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se.ogi.eduAbstra
t. Rewriting strategies 
an be
ome quite 
omplex and are noteasy to 
omprehend or reason about when they are expressed in oper-ational terms. This paper develops a weakest pre
ondition logi
 for rea-soning about strategies programmed in the strategy language Stratego.This logi
 embeds the modal mu-
al
ulus, allowing it to express proper-ties of terms of arbitrary depth. Its use is illustrated by 
hara
terizingproperties of several redu
tion strategies for the lambda 
al
ulus withexpli
it substitutions.1 Introdu
tionStrategies for term rewriting are widely used to implement synta
ti
 theories insystems for automated dedu
tion, in
luding theorem-proving and program trans-formation. Strategies evaluate 
onditions for the appli
ation of rewrite rules, de-termine the order in whi
h subterms are explored, and pres
ribe bindings ands
ope of pattern variables. Formulating strategies is a programming task that
an be as 
omplex as any other that we know. It 
an be made easier with ap-propriate programming language support and better understood through logi
al
hara
terization.This paper is a �rst step towards de�ning a programming logi
 for strate-gies. Stragegies are understood as programs over a domain of terms. Control ofstrategies is a

omplished with re
ursion and nondeterministi
 
hoi
e. A weakest-pre
ondition logi
 furnishes a natural formalism for reasoning about su
h pro-grams. However, predi
ates in this logi
 are interpreted over a domain of termstru
tures. As a logi
 for terms, we have adopted the �-
al
ulus [7℄, enri
hedwith modalities that express path quanti�
ation in terms.Rules have been developed in this logi
 for the 
onstru
tions of Stratego[12, 13, 15, 14℄, a domain-spe
i�
 language designed spe
i�
ally for programmingstrategies. Stratego provides a 
ompositional semanti
s with expli
it re
ursion,allowing strategies to be applied at sites deep within terms. Strategies, and there-fore patterns, are �rst-
lass 
onstru
ts of Stratego. As in a logi
 programminglanguage, 
onditional 
ontrol in Stratego is based upon the su

ess or �nite fail-ure of strategies, rather than if-then-else expressions that test 
onditions 
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as boolean values. Although essentially a �rst-order language, Stratego also sup-ports a parti
ular form of higher-order strategies, namely term 
ongruen
es,whi
h lift term 
onstru
tors into strategy 
onstru
tors.Se
tion 2 introdu
es a weakest-pre
ondition (wp) logi
 for strategies. In Se
-tion 3, several strategies for redu
ing terms in the lambda-
al
ulus are proposedand properties of redu
tion strategies are 
hara
terized in the wp logi
. Se
tion4 dis
usses related work and Se
tion 5 presents 
on
lusions.2 A weakest-pre
ondition logi
 for strategiesRewriting strategies are designed to produ
e terms that exhibit parti
ular forms,by a dire
ted series of rewriting steps. To reason about strategi
 rewriting, we'dlike to know a set of input terms from whi
h a given rewriting strategy is assuredto produ
e an output term in a spe
i�ed form. A predi
ate 
hara
terizing thelargest set of su
h input terms is a weakest pre
ondition for the strategy toprodu
e a spe
i�ed form of output.In a weakest-pre
ondition logi
, ea
h rewrite rule or strategy is 
hara
ter-ized by a predi
ate transformer, a fun
tion from predi
ates to predi
ates. Sin
epredi
ates 
hara
terize sets in a given universe, we 
an think of a wp-logi
 asinterpreted in relations over a universe.The universe we have in mind is a Herbrand universe of terms generatedby a �nite signature, �. Call this universe T (�). Predi
ates are interpretedas subsets of this universe, by an interpretation fun
tion, I : Pred ! T (�).The distinguished predi
ates True and False have the interpretations I(True) =T (�) and I(False) = ;. Term variables in the logi
 range over the universe.Conne
tives (:), (_), (^) and ()) are used to form 
ompound predi
ateformulas. They have the interpretationsI(:P ) = ft j t 62 I(P )gI(P _ Q) = I(P ) [ I(Q)I(P ^ Q) = I(P ) \ I(Q)I(P ) Q) = I(P ) � I(Q)In the sequel, we shall indulge in a 
ommon abuse of notation by using predi
atesto denote the sets that they 
hara
terize.If s is a strategy for term rewriting, then by wps : Pred ! Pred we denote thepredi
ate transformer asso
iated to s. The expression hsit denotes the appli
ationof strategy s to term t. We denote by Dom(s) the set ft j hsi t 2 I(True)g. Thatis, Dom(s) is the set on whi
h strategy s su

eeds.We also require a predi
ate 
hara
terizing terms on whi
h a strategy, s, fails.This requires a bit more subtlety than just taking the 
omplement of Dom(s),be
ause �nite failure of a strategy is used for 
ontrol, whereas failure by nonter-mination obviously 
annot be. Denote by Dom(s) the set on whi
h strategy sfails �nitely. In 
ase strategy s terminates uniformly, Dom(s) _Dom(s) = True.



2.1 Rules of wp logi
 for StrategoThe weakest-pre
ondition logi
 satis�es several rules, in
ludingP ) Qwps(P )) wps(Q)wps(True) = Dom(s) wps(False) = Falsewps;t(P ) = wps(wpt(P ))wps<+t(P ) = wps(P ) _ (wpt(P ) ^ Dom(s))wps+t(P ) = (wps(P ) ^ Dom(t)) _ (wpt(P ) ^Dom(s))wps(:P ) ^ wps(P ) = FalseThe rules for alternatives 
ombinators (+) and (<+) are those of 
ommitted
hoi
e. With 
ommitted 
hoi
e, a potential 
hoi
e strategy will not be e�e
tiveon a term if there is an alternative 
hoi
e that might either have su

eeded orfailed to terminate when applied to the 
urrent term.A weakest pre
ondition is intended to 
hara
terize the largest set from whi
ha given strategy 
an be assured to produ
e a term satisfying a spe
i�ed post-
ondition. However, this is a 
onstru
tive interpretation. If t 2 wps(P ), thenthe strategy appli
ation hsi t is a

epted as 
onstru
tive eviden
e of a term thatsatis�es P . Thus it should 
ome as no surprise that the 
hara
terization it givesfor nondeterministi
 
hoi
e (+) is rather weak. For example,wps+s(P )= (wps(P ) ^ Dom(s)) _ (wps(P ) ^ Dom(s))= wps(P ) ^ Dom(s)= FalseSin
e the strategy s+s spe
i�es a nondeterministi
 
hoi
e between two strategiesthat have exa
tly the same domain, there is no way to determine whi
h of thetwo strategies is applied to produ
e a result. Thus interpreting an appli
ation ofeither strategy as eviden
e of a result would be 
onstru
tively unsound.We 
all this 
onstru
tive interpretation the weakest dis
riminating pre
on-dition, be
ause it spe
i�es a domain on whi
h the 
omponent strategies of a
hoi
e 
an be dis
riminated. The weakest dis
riminating pre
ondition wpr+s(P )
an supply de�nite information only over a domain on whi
h strategies r and sboth terminate but 
annot both su

eed.Although it is tempting to give a more optimisti
 interpretation of nondeter-ministi
 
hoi
e, su
h an interpretation 
ould give rise to diÆ
ulties. In a so-
alledangeli
 interpretation of nondeterminism, wps+s(P ) = wps(P ), although thatit 
annot be said whi
h of the possible 
hoi
es su

eeded in produ
ing a result.This is in
ompatible with a 
ommitted 
hoi
e semanti
s.In the sequel, we shall only 
onsider weakest dis
riminating pre
onditions.2.2 Variables and environmentsThus far, we have dis
ussed strategies as if only ground terms were transformed.However, the real power of rewriting strategies is only realized when we 
onsider



terms with variables. Term variables range over the ground terms in a universe.A term with variables may be valued as a ground term by providing an en-vironment in whi
h its variables are bound. A strategy 
an have the e�e
t ofbinding variables in an environment, as well as transforming the term to whi
hit is applied into a new form.In Stratego, a binding environment for terms is impli
it in every strategy. Toexpress a property of a term, we shall need to express some properties of theenvironment.Formally, an environment is a list of binding pairs, [(x1; t1); (x2; t2); : : : ; (xn; tn)℄,in whi
h x1; x2; : : : ; xn designate variables and t1; t2; : : : ; tn are ground terms.We shall write [(x; t) j e℄ to designate an environment in whi
h the pair (x; t)o

urs at the head of the list. Environments are represented as lists rather thansets be
ause a variable binding may be shadowed by the addition of new bindingsof the same variable.The fundamental judgment form is term equality, relative to an environment.Axioms of the judgment form in
lude the usual axioms of equality, plus[(x; t) j e℄ j= x = t : Truee j= x = t : True[(y; t0) j e℄ j= x = t : True (y 6= x)We say that an environment e1 re�nes an environment e2, writing e1 � e2,if e1 is 
ompatible with e2 on all bindings visible in e2, but it may also 
ontainadditional bindings.e1 � e2 =def 8x; t: e2 j= x = t : True ) e1 j= x = t : TrueA weakest pre
ondition asserts a predi
ate 
hara
terizing a set of (term, en-vironment) pairs. It asserts properties of terms 
ontaining variables in a 
ontextin whi
h the variables are bound.Properties of elementary strategies will be 
hara
terized in terms of a small-step semanti
s. In the formulation below, �t;e denotes the 
hara
teristi
 predi-
ate of a set 
omprised of a single pair, f(t; e)g. The weakest pre
ondition for apredi
ate P to hold of the result of a strategy, s is de�ned in terms of a predi-
ate transformer, wp0s, restri
ted to the transformation of singleton predi
ates.This elementary predi
ate transformer 
an be de�ned dire
tly with term equalityjudgments for ea
h primitive strategy.This formulation allows the question of admissibility of a predi
ate to be
onsidered separately from the formulation of wp-rules. We say that a predi
ate,P , is admissible if its satis�ability 
an be de�ned indu
tively from a basis ofterm-equality judgments.Admissible(P )() wps(P ) = f(t; e) j 9t1: (wp0s(�t1;;)) �t;e) ^ ; j= t1 : PgThe above de�nition allows us to 
al
ulate the weakest pre
ondition of a
omposition of two strategies:



wpr;s(P )= wpr(wps(P ))= wpr(��: f(t; e) j 9t1:(wp0s(�t1;;)) �t;e) ^; j= t1 : P ^ e j= t : �g)= ��: f(t; e) j 9t1; t2; e2: (wp0r(�t2;e2)) �t;e) ^(wp0s(�t1;;)) �t2;e2) ^; j= t1 : P ^ e j= t : �gin whi
h � designates the least �xed-point binding operator of the �-
al
ulus [7℄.This wp 
omposition rule shows how a 
omposition of strategies propagatesre�nements of an environment.Pattern-mat
hing and term-building strategies Elementary strategies ofStratego in
lude pattern-mat
hing, whi
h su

eeds on terms that unify with thepattern given in the strategy, and term-building, whi
h 
reates a new term,using a pattern given in the strategy and the bindings found in the 
urrentenvironment. Predi
ate transformations for the elementary strategies of pattern-mat
hing and term building are:wp?t(P ) = f(t0; e j 9e0: e0 � e ^ e0 j= t0 = t : Pgwp!t(P ) = f(t0; e) j e j= t : PgA pattern strategy su

eeds if an initial term and the given pattern 
an bemat
hed by instantiating variables. When it su

eeds, it produ
es a re�nementof the initial environment, binding variables that o

ur in the initial term orthe pattern. The weakest pre
ondition for a pattern strategy 
hara
terizes a setof initial term-environment pairs for whi
h the term mat
hes the pattern andsatis�es the asserted post
ondition.The term-building rule does not introdu
e new bindings. It 
hara
terizesthose environments in whi
h the form given in the term-building strategy 
ansatisfy the asserted post
ondition. Sin
e the result of a term-building strategydoes not depend upon the initial term, the weakest pre
ondition imposes norestri
tion on initial terms.The test(s) strategy The strategy test(s) su

eeds whenever the strategy ssu

eeds, but it does not 
ommit the bindings of variables made by s and restoresthe original term. The weakest pre
ondition 
an be expressed aswptest(s)(P ) = f(t; e) j (t; e) 2 wps(True) ^ e j= t : PgRestri
ting the s
ope of variables New variables may be introdu
ed in thes
ope of a parti
ular strategy. The notation [(x;?) j e℄ indi
ates an environmentin whi
h x is a new (unbound) variable that shadows any previous binding fora variable of the same name. Thenwpfx1;:::;xm: sg(P ) = f(t; e) j (t; [(x1;?); : : : ; (xm;?) j e℄) 2 wps(P )g



Derived strategies Many 
omplex strategies 
an be de�ned in terms of thesebasi
 binding and building strategies. For instan
e, a strategy that applies agiven strategy, s to a spe
i�
 term is !t; s. This strategy 
an be written in afun
tion-appli
ation style with the syntax hsi t.Another example is a rule in Stratego, whi
h has the (sugared) syntax n p!t where r n . A rule is de�ned in terms of the 
ompound strategy fx1; : : : ; xng :?p; r; !t, with the side 
ondition that FV (p)[FV (r)[FV (t) � fx1; : : : ; xng, i.e.the rule 
ontains no free o

urren
es of term variables. The weakest-pre
onditiontransformer for su
h a rule is the 
omposition of the weakest-pre
ondition trans-formers of its 
omponents.2.3 Strategies for 
ontrolThe 
ut strategies|not, try and repeat Three Stratego strategy 
onstru
torsallow a 
ompound strategy to su

eed after an argument strategy has failed. The�rst su
h strategy requires failure of its argument; the other two always su

eedif the argument strategy terminates. The 
orresponding logi
al rules are:wpnot(s)(P ) = P ^Dom(s)wptry(s)(P ) = wps(P ) _ (P ^ Dom(s))wprepeat(s)(P )= ��:wps(�) _ (P ^ Dom(s))= limn!1Wnk=0 wpsk (P ^ Dom(s))in whi
h sk denotes a k-fold repetition of the strategy s. To establish satis�a-bility of wprepeat(s)(P ), one must demonstrate that there is a �nite index k, forwhi
h wpsk (P ^ Dom(s)) is satis�ed. It is ne
essary to show that the strategyterminates in order to establish that the wp formula is satis�able.2.4 CTL|a term logi
A logi
 
apable of 
hara
terizing strategies must be able to express properties ofthe substru
ture of terms. For su
h a 
apability we turn to Computational TreeLogi
 (CTL)[3, 6℄. CTL is a modal logi
 
on
eived originally as a bran
hing-timetemporal logi
. Nodes of a tree 
an be interpreted as the possible future statesof a system as time progresses. The root of the tree represents the 
urrent state.Ea
h path from the root represents a possible traje
tory of the system beingmodeled.However, 
hara
terizing possible future traje
tories of a system is only oneinterpretation that 
an be made of a CTL formula. Its essential aspe
t is thatit allows quanti�
ation of assertions independently along two dimensions of atree|along a path, whi
h may be �nite or in�nite, and a
ross alternate paths,whi
h are only �nitely bran
hing.The along-paths, or depth quanti�ers of CTL are G, read \globally", whi
hquanti�es (universally) over all subterms along a path that des
ends from theroot of a tree, and F, read \eventually", whi
h sele
ts (existentially) a term



somewhere along a path. Added to these is the spe
i�
 along-path quanti�erX, read \
hild", whi
h sele
ts the immediate subterm of the root along a givenpath.The path, or breadth quanti�er A, read \all paths", quanti�es over all pathsdes
ending through a tree from its root, and E, read \some path", existentiallysele
ts a path from the root. Used together, the depth and breadth quanti�ersallow one to express spe
i�
 properties of a term and its subterms.2.5 The modal mu-
al
ulusCTL modalities allow us to express logi
al formulas interpreted over terms, withseparate quanti�
ations over paths (breadth of a term) and levels (depth ofa term). However, there are 
ases in whi
h we should like to express depthquanti�
ation in a more detailed way. The �-
al
ulus [7℄ is a 
lassi
al logi
 thatprovides least and greatest �xed-point binding operators (denoted by symbols� and �, respe
tively) well suited to expressing depth quanti�
ation. The modal�-
al
ulus is the basi
 �-
al
ulus enri
hed with the modal quanti�ers A andE whi
h express path quanti�
ation in a tree and the modal operator X todesignate a property of immediate subterms.Uses of the CTL depth quanti�ers G and F 
an be expressed in terms of�xed-point expressions in the modal �-
al
ulus. For example, the CTL formulaAGP (everywhere P ) is logi
ally equivalent to the formula ��: P ^ AX � in themodal �-
al
ulus, and EFP (somewhere P ) is equivalent to ��: P _ EX �. In thefollowing se
tions, we shall use modal �-
al
ulus formulas to express weakest-pre
onditions of re
ursive strategies over terms.2.6 Path quanti�
ation by term 
ongruen
ePath quanti�
ation 
an also be made more expli
it by referring to paths dire
tedthrough spe
i�
 arguments of 
onstru
ted terms. For example, a Let 
onstru
-tor (see Se
. 3) takes a triple of arguments, ea
h of whi
h is given a di�erentinterpretation in a language that embeds Let expressions. One might wish toquantify with respe
t to the last two arguments, omitting quanti�
ation overthe �rst argument.A me
hanism that 
an express su
h sele
tive quanti�
ation is term 
ongru-en
e, a devi
e already employed to de�ne strategies in the Stratego language.A term 
ongruen
e lifts a term 
onstru
tor to a 
onstru
tor in another domain.For instan
e, the Let 
onstru
tor has the signatureLet : String * Expr * Expr ! Exprwhere String and Expr are sorts of type Term. When lifted to a domain ofpredi
ates, its signature be
omesLet : Pred * Pred * Pred ! Pred



Thus we 
an write Let(P; P; P ) to express the proposition Dom(?Let( ; ; )) ^AXP . However, term 
ongruen
e also permits one to express a property thatis more spe
i�
 with respe
t to paths, su
h as Let(True; P; P ), whi
h asserts thepredi
ate P over only the se
ond and third subterms of a Let 
onstru
tion.2.7 Weakest pre
onditions of non-lo
al strategiesWhen a modal logi
 is interpreted over terms, a weakest pre
ondition for su

essof a lo
al strategy 
an be extended to 
hara
terize a global strategy whose e�e
tso

ur throughout a term. For example, the strategy 
onstru
tor all( ) applies astrategy s, given as its argument, to the 
hildren of a top-level term 
onstru
torand su

eeds if and only if s su

eeds at every one of the 
hildren. The weakestpre
ondition for this strategy 
onstru
tion is expressed bywpall(s)(AXP ) = AX (wps(P ))The weakest pre
ondition for the strategy 
onstru
tion some to su

eed on atleast one term is wpsome(s)(EXP ) = EX (wps(P ))However, we often wish to make a stronger assertion about the result of applyinga strategy 
onstru
ted with some, one that a

ounts for its \greedy" nature.This is 
aptured by the weakest pre
ondition for a strategy some(s) to establisha 
ondition P uniformly for all 
hildren of a node:wpsome(s)(AXP ) = EX (wps(P )) ^ AX (wps(P ) _ (P ^ Dom(s)))A bottom-up strategy 
onstru
tion applies a strategy, s, to all subterms of agiven term in bottom-up order. Thus an intermediate form might 
onsist of aterm, ea
h of whose 
hildren had already been transformed by an appli
ationof bottom-up(s). A bottom-up strategy su

eeds if and only if the argumentstrategy su

eeds at every subterm. Its de�nition in Stratego isbottom-up(s) = re
 r(all(r); s)Suppose the expe
ted result of a bottom-up strategy is a term that satis�esa 
ommon property, P , throughout. A bottom-up strategy is 
hara
terized by aweakest-pre
ondition de�ned as a least �xed-point:wpbottom-up(s)(AGP ) = ��:AX � ^ (AXP ) wps(P ^ (AXP )))The impli
ation expresses the 
ondition that the 
ommon property P at everysubterm is a suÆ
ient pre
ondition for the strategy s to su

eed and establishthe property P of the resulting term.Analogously, a top-down strategy 
onstru
tion applies its argument to thesubterms of a given term in top-down order. Its de�nition in Stratego istop-down(s) = re
 r(s; all(r))



Like a bottom-up strategy, a top-down strategy may also produ
e a result term
hara
terized by a 
ommon property that holds throughout. The top-down strat-egy is 
hara
terized by:wptop-down(s)(AGP ) = ��:wps(AX � ^ (AXP ) P ))The strategy 
onstru
tors somebu and sometd are similar, but only requirethe strategy appli
ation to 
hildren of a node to su

eed on at least one, ratherthan all of the 
hildren. The somebu(s) and sometd(s) strategies su

eed if thereare one or more paths from the root of a term 
lear through to its fringe, alongwhi
h the strategy s su

eeds. Logi
al 
hara
terizations of these two strategiesare: wpsomebu(s)(EGP ) = ��:EX � ^ (EXP ) wps(P ^ (EXP )))wpsometd(s)(EGP ) = ��:wps(EX � ^ (EXP ) P ))To express that strategies somebu(s) or sometd(s) should produ
e a termwith a property that holds everywhere, the weakest pre
ondition must allow thepossibility that the asserted property already holds in subterms on whi
h theparameter strategy, s, does not su

eed. For sometd, this is:wpsometd(s)(AGP ) = ��:wps(EX � ^ (EXP ) P ) ^ AX (� _ AGP ))3 Example: Chara
terizing redu
tion strategies forlambda-
al
ulusAs an example, let's 
onsider redu
tion strategies for the lambda 
al
ulus withexpli
it substitution. An expli
it substitution 
al
ulus a�ords more opportunitiesfor 
ontrol in redu
tion than does the 
al
ulus with impli
it substitution. Webegin with a signature for lambda terms, written in Stratego:Redu
tion rules of the 
al
ulus are given in the module, lambda-rules, printedbelow.The rules Alpha and Beta are 
onversion/redu
tion rules of the lambda 
al-
ulus. These rules suspend substitutions in the form of Let 
onstru
tions. TheStratego library strategy new is a term-builder that upon ea
h invo
ation, gen-erates a new identi�er not previously o

urring in any term.Rules LetVar, LetApp and LetAbs implement substitution of a given termfor all free o

urren
es of a spe
i�ed variable in a host term. These rules 
onsti-tute a standard formulation of lambda-
al
ulus with expli
it substitution.In the module lambda-red, we formulate three di�erent strategies for redu
-tion in the lambda 
al
ulus, using the set of rules given in lambda-rules. Alluse a 
ommon substitution strategy, subst, the �rst strategy de
lared in themodule.



3.1 Properties of the substitution strategyThe strategy subst applies the Let-elimination rules top-down, pushing theLet 
onstru
t deeper into terms until it 
an be eliminated by an instan
e ofa LetVar or LetAbs rule. When the top-level expression is a Let 
onstru
tionon whi
h none of the Let-elimination rules su

eeds, the subst strategy appliesitself re
ursively to the matrix of a Let term.By re
ursively eliminating Let-terms nested within a Let 
onstru
tion, weavoid the need for an expli
it LetLet rule to handle nested Let terms. There
ursion is e�e
tive only in the matrix of a Let term. This strategy is 
onsistentwith outermost redu
tion of Beta redexes, but would not be 
onsistent withinnermost redu
tion. Thus the strategy is a bit subtle.To give a weakest-pre
ondition formula for the subst strategy we follow theoutline of the wp formula for a top-down strategy. However, a general top-downstrategy would apply path quanti�
ation over all paths, whereas in the subststrategy, the re
ursion is e�e
tive only over the parti
ular paths spe
i�ed bya term-
ongruen
e. To simplify the formulation, let's fa
tor the substitutionstrategy so that the top-down appli
ation of Let-elimination rules be
omes astrategy parameter.let-elim = LetVar + LetApp + LetAbssubst'(s) = re
 r (Let(id,id,r) <+ s)subst = subst'(sometd(let-elim))The re
ursive strategy subst'(s) applies its parameter strategy, s, bottom-up in the matrix of possibly nested Let-terms. Thus subst'(s) 
an be e�e
tiveon nested Let 
onstru
tions.Dom(subst0(s)) = ��:Let(True;True; �) _ Dom(s)In parti
ular, when s is spe
ialized to the strategy sometd(let-elim), the domain
an be seen to 
over all possible forms of Let 
onstru
tions:Dom(subst0(sometd(let-elim))) = ��:Let(True;True; �)_Let(True;True;Var(True))_Let(True;True;App(True;True))_Let(True;True;Abs(True;True))Letting NotLet =def Var(True) _ Abs(True;True) _ App(True;True), we seethat Dom(subst0(sometd(let-elim))) � NotLetThus, the weakest-pre
ondition under whi
h an appli
ation of the strategysubst0(sometd(let-elim)) is assured to produ
e a let-free term 
an be shown to bewpsubst0(sometd(let-elim))(AGNotLet) =��:Let(True;True; �)_(wpsometd(let-elim)(AGNotLet)^Let(True;True;Dom(subst0(sometd(let-elim)))))



A more detailed 
hara
terization of wpsometd(let-elim)(AGNotLet) has been omit-ted to save spa
e.3.2 Properties of the redu
tion strategiesEa
h of the three redu
tion strategies given in the module lambda-red has adi�erent domain formula.Dom(left-outer) = ��:App(Abs(True;True);True)_Let(True;True;True)_App(�;True)Dom(all-outer) = ��:App(True; �)_App(Abs(True;True);:�)_Let(True;True;True)_App(�;:�)Dom(redu
e-all) = ��:App(True; �) _ Abs(True; �)_App(Abs(True;True);:�)_Let(True;True;True)_App(�;:�)The strategy all-outer redu
es stri
tly more terms than does left-outer andredu
e-all redu
es more terms than does all-outer.Normalization strategies The module normalize 
ontains normalizationstrategies that iterate the redu
tion strategies of module lambda-red. The Strat-ego library strategy stdio a

epts input in textual format from the standardinput �le and delivers the output of its argument strategy to the standard output�le.The normal forms a
hieved by ea
h of the above strategies 
an be 
hara
ter-ized in terms of modal �-
al
ulus formulas. The simplest to 
hara
terize is thenormalize strategy. We �rst de�ne a predi
ate to say what forms are �-redexes,IsRedex = App(Abs(True;True);True)Then a �-redu
ed normal form is one that 
ontains no �-redex nor Let term,BetaNormal = AG (:IsRedex ^ NotLet)Head-normal form is slightly more troublesome to de�ne, as normalization isnot required under an abstra
tion. To express this distin
tion, we need a two-pla
e modality operator analogous to the \until" operator of linear temporallogi
, whi
h we here 
all above. Its de�nition as a modal �-
al
ulus formula isP above Q � ��:Q _ (P ^ AX �)



Then head-normal form isHeadNormal =(:IsRedex ^ NotLet) above (Abs(True;True) ^ AGNotLet)Finally, to express weak head-normal form, whi
h is the expe
ted form ofterms normalized by the whnf strategy, we resort to term-
ongruen
e operatorsto spe
ify sele
tive path quanti�
ation;WeakHead =(��: (Var(True) _ App(�;True))) above (Abs(True;True) ^ AGNotLet)Noti
e that in the latter formula, the embedded �xed-point formula des
ribesonly the 
ondition in the pre�x of the above operator, it does not en
ompassthe entire geography of a term that 
ontains embedded abstra
tions.4 Other transformation systems|related workThe ante
edent of all strategy languages is the prototypi
al ML language de-signed by Robin Milner to support proof 
onstru
tion in LCF [10℄. In the lastde
ade, new languages have evolved, re
e
ting lessons learned from logi
 pro-gramming on the one hand, and on the other, from understanding and imple-menting eÆ
ient term rewriting as a 
omputational paradigm. Maude [8℄ im-plements a rewriting logi
 based upon a theory of term equality relative to anenvironment. Maude does not 
ater expli
itly for programming strategies butsupports strategy programming via re
e
tion in the language [9℄.ASF+SDF [11℄ is a general-purpose language to support term manipulationand has been used for the 
onstru
tion of parsers and pretty-printers as wellas transformations. It does not support strategy-
ontrolled rewriting dire
tly,but a notion of traversal strategies 
an be implemented in this programmingenvironment.Strategies to 
ontrol rewriting were introdu
ed in ELAN [16℄, a 
omprehen-sive TRS with support for 
ommutative and asso
iative-
ommutative rewriting.ELAN employs re
e
tion in the language [2℄, allowing strategies themselves tobe expressed in terms of rewrite rules, although several spe
i�
 strategy 
on-stru
tions have been built-in.In ELAN, the idea of programming strategies for term rewriting was madean expli
it goal [1℄. ELAN has experimented with three primitives for 
ontrolling
hoi
e among possible alternate strategies: left-biased 
hoi
e 
ase, nondetermin-isti
 
ommitted 
hoi
e (
alled d
, for \don't 
are") and nondeterministi
 
hoi
eby 
onsequen
e (
alled dk, for \don't know") whi
h requires either ba
ktra
kingor an equivalent implementation me
hanism. In designing Stratego, 
hoi
e-by-
onsequen
e has been reje
ted as 
omputationally expensive and rarely neededin pra
ti
e. Instead, the Stratego programmer is expe
ted to anti
ipate the 
on-sequen
es of alternatives and spe
ify an ordering of 
hoi
es when the domainsof alternative strategies may overlap.



ELAN is formally de�ned by a denotational semanti
s [1℄ whi
h provides areferen
e model for implementation. In prin
iple, the semanti
s also furnishes abasis for reasoning about transformation strategies. However, reasoning dire
tlyin terms of a semanti
s model 
an be tedious, as it is en
umbered by details ofthe model.5 Con
lusionsThe 
ontribution of this paper lies in showing that two 
omputational logi
s,ea
h developed for a somewhat di�erent purpose, 
an be used in 
ombinationto yield a programming logi
 for term transformation strategies, a domain forwhi
h no 
ompletely satisfa
tory logi
al 
hara
terization had previously beendeveloped.Weakest-pre
ondition logi
 was originally proposed by Edsger Dijkstra [4℄ to
ope with problems arising from nondeterministi
 
hoi
e, 
on
urren
y and po-tential nontermination of programs. Analogous problems arise when attemptingto 
hara
terize properties of transformation strategies.Strategies in
orporate 
ontrol to program traversals over 
omplex terms ina variety of ways. CTL and the modal �-
al
ulus were originally developed fortemporal appli
ations in whi
h paths in terms are thought of as evolving throughtime. However, these formalisms are equally appli
able to terms whose paths arespatial. These notations provide the ability to quantify separately over paths (thebreadth of a term), or over depth in a term. We have added to the generi
 quan-ti�
ation, operations that spe
ify path quanti�
ation by lifting the 
onstru
torsof terms to the status of logi
al quanti�ers, an impli
it term 
ongruen
e.The vehi
le for this investigation into transformation strategies is Stratego, adomain-spe
i�
 language that inherits from both logi
 and fun
tional program-ming traditions. Stratego provides a 
ompositional approa
h to programmingstrategies for term transformation that was la
king in earlier systems.A
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