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t. We show how to generate well-founded and stable term or-derings based on polynomial interpretations over the real numbers. Mono-toni
ity (another usual requirement in termination proofs) 
an, then, begradually introdu
ed in the interpretations to deal with di�erent appli
a-tions. For instan
e, the dependen
y pairs method for proving terminationof rewriting, and some restri
tions of the rewrite relation whi
h are notmonotoni
 in all arguments of the fun
tion symbols, 
an bene�t from thisapproa
h. The latter is the 
ase for 
ontext-sensitive rewriting (CSR), asimple restri
tion of rewriting whi
h has been proved useful for des
rib-ing the semanti
s of several programming languages (e.g., Maude) andanalyzing the properties of the 
orresponding programs. We show how toautomati
ally generate polynomial interpretations over the real numbersfor proving termination of CSR.Keywords: Programming languages, rewriting, termination.1 Introdu
tionContext-sensitive rewriting (CSR [12℄) is a simple restri
tion of rewriting whi
h
an be used to analyze termination of programs of programming languages su
has Maude, OBJ2, OBJ3, and CafeOBJ (see [13℄ for further details and examples).In CSR, a repla
ement map � dis
riminates, for ea
h symbol of the signature, theargument positions �(f) on whi
h repla
ements are allowed. This 
an improvethe termination behavior of programs by pruning (all) in�nite rewrite sequen
es.Example 1. Consider the TRS R:nats ! adx(zeros) adx(x:y) ! in
r(x:adx(y))zeros ! 0:zeros in
r(x:y) ! s(x):in
r(y)hd(x:y) ! x tl(x:y) ! ytogether with �(:) = �(s) = ? and �(in
r) = �(adx) = �(hd) = �(tl) = f1g[9, Se
tion 1℄. Due to �(:) = ?, the in�nite rewrite sequen
ezeros ! 0:zeros ! � � �is not possible with CSR.? Work partially supported by CICYT TIC2001-2705-C03-01.



Termination of rewriting is unde
idable and lot of resear
h has been devotedto develop methods and heuristi
s to a
hieve proofs of termination in restri
ted
ases. Polynomial interpretations and the 
orresponding redu
tion orderings [11℄are well-suited to a
hieve automati
 or semiautomati
 proofs of termination ofrewriting [3,6,11,14℄. The use of polynomial interpretations has been proposedin [8℄ as a suitable tool for proving �-termination, i.e., termination of CSR un-der a given repla
ement map �. In [8℄, we 
onsider polynomial interpretations
onsisting of a polynomial [f ℄ on k variables for ea
h k-ary symbol f , whose 
oef-�
ients are integers. Su
h polynomials are a
tually intended to indu
e mappings[f ℄ : Nk ! N ranging on (and returning) non-negative integers. The polyno-mial interpretations must also be �-monotoni
, i.e., whenever x >N y, we have[f ℄(x1; : : : ; xi�1; x; : : : ; xk) >N [f ℄(x1; : : : ; xi�1; y; : : : ; xk) for all symbols f 2 F ,i 2 �(f) and x; y; x1; : : : ; xk 2 N. Then, the interpretation of symbols is ho-momorphi
ally extended to terms t (where variable symbols are interpreted asvariables ranging in N) and an ordering > on terms is de�ned by t > s, if[t℄ >N [s℄ for all x1; : : : ; xn 2 N, where x1; : : : ; xn are the variables o

urring in tor s. Now, if l > r for every rule l! r of the TRS R, then R is �-terminating.Example 2. Consider the TRS R:g(x) ! h(x) h(d) ! g(
)
 ! dtogether with �(g) = �(h) = ? [15, Example 1℄ (see also [9, Example 16℄).By using the results in [8℄, we prove the �-termination of R with the followingpolynomial interpretation:[g℄(x) = x2 � 3x+ 4 [
℄ = 1[h℄(x) = x2 � 3x+ 3 [d℄ = 0The use of negative 
oeÆ
ients in the interpretation is 
ru
ial in this example.The restri
tions imposed in [8℄ for the 
onsidered polynomial interpretationsare quite usual; moreover, with the early remarkable ex
eption of [5℄, the poly-nomials 
onsidered in the literature are further restri
ted to use non-negativeinteger 
oeÆ
ients [3,11,2,16℄. This is due to the need to interpret the terms ona well-founded domain (e.g., (N; >N)). This guarantees that > is a well-foundedordering on terms, hen
e suitable for termination proofs.In this paper we show how to over
ome these limitations to use more generalpolynomials whi
h are suitable to, e.g., prove termination of CSR.Example 3. The �-termination of R in Example 1 
an be proved by using thefollowing polynomial interpretation:[nats℄ = 9 [in
r℄(x) = x+ 2 x [:℄ y = 12x+ 12y[adx℄(x) = x+ 6 [s℄(x) = 0 [tl℄(x) = 2x+ 1[zeros℄ = 2 [hd℄(x) = 2x+ 1 [0℄ = 0whi
h, as we will show, 
an be 
omputed automati
ally (see Example 10 below).



The framework des
ribed in [8℄ does not apply to polynomial interpretationslike that of Example 3 where rational 
oeÆ
ients o

ur in the polynomials. Themain problem is that the set of real (or rational) numbers is not well-founded.Therefore, a term ordering indu
ed by an interpretation mapping terms into,e.g., rational numbers is not guaranteed to be well-founded. On the other hand,the �-termination of R in Example 1 
annot be proved within the frameworkfor polynomial termination of CSR given in [8℄.In this paper, we use a general te
hnique to obtain stable and well-foundedterm orderings by using interpretations of fun
tion symbols f as real fun
tions[f ℄ : Rk ! R (not ne
essarily polynomials). Then, we show how to ensure (�-)monotoni
ity of su
h orderings thus making them (�-)redu
tion orderings andsuitable for proving (�-)termination of TRSs (Se
tion 3). We dis
uss how to usethis methodology as a basis for proving termination of CSR by means of (moregeneral) polynomial interpretations (Se
tion 4). The framework in [8℄ 
an nowbe seen as a parti
ular 
ase of the new framework. Our extended 
lass of poly-nomial interpretations provides a powerful tool for proving termination of CSR.For instan
e, all examples of termination of CSR in [9℄ (the most re
ent paper onthe topi
) 
an be proved now by using our polynomial interpretations. In Se
tion5, we dis
uss how to automati
ally obtain our polynomial interpretations. Thisis the �rst time that the automati
 generation of dire
t proofs of terminationof CSR is implemented: We have implemented our te
hnique as part of the toolmu-term, seehttp://www.dsi
.upv.es/�slu
as/
sr/termination/muterm.2 PreliminariesLet N, Z, Q, and R be the sets of natural, integer, rational and real numbers,respe
tively; given one of su
h sets N and z 2 N , we let Nz = fx 2 N j x � zgand N>z = fx 2 N j x > zg. Given a set A, P(A) denotes the set of allsubsets of A. A binary relation R on a set A is terminating if there is no in�nitesequen
e a1 R a2 R a3 � � � . Throughout the paper, X denotes a 
ountable setof variables and F denotes a signature, i.e., a set of fun
tion symbols ff; g; : : :g,ea
h having a �xed arity given by a mapping ar : F ! N. The set of terms builtfrom F and X is T (F ;X ). Terms are viewed as labelled trees in the usual way.Positions p; q; : : : are represented by 
hains of positive natural numbers used toaddress subterms of t. We denote the empty 
hain by �. Given positions p; q,we denote its 
on
atenation as p:q. If p is a position, and Q is a set of positions,p:Q = fp:q j q 2 Qg. The set of positions of a term t is Pos(t). The subtermat position p of t is denoted as tjp and t[s℄p is the term t with the subterm atposition p repla
ed by s. The symbol labelling the root of t is denoted as root(t).A rewrite rule is an ordered pair (l; r), written l ! r, with l; r 2 T (F ;X ),l 62 X and Var(r) � Var(l). The left-hand side (lhs) of the rule is l and r is theright-hand side (rhs). A TRS is a pair R = (F ; R) where R is a set of rewriterules. A term t 2 T (F ;X ) rewrites to s (at position p), written t p!R s (or just



t ! s), if tjp = �(l) and s = t[�(r)℄p, for some rule � : l ! r 2 R, p 2 Pos(t)and substitution �. A TRS is terminating if ! is terminating.2.1 Context-Sensitive RewritingA mapping � : F ! P(N) is a repla
ement map (or F-map) if 8f 2 F ; �(f) �f1; : : : ; ar(f)g [12℄. The set of �-repla
ing positions Pos�(t) of t 2 T (F ;X ) is:Pos�(t) = f�g, if t 2 X and Pos�(t) = f�g [Si2�(root(t)) i:Pos�(tji), if t 62 X .In 
ontext-sensitive rewriting (CSR [12℄), we (only) 
ontra
t repla
ing redexes:t �-rewrites to s, written t ,!� s, if t p!R s and p 2 Pos�(t).Example 4. Consider R and � as in Example 1. Then, we have:hd(zeros) ,!� hd(0:zeros) ,!� 0Sin
e 1:2 62 Pos�(hd(0:zeros)), redex zeros 
annot be further �-rewritten inhd(0:zeros).A TRS R is �-terminating if ,!� is terminating.3 Algebras Over the Reals and Redu
tion OrderingsAn ordering > on a set A is well-founded if it admits no in�nite 
hain a1 >a2 > � � � > an > � � � . Given a mapping f : Ak ! A and i 2 f1; : : : ; kg, wesay that > is monotoni
 on the i-th argument of f if, whenever x > y, we havef(x1; : : : ; xi�1; x; : : : ; xk) > f(x1; : : : ; xi�1; y; : : : ; xk) for all x; y; x1; : : : ; xk 2 A.The problem of proving termination of a TRS is equivalent to �nding a well-founded, stable, and monotoni
 (stri
t) ordering > on terms (i.e., a redu
tionordering) whi
h is 
ompatible with the rules of the TRS, i.e., su
h that l > r forall rules l ! r of the TRS. Here, monotoni
 means that, for all k-ary symbol fand i 2 f1; : : : ; kg, > is monotoni
 on the i-th argument of f , when f is viewedas a mapping f : T (F ;X )k ! T (F ;X ). Stable means that, whenever t > s, wehave �(t) > �(s) for all terms t; s and substitutions �.Redu
tion orderings 
an be obtained by giving appropriate interpretations tothe fun
tion symbols of the signature. Given a signatureF , an ordered F-algebra,is a triple (A;FA; >A), where A is a set, FA is a set of mappings fA : Ak ! Afor ea
h f 2 F where k = ar(f), and >A is a (stri
t) ordering on A. For agiven valuation mapping � : X ! A, the evaluation mapping [�℄ : T (F ;X ) !A is indu
tively de�ned by [�℄(x) = �(x) if x 2 X and [�℄(f(t1; : : : ; tk)) =fA([�℄(t1); : : : ; [�℄(tk)) for x 2 X , f 2 F , t1; : : : ; tk 2 T (F ;X ). Then, we 
ande�ne an ordering > on terms given by t > s if and only [�℄(t) >A [�℄(s), for all� : X ! A. If >A is well-founded, then > also is [16, Se
tion 6.2.1℄.In this paper we are interested in using real fun
tions over real numbers tode�ne redu
tion orderings. We say that A = (A;FA) is an F-algebra over thereals if A � R. Given m 2 R and A � R, we say that fA : Ak ! A is m-boundedif fA(x1; : : : ; xk) � m for all x1; : : : ; xk 2 A. If there exists m 2 R su
h that, fAis m-bounded for all f 2 F , then we say that A = (A;FA) is m-bounded. The



order (Rm ; >R) is not well-founded for any m 2 R. However, as in [10℄, givenÆ 2 R>0 , we use the following (stri
t) ordering on the set of real numbers:8x; y 2 R; x >Æ y if and only if x� y �R ÆThus, we have the following.Theorem 1. Let F be a signature, A � R, m 2 R, A = (A;FA) be an m-bounded F-algebra, and Æ 2 R>0 . Then, the relation >Æ on terms given byt >Æ s, 8� : X ! A; [�℄(t) � [�℄(s) � Æis a well-founded and stable (stri
t) ordering on T (F ;X ).In order to use an ordering >Æ (indu
ed by an m-bounded algebra) for provingtermination of rewriting, we have to further ensure that >Æ is monotoni
. Thefollowing example shows the use of Theorem 1 to prove termination of TRSs.Example 5. Consider the following TRS R [16, Example 6.2.22℄:f(f(x)) ! f(g(f(x)))and the 0-bounded algebra (A;FA), where A = R0 , fA(x) = dxe+ 12 and gA(x) =bx
 (here, dxe is the least integer above {or equal to{ x and bx
 is the integerpart of x). Note that >1 is monotoni
: if t >1 s, then [�℄(t) � [�℄(s) + 1 for allvaluations � : X ! A; hen
e, sin
e bx + 1
 = bx
 + 1 and dx + 1e = dxe + 1,we have [�℄(f(t))� [�℄(f(s)) = d[�℄(t)e� d[�℄(s)e � d[�℄(s) + 1e� d[�℄(s)e = 1.Similarly, [�℄(g(t))� [�℄(g(s)) = b[�℄(t)
�b[�℄(s)
 � b[�℄(s)+1
�b[�℄(s)
 = 1.Thus, by Theorem 1, >1 is a redu
tion ordering. On the other hand, we have:[�℄(f(f(x))) = dd�(x)e + 12e+ 12 = d�(x)e + 32 ; and[�℄(f(g(f(x)))) = db(d�(x)e + 12 )
e+ 12 = d�(x)e + 12 :Therefore:[�℄(f(f(x)))� [�℄(f(g(f(x)))) = d�(x)e + 32 � (d�(x)e + 12) = 1Then, f(f(x)) >1 f(g(f(x))) and R is terminating.The following theorem provides a suÆ
ient 
ondition for ensuring monotoni
ityof >Æ: monotoni
ity of >Æ in the i-th argument of a fun
tion symbol f 
omeswhen an in
rement of (at least) Æ in the i-th argument of fA in
reases in (atleast) Æ the output of the fun
tion fA (for ea
h �xed tuple of arguments).Theorem 2. Let F be a signature, A � R, m 2 R, and Æ 2 R>0 . Let A =(A;FA) be an m-bounded F-algebra, f 2 F and 1 � i � ar(f). If fA is di�er-entiable in its i-th argument and �fA(x1;:::;xi;:::;xar(f))�xi � 1, then >Æ is monotoni
in the i-th argument of f .The following example shows the ne
essity of requiring �fA(x1;:::;xi;:::;xar(f))�xi � 1in Theorem 2.



Example 6. Consider the following TRS:a ! 
(a)Let A = R0 . Consider the 0-bounded F-algebra (A; faA; 
Ag), where aA = 2 and
A(x) = 12x. A

ording to Theorem 1 the ordering >1 indu
ed by this algebra iswell-founded and stable. The order, however, is not monotoni
 in the argumentof 
: we have [�℄(a) = 2 and [�℄(
(a)) = 1, for all � : X ! A, i.e.,a >1 
(a)However, [�℄(
(
(a))) = 12 , i.e., 
(a) 6>1 
(
(a)). Note that �
A�x = 12 6� 1.Regarding the 
hoi
e of Æ when using Theorems 1 and 2, Example 5 also showsthat this 
hoi
e matters: for instan
e, > 12 is not 
ompatible with R in Example5; on the other hand, > 32 is not monotoni
. In this paper we will always useÆ = 1.3.1 Polynomial InterpretationsA monomial in k variables over R is a fun
tion F : Rk ! R de�ned byF (x1; : : : ; xk) = a xr11 � � �xrkk for some real number a 6= 0 and non-negative inte-gers r1; : : : ; rk. The number a is 
alled the 
oeÆ
ient of the monomial; Pki=1 riis the degree of the monomial. If r1 = r2 = � � � = rk = 0, then the monomial is
alled a 
onstant. A polynomial in k variables over R is the sum of �nitely manymonomials in k variables over R. The set of polynomials over a set fx1; : : : ; xngof n distin
t variables is denoted by R[x1 ; : : : ; xn℄.The use of polynomials in termination proofs is normally restri
ted to1. polynomials P with non-negative integer 
oeÆ
ients (i.e., P 2 N[x1 ; : : : ; xn℄,see, e.g., [3,11,2,16℄) or2. polynomials P with real 
oeÆ
ients whi
h are either zero or greater than orequal to 1 (i.e., P 2 R1 [x1; : : : ; xn℄, see, e.g., [5,6,14℄).In the �rst 
ase, well-foundedness of the indu
ed orderings on terms 
omes forfree due to the use of a well-founded domain (N; >N); the use of non-negative in-teger 
oeÆ
ients for the polynomials guarantees monotoni
ity of the ordering ([2,Se
tion 5.3℄,[16, Proposition 10℄). Given a polynomial interpretation (N;FN ; >N),the 
orresponding redu
tion ordering > is given as follows: for t; s 2 T (F ;X )(as usual, we write [f ℄ for the polynomial asso
iated to f),t > s , 8xi 2 N; [t℄ > [s℄where [x℄ = x if x 2 X and [f(t1; : : : ; tk)℄ = [f ℄([t1℄; : : : ; [tk℄). Note that (as usual)we write [t℄ instead of [�℄(t) sin
e the variables are interpreted as themselves(ranging on numbers) and a universal quanti�
ation is assumed for ea
h variable.Proposition 1. Let F be a signature and FN be a polynomial interpretationsu
h that [f ℄ : Nk ! N for ea
h k-ary symbol f 2 F . Let > be the ordering onterms indu
ed by (N;FN ; >N) and >1 be the ordering indu
ed by the 0-boundedalgebra (N;FN). Then, >=>1.



Proposition 1 proves that the orderings indu
ed by the polynomial interpreta-tions in the usual sense 
orrespond to the ordering>1 indu
ed by the polynomialinterpretation viewed as a 0-bounded algebra over N.In the se
ond 
ase above, monotoni
ity is still guaranteed by the use of non-negative (and � 1) 
oeÆ
ients and well-foundedness is guaranteed (for �nitesignatures) if the polynomials P in R1 [x1; : : : ; xn℄ additionally have the subtermproperty: P (x1; : : : ; xk) > xi for all 1 � i � k (see [5℄).4 Polynomial Interpretations for Context-SensitiveRewritingTermination of CSR is fully 
aptured by the so-
alled �-redu
tion orderings[15℄, i.e., well-founded, stable orderings > whi
h are �-monotoni
, i.e., for allf 2 F and i 2 �(f), > is monotoni
 in the i-th argument of f . Then, a TRSR = (F ; R) is �-terminating if and only if there is a �-redu
tion ordering >whi
h is 
ompatible with the rules of R, i.e., for all l ! r 2 R, l > r [15,Proposition 1℄.Of 
ourse, �-redu
tion orderings 
an also be de�ned by means of m-boundedF-algebras over the reals. Well-foundedness and stability of>Æ is already ensuredby Theorem 1. In this sense, Proposition 1 proves that the orderings indu
ed bythe polynomial interpretations in [8℄ 
orrespond to the ordering >1 indu
ed bythe polynomial interpretation viewed as a 0-bounded algebra over N.Example 7. Consider the following TRS R:0 - y ! 0 0 � s(y) ! 0s(x) - s(y) ! x - y s(x) � s(y) ! if(x�y,s((x-y)�s(y)),0)x � 0 ! true if(true,x,y) ! x0 � s(y) ! false if(false,x,y) ! ys(x) � s(y) ! x � ytogether with �(if) = �(�) = �(s) = f1g and �(f) = ? for any other symbolf [9, Example 49℄. The �-termination of R 
an be proved by using the ordering>1 indu
ed by the following polynomial interpretation (N;FN), where FN is:x [-℄ y = x+ 1 [true℄ = 0[0℄ = 0 [false℄ = 1[s℄(x) = x+ 3 x [�℄ y = x2 + x+ 1x [�℄ y = x+ 2 [if℄(x; y; z) = xz + x+ y + 1Our framework stri
tly in
ludes [8℄. For instan
e, we show that [8℄ does notsuÆ
e for proving �-termination of R in Example 1: Note that the polynomialinterpretation [:℄ of `:' must 
ontain a monomial axmyn with m 2 N, a; n 2 N1 ;otherwise, the rule tl(x:y) ! y 
annot be oriented. In this 
ase, however, therule zeros ! 0:zeros 
annot be oriented. This is managed in our framework bygiving `:' a polynomial interpretation whose se
ond (non-repla
ing) parameter
ontributes as half of its value. This permits to deal with re
ursive 
alls in right-hand sides (as in the rule zeros ! 0:zeros) whilst suÆ
ient information isstill kept to be used in left-hand sides (as in the rule tl(x:y) ! y).



Example 8. Consider the following non-terminating TRS R:sel(0,x:y) ! x from(x) ! x:from(s(x))sel(s(x),y:z) ! sel(x,z)and �(:) = �(s) = �(from) = f1g and �(sel) = f1; 2g [12, Example 5℄. ThisTRS 
an be proved �-terminating by using the ordering >1 indu
ed by the1-bounded algebra given by (Q1 ;FQ1), where FQ1 is the following polynomialinterpretation:[0℄ = 1 [from℄(x) = 2x+ 2 x [:℄ y = x+ 14y[s℄(x) = 2x [sel℄(x; y) = x2y + 1Note that >1 is �-monotoni
: sin
e x; y � 1, by Theorem 2, we have�[s℄�x = 2 � 1 �[sel℄�x = 2xy � 1 �[:℄�x = 1�[from℄�x = 2 � 1 �[sel℄�y = x2 � 1We �nish this se
tion with a last motivating example:Example 9. Consider the following TRS R borrowing the well-known Toyama'sexample:
 ! a f(a,b,x) ! f(x,x,x)
 ! btogether with �(f) = f1; 3g. The following `polynomial' interpretation (Q1 ;FQ1),where FQ1 is:[f℄(x; y; z) = x+ xy�1 + zy�1 + z = (xy+z)+(x+yz)y [a℄ = 2[
℄ = 3 [b℄ = 1
an be used to formally prove the �-termination of R. The �-redu
tion ordering>1 indu
ed by this algebra is 
ompatible with the rules of R:[f(a,b,x)℄� [f(x,x,x)℄ = 2x+ 4� (2x+ 2) = 2 � 1[
℄� [a℄ = 3� 2 = 1 � 1[
℄� [b℄ = 3� 1 = 2 � 1Regarding �-monotoni
ity of >1, we use Theorem 2:�[f℄x = 1 + y�1 � 1 �[f℄z = 1 + y�1 � 1We 
an also prove that R is simply �-terminating (see [8, Se
tion 3℄): sin
ex; y; z � 1, we have [f(x,y,z)℄� [x℄ = xy�1 + zy�1 + z � 1[f(x,y,z)℄� [z℄ = x+ xy�1 + zy�1 � 1When 
onsidering �0(f) = f2; 3g, the proof of (simple) �0-termination of R issimilar.



5 Automati
 Proofs of Termination of CSR UsingPolynomialsPolynomial interpretations are well-suited to me
hanize the proofs of termina-tion. A proof of termination of a TRS is transformed into the problem of solvinga set of 
onstraints over the 
oeÆ
ients of a polynomial interpretation for thesymbols of the TRS [11℄. We are espe
ially interested in proving �-termination ofTRSs by using polynomial interpretations. A

ording to Theorems 1 and 2, theset of 
onstraints is then obtained by requiring the polynomial interpretationsto satisfy the following restri
tions: for all f 2 F ,1. 0-boundedness: [f ℄(x1; : : : ; xk) � 0 for all x1; : : : ; xk � 0.2. �-monotoni
ity: �[f ℄(x1;:::;xi;:::;xk)�xi � 1 for all i 2 �(f).3. Compatibility with the rules of the TRS: l >1 r for all l ! r 2 R.For pra
ti
al reasons, we also restri
t the polynomials that we 
onsider to haverational (although possibly negative) 
oeÆ
ients. Thus, [f ℄ 2 Q[x1 ; : : : ; xk℄ and[f ℄ : Qk0 ! Q0 for ea
h k-ary symbol f 2 F . This limitation (and other limita-tions whi
h are introdu
ed below) is motivated by the use of the CiME system[4℄ to solve the set of 
onstraints that we obtain. CiME is only able to solve Dio-phantine inequations yielding non-negative integers as solutions. As we will seebelow, the use of rational numbers is easily made 
ompatible with this limitation.The 
hoi
e of 0-bounded polynomial interpretations and that of the ordering >1(i.e., m = 0 and Æ = 1 in Theorem 1) is arbitrary.The following result imposes some general restri
tions on the stru
ture of(m-bounded) polynomials 
ontaining negative 
oeÆ
ients.Proposition 2. Let P 2 R[x1 ; : : : ; xk ℄ be m-bounded for some m 2 R andar1���rkxr11 � � �xrkk be a monomial in P . If ar1���rk < 0, then, for all i 2 f1; : : : ; kgsatisfying ri > 0, there is a monomial ar01���r0kxr011 � � �xr0kk in P satisfying ar01���r0k >0 and r0i > ri.Thus, if we want to have a negative 
oeÆ
ient for a monomial whi
h is �rstdegree in a given variable xi, we need to have a monomial of higher degree inxi having a positive 
oeÆ
ient. Otherwise, m-boundedness (whi
h is required inTheorem 1) 
annot be a
hieved.Of 
ourse, the diÆ
ulty of the pro
edure also depends of the 
omplexity ofthe polynomials that we use for this. In the literature, there are two 
lasses ofpolynomials whi
h are well-suited for automatization of termination proofs: lin-ear [11℄ and simple-mixed [14℄ interpretations. Being the simplest ones, we uselinear polynomial interpretations to dis
uss and exemplify how to pro
eed for au-tomati
ally proving termination of CSR by using (or more pre
isely generating)polynomial interpretations.5.1 Using Linear Polynomial InterpretationsA polynomial P 2 R[x1 ; : : : ; xn℄ is linear, if P = anxn+an�1xn�1+� � �+a1x1+a0.A

ording to the previous dis
ussion, we are going to use polynomial interpre-tations (Q0 ;FQ0). Note that, a

ording to Proposition 2, negative 
oeÆ
ients



are not allowed in linear polynomial interpretations. Moreover, the independent
oeÆ
ient a0 
annot be negative if ai 6= 0 for some 1 � i � k; otherwise, theinterpretation would not be m-bounded for any m 2 R.The following proposition justi�es that, for the purpose of proving termina-tion of CSR by using a linear polynomial interpretation indu
ing an ordering>Æ for some Æ 2 R>0 , we also have to eventually ensure that, for all f 2 F ,0 � ai < 1 whenever i 62 �(f).Proposition 3. Let F be a signature, A � R, Æ 2 R>0 , and (A;FA) be a linearpolynomial interpretation for F . Then, >Æ is monotoni
 in the i-th argument off 2 F if and only if ai � 1, where [f ℄ = akxk + ak�1xk�1 + � � �+ a1x1 + a0.Hen
e, following the previous dis
ussion and results we assume that ea
h k-arysymbol f 2 F is interpreted as a linear polynomial [f ℄ = akxk + ak�1xk�1 +� � �+ a1x1 + a0 where1. a0 2 N,2. ai 2 N1 if i 2 �(f) and3. ai = piqi if i 62 �(f), where pi 2 N, qi 2 N1 and pi < qi. Here, Proposition 3 isused to adopt an heuristi
: sin
e non-repla
ing arguments are not restri
tedto be greater than or equal to 1, we permit the use of rational 
oeÆ
ients aiand, in fa
t, we impose 0 � ai < 1 to (try to) redu
e the sear
h spa
e. Notethat, in [8℄, the only possibility would be ai = 0.The following example shows how these ideas work in pra
ti
e: we des
ribe howto prove the polynomial �-termination of R in Example 1.Example 10. Consider R and � as in Example 1. The symbols of the signatureare interpreted as linear polynomials:[nats℄ = a0 [in
r℄(x) = f1x+ f0[adx℄(x) = b1x+ b0 [s℄(x) = g1x+ g0[zeros℄ = 
0 [hd℄(x) = h1x+ h0x [:℄ y = d10x+ d01y + d00 [tl℄(x) = i1x+ i0[0℄ = e0where, a

ording to Proposition 3, we further assume that d10 = p10q10 and d01 =p01q01 for natural numbers p10 < q10 and p01 < q01. Analogously, for [s℄ we letg1 = p1q1 for natural numbers p1 < q1. All other 
oe�
ients are natural numbers.Now, we use Theorems 1 and 2 to generate a set of 
onstraints over theunknown 
oeÆ
ients. First we note that, sin
e CiME solves the indeterminate
oeÆ
ients ai; bi; : : : ; pi; qi; : : : in N, the 0-boundedness of ea
h polynomial isimmediately guaranteed. Regarding �-monotoni
ity and 
ompatibility with therules of the TRS, we have the following:1. Constraints due to �-monotoni
ity. In general, we use Theorem 2; here(where linear interpreations are assumed) Proposition 3 
an be used instead:(a) �[adx℄�x = b1 � 1 (
) �[hd℄�x = h1 � 1(b) �[in
r℄�x = f1 � 1 (d) �[tl℄�x = i1 � 1



2. Constraints due to 
ompatibility with rules (use Theorem 1 with >1):(a) Compatibility with the rule nats ! adx(zeros):a0 � (b1
0 + b0) � 1,a0 � b1
0 � b0 � 1(b) Compatibility with the rule zeros ! 0:zeros:
0 � d10e0 � d01
0 � d00 � 1,q10q01
0 � q01p10e0 � q10p01
0 � q10q01d00 � q10q01Note that we have used the de�nition of d10 and d01 as rational num-bers d10 = p10q10 and d01 = p01q01 to transform the �rst 
onstraint into anequivalent one where only the 
omponents of the fra
tions are present.(
) Compatibility with the rule in
r(x:y) ! s(x):in
r(y):f1(d10x+ d01y + d00) + f0 � (d10(g1x+ g0) + d01(f1y + f0) + d00) � 1In these 
ases, we 
olle
t the 
oeÆ
ients a

ompanying ea
h variablex1; : : : ; xk to obtain a 
onstraintAkxk + � � �+A1x1 +A0 � BThen, sin
e x1; : : : ; xk � 0, we express this 
onstraint asAk � 0 ^ � � � ^A1 � 0 ^A0 � BFor the 
onstraint above, we obtainq1f1p10 � p10p1 � 0 ^ f1p01 � p01f1 � 0 ^q10q01f1d00 + q10q01f0 � q01p10g0 � q10p01f0 � q10q01d00 � q10q01(d) Compatibility with the rule adx(x:y) ! in
r(x:adx(y)):b1(d10x+ d01y + d00) + b0 � (f1(d10x+ d01(b1y + b0) + d00) + f0) � 1,b1p10 � f1p10 � 0 ^ b1p01 � f1p01b1 � 0 ^q01b1d00 + q01b0 � f1p01b0 � q01f1d00 � q01f0 � q01(e) Compatibility with the rule hd(x:y) ! x:h1(d10x+ d01y + d00) + h0 � x � 1,h1p10 � q10 � 0 ^ h1p01 � 0 ^ h1d00 + h0 � 1(f) Compatibility with the rule tl(x:y) ! y:i1(d10x+ d01y + d00) + i0 � y � 1,i1p10 � 0 ^ i1p01 � q01 � 0 ^ i1d00 + i0 � 1



3. Constraints due to the rational 
oe�
ients(a) q10 > p10 (b) q01 > p01 (
) q1 > p1Now, this set of 
onstraints 
an be solved as a set of Diophantine inequationsusing the CiME system. We (automati
ally) obtain the solution of this set of
onstraints, thus yielding the following polynomial interpretation1:[nats℄ = 9 [in
r℄(x) = x+ 2 x [:℄ y = 12x+ 12y[adx℄(x) = x+ 6 [s℄(x) = 0 [tl℄(x) = 2x+ 1[zeros℄ = 2 [hd℄(x) = 2x+ 1 [0℄ = 0whi
h proves the �-termination of R.We have implemented our te
hnique as part of the tool mu-term. mu-termuses CiME as an external tool for solving the Diophantine inequations obtainedwith our te
hnique. The polynomial interpretation in Example 10 
an be au-tomati
ally obtained with mu-term. We refer the reader to the WWW site ofmu-term for obtaining further details about it.5.2 Simple-Mixed Polynomial InterpretationsA polynomial P 2 R[x1 ; : : : ; xn℄ is simple-mixed i� all exponents are not greaterthan 1 or n = 1 and P = a2x21 + a0 [14℄. Note that, a

ording to Proposition 2and the dis
ussion following it in Se
tion 5.1, simple-mixed polynomials used inour interpretations 
annot 
ontain negative 
oeÆ
ients. The following exampleshows the use of simple-mixed polynomial interpretations.Example 11. Consider the following TRS R [15, Example 5℄:if(true,x,y) ! x f(x) ! if(x,
,f(true))if(false,x,y) ! ytogether with �(f) = f1g and �(if) = f1; 2g. Now we �rst 
onje
ture a simple-mixed polynomial interpretation (Q0 ;FQ0) for F . Again, we 
an use mu-termto automati
ally prove the �-termination of R. We obtain:Proof of termination for CS-TRS Ex5_Zan97:[f℄(X) = 3.X + 2[if℄(X1,X2,X3) = X1.X3 + X1 + X2 + 1[
℄ = 0[true℄ = 0[false℄ = 1Now we prove that linear interpretations do not work in this 
ase. Assume thatthere is a linear interpretation (Q0 ;FQ0) and some Æ > 0 su
h that >Æ is a�-redu
tion ordering whi
h is 
ompatible with the rules of R. Su
h an inter-pretation in
ludes a polynomial [if℄(x; y; z) = ax+ by + 
z + d interpreting if,1 We use version 2.0 of the CiME system.



where a; b � 1 to guarantee that >Æ is �-monotoni
 for any Æ > 0 (Proposition3). Moreover, 
 � 1; otherwise, 
ompatibility of >Æ with the se
ond rule for ifwould be impossible. Also, the interpretation of f would be [f℄(x) = mx + n,where m � 1 (due to �(f) = f1g). Then, by Proposition 3, >Æ would be, in fa
t,monotoni
, hen
e a redu
tion ordering whi
h is 
ompatible with the rules of R.However, being R non-terminating, no redu
tion ordering 
an be 
ompatiblewith the rules of R.Example 11 also shows that (in 
ontrast to the usual approa
hes whi
h use N1(or N2 ) and R1 , see [3,11,14,16℄) the use of 0 for interpreting symbols is 
ru
ialfor some appli
ations. This 
laim is justi�ed by the following proposition.Proposition 4. Let F be a signature, A � R1 , Æ 2 R>0 , and (A;FA) be apolynomial interpretation for F . If [f ℄ 
ontains a monomial a xr11 � � �xrii � � �xrkkwith ri � 1 and a � 1, then, >Æ is monotoni
 in the i-th argument of f 2 F .For instan
e, without interpreting true as 0, the �-termination of R in Example11 
annot be proved by using the same interpretations for f and if.5.3 Polynomials With Negative CoeÆ
ientsThe polynomials in the previous se
tions do not admit negative 
oeÆ
ients inany monomial. A

ording to Proposition 2, if we want to use negative 
oeÆ
ientsin some monomials (as, e.g., in Example 2), we have to 
onsider, at least, thefollowing 
lass of polynomials.De�nition 1 (2-simple-mixed polynomial).A polynomial P 2 R[x1 ; : : : ; xn℄is 2-simple-mixed i� ea
h monomial ar1���rkxr11 � � �xrkk satisfy either:1. ri 2 f0; 1g for all i 2 f1; : : : ; kg or2. ri = 2 for some i 2 f1; : : : ; kg and rj = 0 for all j 2 f1; : : : ; kg � fig.Note that simple-mixed polynomials are also 2-simple mixed. The polynomialsused in Example 2 are 2-simple mixed. The following result 
an be used toguarantee 0-boundedness of a quadrati
 polynomial:Proposition 5. Let P (x) = Ax2 + Bx + C. Then, P (x) � 0 for all x � 0 ifand only if either1. A � 0 ^ B � 0 ^ C � 0 or2. A > 0 ^ B < 0 ^ 4AC �B2 � 0.Example 12. Consider the following TRS R:f(x,g(x),y) ! f(y,y,y) b ! 
g(b) ! 
together with �(f) = f3g [9, Example 24℄. The �-termination of R 
an be provedby using the ordering >1 indu
ed by:[f℄(x; y; z) = x2 � 2xy + y2 + z [b℄ = 1[g℄(x) = x+ 1 [
℄ = 0In the near future, we plan to furnish mu-term with the ability to automati
allygenerate proofs of �-termination by using polynomials with negative 
oeÆ
ients.



6 Con
lusionsWe have shown how to obtain stable and well-founded term orderings by us-ing a given interpretation of fun
tion symbols as real fun
tions, not ne
essarilypolynomials (Theorem 1). We have shown how to further obtain (�-)redu
tionorderings, whi
h 
an be used for proving (�-)termination of TRSs (Theorem 2).This provides a new te
hnique for proving termination of rewriting (Example 5)and a basis for proving termination of CSR by means of very general polynomialinterpretations whi
h 
an be 
hara
terized by:1. The use of rational 
oeÆ
ients (as in Examples 3 and 8),2. The use of negative 
oeÆ
ients (as in Example 2), and3. The use of negative exponents2 (as in Example 9).These me
hanisms allow us to avoid monotoni
ity for the non-repla
ing argu-ments of symbols (where this is not ne
essary). We also stress that the use ofrational, negative 
oeÆ
ients, and negative exponents (and the la
k of mono-toni
ity in some arguments) disallows the use of most of the standard results forguaranteeing well-foundedness of the indu
ed ordering on terms. For instan
e, in
ontrast to the unrestri
ted 
ase (see [5℄), the �-subterm property [8, De�nition2℄ does not guarantee well-foundedness of a term ordering [8, Example 3℄. For-tunately, Theorems 1 and 2 provide a good framework for de�ning �-redu
tionorderings.Regarding their use in proofs of termination of (unrestri
ted) rewriting, themethods presented here 
an also be helfpul when monotoni
ity is not a 
ru
ialrequirement for the use of term orderings. This is the 
ase of the dependen
ypairs method, [1℄ where non-monotoni
 (but well-founded and stable) orderings
an be used in proofs of termination as part of a redu
tion pair (see [7℄).The framework in [8℄ 
an now be seen as a parti
ular 
ase of the new frame-work (Proposition 1). Our extended 
lass of polynomial interpretations providesquite a powerful tool for proving termination of CSR. For instan
e, all examplesof termination of CSR in [9℄ (the most re
ent paper on the topi
) have beenproved terminating now by using polynomial interpretations (see Examples 2,3, 7, 12, and [8, Example 10℄). We have des
ribed how to automati
ally obtainour polynomial interpretations. We have implemented our te
hniques (linearand simple-mixed interpretations of Se
tions 5.1 and 5.2) as part of the toolmu-term.6.1 Future WorkFrom a theoreti
al point of view, the 
lass of redu
tion orderings >Æ indu
edby an m-bounded algebra over the reals should be further investigated. Theexa
t role of m and Æ has to be 
lari�ed. Another interesting question 
on
erns
ompleteness of the approa
h: is every terminating TRS 
ompatible with oneof su
h orderings? If not, what are the limitations of the approa
h? Example2 Of 
ourse, we should more properly speak about polynomial fra
tions in this 
ase.



5 shows that the te
hnique applies to a non-simply terminating TRS (see [16,Proposition 6.3.26(iv)℄); thus, what would be the position of these orderings ina termination hierar
hy possibly extending that of [16, Se
tion 6.3℄?Regarding the pra
ti
al use of these orderings, we plan to investigate newfamilies of real fun
tions whi
h are well-suited for automatization purposes. Wewill fo
us on those fun
tions whi
h 
an also be used to prove termination ofCSR, by introdu
ing me
hanisms for loosing monotoni
ity in some arguments.In parti
ular, in this paper we did not pay any attention to formalize the use ofpolynomial fra
tions. This 
ould be a �rst starting point.A
knoledgements. I thank Bernhard Gramli
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