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1    Introduction 

This final report summarizes work done on the project "Array Processing for Discrete 
and Distributed Sources," under contract # N00014-01-1-0075 for the Office of Naval 
Research, during the period 10/01/00 - 9/30/04. 

Array processing techniques are primarily designed for point sources, i.e. spatially 
discrete sources of acoustic or electromagnetic energy. However, in many cases the 
transmitter is better modeled as a distributed, rather than a discrete source. The 
principal mechanism for making the source appear to be distributed in space is dif- 
fuse (unresolvable) and specular (resolvable) multipath caused by scattering of the 
propagating waves. Another is transmitter motion. 

The goal of this project was to develop array processing techniques for distributed 
sources. The vector of the signals received by an array from a distributed source 
resides in a Grassmanian manifold (or a subspace manifold). This is the natural ex- 
tension of the array manifold used in the case of point sources, which can be considered 
to be a special (rank one) case of a subspace manifold. In other words, whereas the 
response of an array to discrete sources is characterized by what is commonly called 
the array manifold, its response to a distributed source is characterized by a subspace 
manifold. 

The main emphasis of the project was on solving signal estimation and detection 
problems in an environment containing both discrete and distributed sources, where 
some of the sources are the signals of interest and others act as interference. We are 
especially interested in applications involving passive sonar systems which attempt 
to detect weak targets in the presence of strong possibly rapidly moving sources of 
interference. 

The main objective of this research effort was to develop a more complete under- 
standing of array processing for distributed sources, and to apply what we learn to 
various problems of interest in sonar and communication systems. More specifically, 
the objectives were to develop the theoretical framework of the subspace manifold 
within which array processing for distributed sources can be properly addressed, to 
develop algorithms for optimal signal estimation and detection for distributed sources, 
and to evaluate the performance of the candidate algorithms in the context of specific 
acoustic surveillance and communication scenarios. 

2    Technical Approach 

Our technical approach is based on representing the distributed sources by the sub- 
space in which they exist. The signal S received by the array from a single source is as- 
sumed to be complex Gaussian with zero mean and covariance Rs. Let Rs = UDUH 

be the singular value decomposition of the signal covariance matrix and let Us be a 
matrix consisting of the first r singular vectors (i.e. the first r columns of U), where 
r is chosen so that the sum of the first r singular values is very close to the sum of all 
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the singular values. In other words, Us contains most of the signal energy. We will 
refer to Us as the signal subspace, and to r as its effective rank. When the angular 
spread equals zero (or is very small), r = 1, and we have the conventional case of 
a point (discrete) source. For larger angular spreads we have r > 1 and this is the 
distributed source case. 

Next consider the problem of detecting a signal S in the presence of zero-mean 
Gaussian interference-plus-noise with covariance matrix R. Let X denote the vector 
of data measured at the array output. The detector needs to decide whether X is a 
zero mean Gaussian with covariance R or whether it is a zero mean Gaussian with 
covariance Rs + R. This basic detection problem can be restated in many variations 
differing by what is and is not known to the detector. In practice the interference- 
plus-noise covariance R is unknown and needs to be estimated from training data. 
The signal covariance is only partially known. We may, for example, assume that 
the rank of the subspace is known, but the direction of the signal and its energy are 
unknown. These different versions of the problem are of varying degrees of difficulty 
and require careful analysis and interpretation. 

3    Summary of Work 

Using the subspace model for distributed sources that was introduced in the previous 
section, we can formulate and attempt to solve a variety of detection and estimation 
problems that have been previously addressed for the case of discrete sources. 

We have studied the basic problem of detecting a single distributed source in 
the presence of white Gaussian noise, focussing on the case of a linear uniformly 
spaced arrays. The structure of the "optimal" detector can be interpreted as a bank 
of beamformers whose output energies are combined. The beamformer coefficient 
vectors span a low rank subspace, whose rank depends on the angular spread of 
the signal. We developed the receiver operating characteristics for this subspace 
detector under various assumptions on which parameters are known or unknown. In 
particular, we made detailed comparisons of the performance of the subspace detector 
to the conventional beamformer. This work was summarized in project publications 
[1] and [2]. Reference [1] is incorporated as an appendix to this report, to provide a 
more detailed description of this work. 

Next we considered the case of detecting a distributed source in the presence of 
interference. This problem is more involved, partly because it has several variations 
depending on the type of information available to the detector. For example, we may 
or may not have training data for estimating the interference-plus-noise covariance 
matrix. We have studied in some detail the case where training data is available, 
and were able to show that the optimum processor is a bank of Minimum Variance 
Distortionless Response (MVDR) beamformers, whose output energies are added up 
with appropriate weights.   More specifically, the weight vector of the MVDR for a 



point source is the product of the inverse interference plus noise covariance matrix and 
the steering vector in the target direction. For a distributed source we have multiple 
MVDRs, each with the same covariance matrix, but different steering vectors. The 
steering vectors are selected so as to span the signal subspace Us. The MVDR outputs 
are weighted according the the amount of signal energy contained in different parts 
of the signal subspace, and then combined. This work is summarized in project 
publications [3]. 

In [4], [5] we studied the problem of detecting distributed sources using sub-arrays 
as a means of improving performance when only a limited amount of training data 
is available. We developed two types of sub-array detectors, both having a sub- 
array level GMVDR as their first processing step. The first detector non-coherently 
combines the outputs of the GMVDRs. The second detector optimally combines 
these outputs using another GMVDR. We have analyzed the performance of the 
two sub-array detectors and were able to show that they offer significantly improved 
performance as the number of available data snapshots falls below the number of 
elements in the full-size array. As expected, in the case where the covariance matrix 
R is known the performance of the sub-array detectors is inferior to that of the full- 
size GMVDR, but the difference is quite small. Reference [4] is incorporated as an 
appendix to this report, to provide a more detailed description of this work. 

In [6], [8] we studied the detection problem for the case where multiple observations 
of the signal are available. The detector is derived from the likelihood ratio detector 
designed for the case where the covariance R is known. After the test statistic is 
derived, the maximum likelihood estimate of the covariance matrix based on the 
secondary data is inserted in place of the known covariance. The resulting test statistic 
is a CFAR detector. By comparing this detector to a related detector derived for 
the case where the signal obeys a First Order Gaussian (FOG) model (where the 
signal is assumed to be a fixed but unknown vector), we observe that the derived 
CFAR detectors for both models have the same form for either single or multiple 
observations. The detector for the FOG model using a single observation has been 
shown to be a GLRT detector. This observation suggests that the detector we derived 
and the detector for the FOG model may be true GLRT detectors. Reference [8] is 
incorporated as an appendix to this report, to provide a more detailed description of 
this work. 

4    Impact and Applications 

The subspace array manifold provides a natural framework for extending array pro- 
cessing from point sources to distributed sources. It has both theoretical and practi- 
cal significance. From a theoretical standpoint it provides an approach for extending 
much of the work which has been done on signal detection and estimation, interference 
cancellation and so on, to the underwater acoustic and communication environments. 



This work has direct applications to sonar, radar, and wireless communication 
problems. A recent development in radar is the so-called MIMO radar which uti- 
lizes diversity techniques to enhance detection performance of radars equipped with 
multiple transmit/receive antennas. The problem formulation and results carried out 
in this project fit very well this problem. It may be possible to extend the MIMO 
radar concept to active sonar arrays. The application to wireless communications was 
explored in [9], [10], [11], [12], which uses a signal model and detectors based on the 
work described here. 
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Abstract 

We consider the problem of detecting a spatially dis- 
tributed source by an array of sensors. Source parame- 
ters such as signal power, direction and angular spread, 
as well as the noise power, are unknown to the detec- 
tor. Using the generalized likelihood ratio (GLR) ap- 
proach we derive the structure of the detector under 
different assumptions on which parameters are known 
or unknown. The performance of the detetors is eval- 
uated and the effect of angular spread is investigated. 
It is shown that as angular spread increases, the GLR 
detector provides a significant advantages over the con- 
ventional beamformer based detector. 

1    Introduction 

4 presents a brief performance analysis, and section 5 
summarizes selected numerical examples which provide 
insights into the effects of angular spread on the per- 
formance of the conventional beamformer and the GLR 
detector. 

2    Problem Statement 

Assume we have an array with P sensors having an 
array response vector a(<f), where (j> denotes azimuth. 
The array and all the sources are assumed to be in the 
same plane. We assume a narrowband model for all the 
signals, and all the signals are defined in baseband. Ex- 
tensions to the broadband case will be described else- 
where. 

The signal received by the array from a single source 
is modeled as 

The vast majority of modern array processing tech- 
niques are designed for point sources, i.e. spatially dis- 
crete sources of acoustic or electromagnetic energy. In 
many practical situations the transmitter is best mod- 
eled as a distributed, rather than a discrete source. The 
principal mechanism for making the source appear to 
be distributed in space, is diffuse (unresolvable) and 
specular (resolvable) multipath caused by scattering 
of the propagating waves. A secondary, but equally 
important mechanism, is transmitter motion. If the 
source moves significantly during the observation inter- 
val (or coherent integration time) it will appear to be 
distributed rather than discrete. In this paper we de- 
velop detectors for distributed sources, and study their 
performance as a function of the angular spread of the 
signal. 

In section 2 we describe the statistical detection 
problem. In section 3 we present several GLR detec- 
tors which make different assumptions on what signal 
and noise parameters are known or unknown. Section 

"This work of B. Friedlander was supported by the Office of 
Naval Research under contract no. N00014-01-1-0075. 

Xt = St + Nt,    t = l,-",T (1) 

where X< is the array output at sample time t, St is 
the signal received at the array elements, assumed to 
be complex Gaussian with zero mean and covariance 
Rs, and Nt is complex Gaussian noise with zero mean 
and covariance R„. The signal and noise are assumed 
to be independent from sample to sample. 

The array is characterized by the array manifold 
a(<j>), where <j> is the source azimuth. The signal co- 
variance matrix R5 is related to the array manifold by 

Rs(<£, ß) = Es P(0; 0)a(0)a(0)Hd0     (2) 
JS-0/2 

where P(9; <j>) is the spatial energy distribution of the 
source at azimuth cj>. More specifically we may assume 
that P(6; <f>) = P(6 — <t>). The parameter ß is the an- 
gular spread of the source, —w < ß < it. The signal is 
assumed to have energy Es, and therefore 

r4>-ß/z 
I P(0\4>)M = l 

J&- >4>-ß/2 
(3) 



The signal covariance matrix Rs(<j>,ß) depends on sig- 
nal direction (f> and angular spread ß. The case where 
ß = 0° corresponds to a point source. Without loss 
of generality, we consider in the following an uniformly 
distributed signal model, i.e. P{6; cf>) = 1//3. 

The problem considered in this paper is how to de- 
tect the signal, in the presence of noise and interfer- 
ence. Let us assume for the moment that the interfer- 
ence has known characteristics and is absorbed into the 
noise vector Nt. The more realistic case of unknown 
interference is more complicated and will be presented 
elsewhere. 

The detection problem is to decide between the null 
hypothesis H0 : Xt = Nt and Hi : Xt = St + Nt. 
The covariance matrix of the array output under Ho 
is Ro = Rn and under Hi it is Ri = Rs ((£,/?) + R„. 
Without loss of generality we assume that Rn = cr2I, 
where a2 is the noise variance. 

The detector depends on a set of parameters p = 
(Es, 4>, ß,a2). When all the parameters are known, this 
is a standard detection problem whose optimal solution 
is the likelihood ratio detector. When the parameters 
are unknown, we will use the generalized likelihood ra- 
tio (GLR) approach, involving the replacement of un- 
known parameters by their maximum likelihood esti- 
mates under each hypothesis. In the following we will 
consider the following types of detectors: 

• Type I: All parameters are known. 

• Type II: Unknown noise power a2. 

• Type III: Unknown direction <j>. 

• Type IV: Unknown angular spread ß. 

3    The Detector 

Given the assumption that the received signals are 
Gaussian with zero mean and covariance Ro and Ri 
under hypotheses HQ and H\ respectively, the proba- 
bility density functions (pdf) for the observations are 
given by 

f(Xt;H0) = [(27r)p/2|Ro|1/2]-1ea;p{-ixfRö1Xt}   (4) 

f(Xt;Hi) = [(27r)p/2|R1|
1/2]-iea;p{-ixfRj-%}   (5) 

When all the parameters are known the optimal de- 
tection statistic is given by the logarithm of the ratio 
f(Xt;Hi)/f(Xt;H0) of the likelihood functions. This 
log-likelihood ratio takes the form 

Rol L(Xt) = Xf (Ro1 - RJ-1) Xt + In L£ 
I'M 

(6) 

Next consider the case where some parameters are un- 
known. Denote by po and p\ the unknown parameters 
under HQ and H\ respectively. In this case the de- 
tection statistic is given by the generalized likelihood 
ratio 

'(Xt) 

or its logarithm 

maxPl/(Xt,i?i) 
maxpo /(Xt, H0) 

(7) 

L(Xt,po,pi)    =   X»(Rö1(po)-R:1(pi))Xt 

|RO(PO)| + ln 
Ri(pi)l 

(8) 

where pi and po are the parameter values which max- 
imize the likelihood function under Hi and Ho respec- 
tively. In the following we will find it convenient to 
write this equation as 

L(Xt,p0,h) = XfWW"Xt + at(po,pi)     (9) 

where 

and 

ö(PO,PI) = ln |Ro(ft>)l 
|Ri(Pi)l 

WWH = Rö1(po)-Rr1(Pi) 

(10) 

(11) 

where W is a P x P matrix. This leads to an interpre- 
tation of the GLR as a bank of beamformers. Let yt 
as an output vector of the beamformers, or 

yt = W"Xt (12) 

We will refer to this as a "subspace beamformer", to 
distinguish it from the conventional beamformer where 
W is a P x 1 vector. The detection statistic is given 
by 

£(Xt,Po,Pi) = llytll2 + at(p0,Pi) (13) 

where ||yt||2 is the sum of squared magnitudes of the 
subspace beamformer outputs. 

Next we conside the case of multiple measurements. 
Let X = [Xi,X2,...,Xr] be the measured data. As- 
sume that the measurements are mutually indepen- 
dent, in which case 



L(X-,Po,Pi)   =   5Zz.(Xt,po,pi) (14) 

=   trace{WHXXff W} + a(p0, pi) 

where a(p0,pi) = Y%=i at(Po,Pi)- 
Next we consider in more detail the structure of the 

different detectors introduced earlier. In all these cases 
the GLR statistics are given by equations (9) - (11). 

Type I: In this case all the parameters are known 
and the subspace beamformer weight matrix is 

W = (a-2I-((T2I + Rs(^)/3))-1)1/2       (15) 

The term a(po,Pi) is constant (data independent) and 
can be ignored. In this case the detection statistic 
L(X() is a quadratic Gaussian form, and has a weighted 
Chi-squared distribution. See section 4.2 for details. 

Type II: In this case noise variance a2 is unknown, 
and is replaced by a\ under Ho and a\ under H\ re- 
spectively. It is straightforward to show that 

^ = ^l|Xt| (16) 

The estimate a\ can be computed by numerical maxi- 
mization of the likelihood function. In the case where 
Rs has a low rank approximation. 

Rs « UrU? (17) 

where Ur is a P x r matrix, it can be shown that ([4]) 

1 SIPiXtll2 

The subspace beamformer weight matrix is given by 

(18) 

W = (i-I-(^I + R,)-1)1/2 (19) 

and 
at{ala\) = P lntr2 - In |Ri (*§,*?)!       (20) 

Type III: In this case the signal direction <f> is not 
known and needs to estimated. Note that the likeli- 
hood function under HQ is independent of <f> and thus 
it needs to be estimated only under Hi. The estima- 
tion is done by numerical maximization over the range 
-180° < <t> < 180° (or -90° < 4> < 90° for a linear 
array). 

The subspace beamformer weight matrix is given by 

W = 
& 

and 

(ff'l + Ä.tfa))-1)1/2 (21) 

at(&)= In |R!(&)| (22) 

Type IV: In this case the angular spread ß is un- 
known. The estimate ßi is computed by numerical 
maximization over range 0° < ß < 360°. 

The subspace beamformer weight matrix is given by 

W = (^I-(a2I + Rs01))-
1)1/2 (23) 

and 

(24) at(ßi) = In |Rj(A)| 

4    Performance Analysis 

4.1    Output SNR vs. angular spread 

The subspace beamformer output is 

yt = WHXt = WHSt + WHNt (25) 

Let us define the output SNR (SNRO) as the average 
signal power divided by the average noise power 

_trjW^E{^Sf}W}_ 
SNR° - tr{W«£{NtNf}W} (26) 

The input SNR is SNR = Es/cr2. The effective array 
gain AG will be defined as AG = SNRO/SNR. 

We are interested in studying how the array gain 
varies with angular spread. Note that 

Ö1NWJ     ~ tr{Ro(Rjrk-RT1tf))} 
= trd/g'Riy)-!}       1 

trtf-ai'R^OS))} (27) 
_ l/<T\T{Es*Ls+<r2l}-P 1 

V     ; 

_ F-<72tr{(BsRs+<r^I)-i}       1 

_  B,P/<72 _ , 
_ P-aatr{(BsRs+<r2I)-1}       L 

The following can be concluded from this equation: 

1. For the point source case Rs = EsaaH with 
aHa = 1. Inserting this into the equation above 
we get AG = P. 

2. For the case of completely uncorrelated fading 
Rs = ESI. Inserting this into the equation above 
we get AG = 1. 

3. If Rs has rank r, and all of its nonzero eigenvalues 
are equal, then AG = P/r (see [4] for details). 

In other words, the array gain is a monotonically de- 
creasing function of angular spread, going from a max- 
imum value of P to a minimum value of unity. 
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Figure 1. Probability of detection vs. SNR for 
Type I detector, for ß = 0°,3°, 10°, 30°. The 
lines depict the analytical results, while the 
markers show Monte-Carlo results. 

Figure 2. Required SNR vs. angular spread 
for Type I and Type III detectors and the 
beamformer, for PD = 0.8. 

4.2    Receiver Operating Characteristics 

Let PM(Z) be the pdf of a central Chi-squared distri- 
bution with M degrees of freedom. The log-likelihood 
ratio for a type I detector L(Xt,Hi) = XfWWHXt 

is a quadratic form in complex Gaussian random vari- 
ables. This can be rewritten as 

and 

/•OO 

PD=        PM1 {z)dz (31) 

The pdf of the log-likelihood function of detector types 
II - IV do not have closed analytical forms, but can be 
evaluated by Monte Carlo simulations. 

L(Xt,Hi) = ^2jji\xji\ 
3=1 

(28) 

where Xji are independent zero mean unit variance 
Gaussian random variables, and 7J; are the P real 
nonzero eigenvaules of the matrix RjWW^.i = 0,1. 
More precisely 

7jo = 
*3 *3 (29) 

where Aj are the eigenvalues of Rs. 
The pdf of the quadratic form L(Xt, Hi) is approx- 

imately a scaled Chi-squared random variable. It was 
shown in [3] that the scaling factor is T* = 27j«/ STJ'«» 

and the degrees of freedom Mi = 2(^7ji)2/^7?i. 
In other words Z/(Xt,iJj)  ~ TJXIM and its pdf is 
(l/Ti)pMi(z); 

The probability of false alarm (PFA) and probability 
detection (PD) are given by 

PFA -r Jr) 
pMo(z)dz (30) 

5    Numerical Examples 

In these examples we consider a linear array with 
P = 100 sensors uniformly spaced every one-half a 
wavelength. The source is at 0 = 30° with a uniform 
energy distribution over the angular spread. The prob- 
ability of false alarm is set to PFA = 0.01. 

5.1    Type I detector - Receiver Operating 
Characteristics 

Figure 1 depicts the probability of detection of a 
type I detector, for different angular spreads. The fig- 
ure shows both the analytical results using the formu- 
las presented earlier, and the results of a Monte-Carlo 
simulation. As can be seen, there is a very good match 
between the two. Note that for high values of PD the 
performance improves as angular spread increases up 
to a point, but then it starts decreasing. To see this 
more clearly it is convenient to pick just one point on 
the PD vs. SNR curve. We define by SNRD the SNR 
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Figure 3. Array Gain vs. angular spread for 
the Type I detector. 

Figure 4. Probability of detection vs. SNR for 
detectors of types 1,11,111, and IV, for/3 = 10°. 

required to produce Pp = 0.8. In other words, SNRD 
is the SNR value of the points at which the horizontal 
line at PD = 0.8 intersects with the curves. 

5.2 Required SNR vs. angular spread 

Figure 2 depicts the required SNR vs. angular 
spread, for detectors of type I and III, and the beam- 
former. It is assumed that the beamfomer searches over 
all possible directions and detection is done based on 
its largest output. As angular spread increases the re- 
quired SNR initially decreases and then increases. De- 
tector performance is affected by array gain and the pdf 
of the detection statistic. Array gain decreases mono- 
tonically with angular spread, while the change in the 
pdf improves performance monotonically with angular 
spread. The sum of these two effects has the form de- 
picted in the figure. 

5.3 Array Gain vs. angular spread 

Figure 3 depicts the array gain AG vs. angular 
spread, for the Type I detector. As mentioned ear- 
lier, the type I detector has an array gain of P (20dB 
in this case) for ß = 0, and a gain of unity (0 dB) for 
the uncorrelated case. 

10°. Note that performance is most sensitive to lack of 
knowledge of the direction <j>, and least sensitive to not 
knowing the noise power a2. However, over all the per- 
formance loss due to the unknown parameters is fairly 
small. 
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5.4    Comparison of different detectors 

Figure 4 depicts the probability of detection curve 
for detector types I - IV, for an angular spread of 
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Abstract 

We introduce a framework for exploring array detection 
problems in a reduced dimensional space. This involves 
calculating a structured subarray transformation matrix for 
the detection of a distributed signal using large aperture lin- 
ear arrays for short data records. We study the performance 
of the adaptive subarray detector and evaluate its potential 
improvement in detection performance compared with the 
full array detector with finite samples. One would expect 
that processing on subarrays may result in performance loss 
in that smaller number of degrees of freedom is utilized, yet 
lead to a better estimation accuracy for the interference and 
noise covariance matrix with finite data samples, which will 
yield some gain in performance. By studying the subar- 
ray detector for general linear arrays, we identify this gain 
under various scenarios. We show that when the number 
of samples is small, the subarray detector has a significant 
performance gain over the full array detector. We validate 
our results by computer simulations. 

1   Introduction, Background and Motivation 

The problem of detecting underwater acoustic sources us- 
ing measurements by an array of sensors has been stud- 
ied extensively in literature. For a large aperture acoustic 
array, a narrow beam can be formed so as to distinguish 
two closely spaced emitters. However, the acoustic en- 
ergy source may be fairly close to the array and may move 
through several beams during the sonar system's temporal 
integration time. The effects of source motion on detector 
systems have been studied by several authors [2]. One may 
model the moving transmitter during an integration time as 
a source with energy scattering in space, or called a dis- 
tributed source. The distributed source can be modelled by 
a subspace array manifold[5]. 

One of the enduring problems associated with the adaptive 
minimum variance distortionless beamformer (MVDR) lies 
in the classic dilemma of wanting long observation times 
for stable covariance matrix estimates yet needing short ob- 
servation times to track dynamic field behavior. Reduced 
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rank processing is one of the well known data processing 
methods [4] to deal with this issue. In this case, the data 
is mapped into a lower dimensional subspace via a trans- 
formation matrix prior to detection. In this paper, we study 
the problem of detecting distributed sources using subar- 
rays, i.e., a partial collection of sensors of a full array, from 
the standpoint of the general reduced rank detection theory. 
In this case, the transformation matrix is a structured block 
diagonal matrix. 

The motivation for this study lies in the following two 
observations. Firstly, a subarray with a smaller aperture 
gives rise to a wider beam which is able to cover the an- 
gular spread of the distributed sources if the subarray size is 
chosen properly. Secondly, the subarray processing offers a 
tradeoff: a better statistical accuracy of the estimate at the 
cost of reduced number of degrees of freedom. Hence sub- 
stantial performance improvements are possible using the 
subarray detector in limited-data situations. 

It should be noted that the idea of subarray processing has 
been proposed before, and has been studied by several au- 
thors, for instance, Cox [3], Morgan [6], and Owsley. Our 
work aims to derive the optimal subarray detector and its 
variations for distributed sources with short data record. In 
addition, our work is close in spirit to the well studied par- 
tially adaptive beamforming (see e.g. Van Veen [7] and the 
reference therein), where the number of adaptive degrees 
of freedom may be considerably fewer than the number of 
sensors, while still providing useful performance. Reduc- 
ing the number of adaptive degrees of freedom degrades 
the interference cancellation performance. Thus minimiz- 
ing the detection performance degradation is an important 
consideration in designing the optimal subarray detector for 
detecting signal sources with energy scattering. 

2   Problem Formulation 

2.1    Array signal model 

We consider a general linear array composed of P sensors. 
Let {ym,m = 1, ■ ■ •, P} be the coordinates of the m-th 
sensor measured in half wave-length units and a(^) be the 
steering vector of the array in the direction <j>: 

a(<f>) = [e^ä"sin*,..., eJT»psin^T (1) 



Let p narrow-band plane waves impinge on the array from 
distinct direction {(j>\, fo, • • •, <j>p}. For simplicity we as- 
sume that the sources and the sensors are coplanar. We de- 
note the samples of the receiver outputs by xu, where i is 
the sensor number and t is the sample index (different sam- 
ples at different t are assumed to be independent). Hence 
the signal received by the array is modelled as follows, 

in rapidly changing environments, especially for large aper- 
ture arrays. Thus we formulate a subarray detection prob- 
lem within the framework of the general reduced rank de- 
tection theory described as follows. Let matrix T € CPxL 

u*> 

x(t) = äi(*)fli(t) + J2än(t)sn(t) +n(t),  t = l,---,K 
n=2 

(2) 
where x(t) is array output at sample time t, x(t) = 
[xt\, • • •, xtp]T. sn(t) is the n-th complex waveforms con- 
stituting the signal with total signal power £{|s„(i)2|}. We 
assume that the instantaneous array response §i (t) is a com- 
plex Gaussian vector with zero mean and covariance ma- 
trix Rs. This covariance matrix is related to the subspace 
array manifold A via an eigenvalue decomposition, i.e., 
Rs « UrErU^ = AAH (see [5] for details), where r is 
the rank of the signal subspace. n(i) is the complex Gaus- 
sian noise with zero mean and covariance <r2I, and is un- 
correlated with the signal sources. We assume that the first 
signal s\(t) is the desired signal with Ea = E{\si(t)\2}, 
others are the interfering signals. 

2.2    A reduced rank detection problem 

A commonly used detection scheme is the binary hypoth- 
esis testing, that is, letting the null hypothesis be that the 
data is signal free and the alternative hypothesis be that the 
data contains a signal. Hence the detection problem on the 
basis of the full array data vector x (we drop t for simplicity 
purpose) is given as follows, 

H0: x~OA/"(0,R) 
Hj : x~CJV(0,£sRs + R) 

(3) 

The optimal full array detector W/ for the above detection 
problem is given as [5] 

W/ = R_1V (4) 

where V = y/E^A(EsA
HR~1A + I,.)"1/2 is the 

weighted signal subspace matrix, while the matrix 
(Eg AHR~ 1A+Ir)

_1/2isa diagonal dominant matrix and 
represents how the columns (or beams) of signal subspace 
A are weighted and combined. We call this matrix beam- 
former W/ a Generalized MVDR (GMVDR) beamformer 
in the sense that it extends the standard rank one MVDR 
beamformer Wf = aR-1a(<£) to a multi-rank case. 

The implementation of the full array detector requires a 
priori knowledge of R, which is often estimated from fi- 
nite training samples. The requirement for large number 
of data samples can be difficult or even impossible to meet 

Figure 1. The reduced rank processing. T is 
a transformation matrix, C is a detector 

be a linear transformation matrix, and matrix C € CL * r be 
a detector based upon transformed data 

z = Tffx (5) 

The detection problem is then described by the following 
binary hypothesis test 

H0: z~CA/"(0,THRT) 
Hx : z ~ GA/"(0, EST

HRST + T"RT) (6) 

The optimal detector for the above detection problem (6) is 
given as follows, 

C = (THRT)-1TwA(-^I+AHT(T"RT)-1THA)-5 

(7) 
Hence, the overall detector for this reduced rank processing 
architecture shown in Fig. 1 is given as 

W = TC = TOT^RT)-1 V. (8) 

where the reduced rank signal subspace matrix Vs = 
y/B~sT

HA(I + ESA
HT(THRT)-1THA)-1/2, which 

leads to the following test statistics 

L(x) = x"WW"x = ||W"x||2 (9) 

The performance of the detector W depends on the choice 
of T. This matrix T compresses P-dimensional data into a 
L-dimensional subspace prior to constructing a test statis- 
tic. This transformation reduces the nuisance parameter 
into TH RXT. This reduction in the number of nuisance 
parameters tends to improve the accuracy of the estimate 
T^RxT. Intuitively, T removes the dimensions that con- 
tain least "signal-to-interference-plus-noise" components. 
A desirable T should suppress strong interference compo- 
nents while match to the signal. Next, we derive a lin- 
ear transformation matrix T where T has a block-diagonal 
structure. 

3   The Subarray Detector For A General Lin- 
ear Array 

When we say subarray processing we mean that we di- 
vide the full array into many smaller arrays, or called sub- 



array, and process the received data from each subarray in- 
dividually. Consider a general linear array of P sensors, a 
common scheme is dividing the total array into a number 
of non-overlapping subarrays with equal size. Each subar- 
ray has M sensors. Without loss of generality, let us as- 
sume that P = NM where N is the number of subarrays 
with sensors {1, • • •, M} forming the first subarray, sensors 
{M + 1, • ■ •, 2M} forming the second subarray, etc. The 
full P-element input vector is given by equation (2). The 
M-element input data vector for the n-th subarray, which 
shall be denoted by xn, is expressed as follows, 

Xn = [Z(n-l)Af+l,Z(n-l)M+2,"-!ZnM]   ,   Ti = l,---,N 
(10) 

Given the above subarray configuration, we constrain our 
processing matrix T to be a block diagonal matrix, i.e., 

T^diaglTV.-.Tjv] (11) 

where M x r„ matrix Tn is the optimal subarray detector 
of n-th subarray, and L = X)n=i rn- 

3.1 The n-th subarray beamformer Tn 

It is straightforward to show that, the optimal subarray 
beamformer for the n-th subarray is the GMVDR beam- 
former based on subarray data vector x„. Hence, the M x rn 

matrix Tn is given as follows, 

Tn = R^A^A^R^A« + -ll)-* = R^V„ (12) 

where Vn = A^A^R^A,, + ^jl)_2. Rn is the n-th 
diagonal block of R, and An € <CMxrn is the n-th subarray 
manifold. 

3.2 The coherent subarray detector 

Plugging equation (11) and (12) into equation (8), we ob- 
tain the coherent subarray detector as follows 

W coh TC (13) 

3.3    The noncoherent subarray detector 

For the noncoherent detector, the outputs of each subarray 
after the pre-processing matrix T are squared and summed 
regardless of the coherence of the signal along each subar- 
ray. This detector is given by 

VVnon — -l (14) 

4   Performance Analysis 

In this section, we quantify the performance of the subar- 
ray detector analytically. It is clear that the derived coherent 
subarray detector is a cascade of GMVDR beamformers, 
i.e., the beamformer Tn at each subarray, and a combiner 
C. There are three basic issues that need to be understood. 

One is the interference cancellation through two stages of 
subarray processing. Smaller number of degrees of freedom 
is used at the subarray level to cancel out the interference, 
which causes performance loss, the second stage will gain 
back some of the loss by combining the outputs from the 
first stage. The second issue is the potential gain of the sub- 
array processing compared with the full array processing 
with finite sample size due to a better statistical stability of 
the interference estimation. The third issue is the effect of 
signal source angular spread. We use a uniform linear array 
as an example. 

4.1    Interference cancellation of coherent 
and noncoherent subarray detector 

The r„ x rn matrix T^RnTn represents the covariance 
matrix of the interference plus noise at the output of n-th 
subarray detector Tn. 

TÜTD    rp =   I-iE^R-^An + I)-1 

Ll+71 ■ 
(15) 

where .EgA^R^An = UnrnU^ via an eigen- 
decomposition and Tn is the eigen-value matrix which rep- 
resents the signal to noise ratio distributed in the signal 
subspace, and j^— represents the residue interference plus 
noise appears at i-th beam at the output of T„. Furthermore, 
the general covariance matrix at the output of first stage pro- 
cessing matrix T is given by a block matrix THRT with 
T^Rm,nTn being its (m, n)-th block, which indicates the 
cross-correlation of the interference plus noise outputs of 
beamformer Tm and Tn. 

It is often said that a beamformer requires one adaptive de- 
gree of freedom per point interferer to achieve interference 
cancellation. We extend the point sources to the distributed 
sources, and study the interference cancellation of the co- 
herent and noncoherent subarray detectors for the following 
two cases: (a). M > q and (b). M < q, where M is the 
subarray size and q is the rank of interference subspace. 

If M > q, i.e., the available number of degrees of free- 
dom at the subarray level is greater than the interference 
subspace rank, the equation (15) becomes 

T^R„Tn fa diag[ei,i, • • •, 0rn,r„] (16) 

The above equation indicates that the beam noise outputs 
of T„ are uncorrelated. The same argument goes to the 
THRT where 

THRT*diag[Qltl,---,QL,L] (17) 

To quantify the interference cancellation through different 
stages of subarray processing, we calculate the deflection, 
i.e., change in mean divided by standard deviation: 

DEFLw = Ea 
tr[W"RsW] 

^/trKW^RW)2] 
(18) 



Therefore utilizing (16) and (17), we obtain 

DEFLT 

DEFLT„ 
y/N (19) 

The gain for the coherent subarray detector is rather com- 
plicated. Instead, we calculate the bounds of the gain. The 
gain function is given as follows (see [5] for details), 

VN< DEFLWco> 
DEFLT„ 

<N (20) 

The maximal gain of the coherent subarray detector is ob- 
tained when the signal source is a point source. In this case, 
the detector C is essentially a conventional beamformer 
which combines N beam outputs coherently and yields a 
gain of N (see also [3]). The lower bound of the gain func- 
tion is certainly due to the fact that the coherent subarray de- 
tector has a better gain than the noncoherent subarray detec- 
tor. Notice that the relative loss DEFL

Wf is lower bounded 

by y/N. Equation (19) and (20) indicate that the second 
stage processing yields a constant gain that compensates the 
loss occurred at the first stage of processing. Consequently, 
we will also see by computer simulations that the overall 
performance loss of the subarray detector is insignificant 
compared with that of the full array detector. 

When M < q, the number of adaptive degrees of freedom 
is smaller than the rank of the interference subspace, the 
performance loss due to incomplete cancellation of the in- 
terference may be significant. Generally the matrix THRT 
is a diagonal dominant matrix due to weak cross-correlation 
between different T„ beam outputs of residue interference. 
Hence, Eqn. (19) and (20) still hold. However, when M 
becomes extremely small, DEFLT„ tends to the average 
element deflection, which indicates a severe loss of inter- 
ference cancellation capability. 

4.2    Effect of signal angular spread 

In this subsection, we use the output SINR, which is given 

as SINR = g"tHw"R.wl 'as our performance measure. It 
is assumed that the subarray size is chosen to be M > q. We 
notice that the SINR gain of Tn, defined as output SINR vs. 
average element SINR, is given as 

SINRG » 
M 

(21) 

where rn is the effective rank of subarray signal subspace, 
or equivalently, the number of main beams. This result is 
consistent with the SINR gain for the full array detector 
reported in [5]. Eqn. (21) suggests that the SINR gain 
is the array gain of the subarray normalized by the num- 
ber of main beams. It shows that, SINR-wise, using subar- 
rays (Tn) with appropriate size so that a single wide beam 

(rn = 1) is generated to obtain its array gain has little dif- 
ference than using a full array with multiple narrow beams 
(r > 1). However, the advantage of using subarrays is ev- 
ident when finite sample size is used because of the better 
estimation accuracy. 

4.3    SINR gain with finite samples K 

In this subsection we will examine the effect of the re- 
duced rank processing with finite samples by comparing the 
performance between the coherent subarray detector and the 
full array detector. We consider the case where the training 
data include the signal component. For simplicity, we as- 
sume that the signal source is a point source, Hence, for the 
full array detector, by citing the results from Mati, we have 

SINR/U„ « 
E8 

[a"R-ia]-i + £^E, 
(22) 

Without too much difficulty and assuming that T is a rela- 
tively constant matrix independent of particular set of data, 
we have the following SINR for the coherent subarray de- 
tector 

SINRsufc 
E. 

[affT(T//RT)-lT/7a]-l + L^LEi 

Thus the SINR gain factor PK in this case is defined as 

(23) 

PK 
SmR,vh(K) 
SINR/„1,(K) 

[«»T(THRT)-1T',a]-> + i=iB, 
a«T(T»RT)-lTHa l+a"R-,a JSa(P-l) 

a»R-1a l+a"T(THRT)-1T"aBJ,-^i 
(24) 

We notice that the left term of the last line of Eqn. (24) rep- 
resents the asymptotic overall performance loss of coher- 
ent subarray processing relative to the full array processing, 
while the right terms stands for the performance gain of co- 
herent subarray processing due to finite sample size effect. 
The two opposite factors decide the overall performance. 

5   Monte Carlo Simulations 
In this section we evaluate the performance of subarray 

detectors described above, using Monte Carlo simulations. 
The simulation is based upon a general linear array with 
P = 40 sensors. Fig. 2 depicts the SINR and deflection 
along two stages of subarray processing with different sub- 
array size. When M > 8, the detector T shows little per- 
formance loss in deflection. When M < 8, the drop-off 
gets larger due to partial cancellation of interference, even 
the second stage processing will not gain back the loss. Fig. 
3 shows that the SINR of the coherent subarray detector 
is very close to that of the full array detector as M > q. 
Also the deflection gain of coherent subarray detector rela- 
tive to Tn is bounded by 7 dB (N = 5) and 3.5 dB. While 



the deflection gain of the noncoherent subarray detector re- 
mains at 3.5 dB. The comparison of performance with finite 
samples is also depicted in Figure 4 and 5. Examination 
of these figures shows a significant detection improvement 
with short data record via subarray processing. 

I- 
I 

-IB 

-M 

Figure 2. SINR and deflection of subarray and 
full array processing vs. subarray size. Sig- 
nal angular spread ßeig = 4 BW, ßint = 8 
BW. The array is a ULA, the SNR = -4 dB, 
SIR = -30 dB. The interference rank is q = 8. 
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Figure 3. Comparison of SINR and deflection 
of subarray and full array processing as the 
angular spread changes. The array is a ULA, 
the SNR = -4 dB, SIR = -30 dB. M = 8. 
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Abstract 

We consider the problem of detecting distributed signals 
described by the second order Gaussian models in the pres- 
ence of noise whose covariance structure and level are both 
unknown. Such a detection problem is often called the 
"Gauss-Gauss" problem in that both the signal and the 
noise are assumed to have Gaussian distributions. We de- 
rive an adaptive detector for the Second Order Gaussian 
(SOG) model signals based on multiple observations. The 
detector is derived in a manner similar to that of the gen- 
eralized likelihood ratio test (GLRT), but the unknown co- 
variance structure is replaced by sample covariance matrix 
based on training data. The proposed detector is a constant 
false alarm rate (CFAR) detector. We give an approximate 
closed form of the probability of detection and false alarm, 
and compute performance curves. 

1   Introduction 

Detecting the signals, either deterministic or random, in 
the presence of interference or noise is a common prob- 
lem in multi-dimensional signal processing. In array pro- 
cessing, the problem under study concerns the extraction of 
information from measurements using an array of sensors. 
Given the observations of the sensor outputs, the objective 
is to estimate the unknown parameters associated with the 
wavefronts and to decide whether the measurements con- 
sist of noise only (the null hypothesis) or of a number of 
sources corrupted by noise (the alternative hypothesis). For 
a large class of detection problems, the signal of interest is 
modelled as Second Order Gaussian (SOG) model, that is, 
each observation of the signal waveform s can be modelled 
as some linear combination of p basis vectors or "modes" 
where p is the subspace rank. The signal s obeys the linear 
subspace model s = Ab, and b has a Gaussian distribution. 
Such a problem is usually called the "Gauss-Gauss" prob- 
lem in that both the signal and the noise are assumed to have 
Gaussian distributions. One example of this type of model 
is the passive sonar application in which the signal of inter- 
est is the acoustic source generated by, for instance, ships 

•This work was supported by the Office of Naval Research, under grant 
no. N00014-01-1-0075. 

or submarines. The acoustic signal is random in nature and 
is spread in space [4]. 

We study in this paper the problem of adaptive detect- 
ing a distributed signal based upon multiple observations. 
The detector is derived based upon the GLRT assuming 
the covariance is known. After the test statistic is derived, 
the maximum likelihood estimate of the covariance ma- 
trix based on the secondary data is inserted in place of the 
known covariance. The resulting test statistic is a CFAR 
detector. 

Detection of signals on the basis of multiple observations 
is of interest in many applications, such as adaptive radar 
[2]. In general, the detector based on multiple observations 
is not a straightforward extension of that based on a single 
observation. The proposed CFAR adaptive detectors for the 
SOG model signals based upon multiple observations, to 
best of our knowledge, appear to be new. 

One important piece of work in this paper is that, for the 
SOG model, we are able to derive a closed form expres- 
sion of the approximate distribution function of the detec- 
tion statistic for the false alarm rate (PFA) and the detection 
probability (PD). The form of approximation, verified by 
Monte Carlo simulation, appears to have quite good accu- 
racy. This approximate closed form simplifies the computa- 
tion of the detection threshold. In addition, the closed form 
reveals that the test statistic derived for the second order 
Gaussian has a central F— distribution. 

By comparing the detectors for the SOG model and the 
First Order Gaussian (FOG) model of which the b is a deter- 
ministic unknown vector, we observe that the derived CFAR 
detectors for both models have the same form under either 
single or multiple observations. In fact, the detection prob- 
lem for the FOG model on the basis of a single observation 
is proven to be a GLRT detector (see Kraut [6]). This obser- 
vation suggests that the derived adaptive detectors for SOG 
model and FOG model may be the true GLRT detector al- 
though have not been proven mathematically. Our results 
extend the results on non-adaptive matched subspace detec- 
tors (see e.g. [8]) to adaptive subspace detectors and expand 
the range of applications of adaptive subspace detectors for 
the FOG model to that for the SOG model. 



2   Problem Formulation 
Let {xfc} £ Cp be a sequence of statistically indepen- 

dent, stationary, complex Gaussian distributed sensor data 
vectors for A; € {1, • • •, K}. In an array processing applica- 
tion, xjt typically represents a snapshot (sample of the sen- 
sor outputs at time k) collected from an array of P sensors, 
and it is assumed that {x*} is the superposition of the signal 
of interest and the noise. We define the random data matrix 
X = [xi,x2,-"-)xA'] G CPxK as a concatenation of all 
available data. We consider the data {x^} as the primary 
data for detection. 

The general signal model we consider in this paper is 

xk = Abfc + dkeCp (1) 

where A € CPxp is the known signal subspace depend- 
ing on source direction <j). bk € Cp is distributed as 
^(0, Rbb)- Rbb is positive definite matrix of dimension 
p x p. In other words, the signal covariance matrix is given 
as 

Rs = ARbbA" (2) 

For the distributed signals, Rs is described by signal angu- 
lar spread ß, nominal direction of arrival cj> and the spatial 
energy distribution P((p, ß) (see [3]), 

R.M/9) = f P(6;<l>,ß)a(6)a(8)Hd6        (3) 
J — 7T 

d* is the noise data vector and is distributed as d* ~ 
Af(0, aR), where a denotes the noise level. 

The CFAR requirement of a candidate algorithm ensures 
that the false alarm rate may be prescribed at a given value 
independent of the correlation properties between the vari- 
ous noise components. In the adaptive detection literature 
(see, e.g.,[10]), "CFAR" is with respect to the noise covari- 
ance matrix R, assumed to be uniform over test and training 
data. However, if we allow the noise level to vary between 
training and test data with covariance matrix aR and R, re- 
spectively, we then mean "CFAR" with respect to both the 
shared noise covariance matrix structure R and independent 
scaling a of the noise in the test data. This generalizes the 
meaning of "CFAR" in both the nonadaptive and adaptive 
detection literature, where "CFAR" is respect to a shared 
covariance matrix or presumed gain factor between test data 
and training data, respectively [7]. 

Our goal is to determine the existence of a signal in the 
received data matrix X. Posing the problem as a hypothesis 
test, we let the null hypothesis be that the data is signal free 
and the alternative hypothesis be that the data contains a 
signal. We also assume that one has access to secondary 
data, or the "signal free" data {ym, m = 1, • • •, M\ym ~ 
■A/"(0, R)}. Hence, the SOG detection problem we consider 
in the paper can be formulated as 

f xt~^(0,aR),   k = l,---,K 
1  ym~A/"(0,R),     m = !,••-, M 

and 

tfi 
xfc~Af(0,Rs + aR),   k = l,---,K 
ym~Af(0,R), m = !,••-, M 

(5) 
Notice that a is the scale factor accounting for the power 
mismatch between the primary and secondary data. The 
arbitrary scaling between the test data and training data is of 
significant in practical situation, a = 1 can be considered 
as an idealized condition. In fact, we hope that the false 
alarm rate is insensitive to a when it deviates from unity [6]. 
The number of primary data vectors K could be arbitrary, 
we are interested in the case of single observation detection 
(K = 1) and multiple observation detection (K > 1). 

3   Adaptive   Subspace  Detector  for  SOG 
model with K observations 

According to the Neyman-Pearson criterion, the optimum 
solution to the above hypothesis testing problem (4) and (5) 
is the likelihood ratio test. However, for the case under con- 
sideration, it cannot be employed since the total ignorance 
of the parameters 

R, Rbb, <* (6) 

is assumed. A possible way to cope with the aforemen- 
tioned a priori uncertainty is to resort to the GLRT, which 
is tantamount to replacing the unknown parameters by their 
maximum likelihood estimates under each hypothesis. In 
other words, the GLRT is to be derived from 

L(X,Y) = 
max(R|Rbb|Ct)/i(X,Y) 

max(RiQ)/o(X,Y) 
(7) 

where /o,i (X, Y) is the joint densities under Ho and H\. 
Unfortunately, it has been well known that when both the 

interference and signal covariance are unknown, the GLRT 
detector is intractable (see e.g.[l],[9]). In order to circum- 
vent this drawback we resort to an ad hoc two-step de- 
sign procedure: first we derive the GLRT detector assuming 
the covariance is known. After the test statistic is derived, 
the maximum likelihood estimate of the covariance matrix 
based upon the secondary data is inserted in place of the 
known covariance matrix. The resulting detector has the 
desirable CFAR property. 

3.1    Derivation of CFAR Adaptive Detec- 
tor 

Before we proceed, we define a pre-whitening filter R~ 2, 
where R1/2R1/2 is the Cholesky factorization of R. Then 
the pre-whitened measurement z is given as follows, 

•n-i z = R  2x (8) 
i-i 

H0: (4) 

where the disturbance becomes white noise R~ad ~ 
A/"(0,aI). In reality, we will replace this filter by its es- 
timate from the training data, by means of either maxi- 
mum likelihood estimate or some forms of reduced rank 



processing. Let us define several notations before we be- 
gin the derivation of the GLRT detector. We use the nota- 
tion R, = R_1/2RSR

-1/2 to represent the whitened sig- 
nal covariance matrix. Thus the detection problem can be 
formulated as the following simple hypothesis test, 

H0: zk~tf(0,aT) 
Ex : zk ~Af(0,Rs + aI) (9) 

The proposed CFAR subspace detectors are summarized 
in Table 1. With K = 1 single data snapshot, the GLRT is 
given as (see Appendix LB in [4] for details) 

L(z) = 
zHPHz 
z"P 

(10) 
Hz 

where H = R~4 A, PH is the projection operator on the 
subspace H while P^j = I - PH is its nulling projector. 
This detector is also called generalized energy detector in 
that the detection statistic is basically the ratio of signal 
power projected onto the signal subspace to the noise power 
projected onto its null space. Taking into account the pre- 
whitening filter, we obtain the following test 

L(x) = 
xffR-2P    iAR-ix 
 R   iA  

x"R-*(I-PR_u)R-*x 
(11) 

With K > 1 data snapshots, the proposed CFAR detector 
is given as below (see Appendix I.C in [4]), 

Or taking into account the pre-whitening filter 

L(X) 
ExFR-iPR.iAR-*xt 

X>fR-*(I-PR_u)R-*x* 

(12) 

(13) 

It should be noted that this is not a GLRT detector in a strict 
sense. In fact, the GLRT when K > p is given by (see 
Appendix LA in [4]) 

(tr[R,])" 
LKZi) - (tr[P^Rz]K- :|B* 

i-i (14) 

where Rz = Ef=i 2#. 
R2 = (HHH)-*HÄR,H(HHH)-i. When p = 1, it 
is easy to see that the detector (12) and (14) are equiva- 
lent. However, the proposed CFAR detector (12) gener- 
ally outperforms the GLRT (14). In fact, it can be shown 
that the proposed CFAR detector can be obtained through a 
maximization based on a loosened condition (see Appendix 
I.C in [4]). We also see that for the SOG signal of rank p, 
the GLRT detectors take different forms with different K. 

This is because the detection statistic shall depend on sig- 
nal power distribution along each dimension for the SOG 
model. When there are K > p data snapshots, the total 
signal power can be resolved onto each dimension of the 
signal subspace, and the signal-to-noise powers along each 
dimension of the signal subspace are accounted for. With 
only K = 1 data snapshot and without a priori knowledge 
of Rbb» resolving signal onto each dimension of the signal 
subspace is intractable, hence only the total signal power 
projected onto the whole signal subspace is accounted for. 

Table 1. CFAR Subspace Detectors for SOG 
model 

K = \ 

K>\ 

K>p 

R is known 

W = b£H 
Eq.(lO), (GLRT) 

Eq. (12) 

L(Z) (trfR,1)p|R,|- 
(tr[pJjR,})*'- 

Eq. (14), (GLRT) 

R is unknown 

£(») = 
zrr Pi,« 

(GLRT) H 

L(Z) TT2zZ 

L(Z) = (tr[R,1)"!R,r' 
(tr[P^R,])''-P 

If the noise covariance matrix were known, then we would 
use the detector described by (11) and (13). In general, the 
covariance matrix is unknown and must be estimated by us- 
ing adaptive techniques. In this paper, we use an ad hoc pro- 
cedure by substituting the unknown covariance matrix with 
its maximum likelihood estimate based on the secondary 
data. The resulting detector when K = 1 is given as fol- 
lows, 

L(x,Y) = 
x"S-2Ps_iAS-2x 

x"S-i(I-Ps_4A)S-ix 
(15) 

where S is the maximum likelihood estimate of the noise 
covariance matrix from the secondary data, i.e., 

1   M 

S = M £ Vmy" (16) 
m=\ 

and H = S"4A, R (H"H)-iHffR2H(H"H)-i 
Similarly, when K > 1, the corresponding detector is given 
as follows, 

L(X,Y) = 
Ex?s-lPs_4 s-*x4 

1-1/ 
S>FS-4(I-P8_4A)S 

_1 2X* 
(17) 

So far, we have not specified the structure of the covari- 
ance matrix R. Certainly, if R is a structured covariance 
matrix, for instance, R = Rj + <r2I, where R* is a low rank 



matrix of rank q, we then would use ML estimate which in- 
corporates the structure of R. (see e.g [5]). However, the 
estimation of R when R has a particular structure is out of 
the scope of this paper. Equivalently, the CFAR detector 
(15) can also be written as 

L (X'Y) ~ Efcx-s-x* (18) 

due to the fact that L(X,Y) is a monotonic function of 
equation (15). or 

L (X,Y) = 
Y,k xf S-1 A(Atf S-1 A)-1 A^S-^fc 

(19) 
As a special case where a single observation is used, we 
have 

We recognize immediately that this detector has the same 
form as the GLRT CFAR adaptive subspace detector for the 
FOGmodel[6]. 

3.2    Decision Thresholds 

A closed form of the test's probability of false alarm and 
detection is usually difficult to obtain. However, we find 
that when the signal subspace A is known, a approximate 
closed form of the PFA and PD is achievable (see [4] for 
details). This approximate closed form reveals an insight 
as how the designed detector differs from the one designed 
for the first order Gaussian model although the two bear the 
same structure, that is, the test statistic for the second order 
Gaussian model has a central F— distribution while the test 
statistic for the first order Gaussian model when K = 1 has 
a non-central F— distribution [11]. We write F^M1,M2) 

t0 

denote the central F-distribution with degrees of freedom 
of (Mi, M-i), the detection statistics under Ho and Hi are 
given as 

L(X;H0) 
P 

P-p 
xF, (2KpflK(P-p)) 

L(X;HX) 
9\h\ 

52^2 
x Ft (hiM) 

(21) 

(22) 

where hi,gi,h,2, gi are dependent of eigenvalues of R and 
A (see [4] for details). Equation (21) is a function of the sig- 
nal subspace rank (p), the total dimension (P) and the num- 
ber of observations (K). It is independent of noise structure 
(R) and level (a). This clearly indicates that the proposed 
detector (10) and (12) are constant false alarm rate (CFAR) 
detectors. 

3.3    Performance Results 

In this section, the computer simulation is conducted to 
verified the analytical result presented in the previous sub- 
section. The detectors to be studied are given in Eqn.(10) 
and Eqn. (12). We choose a uniform linear array with P = 
30 sensors. We consider the detector performance when 
the number of training samples is sufficient. The choice 
M = IP is made since this condition provides a reasonable 
accuracy for estimation of the covariance matrix of noise R. 
We will study the performance of the detector with K = 1 
and K = 20 snapshots respectively, which represents the 
cases of single snapshot and multiple snapshots detection. 
The rank of signal subspace depends on the angular spread 
implicitly. Its effective rank can be calculated by counting 
the dominant eigenvalues of the signal covariance matrix 
Rs. 

In Fig. 1-3, the detection performance vs. the SNR 
value for different dimension of signal subspace is depicted. 
It is assumed that the signal angular spread or the signal 
subspace is known completely. We calculate the detection 
probability under K = 1 and K = 20 snapshots for false 
alarm rate of PFA — 10-2,10-3. In these figures, the sym- 
bols denote the Monte Carlo trial results while the lines de- 
note the theoretical results. The three trial cases show that 
the theoretical results match with the Monte Carlo results 
quite well. However, cautions should be taken when us- 
ing this approximation if a precise detection probability is 
required. Fig. 1 and 2 show that for a single snapshot de- 
tection, there is a cross-over point on the receiver operating 
characteristic (ROC) curves. It demonstrates that within a 
certain SNR range, the increase of the dimension of sub- 
space improves the detection performance due to a change 
of the shape of probability density function. However, when 
multiple snapshots are used for detection as is shown in fig- 
ure 3, the increase of the rank of subspace reduces the detec- 
tion performance. The results are consistent with the results 
reported in [3] and [9]. 

4   Conclusion 
We have proposed the adaptive subspace detectors for the 

Second Order and the First Order Gaussian models based 
upon multiple observations. The proposed tests are CFAR 
tests. They are invariant to arbitrary scaling of the train- 
ing data and the test data. With multiple observations, the 
GLRT test is not optimal in the Neyman-Pearson sense. The 
proposed CFAR test has a higher probability of detection 
than the GLRT for the test scenarios. 
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Figure 2. PD vs. SNR for Gaussian ran- 
dom signals confined in subspace A with 
p = [1,4,5] dimension. PFA = 0.001, if = 1. 
The symbols and the lines denote the Monte 
Carlo trial results and analytical results re- 
spectively. 

Figure 3. Pp vs. SNR for Gaussian ran- 
dom signals confined in subspace A with 
p = [1,2,5] dimension. PFA = 0.01, K = 20. 
The symbols and the lines denote the Monte 
Carlo trial results and the analytical results 
respectively. 


