = by, (M™% fe7MIX) L] (eMM2X e im2X) ¢ R (7.13)

Since the Fourier coefficients ax,, bm, and by, belong to R?, we have

<¢§4)§4> =0= <¢§57€5>a (714)

due to Remark 6.1. It is also obvious that |4] and |€5| can be made as small as necessary in
Part I by choosing € > 0 suitably small. By writing B(&5,&5) = > Bpme™ ™ and using (6.8) for
u= ¢4 and v = B(&5,&5) we obtain

(€64, B(&5,€5)) = 2L7 Reli(ky x ax,) - By, ]
Note that m; + my = k; and, by (6.6) and (6.7),

Qx, - k1

Bk1 = le - W

kla

where

Qk1 = Z[(bml ’ mz)bm2 + (bmz ’ ml)bml]'
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Therefore,
(€4, B(&5,&5)) = 2L° Reli(ky X ax,) - Q]
=2L3(ky X ax,) - [(bm, - M2)bm, + (bm, - M1 )by, |.
Finally, we have ky x ax, = —2¢(0,0,1), and consequently also
(€€4, B(&s5,65)) = —4L33(—1,2,0) - (=2,1,0) = —16 L%

Hence (€&4, B(&5,&5)) is not zero. With this and (7.14), we conclude that &4 and &5 specified
in (7.12) and, respectively, (7.13) also satisfy condition (7.1). O

As far as the asymptotic behaviors (for ¢t — 0o) of J(¢), H(t) and |u(t)|?* are concerned in
the case uy € Ry, we know from (5.16) of Proposition 5.10 that those of H(t) and J(t) are
essentially the same. Also in the case when the limit «q in (3.5) is not zero, the same is true for
the asymptotic behaviors of the helicity H(¢) and the energy |u(t)|?. We will pay more attention
to the case ag = 0, for ug € Ry. We recall from (3.1) and (5.17) that as t — oo, |u(t)|? behaves
like e=2m0! where ng € o(A) while H(¢) behaves like t?e~2h0t, Example 7.2 shows that we can
find ug € Ry such that lim;_, ., H(t)e?"o? exists and is not zero, whereas hg = 7 € o(A). This
means that the exponents in the exponential decay of H(t) and |u(t)|? are quite different. The
next example shows that the difference goes farther than that. More precisely, the degree d in
(5.17) can be positive.

EXAMPLE 7.3. There is ug € R such that lim; ., H(¢)t"le* exists and is not zero, that
is,d=1> 0.

Proof. Part I. We choose £ € R1H and & € RoH satisfying the following conditions

(€€,6) =0 and (€B(&1,&1), B(61,61)) =0, (7.15)
(€6, &2) =0, (7.16)

and
(€&, B(&1,61)) # 0. (7.17)

Again we will explicitly specify such & and & in the second part of this proof. By scaling
&1 and &, we can assume in addition to conditions (7.15), (7.16) and (7.17) that |£;| and |&s]
are small enough in order that £ = (&1,&2,0,0) € I14S4 should be in II4W(R) (see property
(4.5)). Then & = I, W (up) for some ug € R. Let u(t) be the regular solution with the initial
data wug. The first three polynomials ¢, (¢) in the asymptotic expansions (4.1) and (5.1) of u(t)
are calculated below by using (4.8)—-(4.10):

@1 =&, P2=B(q,n) = B(&,6) € R2H, (7.18)
g2 =& —tP2 € RoH, (7.19)
B3 = B(q1,q2) + B(q2,q1) = B(&1,62 — tB2) + B(§2 — t52,&1)
= B(&1,&) + B(&,&) — t[B(&1, B2) + B(B2,&1)] = B8 + 103, (7.20)
where
B9 = B(&1,&) + B(&,&) and B3 = —[B(&1, B2) + B(82,61)), (7.21)
and

gs=— j RyfBs(r) dr — [(A = 3)(I — Ry)] ™ (I — Rs)(83 + 131)

+[(A=3)(I — R3)]"*(I — R3)Bs. (7.22)



ON THE HELICITY IN 3D-PERIODIC NAVIER-STOKES EQUATIONS I 77

By Lemma 5.8, in the asymptotic expansion (5.4) of H(t) we have

¢1=¢3=0. (7.23)
Condition (7.15) implies that
¢2 = (€q1,q1) = (€&1,&) = 0. (7.24)
The next polynomial in this expansion is
b1 = 2(Cq1, q3) + (€2, ¢2)- (7.25)

Using (7.19) and conditions (7.15) and (7.16), we have
(€qa, q2) = (€(&a — 1f2), &2 — tfa) = (€&a, o) — 24(€Ey, Ba) + t7(C€Pa, B2) = —2t(CEy, Ba).
On the other hand, thanks to (7.22) and (4.10), one obtains
(€q1,43) = —(€q1, [(A = 3)(I — Rs)] 7' (I — R3)(B5 + t53))
+(€q1, [(A = 3)(I - R3)|"*(I — R3)Bs)
(€qr, B9 +t5) + 1(€q1, B3)
= 2(Cq1, B3) + 3 (Cqr, B3) + Lt(Cqu, B3).
Thus, (7.25) becomes
¢a = (Cq1, B3) + 5(Car, Bs) + t[(Car, B3) — 2(€&2, Ba)]-
By using (7.21) and the identity (4.12), we have
(€q1,03) = —(€&, B(&1, B2) + B(B2,61)) = (€62, B(£1,£1)) = (€02, B2) = 0,

by condition (7.15). Therefore

$a = (Cq1, 5) — 2t(C&, Ba),

where (€€, 32) # 0 by condition (7.17). Hence, according to (5.12) and (5.15), we have N = 4
and limy o, H(t)t~ %Nt exists and is non-zero where d = deg ¢4 = 1.
Note. 1In fact, we have ¢4 = —(1 + 2t)(€&;3, B2), for, again by (7.21) and (4.12),

(€q1, 89) = (€€1, B(£1, &) + B(&2,&1)) = —(€&2, B(&1,&1)) = — (€6, Ba).

Part 11 (a selection of & and &, satistying conditions (7.15), (7.16) and (7.17)). Let & be
defined by

& = ae™* £ a*e  * L bl X 4 pre K X ¢ R H, (7.26)
where
k=e; =(1,0,0), a=e;=(0,1,0),
k'=e;=(0,1,0), b=e; +e3=(1,0,1),
and & be defined by

& =ce"™ +cre M € RyH, (7.27)
where 1 = (1,1,0) and ¢ = (1,—1,1). Since a, b, c € R?, we have
<€£1a€1> = <€€27€2> = 07 (728)

by Remark 6.1. In order to compute (32, we first use (6.6) to find
(51 . V)§1 — Qmeimx + Qﬂ;ne—imx + Qm,eim'x + Q;«n,e—im/'x’ (729)
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where
m=k+k'=(1,1,00=1, m'=k-k =(1,-1,0),
and
Qm =i(a-kK)b+i(b-k)a=i(1,1,1) € iR?, (7.30)
Qum = —i(a-kK)b+i(b-k)a € iR (7.31)

Then applying the Leray projection to (7.29), we obtain
52 — B(§17§1) — P[(é‘l . V)fl} — Bmeim'x + B;kne—im~x + Bmle’im/.x + Br*nle—’im’.x’

where By, and By, are calculated by using (6.7). As seen in (7.30) and (7.31) both Qy, and
Qun are in iR3, and hence so are By, and By, . From Remark 6.1 we infer that (€3, 82) = 0.
Together with (7.28), we have proved that & and & satisfy conditions (7.15) and (7.16). To
verify the last condition (7.17) we derive from (6.8) that

(€2, B2) = 2L° Rei(1 x ¢) - Bfy] = 2L° Reli(1 x ¢) - Q},]

m

=2L%(1,-1,-2) - (1,1,1) = —4L3 #0. O

From the construction of Examples 7.2 and 7.3 it easily follows that the corresponding
limits ng = limy—oo ||u(?)|?/|u(t)]? and hg = lim;_o J(t)/H(t) are given by ng =4, hg =7
and ng = 2, hg = 4, respectively. We will see that the quotient H(¢)/|u(t)|?> between the helicity
and the energy behaves even more differently than the two quotients above as t — oco. Its
asymptotic behavior is stated in Theorems 3.4 and 3.5 which will be proved in a sequel.

First, we establish the existence of the limit ag in equation (3.5) and its connection to the
normalization map W (ug) (see §4).

PROPOSITION 7.4. Letug € R\ {0} and u(t) be the corresponding regular solution and ny
be defined as in (3.1). Then

— lim H(t) _ <€Wn0 (U0)7Wn0 (U())>
Qg = tLOO ()2 W () . (7.32)

Proof. From the general asymptotic expansion (5.1) of u(t) and specific properties (3.1) and
(4.6) we know that u(t) has the following asymptotic expansion in H™ () for m =0,1,2,.. .:

w(t) ~ Wiy (u0)e ™™t + gropre” ™0Vt 4 where W, (ug) € Rno H \ {0}. (7.33)
This implies that
u(t) = Wiy (ug)e™ ™t 4+ O(e~ 0+t in H, for some € > 0, (7.34)
and
[u(t)> = [W, (ug)[2e =20t 4 O (e~ Fnotelty, (7.35)

By the asymptotic expansion (5.4) of the helicity H(t) = (€u(t),u(t)) and possibly some
adjustment in the values of € > 0 appearing in (7.33) and (7.34), we have

(€u(t), ult)) = (€W (ug), Wi, (ug))e > + O(e” Zroto)t), (7.36)
Therefore,
o (€ult),u(0) _ (€W ), Wi, ()
t—oo  Ju(t)|? (Wi (uo)[? '

We can now pass to the proofs of Theorems 3.4 and 3.5.
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Proof of Theorem 3.4. Let ug, u(t) and ng be as in Theorem 3.4. By Proposition 7.4, we
have

o ) (€W (00), Wy )
t=oe Ju(t)[? Wy (o) |?
Note that
(€W (10), Wi (w0))| _ [€Wn (40)[[Wino (wo)| _ [[Way (uo)
Wy (uo)[? h (W (u0)[? (W (uo))
since Wiy, (uo) € Ry, H. Hence o € [—/ng, /N0 |-
We now fix n € 0(A) and « € [—/n,/n]. Let k € Z® satisfy |k|? = n. Let af. and ai be
two real vectors in the plane perpendicular to k such that |ai| = |ai| # 0. Moreover, since
a/y/n € [—1,1], we can adjust the angle between a;. and a to have

= /o,

k- (a2 xa2) = - 1kllatlla2] = 12
(aj x ay) \/ﬁ| l|asax| = alay]
Set ax = ai +iai and up = axe™ > + aj.e~**. Note that ug € R, H and that B(ug,ug) = 0,
by Remark 6.2. Therefore the solution of the Navier—Stokes equations (2.17) in this case is
u(t) = e "ug, fort > 0.

Clearly, lim; oo [[u(t)[|*/|u(t)]* = [[uo|*/Iuo|* = n. By (6.9), we also have

H(t)  (Cug,ug) 4Lk - (ag x ap)  4L%a|ap]®

@) uol? T 2L%a* T 4L3ag?

This completes our proof of Theorem 3.4. O

REMARK 7.5. Let ng and N be defined as in (3.1) and (5.12), respectively. The asymptotic
expansion (7.36) of the helicity shows that N > 2ng. From the proof of Proposition 5.10, the
limit hg = lims—, oo J(t)/H(t) is exactly N/2; hence hy > ng. On the other hand, if hy = ng we
have N = 2ng and therefore in the expansion (7.36), (€W, (uo), Wh, (o)) # 0. Then (7.32)
implies that ag # 0.

Concerning the case ag = 0, we first notice that the last statement in Theorem 3.5 follows
directly from Examples 7.2 and 7.3. It remains to show that hy can be arbitrarily larger than
np; this means that for any given exponential rate of decay, there are initial data such that the
corresponding quotient H(t)/|u(t)|? decays exponentially faster than that given rate. So, the
proof below establishes this remaining part of Theorem 3.5.

Proof of Theorem 3.5. Let n € o(A) and k,, € Z3 such that |k,|?> =n and let ay, € R® be
a non-zero vector such that ak, -k, = 0. Set
é-n = ak'n, (eik"'x + €_ikn.x) 7é 0
For s € Nwith s > 2, take m = s?n and k,,, = sk,,. Since m = |k,,,|? € 0(A) and by Lemma 6.3,
we can find ax, € C3? such that

m

€ = ax, e ™ +aj, e” > e R, H\ {0} and €&, =vmé&n. (7.37)
From Remarks 6.2 and 6.1 we have
B(§n:€n) =0, (€6,,&,) =0 and  B(&r,&m) = B(&m,&n) = 0. (7.38)

Take & = 0 for all j # n,m and let { = EB?ZH & € Il Sa. By rescaling to have small |£,| and
|€m| we can assume that & = Ila,, W (ug) for some ug € R, by virtue of (4.5). Therefore

ng=n and Wy, (ug) = &n. (7.39)



80 CIPRIAN FOIAS, LUAN HOANG AND BASIL NICOLAENKO

Thanks to Proposition 7.4 and (7.38), we infer that

(€60, &n)
ap = omsnl
[§nl?
The asymptotic expansion (4.1) or (5.1) of the corresponding regular solution u(t) in this case is
u(t) ~ &+ > gi(t)e ", (7.40)
i>n
This means that ¢t =¢g =...=¢,—1 =0 and ¢, =&,. Since s >2 and m = s?>n > 2n,

we have (3; =0 for all j € [1,2n); hence ¢; =0 for j € (n+1,2n). By (7.38), we have
Ban = B(&n, &) = 0; hence g2, = 0. Using (4.8) and (4.9) to calculate §; and g; for j > 2n we
obtain ¢; =0 for all j =1,2,...,m —1 except for j =n and 8; =0 for all j =1,2,...,m.
In particular, 8, = 0 and hence ¢, = &,,. Once again, using the formulas (4.8) and (4.9), one

gets ¢m+1 = Gm+2 = .- = Gmn—1 =0, and also by (738); 5m+n = B(fmv fn) + B(frm&m) = 0;
thus, ¢m4n = 0. Similar arguments lead us to the overall identification of the first (2m — 1)
polynomials ¢; in the asymptotic expansion of u(t) as the following:

gn =& € RyH, qm=&n € RyH and ¢; =0 forjell,2m)\ {n,m}.
Consequently, the polynomials in the asymptotic expansion (5.4) of H(t) are ¢; =0 for all
Jj<2m with j#2n,m+n. By (7.38) we have ¢q, = (€¢,,,&,) = 0. Since ¢, € R, H and
Gm € R H, ¢nim = 2(€qn, ¢m) = 0. The next polynomial in the expansion of H(t) is

¢2m = <Q:Qman> = <Q:§ma€m> = \/E|£m|2 7£ Oa
by virtue of (7.37). This shows that the number N in (5.13) is given by N = 2m. Therefore
H(t) 7 ¢2m672mt + 0(67(2m+5)t)
(O ~ J6aPe 2 + O Erron)
where ¢ is some adequately positive number. For each M > 0, take s > 0 such that
ho=N/2=m=sn>n+ M =ng+ M.
Then (7.41) above implies that

= O(e 2=ty a5t — o0, (7.41)

= O0(e™ ™M) ast — oo.

REMARK 7.6. So far, we have identified all the possible values of

t)]1? t
li lu(®)l as well as of «ag = lim H(?) .
t=oo [u(t)|? t=o0 [u(t)[?

However, we only know that the set
{ho = ho(u) = lim J(£)/H(t) : uo € 721} (7.42)

is strictly larger than the spectrum of A. This leaves open the question of whether the set
defined by (7.42) can be the set of all natural numbers.

ng =

8. Analytic domains of solutions

In this section we will study the case when all polynomials ¢,,(¢) in the asymptotic expansion
(5.4) of the helicity are identically zero. This implies that

H(t) =o(e™™) ast— oo, forallneN. (8.1)

Our goal is to prove that H(¢) = 0 by using the analyticity with respect to time of the regular
solutions as well as some appropriate results from complex analysis.
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We first introduce the Navier—Stokes equations with complex times and their analytic solu-
tions. Let X be a real Hilbert space with scalar product (-,-)x. We define the complexification
of X as the following:

Xe={u+iv:u,ve X} (8.2)
with the addition and scalar products defined by
(u1 + tug) + (v1 + fv2) = (ug +v1) +i(uz +v2), for uy,ug,v1,vy € X (8.3)
and
(21 +i22)(u1 +dug) = z1up — 29ug + i(2oug + 21u2), for 21,29 € Riug,us € X, (8.4)

respectively. The complexified space X¢ is a Hilbert space with respect to the following inner
product:

(u+iv,u + i) x. = (u,u)x + (v,0")x +i[(v,u')x — (u,v")x], for u,v,u',v" € X. (8.5)

When X = H or X =V, we obtain the complexified spaces H¢ and V¢ and their corresponding
inner products and norms. For the sake of simplicity, we use the same notations | - | and ||-|| to
denote | - |g. and ||-|]v;, respectively.

The Stokes operator A is extended to the operator A¢ defined on Da. = (Da)c by the
formula

Ac(u+iv) = Au+iAv, for u,v € Dy. (8.6)
The curl operator € is extended to €¢ defined in V¢ by
Ce(u+ ) = Cu+iCv, for u,v e V. (8.7)
Similarly, B(-,-) can be extended to a bounded bilinear map from V¢ x D4, to Hg as follows:
Be(u+iv,u’ +iv') = B(u,u’) — B(v,v") +i[B(u,v") + B(v,u)] (8.8)
for u,v € V and u’,v’ € D 4. Note that, unlike the real case, we have
(Be(u,v),v) g 0, for u,v € Dy,. (8.9)
The Navier—Stokes equations with complex times are defined as
L)+ Be(ule), ule)) + Aculc) =, (810)

u(Co) = wo, (8.11)

where (p € C and ug € V¢ are given, and d/d{ denotes the derivative of H¢-valued functions.
We recall here a basic result on the analyticity of the complex-valued solutions of the Navier—
Stokes equations [11], using the approach introduced in [8]. For our convenience, we define
3
cos® 0

E(o,10) = {(0 +se 10 <7m/2,0<s < e }, for (o € C, 19 > 0, (8.12)
0"0

where cg = 3% - 54-47% . 776. (29 4 201/6).
THEOREM 8.1.  Given ug € V¢ and (o € C, there exists a unique Vc-valued function u(()
defined in E((o, ||uo||) satisfying the following properties:

(i) u(¢) is continuous from E((p, ||ug||) to Ve and satisfies (8.11);
(if) w(() is analytic from E((p, ||uo||) to Da. and satisfies (8.10).

For completeness we provide a sketch of the proof for Theorem 8.1.
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Proof of Theorem 8.1. For (y € C and ug € V¢, let u(¢) be the solution to a Galerkin
approximation of (8.10) and (8.11) (see, for example, [3]). Fix 6 € (—m/2,7/2); from (8.10) we
have the following a priori estimate along the ray {¢ = (y + se? : s > 0}:

Co
cos3 6
where ¢y defined above is a positive constant independent of ug, (g, s and € and of the dimension
of the Galerkin approximation. Consequently,

d , , .
75 (G + se’)||* + cos 9| Acu(Go + se™)|* < lu(Go + se™)II°, (8.13)

i o i
75 ulCo + se IF < wost g 14(Co + se . (8.14)
Therefore,
i 2cps —1/2
Juo+ s < ol (1= 255 huoll') < VE ol
for
0<s< cos® 0
S deolluoll*
We refer to [8] for further details. O

REMARK 8.2. The solution u({) can be analytically extended beyond the boundary of
E(Co, ||uoll). However, with our limited choice of E((p, ||ug||) one also has

(Ol < 24 [luoll for all ¢ € E(Co, [fuoll)- (8.15)

For our purpose, we need to study the solutions’ analytic domains in more detail. The
following proposition will give explicit descriptions of some regions contained in those domains.
These regions turn out to be large enough for us to continue our analysis of the solutions and
their helicity.

PROPOSITION 8.3. For {y =0 and ug € V such that |jug||®> < 1/(2v/2¢o ), there exists a
unique solution u(¢) to (8.10) and (8.11) in the domain

D= U{C:T+i0:7'>t, lo| < T¢(7)}, (8.16)
t>0
where 1
Ty(7) = c(r — e’ fory =L and c = WeSTZTNR (8.17)
Moreover,
(O < [luoll  for all ¢ € D. (8.18)

Proof. Forty > 0and vy € V, let v(¢) = v({; to, vo) be the analytic solution to the following
problem:

de) + Be(v(¢),v(¢)) + Acv(¢) =0, (8.19)
’U(to) = Vo-

Note that the existence and uniqueness of v(¢) come from Theorem 8.1. Fix 0 € (—7/2,7/2);
from (8.19) we have the following a priori estimate along the ray {¢ =ty + se? : s > 0}:

d 012 92 o NI
EHv(to + 5e')||” + cos B Acu(to + se*)|* < m”v(to + se”)| (8.20)
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or

Lllotto+ 56 )| + (cos0 — 5 u(to + 5)[*) oto + se)]> < 0.

If ||vo]|? < ¢1 = 1/4/2¢o and @ satisfies
collvol|* _ cos®
cos3f 27

or equivalently, ||vol|* < ¢ cos? 6, (8.21)
then we have

d .
d—||v(t0 +5¢%)|2 <0 for all s > 0.
s

Thus ||v(ty + se??)| is decreasing in s and
v(to + 5¢)||? < |lvol|®> < e1cos®> 6 for all s > 0. (8.22)

Therefore an a priori estimate of ||v(¢)]| is

[l < lvoll, ¢ € D(to,vo) := {C =ty+se? €C:s5>0,cosf > ol } (8.23)
Ve

Then by Theorem 8.1, the analytic domain of v(¢) contains D(to, vo). We now fix ug € R and
let u(t) be the regular solution to the real Navier-Stokes equations (2.17). For each ¢t > 0, we
have shown that u(-) can be extended to the function u({;t) = v(¢;t, u(t)) which is analytic in
the ¢ variable where ¢ belongs to
; Al
Dy = Ditu(®) = e =t 4 5¢ 550, cosp > O 8.24
= Dltul) = {C =t 45550, cos -0 (s.24)
By the uniqueness of analytic solutions, u((,¢,u(t)) = u(¢, ¢, u(t’)) for any ¢, ¢’ >0 and
¢ € D¢ N Dy. Therefore, u(t), with ¢ > 0, has an analytic extension u(¢) with ¢ € ;5 D
Set tg = 0; we know that

lu(®)||? < luoll?e™? = Me™2*  for all t > to, (8.25)
where A = 1 and M = ||ug||? < ¢; and
Me 20 < ¢1/2 and hence ||u(t)||? < ¢ for all t > tg. (8.26)

Therefore the analytic domain of u(¢) contains

: t
D = UDt:{(zt+sew:s>0,t>t0,cosﬁ>M}.
t>to \/a

Moreover, according to (8.22) and (8.26), for each ¢ =t + se’® € Dy, we have
luO| < lu@)]] < v/e1 and hence |Ju(Q)|| < /er for all ¢ € D. (8.27)

Because of the decay of the solution along the real axis as in (8.25), for each t > tg, the set Dy
defined in (8.24) above contains a subset

Di={C=t+ se s> 0, cosf > CQe*At/Z}, where ¢c3 =/ M/c;.
Thus, D D U;s,, D;- Fix t € R with ¢ > to. Given 7 € (¢, 00), consider ( = 7 +i0 € Dj,, where

t'=1(t+7). We have ( =t + e where s’ = \/02 + (1 — /)2 > 0 and cos §’ > cpeM'/2,
The last condition can be written in terms of 7 and o as

/1 [ et
[ tan ¢’ cos2 ¢’ < 3 ’

—¢ A(T+t)/2
o] < 72 ac L (8.28)

g

T—1

that is
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On the other hand, from (8.26) we infer that for all 7 > ¢ > to, we have

c eMTH)/2 crelt - creMto

> > > 2.
M M M
Then
T—1t [crehTtt)/2 T—1t [crehTtt)/2
1> = — )Tt 8.29
2 M 2 oM ca(r = t)e ’ (8.29)
where
1
VoIA=1 and o= VO (8.30)

W2M  4V2(2¢0) /4 |uol|

For each t > tg, let us denote
Ty(7) = c3(r — 1)’ for 7 > t. (8.31)
Then from (8.28) and (8.29), we infer that the set (J,-,
D= {C=r4io:T>1 o] <Tur)} (8.32)

D’ contains

Therefore the set
D= U Dy = U{C:T+z’o:7'>t, lo] < Ty(7)}
t>to t>to

is contained in D and hence in the analytic domain of u(¢). Moreover, by (8.27), ||u(¢)|| is
bounded by ,/c; in D, and hence also in D. O

A small change in the above proof will give us another description of the domain which is
connected to the normalization map.

PROPOSITION 8.4. For (o =0 and ug € R, let ng be as defined in (3.1) and u({) be the
unique solution to (8.10) and (8.11). Then the analytic domain of u(¢) contains

[ U E 7‘0)] uD, (8.33)
0<t<to
for some ty = 0, ro = max{||u(t)]| : 0 <t < ¢y} and
D= J{¢=r+io:7 >t |o| <Tu(r)}, (8.34)
t>to

where Ty(7) = ¢(1 — t)e"" ) for
1
(2c0)"/4[[Wh (o) I

y=1iny and c= 1 (8.35)

Moreover,
[u(Q)|| < (2¢0)~Y* for all ¢ € D. (8.36)

Proof. Instead of having ¢y = 0 together with (8.25) and (8.26), we use (3.1) and (4.6) to
infer that with A = 2ng and M = 2||W,,, (ug)||?, there is some tq > 0 such that

Me ™0 < ¢1/2 and  |u(t)]|? < Me™™  for all t > tg.
With the new values of A and M, (8.30) now becomes

Va 1

C2V2M 4(2e0) VAW, (uo) |
Combining with Theorem 8.1, we see that the analytic domain of w(¢) contains the subset
defined by (8.33). O

14 1
’Y—ZA—§n0 and c¢3
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Our next goal is to convert the analytic domain of u(¢) to a more standard one in the complex
plane, say, the right half plane Hy = {{ = 7 +i0 : 7 > 0, 0 € R}, such that the property (8.1)
of the helicity still holds. This is done in the following lemma by using an explicit analytic
transformation.

LEMMA 8.5. Let ug € R and D be defined by (8.34). Then there are a subdomain D* of D
and a conformal map ¢(¢) of D* onto the right half plane Hy such that ¢~1((0,00)) = (a, 00),
for some a > 0, and for any complex function f({) defined in D we have

lim sup e®?|(f o 1) (n)| < limsup e®¢|£(¢)|, for all a > 0. (8.37)
0<(—o0

0<n—o0

For the proof of this lemma, see Appendix B. Using Lemma 8.5 we now present the proof of
Proposition 5.11.

Proof of Proposition 5.11.  Suppose that the asymptotic expansion (5.4) of the helicity H(t)
is identically zero. If the initial data ug = u(0) is zero, then the solution u(t) is identically zero,
and hence so is its helicity H(t). In the case when ug # 0, let D be the domain in (8.34)
and H(¢), with ¢ € D, be the analytic extension of the real helicity H(¢) with ¢ > t,. More
precisely, if

w(€) = u1(¢) + tu2(¢), where u1(¢),u2(¢) € V and ¢ € D,
then

H(C) = (Cur (), ur () — (€uz(C), u2(Q)) + il{€ur (), u2(C)) + (Cua(C), ur(¢))]-

Let ¢ be the conformal map introduced in Lemma 8.5 with domain D*. Then F = Ho ¢~ is
a bounded analytic function on the right half plane Hj and satisfies

lim e F(n)=0, forall a>0, (8.38)

n>0,n—o0

by virtue of (8.1) and (8.37). From Proposition C.1 in Appendix C, we obtain F(n) =0 in
Hp and hence H(¢) =0 in D*. Since D* D (a,00) for some a > 0, the analyticity of H(({) in
a neighborhood of (0,00) (see (8.33) and (8.34)) implies that H(¢) = 0 for all ¢ > 0. By the
continuity of the helicity H(¢t) at ¢ = 0, we also have H(0) = 0. O

We recall that Theorem 3.1 is now just an obvious consequence of Propositions 5.10 and 5.11.

Appendix A
In this appendix, we present the asymptotic expansions of the functions valued in general

normed spaces.

DEFINITION A.1. Let (X, ||||x) be a normed space and u(t) be a map from (0,00) to X.
We say that u(t) has the asymptotic expansion

u(t) ~ q(t)e " + qa(t)e > +gs(t)e > + ..., (A.1)
where ¢;(¢), for j =1,2,3, ..., are polynomials in ¢, if for each N,
on(t) = u(t) = [a(t)e™" +ga(t)e* + ... +qn(t)e '] (A.2)
satisfies

lon(®)|lx = O(e” N+ ast — oo, for some € = ey > 0. (A.3)
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For the convenience of the reader, we will present several immediate consequences of

Definition A.1.

LEMMA A.2. Suppose that u(t) has an asymptotic expansion (A.1). Then the polynomials
q;(t), for j =1,2,3,..., are unique.
Proof. Let u(t) have two asymptotic expansions
u(t) ~ qr(t)e™t + qa(t)e 2 + q3(t)e ™3 4 ... (A4)
and
u(t) ~ pr(t)e ™ + pa(t)e 2 +pa(t)e ™ + .. .. (A.5)

Suppose that there is j > 1 such that g; # p;. Let N be the first of such orders, that is, gn # qn
and g; = p; for 5 =1,2,..., N — 1. We denote

Un(t) = ult) = [a()e™ +ga(t)e™ + ... +qn(t)e™, (A.6)
Vir(t) = u(t) — [pr(B)et + pa(t)e + ... + pu()e?) (A7)
According to Definition A.1, these two remainders of u(t) satisfy
Un(t) = O(e”NF9) and  Vy(t) = O(e- W+, (A.8)
as t — oo, for some € > 0. Hence
an(t) — pn(t) = NV (t) — Un(t)) = O(e™¥") ast — oo. (A.9)
Since gy (t) — py(t) is a non-zero polynomial, it cannot decay exponentially as t — oo. Hence
(A.9) is contradicted. Therefore, g; = p; for all j € N. L]
LEMMA A.3. Suppose that (X,|||x) and (Y,|-||y) are two normed spaces and S is a
bounded linear map from X toY. Assume that u(t) has the asymptotic expansion
u(t) ~ (et + @(t)e ™ +g3(t)e ™ + ... in X, (A.10)
Then the asymptotic expansion of Su(t) in'Y is
Su(t) ~ Sqi(t)e ™ + Sqo(t)e ™2 + Sqs(t)e ™ + ... (A.11)

Proof. Given N € N, we have u(t) = Zjvzl qj(t)e It +on(t), with [|[un (t)|| x = O(e= N+t
for ¢ — oo and some € > 0. By the linearity of S,

N
Su(t) = Sq;(t)e " + Sun (),
j=1
where the last term decays exponentially as
ISon )y < [IS]llow(®)ly = O(e™+), for t — oo;
here ||S|| denotes the operator norm of S. Therefore, according to Definition A.1, Su(t) has
asymptotic expansion (A.11). O

LEMMA A.4. Suppose that (X, |-|x), (Y, ||-|ly) and (Z, ||-|| z) are normed spaces and M (-, -)
is a bounded bilinear map from X x Y to Z. Assume that u: (0,00) - X and v: (0,00) = Y
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have corresponding asymptotic expansions

u(t) ~ iuj(t)efjt in X and v(t)~ ivj(t)efjt inY. (A.12)
=1 =1
Then M (u,v) has the following asymptotic expansion in ZJ :
v(t)) ~ iMj(t)e*ﬁ, (A.13)
j=1
where M7 =0 and for j > 1,
)= > M(up(t),v(t)). (A.14)
k+l=j

Proof. By the boundedness of M(:,-), there is C' > 0 such that

1M (z,y)||lz < Cllz|lx|lylly foralzeX and y €Y. (A.15)
According to Definition A.1, we have
t)=> uj(t)e " +Un(t) and w(t) =) v;(t)e "+ Vn(t), (A.16)
=1 j=1
where
IUx(D)x = 0”29 and |V (t)]ly = O(e”N+2%), (A.17)

). Thanks to the linearity of M(-,-) with respect to each

e

for t — oo and some € € (0,
component, we have

Mz

N
M (u(t),v(t)) = e” FFVM (ug (t), 00 (1)) + Y e MM (ui(t), Vv (¢))
k=1

k=1

+ 3 e M (UN (), 0(t)) + MU (1), Ve (2)). (A.18)

Mz

=1

Since u(t) and v;(t) are polynomials, their corresponding norms cannot exceed exponential
functions with any positive exponents as ¢ — co. Therefore finite sums of their norms can be
bounded as

Znuk )x = O0(e)  and an )y = 0(e), (A.19)
and hence
N
S k@l x o @) [y = O(e*h) = O(e!7?), (A.20)
k,l=1

for t — oco. Combining (A.15), (A.17), (A.19) and (A.20), we derive
1M (U (8), Vi ()l z < CIIUN Ol IV (D) ]y = Oe 2 F29%),

N
D e IM (u(t Nz < CZH% Mx IV (@®)]ly = O(e” N+,

k=1
and

=2

S e MU 0, @)l < O3 0@ xl®lly = 0=,

=1 =1
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for ¢t — co. Thus the last three terms on the right-hand side of (A.18) are of O(e~(V+)) as
t — oo. The remaining sum can be rewritten as

N
Z e~ FHDIAL (g (8), vi(t)) = ZMj(t)e*jt + R (1),
k=1 =t

where

Ry(t) = > e~ DN (g, (1), i (t)).

1<k, I<n k2 N+1
We bound ||Ry(t)||z by

N
IR (t)llz < Ce™ NN g (8) | x [Joa (k) |y
k=1

_ ef(NJrl)to(et/?) _ 0(67(N+1/2)t) _ 0(67(N+E)t),

for t — oco. In summary, we have
N
= ZMj(t)e_Jt + O0(e~WHeMt) i Z as t — oo,

for all N =1,2,3,.... This proves the asymptotic expansion (A.13) of M (u(t), v(t)). O

Appendix B
We will prove Lemma 8.5 in this section.
Proof of Lemma 8.5. Using the time translation ¢o(¢) = —tp, we can transform the
subdomain Dy, of D (see (8.32) and (8.34)) into & = ¢ (Dy,) with
Eo={C=T1+ioc:7>0, 0| <érelT},
for some constants ¢,7 > 0. We define

¢1(C) = ¢ — rlogg, (B.1)

where k is a positive constant specified later and log ¢ is the logarithm function on C \ (—o0, 0]
given by

log(re®) = logr +1i6, for r >0 and § € (—m,7).
Denote the right half planes in C by

H,={(=7+iceC:7>a,0€R}, foraecR (B.2)
Fix k > 1/% and then take a > max{1, x,1/¢} such that
b=a—kloga > 0. (B.3)

By an elementary computation, it can be shown that
(,01(8(50 ﬂHa)) C C\Hb (B4)

Therefore Hj, does not intersect ¢1(9(Egp NH,)) and it contains the half real line (b, 00) which
clearly is also in ¢1 (&g NH,). On the other hand, since ¢ () # 0 for all ( € & N H,,, the inverse
mapping theorem implies that ¢1(Ey NH,) is open and that dp1 (& NH,) C w1 (9(Eo NHy)).
Therefore, since Hj is connected, we have Hj, C ¢1(& NH,). Consequently, we can apply the
monodromy theorem to infer that the inverse function of ¢; (which is locally defined) is a
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univalent analytic function on Hy. Let

D™ = (p1lmane,) " (Hy) € Ha N E C o(Dy,)
and
D* = ¢y {(D**) € Dy, C D.

Then ¢1(¢) is a conformal map from D** to Hj and (¢1 0 ¢o)(¢) is a conformal map from D*
to Hy. Let ¢ = (¢1 0 ¢0)|p.; then o~ ((b,00)) = (to + a,00). Suppose that f(¢) is a complex
analytic function defined and bounded on D. Then the function F = f o ¢! is analytic and

bounded in H,. Moreover, for any « > 0, we have

1
limsup ¢*"| F ()| = limsup e*#* | F (1 ()] = limsup e[ (f © ¢ 1) ()]

b<n—oo a<(—o0 a<{—o0

1
= limsup —e®|f(¢ + to)| = limsup —————e2°|f(()
a< ¢ 00 g‘om to<C—00 eato (C _ to)om ‘ |
< limsup e*|£(Q)].
to<{—o0

Finally, by using once more the translation ¢s(n) = 7 — b and replacing ¢ by @2 o (1 © o)
we can assume that b = 0. This completes the proof of Lemma 8.5.

D

Appendix C

In our proof of Proposition 5.11 given in §8, we used the following theorem in complex
analysis.

PRrOPOSITION C.1. Let f({) be a bounded analytic function on the right half plane
Hy={{(=7+ic:7>0,0€cR}

satisfying
lim e*"f(r) =0 foralla>0. (C.1)

0<T—00

Then f(¢) is identically zero.

Proof. Let us recall the following result in complex analysis (see [21, problem 325, p. 168]).

If g is holomorphic in the closed right half plane, if there are positive constants A and B
such that |g(¢)| < AePl¢l for ¢ in the right half plane, if |g(¢)| < 1 for ¢ on the boundary of the
half plane, and if limsup,._, ., 7~ log |g(r)| <0, then |g(¢)| < 1 for ¢ in the right half plane.

Let M = sup;cy, |f(¢)|. Apply the above theorem to g(¢) = e® f(¢ 4 ¢)/M and obtain

[F(¢+e)l < Mlemec|,
for all ¢ € Hp and &, > 0. Letting o — oo and then ¢ — 0, we have f({) =0 for ( € Hy. [
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