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Abstract
T-joints play a vital role in the hulls of ships and bulkheads made of sandwich materials. Their design aspects and crack
detection are important in preserving the safety of ships navigating through violent sea waves. In this work, an overview
of the state-of-the-art of design aspects of T-joints used mainly in ship structures is first provided. The design aspects are
focused on estimating static and quasi-static failure loads, fracture and fatigue characteristics. This study also develops a
reduced order dynamic model for identification of cracks in T-joints. The reduced model constitutes three modal equa-
tions with piecewise-linear asymmetric characteristics in which the influence of the crack appears in terms of its length
parameter. In particular, it is shown that the presence of a crack essentially affects both the amplitude and frequency con-
tent of the dynamic response due to nonlinear coupling between normal modes. Under external dynamic loading with a
frequency close to the first mode frequency, the development of a crack is identified by the evolution of attractors on the
configuration planes created by different combinations of modal coordinates.
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1. Introduction

1.1. Preliminary

Joints and fasteners are used to transfer loads from one struc-

tural element to another in naval vessels, aerospace structures,

road vehicles, etc. With reference to composite structures,

there are two types of joints commonly used, namely,

mechanically fastened joints and adhesive bonded joints. Fas-

tened joints include bolts, rivets, and pins. Adhesive joints

depend on the size of the parts to be joined and the amount

of overlap that is needed to carry the load. Adhesive joints are

often acceptable for secondary structures, but are generally

avoided in primary structures on account of strength, chemi-

cal interaction effects, and reliability. Bolted joints are still the

dominant fastening mechanism used in joining primary struc-

tural parts made of advanced composites. The complex beha-

vior of connecting elements plays an important role in the

overall dynamic properties such as natural frequencies, mode

shapes, and response characteristics to external excitations.

The joint represents a discontinuity in the structure and results

in high stresses that often initiate joint failure. The stresses

and slip in the vicinity of contact regions determine the static

strength, cyclic plasticity, frictional damping, and vibration

levels associated with the structure (Ibrahim and Pettit,

2005). The following subsections address different issues

related to T-joints commonly used in ship structures made

of sandwich panels.

1.2. Design aspects

In the composite structures of a ship, the hull and bulkhead are

the primary structures in maintaining the ship’s stiffness

under various loadings. Sandwich panels constitute a major

structural element in both hull and bulkhead. These elements

consist of two stiff skin sheets and a relatively weak, but light-

weight core. For example, a typical joint between the hull and

bulkhead used in mine-countermeasure-vessels (MCMVs) is

the T-joint. The T-joint consists of composite over-laminates
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to form a large fillet as shown in Figure 1. The function of the

T-joint is to transmit flexural, shear, and tensile/compressive

loads from one panel (web) to the other (flange). Numerical

and experimental studies have been reported in the litera-

ture dealing with different aspects of the design and beha-

vior of T-joints (see, e.g., Burchardt, 1995; Theotokoglou

and Moan, 1996; Shenoi et al., 1998; Read and Shenoi,

1999; and Turaga and Sun, 2000). Junhou and Shenoi

(1996) reviewed the performance characteristics of joints in

fiber-reinforced plastic (FRP) marine structures, while the

composite materials used in ship structures are reviewed by

Mouritz et al. (2001).

In view of the relatively low modulus of FRP material,

Dodkins et al. (1994) discussed the problems with forming

efficient joints between the major structural components of

FRP ships and boats with stiffened single-skin construction

ships. They considered T-joints between watertight bulk-

heads and shell plating and attachment of top-hat stiffeners

to plating. The specific stiffness of FRP is in the range of a

third to a quarter of the value of metals as shown by Shenoi

and Hawkins (1995). One approach used to stiffen

fiber-reinforced plastic (FRP) plates is a top-hat stiffener.

Kesavan et al. (2006) developed a global neural network

architecture incorporating sequential processing of internal

sub-networks (GNAISPIN) to predict the presence of mul-

tiple damage zones across a structure, made from glass-

fiber-reinforced plastic (GFRP). Finite element models of

T-joints, used in ship structures, were created with delami-

nations embedded at various locations across the bond-line

of the structure. The resulting strain variation across the

surface of the structure was verified experimentally.

GNAISPIN was then used in tandem with the damage rela-

tivity analysis technique to predict and estimate the pres-

ence of multiple delaminations.

Design aspects of T-joints in single-skin FRP ships and

boats were discussed by Hawkins et al. (1993) and Toftegaard

and Lystrup (2005). Maneepan et al. (2005) studied the opti-

mization of FRP top-hat stiffened single-skin and monocoque

sandwich plates subject to a lateral pressure load. They consid-

ered plates made of E-glass/epoxy, high-strength carbon/

epoxy and ultrahigh-modulus carbon/epoxy. Seven different

T-joint sandwich designs made of balsa wood cores and

carbon-fiber-reinforced polymer (CFRP) facings were com-

pared under quasi-static tensile and compressive loading until

failure by Brunner and Paradies (2000). The performance of

the designs is assessed based on failure loads and deforma-

tions, acoustic emission (AE) data and visual inspection. The

design improvements yield an increase of the failure load from

around50 kN to at least 140 kN (corresponding to the failure of

the horizontal plate). AE monitoring revealed an early onset of

damage and significant damage accumulation at loads around

70% of the ultimate failure load. For some T-joints there are

indications of significant damage in zones outside the region

of the final failure. Eksik et al. (2007a, b) experimentally and

numerically examined the behavior of a top-hat-stiffened

panel under uniform lateral pressure. They developed a finite

element model based on an ANSYS three-dimensional solid

element (SOLID45) to determine the static response of a

top-hat-stiffened panel under uniform lateral pressure. The

numerical modeling results were compared to the experimen-

tal findings for validation and to further understand an internal

stress pattern within the different constituents of the panel for

explaining the likely causes of panel failure.

1.3. Transverse stitched T-joints

The mechanical behavior of transverse stitched T-joints

using a fiber insertion process and PR520 toughened epoxy

Core ( foam )

Skin

Skin

T-Joint T-Joint

Fillet

Figure 1. T-joint.
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resin under bending and tensile loading was examined by

Stickler and Ramulu (2001). Experimental tests were

conducted to determine the modes of failure and ultimate

failure strength for each load condition. The results indi-

cated that the flexural specimens fail in part from unsym-

metrical loading of the fiber insertions and in part from

high stress concentration in the ‘‘ resin-rich’’ fillet region.

Tensile specimens have symmetric loading of both sets of

fiber insertions and initially fail due to matrix cracking at

the web-to-flange interface. Later, Stickler and Ramulu

(2002) examined the effects of key parameters of T-joints

with transverse stitching under flexure, tension, and shear

loading using finite element analysis. These parameters

include fiber insertion tow modulus, fiber insertion fila-

ment count, fiber insertion depth, and resin-rich interface

zone thickness on T-joint displacement and damage initia-

tion load. It was found that under flexural loading, increas-

ing the fiber insertion tow modulus and tow filament count

increases the T-joint damage initiation load. On the other

hand, increasing the fiber insertion depth reduces T-joint

deflection. Furthermore, reducing the web-to-flange inter-

face thickness reduces the T-joint deflection. The fiber

insertion tow filament count and modulus were found to

have a negligible effect on T-joint deflection under tension

and initial damage load under shear. The progressive dam-

age of a new type of composite T-joint with transverse

stitching using a fiber insertion process was modeled using

numerical methods by Stickler and Ramulu (2006). They

also conducted a series of experiments to determine the

load-displacement and strain-load history under flexure

and tensile loading. Experimental observations of initial

failure were manifested by a discrete drop in the load-

displacement behavior and the initiation and propagation

of an interfacial matrix crack at the web-to-flange interface.

Fiber insertion bridging and fiber insertion breakage were

observed at T-joint ultimate failure.

T-joints and top-hat stiffeners create a potential zone of

weakness in ships. The mechanical behavior of such

structures has been documented in the literature (see, e.g.,

Phillips and Shenoi, 1998; and Phillips et al., 1999). It was

reported that delamination induced damage in the root

of the T-joint is a potential source of catastrophic failure.

The load transfer mechanisms in single-skin T-joints

were examined by Phillips and Shenoi (1998) in terms

of the strain energy release rate and the J-integral. The

J-integral is a path independent line integral, which

measures the magnitude of singular stresses and strains near

a crack tip and is based on the concept of energy balance.

The fracture mechanics revealed that deep cracks give

greater values of the J-integral than surface cracks and long

straight cracks give greater values of the J-integral than short

straight cracks. Later, the damage tolerance of a top-hat stif-

fener to plate connection in FRP marine structures was

examined by Phillips et al. (1999) who used stress-based and

fracture-dependent criteria. Numerical modeling was used

to determine the internal load transfer characteristics and

failure mechanisms in top-hat stiffeners under static loading.

The estimated fracture parameters with regard to delamina-

tion in the top-hat over-laminates revealed that delamina-

tions propagate under a straight pull-off load.

Theotokoglou (1997) examined the nonlinear deflection

response of highly stressed sandwich T-joints using large

deflection and plasticity analyses. The finite element algo-

rithm was based on a plane model of the joint and accounted

for plastic deformation of the core and geometric nonlinear

effects. The algorithm was also used to identify internal stress

states, in various regions of the joint and for different attach-

ment configurations, leading to a failure. Later, Theotokoglou

(1999) numerically estimated the J-integral in studying the

fracture mechanics of sandwich T-joints formed by two

panels connected by lap joints subjected to lateral loads.

Kumari and Sinha (2002) studied the static behavior of com-

posite T-joints made of carbon-fiber composite (CFC) mate-

rials. A pull-out force was applied to the top of the web to

determine the strength of the T-joints. Parametric variations

account for two different stacking sequences and variations

in filler area and radius of curvature at the web/skin interface.

The fracture behavior of glass-fiber-reinforced polymer

(GFRP) T-joints was studied by Dharmawan et al. (2004)

and Li et al. (2006) using finite element analyses and the

virtual crack closure technique. The structure analyzed con-

tained initial disbond in various locations with various sizes

under a straight pull-off load. The strain energy release rate

at the disbond tips was used to predict the failure loads and

crack growth mechanism of the structure. It was found that

skewed loading affected the strain energy release rate at the

crack tips, which altered the fracture behavior of the struc-

ture. The effect of T-joint geometry on the strain distribution

showed that the critical strains were significantly affected by

the joint geometry. The results of the finite element analysis

revealed that particular defects led to large changes in the

strains in the T-joint structure, which would enhance disbond

progression. Dharmawan et al. (2008) employed the crack

tip element method for damage prediction of the T-joint.

This method was found to be an excellent damage prediction

tool for composite laminates where an oscillatory singularity

exists at the crack tip.

Turaga and Sun (2000) outlined various modes of failure

of different T-joints of composite sandwich panels. The key

modes of failure include debonding between the two sand-

wich components to be joined, debonding between the

attachment and the sandwich panel, and cracking in the

core of the sandwich. A new type of T-joint incorporating

an aluminum U-channel in the web sandwich was found to

provide much improvement over the conventional circular

fillet T-joint. It was shown that using bolts in a circular fil-

let joint could cause early failure in the core and would not

help much to increase the ultimate joint strength. The

experimental failure modes of the tested joints were

explained with the help of finite element analysis.
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1.4. Fatigue behavior of T-joints and crack detection

The fatigue behavior of out-of-plane bonded and laminated

connections in structures made from fiber-reinforced plas-

tic (FRP) composite materials was studied by Read and

Shenoi (1999). The major effects of fatigue include stiff-

ness degradation, residual strength and energy dissipation

characteristics. Cheng et al. (1999) presented an experi-

mental study of fatigue crack initiation and growth in tub-

ular T-joints, simulating the extreme case of those used for

offshore platforms. The crack locations and profiles were

recorded and fractographic examinations were carried out

to reveal the mechanisms of crack initiation, growth, and

crack closure. The variations in the static strains caused

by the formation and growth of cracks were correlated with

fatigue cycles by a characteristic equation.

Nwosu et al. (1996) studied the vibration response of

tubular T-joints in order to detect cracks along their

intersections using the ABAQUS finite element program.

Frequency response functions were obtained for a joint with

and without cracks. The joint was modeled by 8-node degen-

erate shell elements having five degrees of freedom per

node. Line spring elements were used to model the crack.

The exact crack configuration (semi-elliptical shape), as

observed from numerous experimental fatigue crack inves-

tigations at the critical location, was achieved through a

mapping function. The natural frequency changes with

respect to crack depth revealed little changes, being 4.82%
for a 83% crack depth for the first mode. However, signifi-

cant changes were observed for bending moment and curva-

ture as a function of crack depth. For an 83% chord thickness

crack, a 97% change in bending moment was found at

points around the crack vicinity. It was also found that there

was a 34.15% to 78% change in bending moments for those

locations far away from the crack location. The presence of

the crack can be detected at locations far away from the

crack location using such sensors as strain gages. Zhou

et al. (2008) considered the influence of dynamic loads on

the behavior of composite sandwich T-joints commonly

used in large panels for naval applications. The results of

experimental measurements were used to validate the results

of a three-dimensional numerical model simulating the

damage processes in sandwich T-joints. The failure load

predicted by the finite element analysis was found to be

within 30% of the experimental results. The failure modes

of the T-joints were found to be sensitive to the core shear

failure strength of the base panel. A larger fillet radius

helped to increase the failure loads of the T-joint. For exam-

ple, an increase of the fillet radius of 57% resulted in a 53%
increase in the failure load. Fabrication defects were found

to significantly reduce the strength of the T-joint with voids

between the leg panel and the fillet causing a 37-50% reduc-

tion of the failure load.

Bhattacharya et al. (2000) proposed viscoelastic inserts

with the purpose of absorbing the vibration in composite

joints. The viscoelastic material was arranged as an inter-

layer in a composite top-hat stiffener. Blake et al. (2001)

used a progressive damage model in studying the static

structural response of a composite T-joint containing a

viscoelastic insert, which acts as a means of attenuating

noise and vibration across the joint. The application of a

progressive damage model allows the initiation and pro-

gression of failure and ultimate failure load to be predicted.

1.5. Scope of the present study

This paper presents an analytical approach for a T-joint

experiencing crack formation. The analysis is based on rep-

resenting the main sandwich panel by two outer skins, with

the core between them represented by a set of parallel

springs. The two legs of the T-joint are also represented

by an equal number of springs with one cracked side. For

perfect and ideal adhesion of the joint, the springs are in

complete contact with the main panel. However, the initia-

tion of a crack is manifested by the disconnection of some

springs from one side as shown in Figure 2. It will be shown

that the disconnection of springs makes the model physi-

cally nonlinear. The main objective of this study is to find

out how the linear normal modes (under the no-crack

condition) will be affected by the crack as it develops

and therefore that the dynamics becomes increasingly

nonlinear.

Three different types of representation are used for

tracking the system’s dynamic properties as the crack

develops from a very small initial fracture to almost com-

plete separation of one side of the T-joint. These are config-

uration planes, response time history records, and Fourier

spectrograms. As mentioned earlier, the analytical model-

ing is based on representing cracks by such elastic elements

that work normally in compression phases but show no

resistance to tension. Note that such an approach is quite

common in the reduced order modeling of cracked elastic

structures (see, e.g., Chen and Shaw, 1996; Chati et al.,

1997; Butcher, 1999; Jiang et al., 2004; Andreaus et al.,

2007; Vestroni et al., 2007; Butcher and Lu, 2007; and

Pilipchuk, 2009). However, as shown in Sections 2 and 3,

the geometrical specifics of T-joints require the additional

w

x
0

k

k
f

ab −d

Figure 2. Elastic spring model of a joint.
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analytical tools of dynamic modeling. For instance, a

cracked T-joint is reduced to a specific nonlinear element

embedded in an elastic beam and is localized at the center

of the T-joint. In addition, the crack length is assumed to

grow by a smoothed step-wise law with a slow rate as

compared to any other temporal scale associated with the

model eigenfrequencies and external loading as proposed

in Section 6. The model reduction, which is implemented

in Section 4, is based on the first three modes of a beam

with no joint. As a result, the corresponding differential

equations of motion are linearly coupled due to the

presence of the joint even though no crack/nonlinearity

develops. Furthermore, the system is decoupled in linear

coordinates through a principal coordinates transformation

of the beam with joint. Such a preliminary adaptation

shows one of the possible ways of crack detection by ana-

lyzing the system’s dynamic response to specific external

excitations. In particular, as discussed in Section 6, under

the resonance excitation of one of the modes, some other

modes may be excited indirectly through the nonlinear

coupling generated by the crack. In addition, the frequency

content of each individual mode is also affected by the

crack due to the presence of nonlinearity. Finally, in

Section 7, some conclusions will be made regarding a pos-

sible practical use of the developed approach.

2. Joint modeling and preliminary
remarks

Consider a simplified elastic model of a T-joint initially

cracked as schematically shown in Figure 2. The main

structure is a sandwich beam whose core is modeled by a

set of elastic springs with a distributed stiffness of kf per

unit length. The upper and lower skins are represented by

two thin beams each of length L; density r; and bending

stiffness EI ; where E is the Young’s modulus and I is the

area moment of inertia of the skin cross-section. The reac-

tion of the T-joint attached to the horizontal beam is repre-

sented by a continuous set of linearly elastic springs whose

distributed stiffness per unit length is k and occupy the

region b� a on each leg of the T-joint. In order to simplify

preliminary derivations, it is assumed that the perfect (no

crack) joint is symmetric with respect to the origin x ¼ 0.

However, when a small area of separation occurs, the elas-

tic reaction of the joint within the area of separation

becomes essentially nonlinear and may be described by the

following functions

f ðx;wÞ ¼
kw x 2 ½�b;�a� d� [ ½a; b�;
kHðwÞw x 2 ½�a� d;�a�;
0 x =2 ½�b;�a� [ ½a; b�;

8<
: ð1Þ

where Hð�Þ is the unit-step Heaviside function.

Note that the deflection function wðt; xÞ is associated

with the center line of the sandwich or the upper skin beam

as follows. In the case of global long-wave modes, when

the upper and lower beams vibrate in-phase, the function

wðt; xÞ effectively describes the position of the entire sand-

wich. However, in this case, the bending stiffness of the

upper beam must be replaced by the effective bending

stiffness of the sandwich. As an alternative, one can con-

sider such cases when the vibration modes involve mostly

the upper beam and the nearest layers of the core material

whose effect on the beam can be represented by a specific

elastic foundation. Other modes would require a detailed

consideration of coupling between the two beams.
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ω
2

ω
3

ω
1

0 2 4 6

ω
0 
= 3.14202*

8 10 12 14

0

5

10

15

20

25

30

ω i[r
ad

 / 
s]

ω
0
[rad / s]

Figure 5. Frequency versus the joint strength parameter
showing the internal 1:1 resonance between the first two modes;
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Figure 3. A small segment of the beam including the localized
joint.
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Figure 4. Equivalent model for the beam with localized joint.
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According to equations (1), there is no interaction

between the beam and joint in the area x 2 ½�a� d;�a�
whenever wðt; xÞ < 0. Therefore, for negative deflections

of the upper beam, the joint reaction becomes weak and non-

symmetric with respect to the origin. On the other hand, when

the beam deflection is positive everywhere in the area of joint,

then the mechanical properties are equivalent to those of the

undamaged joint. Note that, on one hand, such kinds of

dynamic behavior bring the model into a class of distributed

vibrating systems with nonsmooth nonlinearities, which are

quite difficult to analyze (see, e.g., Chen and Shaw, 1996;

Chati et al., 1997; Butcher, 1999; Jiang et al., 2004; Andreaus

et al., 2007; Vestroni et al., 2007; Butcher and Lu, 2007; and

Pilipchuk, 2009). On the other hand, it will be shown shortly

that the corresponding characteristics of a nonlinear dynamic

response can be employed for damage detection in joints.

Finally, based on the joint modeling given by equation

(1), the total transverse force, QjðtÞ; and bending moment,

MjðtÞ; applied from the joint to the beam are determined as

follows

QjðtÞ ¼
Zb

�b

f ðx;wðt; xÞÞdx; ð2Þ

and

Figure 6. First three mode shapes of the beam with a ‘‘weak’’ or ‘‘strong’’ joint.
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MjðtÞ ¼
Zb

�b

xf ðx;wðt; xÞÞdx: ð3Þ

At this stage, expressions (2) and (3) cannot be used

because the function wðt; xÞ is a priori unknown. Neverthe-

less, the above expressions may help to facilitate the prob-

lem formulation under certain assumptions regarding the

function wðt; xÞ in the area of joint interaction as will be

described in the next section.

3. Long-wave asymptotics

In view of the relative structural complexity of the T-joint,

shown in Figure 1, its dynamic behavior may significantly

depend upon spatiotemporal characteristics of external

loads. The idea of the model reduction may be contem-

plated a priori to account for possible dynamic modes that

may occur under given loading conditions. For nondestruc-

tive diagnostic purposes, one may apply necessary dynamic

excitations that are capable of generating such modes that

exhibit sufficient sensitivity to crack formation.

In particular, one may assume that the elastic dynamic

state of the upper beam at any time t is slowly varying with

respect to the spatial coordinate x as compared to the area

of contact with the joint. Such a dynamic state can occur

provided that the horizontal beam is long enough. In this

case, the transverse force, given by equation (2), and bend-

ing moment, given by equation (3), applied from the joint

to the beam can be considered localized at the joint center

x ¼ 0. In addition, the integrals of equations (2) and (3)

admit explicit calculations by using the truncated power

series for wðt; xÞ about the center of the joint, x ¼ 0, i.e.,

wðt; xÞ ¼ wðt; 0Þ þ w
0

xðt; 0Þxþ Oðx2Þ: ð4Þ

Equation (4) implies that the function wðt; xÞ is smooth

enough with respect to x.

Note that the integrands in both equations (2) and (3)

include the nonsmooth function HðwÞw, which can be

approximated, nevertheless, by the generalized power

series (see, e.g., Richmyer, 1985),

Hðwðt; xÞÞwðt; xÞ ¼ Hðwðt; 0ÞÞ½wðt; 0Þ þ w
0

xðt; 0Þx� þ Oðx2Þ;
ð5Þ

where the following property of distributions has been

taken into account

zH
0 ðzÞ ¼ zdðzÞ ¼ 0: ð6Þ

Substituting equation (4) into equations (2) and (3), tak-

ing into account equation (1), gives

QjðtÞ ¼ 2kðb� aÞwðt; 0Þ � kdCðwðt; 0Þ;w0xðt; 0ÞÞ; ð7Þ

MjðtÞ ¼
2

3
kðb3 � a3Þw0xðt; 0Þ þ kdaCðwðt; 0Þ;w0xðt; 0ÞÞ;

ð8Þ

K*
f  
= 0.54418
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where

c z1; z2ð Þ ¼ ½1� Hðz1Þ�ðz1 � az2Þ: ð9Þ

In order to incorporate the localized force and moment,

given by equations (2) and (3), into the model, consider a

small segment of the beam as shown in Figure 3.

Following the classic approach and ignoring the angular

inertia force, gives the following balance of forces and

moments

rAdx
q2w

qt2
¼ Q� ðQþ dQÞ þ ½pðt; xÞ

� kf w� QjdðxÞ�dx;

ð10Þ

0 ¼ �M þ ðM þ dMÞ �MjdðxÞdx

� 1

2
Qdx� 1

2
ðQþ dQÞdx;

ð11Þ

where r is the mass density of the beam, A is the cross-

sectional area, and kf characterizes the distributed elastic

properties of the foundation represented by a continuous set

of linearly elastic springs.

Eliminating the high-order term dQdx from equation (11),

and dividing both sides of the equations by dx, gives

rA
q2w

qt2
¼ � qQ

qx
� QjdðxÞ � kf wþ pðt; xÞ; ð12Þ

Q ¼ qM

qx
�MjdðxÞ; ð13Þ

where

M ¼ EI
q2w

qx2
: ð14Þ

Figure 4 shows the upper skin represented by a simply

supported beam of length L by assuming that the joint is

localized at the middle of the beam, x ¼ L=2. Substituting

equations (13) and (14) into equation (12), gives the partial

differential equation of motion for the beam’s center line in

the form

rA
q2w

qt2
þ EI

q4w

qx4
þ kf wþ Qjd x� 1

2
L

� �

�Mjd
0

x� 1

2
L

� �
¼ pðt; xÞ;

ð15Þ

Figure 10. Projections of the system trajectory on configuration planes in three different cases of the joint stiffness under the
developing fracture condition and loading p1 ¼ 0:1 sino1t; p2 ¼ p3 ¼ 0: A – initial crack, and B – developed crack.
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where

QjðtÞ ¼ 2kðb� aÞwðt; L=2Þ
� kdCðwðt; L=2Þ;w0xðt; L=2ÞÞ;

ð16Þ

MjðtÞ ¼
2

3
kðb3 � a3Þw0xðt;L=2Þ

þ kdaCðwðt; L=2Þ;w0xðt; L=2ÞÞ:
ð17Þ

Equation (15) is subject to the boundary conditions

wðt; xÞjx¼0;L ¼ 0;

q2wðt; yÞ
qx2

jx¼0;L ¼ 0: ð18Þ

Note that as a joint crack develops (i.e., d > 0), the

model described by equations (15) through (18) becomes

nonlinear such that the strength of nonlinearity is propor-

tional to the length of the crack d. As stated in the introduc-

tion, one of the main objectives of this study is to find out

how the linear normal modes (under the no-crack condition

d ¼ 0) will be affected by the crack as its size d increases.

The cases of free and forced vibrations of the beam will be

considered below in order to clarify the influence of crack

formation on the beam’s response in both cases.

4. Discretization and modal
analysis

Following the idea of the Bubnov-Galerkin method, the

beam center line and external loading functions are repre-

sented as a linear combination of the first three mode

shapes of the beam with no joint attached

wðt; xÞ ¼
X3

i¼1

wiðtÞ sin
ipx

L
; ð19Þ

pðt; xÞ ¼ rA
X3

i¼1

piðtÞ sin
ipx

L
; ð20Þ

Figure 11. Time history records and the corresponding spectrograms for the modal coordinates in the case of a weak joint under the
developing fracture condition and first linear mode resonance excitation (relates to Figure 10(a)).
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where rA is the beam mass per unit length, which is intro-

duced as a scaling factor of the external loading function in

order to simplify further notations.

Substituting equations (19) and (20) into equation (15)

and applying the Bubnov-Galerkin procedure, gives the fol-

lowing three equations of motion in terms of the general-

ized coordinates wiðtÞ; i ¼ 1; 2; 3,

€w1 þ l2
1w1 þ 2o2

0ðw1 � w3Þ
� eo2

0Fðw1 � w3;w2Þ ¼ p1ðtÞ;

€w2 þ l2
2 þ

8

3
ðr2

a þ rarb þ r2
bÞo2

0

� �
w2

� 2erao2
0Fðw1 � w3;w2Þ ¼ p2ðtÞ;

€w3 þ l2
3w3 � 2o2

0ðw1 � w3Þ
þ eo2

0Fðw1 � w3;w2Þ ¼ p3ðtÞ;

ð21Þ

where lj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½kf þ EIðjp=LÞ4�=ðrAÞ

q
are the eigenvalues

of the beam setting on an elastic foundation with no joints,

o0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2kðb� aÞ=ðALrÞ

p
is the natural frequency of an

oscillator whose mass is equal to the mass of the beam,

where the stiffness is equal to the total stiffness of the

joint, ra ¼ pa=L and rb ¼ pb=L are nondimensional

geometrical parameters characterizing the size of the

joint, and e ¼ d=ðb� aÞ is a parameter characterizing the

size of the crack. The nonlinearity due to the crack may

be described by the nonsmooth function

Fðw1 � w3;w2Þ ¼ Fðz1; z2Þ
¼ ½1� Hðz1Þ�ðz1 þ 2raz2Þ;

ð22Þ

where z1 ¼ w1 � w3 and z1 ¼ w2:
In the absence of a joint we have o0 ¼ 0 and thus equa-

tions (21) exactly describe the behavior of the first three

linear normal modes of the beam. In the presence of the

joint with no crack, however, we have o0 6¼ 0 but e ¼ 0.

In this case, equations (21) are still linear, but w1ðtÞ and

w3ðtÞ are not the principal coordinates any more. To this

end it is convenient to introduce a transformation of the

principal coordinates, qi; i ¼ 1; 2; 3, of the linearized

Figure 12. Time history records and the corresponding spectrograms for the modal coordinates in the case of 1:1 resonance under
the developing fracture condition and first linear mode resonance excitation (relates to Figure 10(b)).
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perfect system (with no crack, e ¼ 0) (21)

w1ðtÞ ¼
ffiffiffi
2
p

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

1 þ r2
2 þ r2

q
q1ðtÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

1 þ r2
2 � r2

q
q3ðtÞ

� �
;

w2ðtÞ ¼ q2ðtÞ;

w3ðtÞ ¼
q1ðtÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ ð1þ r2Þ2=r2
1

q þ q3ðtÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ð1� r2Þ2=r2

1

q ;

ð23Þ

where the second mode remains the same since it is already

decoupled from the other two modes of the linearized

model (e ¼ 0), and the parameters of transformation are

expressed through the natural frequencies o1 and o3 as

r1 ¼ 4o2
0=ðo2

3 � o2
1Þ and r2 ¼ ðl2

3 � l2
1Þ=ðo2

3 � o2
1Þ, and

the entire spectrum of the linear model with joint is given

by the following expressions

o2
1 ¼

1

2
4o2

0 þ l2
1 þ l2

3 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16o2

0 þ l2
1 � l2

3

� �2
q� �

;

o2
2 ¼ l2

2 þ
8

3
ðr2

a þ rarb þ r2
bÞo2

0;

o2
3 ¼

1

2
4o2

0 þ l2
1 þ l2

3 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16o2

0 þ l2
1 � l2

3

� �2
q� �

:

ð24Þ

Substituting the transformation (23) into equations (21) and

adding an effective damping in a phenomenological way,

gives

€q1 þ 2z1o1 _q1 þ o2
1q1 ¼ eF1ðq1; q2; q3Þ þ P1ðtÞ;

€q2 þ 2z2o2 _q2 þ o2
2q2 ¼ eF2ðq1; q2; q3Þ þ P2ðtÞ; ð25Þ

€q3 þ 2z3o3 _q3 þ o2
3q3 ¼ eF3ðq1; q2; q3Þ þ P3ðtÞ;

where zi; i ¼ 1; 2; 3, are modal damping ratios, that will be

assumed equal in the numerical simulations,

F1ðq1; q2; q3Þ ¼

� 1

2
o2

0ð1� r1 � r2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ð1þ r2Þ2=r2

1

q
Fðq1; q2; q3Þ;

F2ðq1; q2; q3Þ ¼ 2rao2
0Fðq1; q2; q3Þ;

F3ðq1; q2; q3Þ ¼

� 1

2
o2

0ð1þ r1 þ r2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2=ð1þ r2Þ

p
Fðq1; q2; q3Þ;

ð26Þ

and Fðq1; q2; q3Þ is given by substituting expressions (23)

Figure 13. Time history records and the corresponding spectrograms for the modal coordinates in the case of a strong joint under
the developing fracture condition and first linear mode resonance excitation (relates to Figure 10(c)).
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in Fðw1 � w3;w2Þ as defined by (22), and the following

notations for the forcing functions have been introduced

P1ðtÞ ¼
1

2
½r1p1ðtÞ þ ð1� r2Þp3ðtÞ�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ð1þ r2Þ2=r2

1

q
;

P2ðtÞ ¼ p2ðtÞ;

P3ðtÞ ¼
1

2
½�r1p1ðtÞ þ ð1þ r2Þp3ðtÞ�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2=ð1þ r2Þ

p
:

ð27Þ

The system of equations (25) becomes completely

decoupled in terms of the modal coordinates in the absence

of any crack, e ¼ 0. Therefore, the effect of modal coupling

as well as spectral deviations from the frequencies o1, o2,

and o3 can be used for the purpose of crack detection.

Note that the modal coordinates q1, q2, and q3 cannot

provide an exact description of the beam mode shapes with

the middle joint even though no crack developed (e ¼ 0).

This is clear from the fact that the Bubnov-Galerkin

procedure for the boundary value problem (15) through

(18) was based on the linear combination of mode shapes

of the beam without a middle joint as given by equation (19).

5. Preliminary frequency
estimates

It is known that the spectral properties of linearized vibrating

systems, in particular the possibility of the so-called internal

resonance conditions, may have a strong effect even on

nonlinear dynamics when relatively small nonlinearities are

present in the corresponding differential equations of

motion. Under fixed material mass densities and geometry,

the relationship between the eigenfrequencies of the current

model is determined by the beam’s bending stiffness, elastic

foundation, and joint stiffness.

Figure 14. Projections of the system trajectory on configuration planes in the strong joint case with stiffness under the developing
fracture condition and loading; p1 ¼ 0:1 sino2t; p2 ¼ p3 ¼ 0.
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The previous definition of the frequency, o0, can be

physically viewed as a characteristic parameter represent-

ing the strength of the T-joint. For example, Figure 5 illus-

trates the dependence of the modal frequencies on the joint

strength parameter, o0. These plots are obtained for the sys-

tem parameters: L ¼ p, ra ¼ 0:02, rb ¼ 0:06, E ¼ 0:01, and

z ¼ z1 ¼ z2 ¼ z3 ¼ 0:02. In order to select a convenient

time unit for simulations, the unit frequency is defined by

imposing the condition l1 ¼ 1:0, which is equivalent to the

following constraint on the parameters

EI

rA
¼ L

p

� �4

1� Kf

� �
: ð28Þ

Here, Kf ¼ kf =ðrAÞ ¼ kf L=ðrALÞ ¼ o2
f , and thus

of ¼
ffiffiffiffiffiffi
Kf

p
is the frequency of an effective oscillator whose

mass is the total mass of the beam where its linear stiffness

is the total stiffness of the foundation.

At this stage, consider the case of no foundation (kf ¼ 0)

so that EI=ðrAÞ ¼ 1:0.

Figure 5 reveals that 1:1 internal resonance o1 ¼ o2 is

reached at a critical value of o0 ¼ o�0 ¼ 3:14202 [rad/s].

Above this critical value, the frequency of the first mode

is larger than the frequency of the second mode. Figure 6

shows two sets of mode shapes belonging to weak [set

(a)] or strong [set (b)] joints. Set (a) of Figure 6 illustrates

the first three mode shapes for the case of a weak joint

(o0 ¼ 2:12, o1 ¼ 3:0, o2 ¼ 4:0, o3 ¼ 9:5), while series

(b) shows the mode shapes for the case of a strong joint

(o0 ¼ 10:61, o1 ¼ 6:12, o2 ¼ 4:19, o3 ¼ 22:24). The

influence of the joint is manifested in the first mode shape

in both weak and strong joints. For the case of a weak joint

the first mode shape is flattened over a wide region near the

joint. For the case of a strong joint, on the other hand, the

first mode shape exhibits a wrinkle near the T-joint. Thus,

the point o0 ¼ o�0 can be viewed as a physical boundary

between the areas of relatively weak and strong joints.

Further, Figure 7 illustrates the dependence of the spec-

trum on the foundation stiffness parameter, Kf . The point

Kf ¼ K�f ¼ o�2f , at which the internal resonance o1 ¼
o2 occurs, can be viewed as a boundary between the areas

of weak and strong foundations. Note that, due to the con-

straint equation (28), the increase of foundation stiffness is

accompanied by the decrease of bending stiffness of the

Figure 15. Time history records and the corresponding spectrograms for the modal coordinates under the condition of Figure 14(a).
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beam. Eventually, at the point Kf ¼ 1:0, the beam’s bending

rigidity vanishes. This is another point of the internal reso-

nance o1 ¼ o2, which is possibly beyond the applicability

of the model. Indeed, the three-term expansion of equation

(19) may not be enough to capture the behavior of mode

shapes near the joint as the beam becomes very flexible.

Finally, Figure 8 shows the dependence of the beam

modal frequencies on the foundation stiffness Kf for

the case of a strong joint. Compared with the case of a

weak joint represented by Figure 7, the area of weak foun-

dations is wider. Also, the relationship o1 holds on the left-

side of the internal resonance o1 ¼ o2, so that stronger

foundations bring the order of frequencies back to

‘‘normal.’’

6. Dynamic response due to crack
formation

In order to clarify the evolution of the dynamic response

due to crack formation in the joint, the following phenom-

enological time dependence for the fracture length is

assumed

e ¼ eðtÞ ¼ e0e1 e0 � ðe0 � e1Þ
1þ tanh½�lcðt � tcÞ�

1þ tanhðlctcÞ

	 
�1

;

ð29Þ

where e0 and e1 are the initial and final relative fracture

lengths as t ¼ 0 and t!1, respectively; lc and tc are

parameters characterizing the temporal scale and phase of

crack formation.

Figure 9 shows a typical plot of the evolution of the frac-

ture length parameter e with time, which also corresponds

to the number of cycles. In particular, under specific

numerical values of the parameters, such kinds of depen-

dencies can fit experimental data obtained for deterioration

of joints under the condition of cyclic loading (see, e.g.,

Ibrahim and Pettit, 2005). This seems to be a very general

smooth approximation for any step-wise behavior. In the

present study, the step duration is about 50 time units, that

is long enough to cover multiple vibration cycles. At earlier

stages, the crack propagation is very slow starting from,

initially, a very small relative length parameter e0 ¼ 0:01.

Then most of the crack formation develops within the time

Figure 16. Time history records and the corresponding spectrograms for the modal coordinates under the condition of Figure 14(b).
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interval 100, after which the left side of the joint becomes

almost completely separated from the beam. In real appli-

cations though, the duration of crack formation depends

on the number of cycles and the level of vibration ampli-

tude. The corresponding modeling is rather outside the

scope of present study. The proposed model given by equa-

tion (29) is applied for the purpose of illustrating how the

system’s dynamic response is affected by crack formation

in the time and frequency domains.

First, a series of numerical simulations dealing with dif-

ferent stiffnesses of joints under the no-elastic-foundation

condition (kf ¼ 0) is performed. In all cases, the model is

excited by the harmonic loading in equation (27) with the

first mode frequency as follows: p1ðtÞ ¼ 0:1 sino1t,

p2ðtÞ ¼ 0:0, and p3ðtÞ ¼ 0:0. Therefore, the spatial shape

of loading is given by one-half of a sine wave that corre-

sponds to the first mode of the beam with no joint. It is seen

from equations (20), (25), and (27) that this loading will

directly excite the first and third modes of the beam with

joint. However, the first mode will be predominantly

excited due to the above choice for input frequency. In

addition, there is no direct excitation of the second mode,

which may only oscillate as a result of nonlinear modal

interaction after the initiation of a crack.

The results of simulations are illustrated in Figures 10

through 13. In particular, Figure 10 displays a series of system

trajectory projections on different configuration planes for

three different cases of the joint strength. The diagrams

clearly demonstrate the fact that the system changes its attrac-

tor (from A to B) as the crack develops but in a different way

for different joint strengths. In the resonance case (b) where

o1 ¼ o2, the second mode has eventually the largest ampli-

tude with a specific phase shift p=2 that is reflected by the

elliptic shape of the attractor’s projection on the q1q2 plane

as shown by the top diagram of Figure 10(b). Below and

above resonance, the projections of the final attractor on the

same configuration plane are rather close to straight lines,

however, directed in a different way: in-phase and out-of-

phase for weak and strong joints, respectively. This

resembles a typical oscillator behavior passing through the

resonance. In our case, the‘‘oscillator’’ is represented by

the second mode, whereas the excitation comes mostly from

the first mode subjected to the direct resonance loading.

The second row in Figure 10 displays projections on the

q1q3 plane. Since the second mode does not participate in

the projection, then the resonance with the second mode

has a minor effect on the projection shapes as one compares

cases (a) and (b) in the second row. Case (c) slightly differs

Figure 17. Projections of the system trajectory on the original generalized coordinate planes under the developing fracture condition
and loading p1 ¼ 0:1 sino1t; p2 ¼ p3 ¼ 0; no elastic foundation assumed.
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though because of effective structural changes in the model

due to the stiffer joint. Finally, the third row shows q2q3

projections. The transition to the final (developed crack)

attractors has a quite chaotic character in cases (a) and

(b). Still, it is seen that the path is more regular in the case

of a stiffer joint (c).

Related to Figure 10 are response time histories and cor-

responding spectrograms for individual modes. These are

shown in Figures 11 through 13 for the three different cases

of Figure 10. The short windowed Fourier spectrograms are

generated by the‘‘specgram’’ procedure built into the

MATLAB-7 package. In both temporal and spectral repre-

sentations, the developing fracture is clearly seen through

the growing amplitudes of secondary modes as well as the

spectral widening. Once again, more regularity is observed

in the case of the stronger joint. In all three cases shown in

Figures 11 through 13, it is seen that near t � 100 an energy

transfer takes place from the first mode, which is directly

excited, to the other two modes. The energy transfer is

attributed to the nonlinearity created by crack formation.

The next series of diagrams shown in Figures 14 through

16 deals with the loading of the same spatial mode shape,

but with an excitation frequency which is equal to the sec-

ond linear mode frequency. In this case the loading compo-

nents are: p1ðtÞ ¼ 0:1 sino2t, p2ðtÞ ¼ 0:0, and p3ðtÞ ¼ 0:0.

In other words, this case deals with the indirect excitation

to the second mode through the symmetric modes. In

contrast to the previous case, due to the resonance with the

second mode, there is no significant energy exchange with

the first mode. In addition, the influence of a foundation is

considered in this case. The internal resonance, o1 ¼ o2,

leads to quite significant qualitative changes in trajectory

projections as follows from the comparison of columns

(a) and (b) in Figure 14. Also, the internal resonance results

in a stronger dynamic complexity in both temporal and

spectral characteristics of motion as from the comparison of

Figures 15 and 16. Note that the third mode q3ðtÞ has a zero

initial condition, however, it directly excited as reflected

by equations (20), (25), and (27). Accordingly, Figure 15

displays a nonzero amplitude in the transient period.

A common feature displayed in Figures 10 through 16 is

the evolution of the dynamic behavior of the normal modes

as the crack develops. The adopted model for a crack exhi-

bits asymmetric nonlinear stiffness characteristics. As a

result, the asymmetry observed in time history records and

configuration planes can also be viewed as an indication of

fracture formation in the joint.

Using the coordinate transformation, (23), gives the

corresponding configuration plane and time history repre-

sentations of the dynamics in terms of the original

Figure 18. Original generalized coordinate time histories under the conditions of Figure 17.
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geometrical modes as shown in Figures 17 and 18,

respectively. It follows from expressions (23) that the sec-

ond mode is not affected by the transformation, whereas the

first and third modes are coupled due to the presence of a

joint localized at the middle of the beam. Nevertheless, in

most cases, except that shown in Figure 14, the first mode

appears to be the major energy receiver from the external

loading regardless of the type of coordinates. As a result,

the diagrams represented on planes q1q2 and w1w2 in

Figures 10 and 17, respectively, look qualitatively similar,

but all other planes are quite different.

Note that the spatiotemporal modeling of loading given

by equation (20) has been specifically chosen for the pur-

pose of crack detection. This can be experimentally imple-

mented in the lab by appropriate actuators. Furthermore,

the present study focused on specific features of nonlinear

dynamics based on three degrees of freedom. Had the anal-

ysis been extended to a more comprehensive structural

model, it could result in describing other features unrelated

to the crack detection methodology described in this work.

From the standpoint of the strength of materials and design

issues, finite element software packages have already been

developed as outlined in the introduction.

7. Conclusion

According to the overview presented in the introduction,

the design of T-joints in ship structures is based on experi-

mental measurements of failure loads, fracture and fatigue

characteristics. These also have been predicted using finite

element analysis and other numerical algorithms. However,

during ship navigation in violent ocean waves, it is impera-

tive to have some nondestructive tools that are capable of

identifying crack formation, which may occur at weak loca-

tions such as joints and fasteners. This work has proposed a

reduced order model for T-joints of elastic beams admitting

the possibility of crack formation. Based on the analytical

modeling and numerical simulations, different qualitative

changes of the dynamics due to crack formation have been

predicted in the configuration plane, temporal and spectral

representations.

The normal mode frequencies of the main structure have

been found to be affected by the presence of the crack.

Under external dynamic loading with a frequency close

to the first mode frequency, the development of the crack

has been revealed by the evolution of the configuration

plots on the planes. In the absence of a crack the attractor

is essentially a straight line and then rotates with time as the

crack develops. Another tool for detecting crack formation

is through the frequency content evolution of each mode

represented by spectrogram plots. Therefore, multiple sig-

nal processing tools could be employed for the nondestruc-

tive diagnostics of joints, where damage may be hidden

under layers of material.
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