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Abstract. 
In this paper we study the potential of simple linear gene-protein interaction networks to store sparse 
input-output patterns. This problem bears similarity to the engineering task of reconstructing gene 
networks from time series of expression data, such as sets of microarrays. This is currently an 
intensively studied field where some results are directly applicable to our context. The central question 
in this study concerns the memory capacity of a network of n genes and proteins, which interact 
according to a simple linear state space model with p external outputs. Here it is assumed that to a 
certain combination of inputs u* there exists an optimal state of the system x*, i.e. values of the gene 
expressions and protein levels, that has been attained externally, e.g. through evolutionary learning. 
Given such a set of m learned optimal input-out patterns, the design question here is to find a sparse 
and hierarchical network structure for the gene-protein interaction matrix A, and the gene-input 
coupling matrix B. This problem is formulated as an optimization problem in a linear programming 
setting. From this formulation it is directly evident that the maximum number of patterns that can be 
stored is: mmax = n + p – 1. Furthermore, it allows for a numerical analysis, which shows that there are 
clear scale-invariant phase transitions for the sparsity, i.e. the relative number of zero-elements, in the 
matrices A and B as the number of patterns m increases. The sparsity in A and B exhibits continuous 
second-order phase transitions as the number of patterns reaches m1 = p/2 and m2 = 2p/3 respectively.
These phase transitions divide the system in three regions with different memory characteristics. In the 
first region, below m = m1, the system stores patterns by directly connecting the inputs to the outputs, 
without directly involving the genes and proteins. In the second region, between m = m1 and m = m2,

information is preferentially stored in matrix A, and in the third region, above m = m2, there is no clear 
preference for storing information in either A or B, and their sparsities behave increasingly identical. It 
is possible to formulate simple scaling rules for the behaviour of the sparsity in A and B versus m,
though the exact morphology of these relations is not scale-invariant. Finally, numerical experiments 
are described that show that the patterns are stable within a certain finite range around the patterns.

Keywords: gene protein interaction networks, genetic memory, linear time-invariant dynamical 
systems, sparse hierarchical networks, network reconstruction.

1. Introduction

All biological processes result from the interactions of genes and proteins with external 
stimuli. The variety of these stimuli is immense; they can be either harmful or beneficial, 
obligatory or supplementary, lethal or lifesaving. They range from (lack of) illumination, (too 
low or high) temperature, (shortage of) food, and water, to toxic agents and viral or bacterial 
infections. The efficiency of an organism directly depends on its ability to optimally react to 
these external inputs. In lethal situations it even spells its basic survival. On the molecular 
level, the reaction to external stimuli consists of the chemical and physical interactions of the 
external agent with the gene-protein reaction network. For instance, daylight can cause a 
chemical reaction in the photosynthetic receptors of a plant that result in the production of 
several organic and inorganic molecules. In general, these stimuli can cause a threat to the 
survival of the organism, or a potential boost to its existence. 
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If a specific external stimulus is presented with some regularity, it is greatly beneficial for the 
organism to learn and remember its best response. Response here is on the microscopic level; 
the best settings for the expressions of the genes and relative densities of the proteins to 
process the presented stimulus. In this view, the couple of the external stimulus and the 
optimal network response define an input-output pattern, which the gene-protein interaction 
network has to ‘store’ in its ‘memory’. The more patterns the organism can store with its 
current network architecture, the better the organism is equipped to live in its natural 
environment. 
In this study it is assumed that the set of best responses to a given input is available. In reality 
this is not accomplished by a single organism, but acquired in the cause of many generations 
through the process of evolution: those individuals that perform better by having a better 
response to a given stimulus than others have a higher ‘fitness’, and therefore a higher 
selective advantage in survival and generating offspring. Those that fail to do so may perish.
In this way, the selection pressures every organism has to face, set hard constraints on the 
design of the network. The network architecture has to react adequately and appropriately fast 
to a given input. In real biological information processing networks this has resulted in a 
sparse and hierarchical connectivity matrix, and the so-called ‘small-world’ property. These 
architectural characteristics pose strict design criteria to the network model. 
The exact outcome of the interaction between the stimulus and the gene-protein network is 
governed by the actual microscopic details of the underlying chemical-physical laws of 
nature. These laws allow for a set of free parameters that can be tuned to implement a certain 
relation between the presented input and the desired output. In our context this consists of the 
system matrices A and B. Tuning these free parameters means modifying the input-output 
relation of the system. Thus, the learning of the input-output patterns can be obtained by an 
optimization in the space of these free parameters. In practice, there are tens of thousands of 
genes and hundreds of thousands – if not millions – of (possible) protein/RNA/inorganic 
species. Besides the fact that many of these genes and most of these protein/RNA/inorganic 
molecules are currently unknown, and besides the randomizing effect of intrinsic and extrinsic 
noise, purely from the sheer magnitude of the data it would be completely impossible to 
implement realistic chemical-physical models and perform computational simulations. 
For this reason the study in this paper is based on a straightforward and computational 
manageable model; a linear and continuous time-independent state space model. This model 
segregates the interaction between the genes and proteins itself from their response to external 
outputs. With this simple model it is possible to study the qualitative and quantitative aspects 
of efficient network memory through extensive numerical experiments. As this network can 
be considered as a first-order approximation, it is possible to extrapolate the results to more 
realistic, hence complex, interaction network models.
In the context of the linear time-invariant state space systems as studied in this paper, the 
problem of storing input-output patterns results in an optimization process on the system 
matrices A and B for mapping the given input to the given output. The derived design criteria 
as sparsity and hierarchy are directly used as additional constraints in this optimization. 
We note that this topic is related to two well-studied areas of research: artificial neural 
networks and ‘inverse engineering’: gene network reconstruction from time series data.
Firstly, the problem of designing a proper network to fit a given set of input-output patterns is 
of course identical to finding the best network parameters for a given time series of 
synchronous measurements of inputs and outputs. The difference is that the wealth of allowed 
architectures consistent with a limited set of data is beneficial for an organism in the natural 
world, and detrimental for the biologist who wants to determine the genetic pathway from a 
small number of microarray measurements. There is an extensive literature on gene network 
reconstruction from time series of gene expressions [de Jong et al. 2002; de Jong et al., 2004; 
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D’haeseleer et al. 2002; Guthke et al. 2002; Hasty et al. 2001; Peeters and Westra 2004; 
Somogyi et al. 1997; Tegnér et al. 2003; Verdult and Verhaegen 2004; Yeung et al. 2002]. 
Especially relevant to our approach is the work of Mestl, Plahte and Omholt [Mestl et al. 
1995; Plahte et al. 1998; Omholt et al. 1998; Omholt et al. 2000;], Somogyi [Somogyi et al. 
1997;], Yeung and Tegnér [Yeung et al. 2002; Tegnér et al. 2003], and Peeters and Westra 
[Peeters and Westra 2004; Westra 2006a; Westra 2006b]. For a thorough overview consult 
[Westra 2007a] and the references therein.
Secondly, the problem of storing patterns in a given network architecture and the required 
memory size is an intensively studied subject in the area of artificial neural networks with an
extensive literature, e.g. see [Spieth et al. 2004; Mazza 1997; Makoto et al. 1997; Masato 
1996; Morita 1996]. For a good survey consult standard books as [Bishop 1995; Duda 2001; 
Wasserman 1993].
In the following Section we first define the linear time-invariant continuous state space model 
and its relation to a gene-protein interaction network. In Section 3, we describe pattern storage
of dynamical patterns and its relation to network reconstruction. In Section 4 the storage of
static patterns is discussed. Next, in Section 5, we discuss the results of some numerical 
experiments, and relate these to practical observations regarding the underlying geometry of 
the problem. In Section 6 we focus on phase transitions in the network. In Section 7 we 
briefly discuss the stability of the stored patterns. We close with a discussion of the obtained 
results.

2. Modelling dynamic gene-protein networks as linear state space systems

In this study we will concentrate on systems sufficiently near their equilibrium. A more 
realistic system will exhibit multiple of such equilibria, and given the proper stimulus will 
switch from one equilibrium to another, and therewith transform the system from one 
biological state to another. Near a suitable smooth equilibrium the activity of the n genes and 
proteins, represented by the n-vector x, will develop according to the nxn gene-protein 
interaction matrix A and the nxp interaction matrix B with the p external outputs, defined by 
the p-vector u, as :

)(tvBA ξuxx  (1)

Where )(tξ  represents white Gaussian noise with mean zero and standard deviation 1. 
Such simple linear models allow for a limited set of behaviours, but here they fully suit our 
purpose as a simple and transparent metaphor for studying the number m of patterns that the 
system can store as function of the number of genes/proteins n, the number of external outputs 
p, and the sparsity in the interaction matrices A and B.

3. Storage of dynamical patterns and its relation with network reconstruction

There is a important similarity between reconstructing the best fitting matrices A and B from 
empirical sets data state vectors X and U, and the task of designing the optimal interaction 
matrices A and B from optimal patterns X for a given input U. This similarity allows us to 
utilize the extensive literature on this subject to this field. Therefore, we can be brief on this 
subject. Here, we follow Peeters and Westra [Peeters and Westra 2004].
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We define dynamical patterns as the desired dynamical behaviour of the state vector x(t) for a 
given input vector u(t), such as a finite impulse or a harmonic signal. In this way, the desired
outputs x*(t) and )(* tx  for a given input u*(t) can be compared with the observed outputs

x(t) and )(tx . Suppose we have sets of m desired input-output triples as   mlxxu lll ..1|,,  , 

which can be used to define three data matrices:  mxxX 1 ,  mxxX 
1 , and 

 muuU 1 . In this setting, one could attempt to minimize the error ||x*(t) - x(t)|| as 

function of the free parameters in A and B. Or, alternatively, minimize the error in the time 
derivatives: kk tButAxtxtxtx ||)(*)(*)(*||||)()(*||   . Where ||*||k represents a suitable

Lk-norm.
Given X, X , and U one could compute the of A and B that minimize this error function. This
optimization can be formulated as a least squares problem – i.e. setting k=2, and given 
sufficient data X, X , and U, in general a solution can be obtained. In case that the number of 
patterns m is much less than the number of genes/proteins n and inputs p the problem is 
under-determined. In that case, it is useful to involve the biological constraint that A and B are 
sparse and hierarchical matrices. In that case, the maximization is performed over the number 
of zeros in A and B while relation (1) is considered as a constraint:

00
,

||||||||max BA
BA

  subject to BUAXX  (2)

As indicated above, this optimization problem is exactly equal to the problem of 
reconstructing the underlying interaction network from a time series of (e.g. micro array) 
measurements. 

Figure 1, Left: the number of learning errors Ne versus the number of learning examples m, right: Ne

versus the number of non-zero elements in A. Images reproduced with permission from Peeters, 
Westra 2004.

This problem is well described in a number of publications, e.g. Yeung et al. 2002, 
Peeters&Westra 2004, and Westra et al. 2007b. For a relevant survey see Westra et al 2007a
and the references therein. 
We here merely note that this problem exhibits a first-order phase transition as evident from 
Figure 1 below. The number of learning errors Ne suddenly drops to zero as the number of 
learning examples m passes through a critical value MC. Similarly, Ne suddenly increases 
linearly from strictly zero as the number of non-zero elements in A (and likewise B) passes 
through the same critical value mC.
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4. Memory storage of static patterns in linear networks.

4.1 Linear state space formulation

The problem studied in this Section concerns the storage of static input-output patterns in a 
gene-protein network represented by a linear time-invariant dynamical system of the form as 
in equation (1) with matrices A and B, which exhibit biological relevant properties such as 
sparsity, hierarchy, high local clustering, and the ‘small-world’ property. In the static context, 
we assume that the system has converged to an equilibrium state x* and that 0x  . This 
means that to a given input u* there belongs an optimal value x* for the gene expressions and 
protein densities in the network such that Ax* + Bu* = 0. In our context a (static) input-output 
pattern is defined as such an input-output pair (u*,x*). This pattern itself can be considered as 
the outcome of a long evolutionary learning process, where the best combination of 
gene/protein activations x are selected relative to the faced combination of external inputs 
(e.g. toxic agents, virus infections) u.
Here we are interested in the maximum number mmax of linearly independent patterns that can 
be stored in a network of n genes or proteins, and p external inputs. Suppose that there exists a 
set of m patterns, i.e. external inputs as a pxm matrix  mU uu 1 , and the associated 

(evolutionary) learned states as a nxm matrix  mX xx 1 . For each input-pattern 

couple  jj ux , equation (1) implies that: 0ux  jj BA . For the entire set of patterns X and 

U this means that the unknown matrices A and B feature in a linear way in the resulting matrix 
equation: AX + BU = 0nm. This equation can be rewritten as: mn

TTTT OBUAX  , or: 

  mnT

T
TT O

B

A
UX 








. This matrix equation can be decoupled in n independent linear 

equations:   0
)(

)(









T

B

T
ATT

ir

ir
UX , where 








T

B

T
A

ir

ir

)(

)(
 is composed of the i-th rows of A and B.

With abuse of notation define the mx(n+p) matrix:  TT UXD  , and the (n+p) vector:











T
B

T
A

ir

ir
x

)(

)(
 this can be written as: 

Dx = 0 (3)

A practical problem with this reformulation is that, as this equation holds for each combined 
row x of A and B, its solution also holds for all rows, and therefore A and B consist of 
dependent columns in the form: 


















nnnn

n

xvxvxv

xvxvxv







21

12111

xv (4)

for some non-zero vector  T
1 nvv v . This can be avoided by involving available 

biological knowledge, such as the hierarchical position of a certain gene/protein-coupling in 
the actual network.
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The objective now is to find sparse A and B that satisfy this condition. As, however, the sparse 
matrices A = B = 0 pose a trivial but valid solution to (2), an additional constraint is required 
to exclude this solution. As there is a scaling invariance in the solution – if x is a solution of 
Dx = 0 then x  is also a solution for all R – the exclusion of A=B=0 can be obtained by 
fixing the B-part of x to a specific value, and thus express the value of A relative to B. This 
can be obtained by using constraints like ||B||1 = constant, or  ij ijb  = constant. In this study, 

this constraint is realized as:

qTx = 1 (5)

where the first n components (the “A-part”) of q are zero, and the p remaining components qi, 
(i = n+1..n+p), (the “B-part”) satisfy: |qi| = 1.

4.2 Robust estimation as an approximation to the L0–norm of A

The problem of computing a sparse solution to a consistent underdetermined linear system of 
equations Dx = 0 has been studied extensively in literature. In [Fuchs 2003] and [Fuchs 2004] 
and some of the references therein, results are given which state conditions under which 
optimal sparse solutions can be obtained by the technique of L1-minimization. This technique 
aims to compute a vector x of minimal L1-norm within the solution space S of the linear 
system Ax = b. It is well known that this problem can be reformulated as a linear 
programming (LP) problem. Thus, the difficult combinatorial problem of finding a vector in S
having as many zero entries as possible is avoided and replaced by the much easier to solve 
problem of finding a vector in S for which the L1-norm 1|||| x is minimal. In our case, we can 
thus reformulate the original quest for a sparse vector x (associated to corresponding rows in 
A and B) to the problem of finding the minimum value of the L1-norm of x, i.e. 1|||| x , under 
the given constraints. As we may weigh the importance of sparsity in A and B different, we 
introduce a regularization parameter   . Furthermore, let y1 denote the first n components of x
(the “A-part”), and y2 the other p components (the “B-part”), or:  xxy npnIS 011  , and 

 xxy ppn IS 022  . With all these definitions, the regularized minimum value of the L1-

norm of x for the given data of m patterns for n genes/proteins, and p external inputs follows 
from the following linear programming formulation: 

LP1: 1211 ||||||||minarg* xxx
x

SS
pnR




(6)

subject to:
Dx = 0
qTx = 1

This allows one to interpret this problem as a regularized L1-minimization problem over the 
affine subspace of vectors satisfying the given constraints. This is a primal LP-problem but 
not in the standard form. This LP problem can be reformulated to its dual LP formulation 
which is computationally more efficient. 
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5. Results from numerical experiments for static pattern storage

5.1 Rescaled representation 

The formulation defined above allows for numerical experiments with different settings of the 
system parameters. Here some of these experiments are described. During these experiments, 
it became clear that it is useful to rescale the number of patterns m to a new value. 
The number of sparse patterns m ranges between 1 and mmax = n+p–1, and it was found to 
exhibit different behaviour left and right of the value mC = p/2. For this reason, a rescaled 
version of m is proposed as:

ms = m/mC, if m< mC = p/2, (7)
ms = (m+ n–1)/(2n+p–2), if m>= mC.

This scaling ensures that ms is between 0 and 1. This bi-scaled variable is useful in comparing 
situations with different n and p.

In all experiments described here the regularization parameter  from equation (6) is set to 1. 
Other values of   gave quantitative different results that, however, could again be scaled such 
that they were qualitatively similar. The patterns X and U were drawn uniform randomly from 
the interval [-1,1].

Figure 2. Solutions of the LP-approach to memory storage in linear networks. Left from this value the 
relations are slightly but statistically significant curved. Left a plot for n=100 and p=100, right a plot 
for n=70 and p=100.

5.2 The morphology of the relation between sparsity and number of patterns

The value of m varies between 0 and n+p-1. More specifically, we are interested in partial 
sparse solutions for B and A. Figure 2 shows two results from such experiments. In these plots 
the sparsity in the matrix is plotted versus the bi-scaled number of patterns mS. The ordinate 
represents the relative number of non-zeros in the matrix. This value is scaled to its maximum 
value so that it ranges from zero to one. Here we introduce kA as the number of non-zero 
elements in matrix A, and similarly kB for B. Therefore, the relative values are respectively
kA/n and kB /p. The lower curve gives the relative non-zeros in matrix A. This exhibits a clear 
transition at mS = ½.. The upper curve gives the relative non-zeros in matrix B.
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In the rescaled representation these plots are almost identical, though the morphology 
somewhat depends on n+p.

5.3 Considerations from the underlying geometry

The observed relations between the parameters kA, kB, m, n, and p can be understood from an 
analysis of the underlying geometric constraints of the optimization process in Rn+p. The 
solution pnR x  to the problem lies on the intersection between the two major constraints of 
the problem. The first constraint is: Ax = 0, where A is the mx(n+p) data matrix (XT  UT), and 
the first n components of x correspond to a row of the original matrix A, and the last p
components to the corresponding row of the original matrix B. Thus, the solution pnRx  lies 
in the (n + p – m)-dimensional linear subspace V1 defined by Ax = 0. Second, the solution x is 
bound by the (n + p – 1)-dimensional affine space V2 defined by qTx = 1, where the first n
components of q are zero, and the p remaining components qi , (i = n+1..n+p), satisfy: |qi| = 
1 ]2,½[|||| iq . The intersection 213 VVV   contains the solution x and, except for special 

cases of Lebesque measure zero when V1 and V2 are parallel, V3 is a (n + p – m – 1)-
dimensional affine space. Therefore, the short answer to the maximum number mmax of 
patterns that can be stored is: 

mmax = n + p – 1 (8)

The situation becomes more complex when we analyze the number k of exact zeros in x, as 
the optimization is aimed at increasing this amount. kA denotes the number of non-zeros in the 
first n components of x, and kB in its last p components. In this formalism the maximum 
sparsity in A is obtained when kA = 0. Here, we step aside the biological complication that this 
represents a situation without gene-protein-couplings, as the system output is entirely defined 
by the couplings to the external inputs. 

For the original equation   0







T

B

T
ATT

r

r
UX  the condition kA = 0 means that the row of A 

10n
T

Ar  , therefore: 0T
B

T rU , meaning that T
Br  lies in the null space of TU . The condition 

kA = 0 thus implies that: x1 = x2 = … = xn = 0. This defines a p-dimensional linear subspace V4

in Rn+p. The intersection 43 VV   contains all fully sparse A-solutions that satisfy the two 

constraints. So, the condition kA = 0 can be reached until  43 VV . 43 VV   is defined by 

(m+1+n) equations with (n + p) variables that implies an upper bound mA
up for kA = 0, 

namely: mA
up = p – 1. 

However, as apparent from Figure 2, kA already abruptly starts deviating from zero at 
A
upm2/  pmm C . Though in that case 43 VV   is not-empty, the L1-optimization process 

favours another solution with a smaller value for kA. Finding a solution with kA = 0 results in 
solving the linear equation: Zx = z, with: 




































1,

1,

, 0

1

0

,

0 n

m

pnn

T z

I

q

A

Z . (9)

This system has a consistent solution when z is a vector in the column space of Z. If this is not
the case, the affine solution space S can be described implicitly as the solution of the 
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consistent linear system of equations Zx = zproj, where the vector zproj denotes the orthogonal 
projection of z onto the column space of Z. An explicit description of S follows from
computing the solution space of the system Zx = zproj, which can be achieved in a numerically 
reliable way by employing SVD or QR-decomposition. Thus, S can be formally written as: 

zZZNx .).(alg
  , where N(Z) is the nxdnull matrix whose columns consist of the of the 

basis of the dnul–dimensional null-space of Z, and Z+ is the pseudo-inverse of Z.   is a dnul–

dimensional vector that parameterizes S. The support vector zZ .  may indeed have a lower kA

than the solution x* of the LP, as shown in Figure 3. This is an artefact of the L1-minimization 
process that can favour a smaller value of the absolute value of a non-zero component rather 
than a smaller value of kA. Hence, in general:

)(

||):1(||||):1(||||):1(*||||):1(*||

*)(

111111

w

WW

xcriterion

pnnxnxpnnxnx

xcriterion





 (10)

Figure 3 Comparison of LP-solution (tilted line) and the algebraic solution (step function). m varies 
between 1 and n+p–1 = 149. At m = p – 1 = 49 the algebraic solution suddenly jumps from 100% to 
0% sparsity of A, while the LP-solution exhibits a 1st order phase transition at m = p/2 = 25.

In the general case, when kA > 0, the subset in V3 that contains exactly kA non-zeros in the first 
n and kB non-zeros in the last p coordinates of x, is defined by V3 , the (n + p – kA)-
dimensional linear subspace with kA of the first n coordinates of x equal to zeros, and the (n + 
p – kB)-dimensional linear subspace with kB of the last p coordinates of x equal to zeros. There 

are respectively 







 Akn

n
 and 








 Bkp

p
 possible combinations of the form xi = 0 to realize 

such equations. This defines (m+1+n–kA+p–kB) equations with (n + p) variables that, thus, in 
general this has a solution if: 

1 mkk BA (11)

This relation is indeed found empirically as shown in Figure 4 where kB/m is plot against 
kA/m.
That the phase transition for the LP1 should occur at m/p = ½ is not evident from these 
considerations. For other values of the regularization parameter   quantitative different 
values from ½ were found, so that this critical value is a function of  .
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Figure 4 Left: the relation between kB/m and kA/m, right: detail that exhibits rich substructures of lines 
radiating from certain foci on kB/m + kA/m = 1.

6. Phase transitions in the matrix sparsity define distinct learning strategies. 

The advantage of the rescaled representation of the relative numbers of zeros kA/n and kB/p
with the bi-scaled number of patterns mS is that thus different system settings can be 
straightforwardly compared. In the Figure below, the smoothed plot for kA/n and kB/p versus 
the bi-scaled mS is depicted for n=100 and p=100, averaged over 10116 measurements. 

This plot exhibits the typical characteristics representative for all the networks in our context. 
Firstly, the behaviour of kA/n for mS = ½ changes abruptly from constant zero tot an almost 
linear increase. Secondly, the characteristic plateau visible in kB/p for mS = 2/3 is not an 
artefact due to noisy measurements or processing deficiencies, but is present in all such 
graphs. Next, both graphs converge to the line krel = 1.5mS – 0.5. Finally, for mS > 1 the 
system of (independent) inequalities becomes inconsistent and therefore has no solution.

This graph therefore shows three different types of storing behaviour separated by phase 
transitions. The presence of phase transitions in the storage of information in linear random 
sparse networks is reminiscent of the situation for the propagation of information through 
these networks. It is well known that random sparse networks under certain conditions exhibit 
a phase transition to a “small-world” network, characterized by short overall path lengths, 
small overall connectivity, high information processing time, and high local clustering 
[Barabasi and Reka Albert 1999; Newman, 2005; Watts and Strogatz, 1998]. 
This phase transition occurs at a critical threshold pC for the probability of rewiring a given 
connection in the network. The system then changes abruptly from slow to fast information 
processing. 

The numbers kA and kB of non-zero elements in our random networks can be related to this 
rewiring probability p, as the probability that a connection between two genes/proteins exists 
equals pA = kA/n, and the probability that a connection between a gene/protein and a certain 
input exists equals pB = kB/p. There are combinatorial many possibilities to realize this 
condition, that peak for kA = n/2, kB = p/2. 
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Figure 5 The connectivity probabilities kA/n and kB/p for n=100 and p=100, averaged over 10116 
measurements, versus the bi-scaled number of patterns mS. This indicates three major regions I, II, and 

III, where the network memory behaves different. The transitions occur for the bi-scaled mS = ½ for 
the transition I to II, and mS = 2/3 for II to III. In the final phase of region III both probabilities 

converge to p = (3mS – 1)/2.

The wiring-probabilities pA and pB quantify the information that is stored in the 
matrices A and B. A convenient measure for this information is the information entropy, that 
in this case equals: 

)1ln()1(ln)1ln()1(ln BBBBAAAA ppppppppS  (13)

The entropy increase mS  /  indicates the gain of information when one pattern is added to 
the network. This depends on the rate of change of the connection probabilities as function of 
the number of patterns m stored in the network, mpA  /  and mpB  / . In Figure 6 the 
entropy change mS  /  for adding one more pattern is shown for n=100, p=30, based on 
1180 observations. The total entropy increases moderately for small m until a sudden change 
at mS = ½, subsequently exhibits an optimum around mS =2/3, and finally decreases 
monotonously to zero. Consequently, the entropy increase mS  /  is almost constant for 
small mS, sharply peaks at mS = ½, and then slowly but constantly decreases while crossing 
zero at mS ~ 2/3. 

It is remarkable that these changes happen around the same values for mS as those evident in 
Figure 5.
With the similarities in these Figures it is thus possible to classify the network pattern 
memory in three distinctive regions separated by phase transitions. Each region is 
characterized by its typical learning strategy.
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Region I is defined as m < p/2 , so for a relative small numbers of patterns. In this region all 
information is stored exclusively in the input-output matrix B and none in A. Thus, the system 
has ‘solved’ the learning problem by directly wiring the input to the output. Consequently, 
there are no direct interactions required between the genes and proteins to act to this stimulus. 
In this region the relations of kA and kB to m are essentially linear. 

Figure 6 Left: the entropy S versus for n=100, p=30, based on 1180 observations Right: the gain in 
entropy for the same data set.

At m = p/2, there is an explicit second order continuous phase transition to region II, clearly 
visible in the behaviour of kA and kB. Here, it is evident that the derivatives of kA and kB to mS

are discontinuous. In region II the information is stored in both matrices, however 
increasingly in matrix A as mS increases. Matrix B levels off to a plateau around mS =2/3. In 
this region, the relations of kA and kB to m are essentially not linear, as most notably in kB.

With increasing m, there is an order transition to region III at mS =2/3, that is best visible in 
the plots of kB and mS  /  versus mS. This transition is located at the plateau in the plot of kB, 
and at the zero-intersection in the plot of mS  / . In region III there is no clear preference for 
storing information in either A or B as matrix B moves away from its plateau. Both matrices 
are now almost entirely full – i.e. without any zeros. In this region the plots of pA and pB

versus (the bi-scaled) mS become increasingly identical, so: 1/  AB pp , as evident in 

Figure 5. It is difficult to determine whether the derivatives mkA  /  and mkB  /  are truly 
discontinuous at this transition, so to determine whether this is a true second order phase 
transition. This is because of the effect of finite size that tends to make all relations appear 
continuous.

Finally, the maximum memory storage is reached at mS = 1, or m = n + p – 1. At this time the 
system of inequalities becomes inconsistent and there are no solutions to this over-determined 
system. In this sense, this could be named the fourth region.

The transitions between these regions can in each case be interpreted as an order-disorder 
transition. As in region I all information is stored in B, this represents the highest ‘order’. In 
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region II the information is preferably stored in A. In region III there is no clear preference for 
A or B, so this represents the highest ‘disorder’. 

A typical second order phase transition exhibits a well-defined peak in the fluctuation of the 
energy near the critical point. The most obvious candidate for energy in our context is the 
criterion function 11 |||||||| BAE  . This quantity behaves very flat over the scope of m, 
only exponentially growing near the end, i.e. as mS approaches 1. It does not show any peaks 
related to the phase transitions. But as we originally are interested in the number of zeros in 
these matrices, the function BA kkBAE   000 ||||||||  seems like a good approximation. 

This quantity indeed shows a strong and broad peak in its fluctuation near mS = ½ that relates 
to the main phase transition from area I to II. It also exhibits a very strong but also very 
narrow peak at the transition II/III that is significant above the noise level. However, it also 
exhibits other strong and broad peaks, such as near mS ~ 0.8 and mS ~ 0.9. Therefore, it is not 
clear which entity serves as energy in these phase transitions.

Figure 7 Left: the relation between pA = kA/n and pB = kB/p averaged for 10116 measurements. Right: 
fluctuations in the weighted number of zeros: BA kkE 0 .

Figure 7a shows that for very small pA the fraction AB pp  /  is infinite. This represents the 

situation in region I where pA is fixed to zero. For values near pA =1 the fraction AB pp  /

equals 1. This represents region III, so here AB pp  . The central plateau in this graph fits 

very well with 2/)1(  AB pp , and this is representative for region II.

These conclusions are valid for the entire range of n/p stretching from 0.05 to 20, as 
investigated in this study. Furthermore, the cut-off point mS depends strongly on the 
regularization parameter  . As indicated before, in all experiments presented here the value 
 =1 was used, resulting in the critical point for the I/II transition mS = ½ .
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7. Stability of the stored patterns

As the LP-based approach to constructing the matrices A and B in principle generates 
identical rows, and therefore matrices of rank 1, it is desirable to add extra (preferably
biologically inspired) constraints. In our context the extra condition concerns the stability of 
the system, and states that the diagonal elements of A should be negative, i.e. less than a given 
negative constant: 2ija . In our numerical experiments a good value turned out to be: 

3/12  . The revised linear programming definition, LP2, for the j-th row of A and B 
therefore states:

LP2: 1211 ||||||||minarg* xxx
x

SS
pnR




(13)

subject to:
Dx = 0
qTx = 1

2jx

using the notation and definitions proposed earlier. 
To study the stability of the patterns, a set of 50 linearly independent patterns was created, so 
m=64. With n = 100 nodes (“genes/proteins”), and p = 6 inputs, the vector x contains 106
elements. The associated input u consists of the 6-bit coding of the number.

Figure 8 Evolution of the distance to pattern 1 if a random pattern is created within a distance 0.1 
from there. In one case this apparently converges to a mixed pattern between pattern 1 and pattern 2.

Numerical experiments were performed such that a given input u  i – with i in {1..64} – was 
offered to a random pattern x0 and its subsequent convergence relative to pattern xi as 
function of the distance between x0 and xi. This is performed by studying the evolution of x(t) 
using: iBA uxx  , and x(0) = x0. Numerical analysis shows that A only has negative eigen-

values. However, the largest eigen-value is just below zero: max(eigen-values(A)) ~ 10-11. 
Consequently, the state vector x will converge, but not necessarily to the pattern x i associated 
to the input u  i . If the distance between x0 and xi becomes too large, namely in the order of the 
distance between the patterns themselves, it is likely that the state vector converges to a mixed 
state somewhere between the patterns. Figure 8 indicates that the end result when offered 
input 2 to a random pattern 1 may differ from the target pattern 2. Obviously it has converged 
to a mixed state somewhere in-between pattern 1 and pattern 2.
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Figure 8 shows the evolution of the distance to pattern 1 if a random pattern is created within 
a distance r = 0.1 from pattern 1. This Figure shows that most random patterns converge to a 
state near pattern 1, so close that it is practically identical.

8. Discussion and Conclusions

In this paper we discussed the characteristics of the genetic/proteomic memory of simple 
linear and sparse random networks. It is found that a linear time-invariant state space 
formulation provides a comprehensible and transparent model that is accessible to numerical 
and mathematical analysis. Even this simple model exhibits a range of complex behaviours 
for storing input-output patterns in a sparse representation. Most important is the fact that the 
storage of both dynamical and static patterns in sparse networks exhibit distinct phase 
transitions. In the case of static input-output memory there are two second-order continuous 
phase transitions. These transitions occur for a number of patterns that equals m1 = p/2, and 
m2 = n/3 + 2p/3 – 1/3 respectively, or in rescaled coordinates respectively for mS,1 = ½, and 
mS,2 = 2/3. These transitions divide the learning in three distinct regions. In the first region 
where m < m1 all information is exclusively stored in the input-output matrix B, so that this 
state represents a high degree of order. In the second region, m1 < m < m2 the information is 
stored increasingly in the gene-protein interaction matrix A. Finally, for m > m2 the 
information is stored evenly in both matrices. 
As a final point, the stability of the thus stored patterns was examined. It was found that the 
patterns are stable, each pattern having a well-defined basin of attraction. However, the size of 
these basins vary with the number of stored patterns, which is intuitively clear as the available 
space remains the same, so the space-per-patterns decreases. However, even close to the 
patterns there are paths to mixed states in which some patterns are ‘confused’. 
These simple experiments hint to some characteristics to be expected for memory storage in
more realistic gene-protein networks. Firstly, memory storage can be understood as fixing the 
free model parameters such that a presented input matches with the desired output. In the 
natural world this learning process is performed by the actions of biological evolution.
Secondly, also in real biological information networks it is possible to directly couple the 
input to the output without altering the gene-protein interactions. This creates an ‘instinctive’ 
reaction to the presented input, that only indirectly alters the states of the genes and proteins. 
This also includes epigenetic memory storage, as it can be understood as a specific state 
vector of the proteome without regard to the states of the genome. Thirdly, realistic networks 
potentially may exhibit phase transitions as the number of stored patterns grows. These 
transitions can divide the storage process in distinct regions with its own learning strategy. 
Finally, even in real biological networks this has lead to predominantly stable patterns, just as 
in the context of the simple networks studied here.
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