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Abstract: Let f be a set function on a finite set V . A pair {u, v} ⊆ V is called flat
in f if f(X) ≥ minx∈X f({x}) holds for all subsets X ⊆ V with |X ∩ {u, v}| = 1.
A subset X ⊆ V is called an extreme subset of f if f(Y ) > f(X) holds for all
nonempty and proper subsets Y of X. In this paper, we first define a minimum
degree ordering (MD ordering) of V , and show that the last two elements in an MD
ordering give a flat pair of f if f is symmetric and crossing submodular. Based on
this, we then give a simple O(|V |3)-oracle time algorithm for computing all extreme
subsets of a set function g if g is symmetric and crossing submodular or intersecting
submodular and posi-modular.
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1 Introduction

Let V be a finite set, where we denote n = |V |. A singleton set {v} is called trivial and may
be written as v. The union of a set X and a singleton {v} may be written as X + v. A subset
X ⊆ V separates two elements u, v ∈ V if |X ∩ {u, v}| = 1. For two subsets X, Y ⊆ V , we say
that X and Y intersect each other if X ∩ Y �= ∅, X− Y �= ∅ and Y −X �= ∅ hold, and say that
X and Y cross each other if, in addition, V − (X ∪ Y ) �= ∅ holds. A family X ⊆ 2V of subsets
of V is called laminar if no two subsets in X intersect each other.

Let 	 and 	+ denote the sets of reals and nonnegative reals, respectively. A set function
f on V is a function f : 2V → 	. A set function f is called fully (resp., intersecting, crossing)
submodular if

f(X) + f(Y ) ≥ f(X ∩ Y ) + f(X ∪ Y ) (1)

holds for every (resp., intersecting, crossing) pair of sets X, Y ⊆ V [1, 3]. A set function f is
called fully (resp., intersecting, crossing) posi-modular if

f(X) + f(Y ) ≥ f(X − Y ) + f(Y −X) (2)
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holds for every (resp., intersecting, crossing) pair of sets X, Y ⊆ V [8]. A set function f is called
symmetric if

f(X) = f(V −X) for all X ⊆ V. (3)

Every symmetric and fully (resp., intersecting, crossing) submodular set function is fully
(resp., intersecting, crossing) posi-modular.

An important example of symmetric and fully submodular functions is the cut functions of
hypergraphs. The cut function d : 2V �→ 	+ of a hypergraph G = (V, E) (E ⊆ 2V ) with an
edge weight function w : E → 	+ is defined by

d(X; G) =
∑

{w(e) | e ∈ E, e ∩ X �= ∅, e−X �= ∅} (4)

where we let d(∅; G) = d(V ; G) = 0. We see that d is symmetric and fully submodular.
A nonempty proper subset X of V is called an extreme subset of f if

f(Y ) > f(X) for all nonempty proper subsets Y of X.

We denote by X (f) the family of all extreme subsets of a set function f . Any trivial set {v},
v ∈ V is an extreme subset. By definition, any nonempty subset X contains an extreme subset
X ′ with f(X ′) ≤ f(X). In particular, X (f) contains a minimizer of f , i.e., a subset X with
f(X) = minY ∈2V −{∅,V } f(Y ).

Lemma 1 Let f be a set function on a finite set V . If f is intersecting posi-modular or
symmetric and crossing submodular, then the family X (f) of extreme subsets of f is laminar.

Proof: Recall that a symmetric and crossing submodular set function is crossing posi-modular.
Let X, Y ∈ X (f) be two intersecting extreme subsets. By definition we would have f(X) +
f(Y ) < f(X−Y ) + f(Y −X), which is a contradiction if f is intersecting posi-modular or X

and Y cross each other. Hence we only have to consider the case where f is symmetric and
X and Y do not cross each other. In this case, we have f(X−Y ) = f(V −Y ) = f(Y ) and
f(Y −X) = f(V −X) = f(X), which again contradicts the above inequality.

Extreme subsets are originally introduced by Watanabe and Nakamura [12] for the cut
functions of graphs to solve the edge-connectivity augmentation problem, and extreme subsets
of graphs are currently an important tool to solve many graph connectivity problems such as the
source location problem. It is known [6] that all extreme subsets in a graph G with n vertices
and m edges can be computed in O(mn+n2 log n) time. Figure 1 illustrates all extreme subsets
in X (d) for the cut function d of an edge-weighted graph G = (V, E).

For a set function f on a set V , let Tf denote the time to evaluate the function value
f(X) of a given subset X ⊆ V . In this paper, we prove the next result, which also solves the
minimization of f since X (f) contains a minimizer of f .

Theorem 2 Let f be a set function on V with n = |V | ≥ 2. If f is symmetric and cross-
ing submodular or intersecting submodular and posi-modular, then the family X (f) of extreme
subsets of f can be found in O(n3Tf ) time.
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Figure 1: Extreme subsets in X (d) for the cut function d of an edge-weighted graph G = (V, E),
where the numbers beside edges indicate their weights and each nontrivial extreme subset
X ∈ X (d) is depicted by a dotted closed curve.

2 Minimum Degree Orderings

To show Theorem 2, this section will introduce a new ordering of V for set functions f . Before
showing this, we first review a related ordering, called a maximum adjacency ordering. A pair
of elements u, v ∈ V is called a pendent pair of f if

f(X) ≥ min{f(u), f(v)}

holds for all subsets X that separate u and v. Given a set function f on V with n = |V | ≥ 2,
an ordering σ = (v1, v2, . . . , vn) is a maximum adjacency ordering (MA ordering, for short) of
V if it satisfies

f(vi) − f(Vi−1 + vi) ≥ f(vj) − f(Vi−1 + vj), 1 ≤ i ≤ j ≤ n, (5)

where V0 = ∅ and Vi = {v1, v2, . . . , vi} (1 ≤ i ≤ n − 1).
By extending the results on the minimum cut algorithms in graphs due to Nagamochi and

Ibaraki [9] and Stoer and Wagner [11], Queyranne [10] obtained the following result.

Theorem 3 [10] For a given symmetric and crossing submodular function f on V with n =
|V | ≥ 2, let σ = (v1, v2, . . . , vn), be an MA ordering of V . Then the last two elements vn−1 and
vn give a pendent pair.

Based on this, the following results are known.

Theorem 4 [10] For a given symmetric and crossing submodular set function f on V with
n = |V | ≥ 2, a set X ∈ 2V − {∅, V } that minimizes f can be found in O(n3Tf ) time.

Theorem 5 [8] For a given intersecting submodular and posi-modular set function f on V with
n = |V | ≥ 2, a set X ∈ 2V − {∅, V } that minimizes f can be found in O(n3Tf ) time.

In this paper, we introduce a new pair and a new ordering of V for set functions f . We call
a pair of elements u, v ∈ V a flat pair of f if f(X) ≥ minx∈X f(x) holds for all subsets X that
separate u and v.
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Given a set function f on V with n = |V | ≥ 2, we call an ordering π = (v1, v2, . . . , vn) a
minimum degree ordering (MD ordering, for short) of V if it satisfies

f(vi) + f(Vi−1 + vi) ≤ f(vj) + f(Vi−1 + vj), 1 ≤ i ≤ j ≤ n, (6)

where V0 = ∅ and Vi = {v1, v2, . . . , vi} (1 ≤ i ≤ n − 1). It is not difficult to see that, after
choosing Vi−1, the next element vi can be chosen from V − Vi by evaluating f(v) + f(Vi−1 + v)
for all v ∈ V − Vi−1 and that an MD ordering can be found in O(n2Tf ) time.

We here consider the time complexity for computing an MD ordering of the cut function d in
(4). Let G = (V, E) be an edge-weighted hypergraph with an edge weight function w : E → 	+.
For a subset X ⊆ V , the graph G〈X〉 induced by X is defined to be an edge-weighted hypergraph
(X, EX ∪ EX) with an edge weight function wX : E → 	+ such that

EX = {e ∈ E | e − X �= ∅, |e ∩ X| ≥ 2},
EX = {e ∈ E | e ∩ X = ∅},

wX(e) =

{
w(e)/2 if e ∈ EX

w(e) if e ∈ EX .

Note that if G contains only graph edges e (i.e., |e| = 1) then EX = ∅.

Lemma 6 For an edge-weighted hypergraph G = (V, E), an ordering π = (v1, v2, . . . , vn) such
that

d(vi; G〈V −Vi−1〉) = min{d(v; G〈V −Vi−1〉) | v ∈ V − Vi−1}, i = 0, 1, . . . , n (7)

is an MD ordering of the cut function d. An MD ordering π of d can be found in O(m+n log n)
time and O(m + n) space, where n = |V | and m =

∑
e∈E |e|.

Proof: Note that, for each x ∈ V − Vi−1, it holds

d(x; G) + d(Vi−1 + x; G) − d(Vi−1; G)

= 2
∑

{w(e) | x ∈ e ∈ E, e ⊆ V − Vi−1}
+

∑
{w(e) | x ∈ e ∈ E, e ∩ Vi−1 �= ∅ �= e ∩ (V − Vi−1 − x)}

= 2
∑

{w(e) | e ∈ x ∈ e ∈ E, e ∩ (V − Vi−1) = ∅}
+

∑
{w(e) | x ∈ e ∈ E, e ∩ Vi−1 �= ∅, |e ∩ (V − Vi−1)| ≥ 2}

= 2d(x; G〈V −Vi−1〉).

Hence any ordering π = (v1, v2, . . . , vn) in the statement of the lemma is an MD ordering of d.
We consider the time complexity. A hypergraph G = (V, E) can be stored as a set of adjacency
lists Adj(u), u ∈ V in O(m + n) space, by which we can find the set ΓG(u) of all vertices
adjacent to u in O(|ΓG(u)|) time. To obtain an MD ordering of d, we repeat choosing a vertex
u with the minimum degree d(v; G〈V −Vi−1〉) in the current graph G〈V −Vi−1〉 and removing
the vertex vi = u from the graph to obtain G〈V −Vi〉. We maintain a data structure Q that
contains all vertices u ∈ V − Vi along with the current degree d(u; G〈V −Vi−1〉), u ∈ V − Vi.
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After choosing vi, we update the degree d(u; G〈V −Vi−1〉) of each vertex u ∈ ΓG(vi) − Vi by
decreasing by

∑
{w(e)

2
| u ∈ e ∈ E, e ∩ Vi ={vi}} +

∑
{w(e)

2
| vi ∈ e ∈ E, e − Vi ={u}}.

We then choose a vertex u∗ with the minimum degree d(u∗; G〈V −Vi〉) from Q, and then delete
u∗ from Q. It is not difficult to see that the total number of updating degrees is O(m), and the
number of extracting a vertex with the minimum degree from Q is n. By using data structure
of Fibonacci heap [2] to maintain elements in Q, the above algorithm can be implemented to
run in O(m + n log n) time and O(m + n) space.

In Fig 1, the vertices u1, u2, . . . , u6 in the graph are indexed by an MD ordering. Orderings
of (7) in a special case where G is an unweighted simple graph are known as δ-slicings [4] or
smallest-last orderings [5] which are introduced to study the structure of induced subgraphs.

As an analogous result to Theorem 3, we show that a flat pair in a symmetric and crossing
submodular function f can be found by an MD ordering of f .

Theorem 7 For a symmetric and crossing submodular set function f on V with n = |V | ≥ 2,
let π = (v1, v2, . . . , vn) be an MD ordering of V . Then the last two vertices vn−1 and vn give a
flat pair.

We prove Theorem 7 after showing a lemma.

Lemma 8 Let f be a symmetric and crossing submodular set function on V . For a subset
Z ⊂ V , let g be a set function on V −Z such that g(X) = f(X) + f(Z ∪X), X ⊆ V −Z. Then
g is symmetric and crossing submodular.

Proof: Let X be an arbitrary subset of Z. We show g(X) = g((V −Z)−X)). By definition of
g, we have g((V−Z)−X)) = f((V−Z)−X))+f(Z ∪ ((V−Z)−X)) = f(V− (Z ∪X))+f(V−X),
which is f(Z ∪ X) + f(X) = g(X) by symmetry of f . Hence g is symmetric. For two crossing
subsets X, Y ⊆ V −Z, we have by the submodularity of f

g(X) + g(Y ) = f(X) + f(Y ) + f(Z ∪ X) + f(Z ∪ Y )

≥ f(X ∩ Y ) + f(X ∪ Y ) + f(Z ∪ (X ∩ Y )) + f(Z ∪ X ∪ Y )

≥ g(X ∩ Y ) + g(X ∪ Y ).

Therefore g is crossing submodular.

Proof of Theorem 7 For each i = 0, 1, . . . , n − 2, we define set function fi of V −Xi by

fi(X) = f(X) + f(Vi ∪ X), X ⊆ V −Vi,

which is symmetric and crossing submodular on V −Vi by Lemma 8. By induction on i =
n − 2, n − 3, . . . , 1, 0, we prove that

fi(X) ≥ min
x∈X

fi(x) for all X ⊆ V −Vi that separate vn−1 and vn. (8)
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Since f0(X) = 2f(X), it suffices to show that (8) holds for i = 0. We easily see that (8) holds
for i = n − 2. Now we assume that (8) holds for i = j. We prove that (8) holds for i = j − 1.
Let X be an arbitrary subset of V − Vi that separates vn−1 and vn.

Case-1. vj �∈ X: Let x∗ = argmin{fj−1(x) | x ∈ X}. For two crossing sets Vj−1 ∪ X and
Vj + x∗, we have by submodularity of f

f(Vj−1 ∪ X) + f(Vj + x∗) ≥ f(Vj ∪ X) + f(Vj−1 + x∗).

From this and induction hypothesis fj(X) ≥ fj(x∗), we have

fj−1(X) − fj−1(x∗) = f(X) + f(Vj−1 ∪ X) − f(Vj−1 + x∗) − f(x∗)

≥ f(X) + f(Vj ∪ X) − f(Vj + x∗) − f(x∗)

= fj(X) − fj(x∗) ≥ 0.

Hence fj−1(X) ≥ fj−1(x∗) ≥ minx∈X fj−1(x).
Case-2. vj ∈ X: By the choice of vj , fj−1(vj) = minx∈V −Vj fj−1(x). Consider subset

Y = (V − Vj)−X, which separates vn−1 and vn, and hence fj−1(Y ) ≥ miny∈Y fj−1(y) holds
by the argument in Case-1. Since fj−1(Y ) = fj−1(X) holds by symmetry, we have fj−1(X) =
fj−1(Y ) ≥ miny∈Y fj−1(y) ≥ fj−1(vj) = minx∈X fj−1(x), as required.

Therefore, (8) holds for i = j. This proves that (8) holds for i = 0, i.e., Theorem 7.

Corollary 9 Let V be a finite set n = |V | ≥ 2. Every symmetric and crossing submodular
function f on V such that f(v) = k, v ∈ V for some k ∈ 	 has a pair {u, v} ⊆ V that is
pendent and flat.

Proof: We easily see that any MD ordering π of f is also an MA ordering if f(v) = k, v ∈ V .
Hence the last two vertices in π is pendent and flat by Theorems 3 and 7.

There is a symmetric and crossing submodular function f which has no pair that is pendent
and flat. For example, the cut function d in Fig. 1 has no such pairs, since {u3, u4} and {u5, u6}
are the flat pairs of d, but neither of them is pendent.

Corollary 10 Let f be a set function f on V with n = |V | ≥ 2. If f is symmetric and crossing
submodular or intersecting submodular and posi-modular, then a flat pair of f can be found in
O(n2Tf ) time.

Proof: If f is symmetric and crossing submodular, then we compute an MD ordering π of f

in O(n2Tf ) time and choose a pair of the last two elements in π, which is flat by Theorem 7.
Consider the case where f is intersecting submodular and posi-modular, where we assume
f(∅) = f(V ) = −∞, which does not lose the intersecting submodularity and posi-modularity
of f . In this case, we work with the following set function g : 2V +s �→ 	 ∪ {−∞} (where s is a
new element): For each X ⊆ V + s, let

g(X) =

{
f(X) if s /∈ X

f(V −(X − s)) if s ∈ X.
(9)
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It is known [8] that, for an intersecting submodular and posi-modular set function f on V ,
the above set function g is symmetric and crossing submodular on V + s. Let πg be an MD
ordering of g, where the first element in πg must be s since g(s) = f(V ) = +∞. Then the last
two elements u, v ∈ V in πg give a flat pair of g. We see that {u, v} is also flat in f , since any
subset X ⊆ V with f(X) < minx∈X f(x) would imply g(X) < minx∈X g(x), contradicting that
{u, v} is flat in g. Therefore, we can find a flat pair in O(n2Tf ) time even if f is intersecting
submodular and posi-modular.

3 Computing Extreme Subsets

This section presents an algorithm for computing all extreme subsets in a set function by using
flat pairs. For any nonempty subset Y ⊆ V , there is an extreme subset Y ∗ ∈ X (f) with
f(Y ) ≥ f(Y ∗). Hence we see that f(Y ) > f(X) for all nonempty Y ⊂ X if and only if
f(Z) > f(X) for all Z ⊂ X with Z ∈ X (f). From this observation and the fact that no
nontrivial extreme subset X ∈ X (f) separates any flat pair, we obtain the following algorithm
for computing all extreme subsets in a set function.

After intialzing by setting X := {{v} | v ∈ V } (⊆ X (f)), we repeat a procedure of con-
tracting a flat pair n − 2 times. Let V i, i = n, n − 1, . . . , 2, be the set of elements obtained
after contracting the first n − i flat pairs, where |V i| = i holds. For each element x ∈ V i, let
V [x] ⊆ V denote the set of all elements that have been contracted into x. We maintain the
property that

X consists of all extreme subsets X∈X (f) with X⊆V [x] and x∈V i. (10)

After contracting a flat pair ui, vi ∈ V i into a single element zi, we add V [zi] to X if V [zi] ∈
X (f), so that (10) holds in the resulting set V i−1 = (V i − {ui, vi}) ∪ {zi} of elements. We can
test whether V [zi] ∈ X (f) or not by checking if f(V [zi]) < minY ∈X :Y ⊂V [zi] f(Y ). To facilitate
this test, we also maintain μ(x) = minY ∈X :Y ⊂V [x] f(Y ), x ∈ V i for each i = n, n− 1, . . . , 2. The
entire algorithm is described as follows.

Algorithm ExtremeSubsets

Input: A set function f on a finite set V , where n = |V | ≥ 2.
Output: A laminar family X ⊆ 2V − {∅, V }.
1 X := {{v} | v ∈ V };
2 Let μ(v) := f(v) for all v ∈ V ;
3 V n := V ; fn := f ;
4 for i := n to 3 do
5 Find a flat pair {ui, vi} of f i;
6 V i−1 := (V i − {ui, vi}) ∪ {zi};
7 Let f i−1 be the set function on V i−1 obtained from f i by contracting

elements ui and vi into a single element zi;
8 Let V [zi] ⊆ V be the set of all elements that have been contracted

into zi; /* f(V [zi]) = f i−1(zi) */
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9 if f i−1(zi) < min{μ(ui), μ(vi)} then
10 X := X ∪ {V [zi]}; μ(zi) := f i−1(zi)
11 else
12 μ(zi) := min{μ(ui), μ(vi)}
13 end if
14 end for

From the above argument, we see that algorithm ExtremeSubsets computes the set X (f)
of all extreme sets of f correctly as long as we can always find a flat pair in line 5. If a given set
function f is symmetric and crossing submodular or intersecting submodular and posi-modular,
then it is not difficult to see that each set function f i obtained from f by contracting elements
remains symmetric and crossing submodular or intersecting submodular and posi-modular.
Therefore, by Corollary 10, we can find a flat pair in O(n2Tf ) time. Then the running time of
ExtremeSubsets is O(n3Tf ). This establishes Theorem 2.

By Lemma 6, we easily see that, for hypergraphs, algorithm ExtremeSubsets can be
implemented to run in O(n(m + n log n)) time and O(m + n) space.

Corollary 11 For an edge-weighted hypergraph G = (V, E), the set X (d) of all extreme subsets
can be found in O(n(m + n log n)) time and O(m + n) space, where n = |V | and m =

∑
e∈E |e|.
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