
HYPERGRAPHS, QUASI-RANDOMNESS, AND CONDITIONSFOR REGULARITYYOSHIHARU KOHAYAKAWA, VOJT�ECH R�ODL, AND JOZEF SKOKANDedi
ated to Professors Vera T. S�os and Andr�as Hajnalon the o

asion of their 70th birthdaysAbstra
t. Haviland and Thomason and Chung and Graham were the �rstto investigate systemati
ally some properties of quasi-random hypergraphs. Inparti
ular, in a series of arti
les, Chung and Graham 
onsidered several quitedisparate properties of random-like hypergraphs of density 1=2 and provedthat they are in fa
t equivalent. The 
entral 
on
ept in their work turnedout to be the so 
alled deviation of a hypergraph. They proved that havingsmall deviation is equivalent to a variety of other properties that des
ribequasi-randomness. In this paper, we 
onsider the 
on
ept of dis
repan
y fork-uniform hypergraphs with an arbitrary 
onstant density d (0 < d < 1) andprove that the 
ondition of having asymptoti
ally vanishing dis
repan
y isequivalent to several other quasi-random properties of H, similar to the onesintrodu
ed by Chung and Graham. In parti
ular, we prove that the 
orre
t`spe
trum' of the s-vertex subhypergraphs is equivalent to quasi-randomnessfor any s � 2k. Our work may be viewed as a 
ontinuation of the work ofChung and Graham, although our proof te
hniques are di�erent in 
ertainimportant parts.1. Introdu
tion and the main resultThe ri
h interplay between the investigation of deterministi
 
ombinatorial stru
-tures and random 
ombinatorial stru
tures has been an important feature of modern
ombinatori
s. One aspe
t of this intera
tion fo
uses on the study of deterministi
stru
tures that `mimi
' the behavior of random ones, from 
ertain spe
i�
 pointsof view.In this paper, we are interested in `quasi-random' hypergraphs, in the senseof Chung and Graham [5, 6℄. Haviland and Thomason [9, 10℄, Chung [4℄, andChung and Graham [5, 6℄ have already established the fundamental results in thisarea. Babai, Nisan, and Szegedy [3℄ have impli
itly found a 
onne
tion between
ommuni
ation 
omplexity and what is known as `hypergraph dis
repan
y', a key
on
ept, as we shall see, in the study of quasi-random hypergraphs. This 
onne
tionwas explored further by Chung and Tetali [7℄. Here, we 
arry out our investigationvery mu
h along the lines of Chung and Graham [5, 6℄, ex
ept that we fo
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2 Y. KOHAYAKAWA, V. R�ODL, AND J. SKOKANhypergraphs of arbitrary 
onstant density, making use of di�erent te
hniques in
ertain deli
ate parts.In the remainder of this introdu
tion, we 
arefully dis
uss a result of Chung andGraham [5℄ and state our main result, Theorem 1.3 below.1.1. The result of Chung and Graham. We need to start with some de�nitions.For a set V and an integer k � 2, let [V ℄k denote the system of all k-element subsetsof V . A subset G � [V ℄k is 
alled a k-uniform hypergraph. If k = 2, we have agraph. We sometimes use the notation G = (V (G); E(G)). If there is no danger of
onfusion, we shall identify the hypergraphs with their edge sets. In parti
ular, wewrite jHj for the number of edges in H. Throughout this paper, the integer k isassumed to be a �xed 
onstant.For any l-uniform hypergraph G and k � l, let Kk(G) be the set of all k-elementsets that span a 
lique K(l)k on k verti
es. We also denote by Kk(2) the 
ompletek-partite k-uniform hypergraph whose every partite set 
ontains pre
isely two ver-ti
es. We refer to Kk(2) as the generalized o
tahedron, or, simply, the o
tahedron.We also 
onsider a fun
tion �H : [V ℄k ! f�1; 1g su
h that, for all e 2 [V ℄k, wehave �H(e) = � �1; if e 2 H1; if e 62 H:Let [k℄ = f1; 2; : : : ; kg and let V 2k denote the set of all 2k-tuples (v1; v2; : : : ; v2k),where vi 2 V (1 � i � 2k). Furthermore, let �(k)H : V 2k ! f�1; 1g be given by�(k)H (u1; : : : ; uk; v1; : : : ; vk) = Y"=("i)ki=1 �H("1; : : : ; "k);where the produ
t is over all ve
tors " = ("i)ki=1 with "i 2 fui; vig for all i and weunderstand �H to be 1 on arguments with repeated entries.The deviation dev(H) of H is de�ned bydev(H) = 1m2k Xui;vi2V; i2[k℄�(k)H (u1; : : : ; uk; v1; : : : ; vk):Note that the quantity m2k dev(H) is essentially the di�eren
e between the numberof 2k-tuples that indu
e an even number of edges and the number of 2k-tuples thatindu
e an odd number of edges.For two hypergraphs G and H, we denote by �HG� the set of all indu
ed subhy-pergraphs of H that are isomorphi
 to G. We also write �HG�w for the number ofweak (i.e., not ne
essarily indu
ed) subhypergraphs of H that are isomorphi
 to G.Furthermore, we need the notion of the link of a vertex.De�nition 1.1. Let H be a k-uniform hypergraph and x 2 V (H). We shall 
allthe (k � 1)-uniform hypergraphH(x) = fe n fxg : e 2 H; x 2 egthe link of the vertex x in H. For a subset W � V (H), we de�ne H(W ) byH(W ) = \x2W H(x):For simpli
ity, if W = fx1; : : : ; xkg, we write H(x1; : : : ; xk).



HYPERGRAPHS, QUASI-RANDOMNESS, AND REGULARITY 3Observe that if H is k-partite, then H(x) is (k � 1)-partite for every x 2 V .Furthermore, if k = 2, then H(x) may be identi�ed with the set of all verti
es
onne
ted to x, i.e., H(x) is the neighborhood of x; furthermore, H(x; x0) is the setof all verti
es 
onne
ted to both x and x0, i.e., H(x; x0) is the `joint neighborhood'of x and x0.In [5℄, Chung and Graham proved that if the density of an m-vertex k-uniformhypergraph H is 1=2, i.e., jHj = (1=2 + o(1))�mk �, where o(1)! 0 as m!1, thenthe following statements are equivalent:Q1(s): for all k-uniform hypergraphs G on s � 2k verti
es and automorphismgroup Aut(G),�����HG����� = (1 + o(1))�ms�2�(sk) s!jAut(G)j ;Q2: for all k-uniform hypergraphs G on 2k verti
es and automorphism groupAut(G), �����HG����� = (1 + o(1))�m2k�2�(2kk ) (2k)!jAut(G)j ;Q3: dev(H) = o(1),Q4: for almost all 
hoi
es of x, y 2 V , the (k � 1)-uniform hypergraphH(x)4H(y), that is, the 
omplement [V ℄k�1 n (H(x)4H(y)) of the sym-metri
 di�eren
e of H(x) and H(y), satis�es Q2 with k repla
ed by k � 1,Q5: for k � 1 � r < 2k and almost all x, y 2 V ,�����H(x; y)K(k�1)r ����� = (1 + o(1))�mr �2�( rk�1):The equivalen
e of these properties is understood in the following sense. For twoproperties involving o(1) terms P = P (o(1)) and P 0 = P 0(o(1)), the impli
ation\P ) P 0" means that for every " > 0 there is a Æ > 0 so that any k-uniformhypergraph H on m verti
es satisfying P (Æ) must also satisfy P 0("), provided m >M0(").Chung and Graham [5℄ stated that \it would be pro�table to explore quasi-randomness extended to simulating random k-uniform hypergraphs Gp(n) for p 6=1=2, or, more generally, for p = p(n), espe
ially along the lines 
arried out sofruitfully by Thomason [12, 13℄." Our present aim is to take the �rst steps inthis dire
tion. In this paper, we 
on
entrate on the 
ase in whi
h p is an arbitrary
onstant. In 
ertain 
ru
ial parts, our methods are di�erent from the ones of Chungand Graham. In fa
t, it seems to us that the fa
t that the density of H is 1=2 isessential in 
ertain proofs in [5℄ (espe
ially those involving the 
on
ept of deviation).1.2. Dis
repan
y and the subgraph 
ounting formula. The following 
on
eptwas proposed by Frankl and R�odl and was later used by Chung [4℄ and Chung andGraham in [5, 6℄. For an m-vertex k-uniform hypergraph H with vertex set V , wede�ne the density d(H) and the dis
repan
y dis
1=2(H) of H as follows:d(H) = jHj�mk��1and dis
1=2(H) = 1mk maxG�[V ℄k�1 ��jH \ Kk(G)j � j �H \ Kk(G)j�� ; (1)



4 Y. KOHAYAKAWA, V. R�ODL, AND J. SKOKANwhere the maximum is taken over all (k � 1)-uniform hypergraphs G with vertexset V , and �H is the 
omplement [V ℄k n H of H.To a

ommodate arbitrary densities, we extend the latter 
on
ept as follows.De�nition 1.2. Let H be a k-uniform hypergraph with vertex set V with jV j = m.We de�ne the dis
repan
y dis
(H) of H as follows:dis
(H) = 1mk maxG�[V ℄k�1 ��jH \ Kk(G)j � d(H)jKk(G)j��; (2)where the maximum is taken over all (k � 1)-uniform hypergraphs G with vertexset V .Observe that if d(H) = 1=2, then dis
(H) = (1=2) dis
1=2(H), so both notionsare equivalent. Following some initial 
onsiderations by Frankl and R�odl, Chungand Graham investigated the relation between dis
repan
y and deviation. In fa
t,Chung [4℄ su

eeded in proving the following inequalities 
losely 
onne
ting thesequantities:(i) dev(H) < 4k(dis
1=2(H))1=2k ,(ii) dis
1=2(H) < (dev(H))1=2k .For simpli
ity, we state the inequalities for the density 1=2 
ase. For the general
ase, see Se
tion 5 of [4℄.Before we pro
eed, we need to introdu
e a new 
on
ept. If the vertex set of ahypergraph is totally ordered, we say that we have an ordered hypergraph. Giventwo ordered hypergraphs G� and H�0 , where � and �0 denote the orderings onthe vertex sets of G = G� and H = H�0 , we say that a fun
tion f : V (G) ! V (H)is an embedding of ordered hypergraphs if (i) it is an inje
tion, (ii) it respe
ts theorderings, i.e., f(x) �0 f(y) whenever x � y, and (iii) f(g) 2 H if and only if g 2 G,where f(g) is the set formed by the images of all the verti
es in g. Furthermore, ifG = G� and H = H�0 , we write �HG�� = �H�0G� �for the number of su
h embeddings. We use the same symbol `�' for the ordersinvolved in 
ase this 
auses no 
onfusion.As our main result, we shall prove the following extension of Chung and Graham'sresult (in the sense that the density of H is allowed to be di�erent from 1=2).Theorem 1.3. Let H = (V;E) be a k-uniform hypergraph of density d on mverti
es. Then the following statements are equivalent:P1: dis
(H) = o(1),P2: dis
(H(x)) = o(1) and d(H(x)) = (1 + o(1))d for all but o(m) verti
esx 2 V and dis
(H(x; y)) = o(1) and d(H(x; y)) = (1 + o(1))d2 for all buto(m2) pairs x, y 2 V ,P3: dis
(H(x; y)) = o(1) and d(H(x; y)) = (1+o(1))d2 for all but o(m2) pairsx, y 2 V ,P4: the number of non-indu
ed 
opies of Kk(2) in H is asymptoti
ally mini-mized among all k-uniform hypergraphs of density d; indeed,����� HKk(2)�w���� = (1 + o(1))m2k2kk!d2k ; (3)



HYPERGRAPHS, QUASI-RANDOMNESS, AND REGULARITY 5P5: for every s � 2k and all k-uniform hypergraphs G on s verti
es with e(G)edges and automorphism group Aut(G),�����HG����� = (1 + o(1))�ms�de(G)(1� d)(sk)�e(G) s!jAut(G)j ;P 05: for every ordering H�0 of H and for every �xed integer s � 2k, everyordered k-uniform hypergraph G� on s verti
es with e(G) edges is su
h that�����HG������ = (1 + o(1))�ms�de(G)(1� d)(sk)�e(G);P6: for all k-uniform hypergraphs G on 2k verti
es with e(G) edges and auto-morphism group Aut(G),�����HG����� = (1 + o(1))�m2k�de(G)(1� d)(2kk )�e(G) (2k)!jAut(G)j :P 06: for every ordering H�0 of H, every ordered k-uniform hypergraph G� on2k verti
es with e(G) edges is su
h that�����HG������ = (1 + o(1))�m2k�de(G)(1� d)(2kk )�e(G):The equivalen
e between properties is understood in the sense of Chung andGraham's approa
h.Note that, similarly to the 
ase where k = 2 (see, e.g., [1, 2℄), the equivalen
eamong the above properties may be used to develop a fast algorithm for 
he
kingwhether a given hypergraph is quasi-random. While it is hard to 
he
k whetherdis
(H) � Æ dire
tly from the de�nition of dis
(H), one may 
he
k property P4 inO(m2k) time. This may be further improved using te
hniques from [1, 11℄.Some of the impli
ations in Theorem 1.3 are fairly easy or are by now quitestandard. There are, however, two impli
ations that appear to be quite diÆ
ult.The proof of Chung and Graham that dev1=2(H) = o(1) implies P5 (the `sub-graph 
ounting formula') is based on an approa
h that has its roots in a seminalpaper of Wilson [14℄. This beautiful proof seems to make non-trivial use of thefa
t that d(H) = 1=2. Our proof of the impli
ation that small dis
repan
y impliesthe subgraph 
ounting formula (P1 ) P 05) is based on a di�erent te
hnique, whi
hworks well in the arbitrary 
onstant density 
ase (see Se
tion 6).The se
ond impli
ation with a rather te
hni
al proof is P2 ) P1. This proof isbased on the observation that in k-uniform k-partite hypergraphs the regularity oflinks and pair-links implies the regularity of the whole hypergraph. For details, werefer the reader to Se
tions 3.1 and 4.Remark. Let us make some remarks on the asymptoti
 notation that we shall use.Unless otherwise stated, we understand by o(1) a fun
tion approa
hing zero as thenumber of verti
es of a given hypergraph goes to in�nity. We also use x � y ifx = (1 + o(1))y and x & y if x � (1 + o(1))y. Finally, we write O1(x) for a term ysu
h that jyj � x. 2. DefinitionsBesides introdu
ing some de�nitions and notation, our aim in this se
tion is toargue that, for most of the purposes of this paper, we may restri
t ourselves to the



6 Y. KOHAYAKAWA, V. R�ODL, AND J. SKOKAN
ase of k-partite k-uniform hypergraphs. To this end, we �rst set up a few fa
ts
on
erning k-partite hypergraphs.2.1. De�nitions for partite hypergraphs. For simpli
ity, we �rst introdu
e theterm 
ylinder to mean partite hypergraphs.De�nition 2.1. Let k � l � 2 be two integers. We shall refer to any k-partitel-uniform hypergraph H = (V1 [ � � � [ Vk; E) as a k-partite l-
ylinder or (k; l)-
ylinder. If l = k � 1, we shall often write Hi for the subhypergraph of H indu
edon Sj 6=i Vj . Clearly, H = Ski=1Hi. We shall also denote by K(l)k (V1; : : : ; Vk) the
omplete (k; l)-
ylinder with vertex partition V1 [ � � � [ Vk.De�nition 2.2. For a (k; l)-
ylinder H, we shall denote by Kj(H), l � j � k, the(k; j)-
ylinder whose edges are pre
isely those j-element subsets of V (H) that span
liques of order j in H.Clearly, the quantity jKj(H)j 
ounts the total number of 
liques of order j in H.In the 
ase in whi
h l = 1, the (k; j)-
ylinder Kj(H) is the 
omplete k-partitej-uniform hypergraph on SH = Sh2H h.When we deal with 
ylinders, we have to measure density a

ording to theirnatural vertex partitions.De�nition 2.3. Let H be a (k; k)-
ylinder with k-partition V = V1 [ � � � [Vk . Wede�ne the k-partite density or simply the density d(H) of H byd(H) = jHjjV1j : : : jVkj :To be pre
ise, we should have a distinguished pie
e of notation for the notion ofk-partite density. However, the 
ontext will always make it 
lear whi
h notion wemean when we talk about the density of a (k; k)-
ylinder.We should also be 
areful when we talk about the dis
repan
y of a 
ylinder.De�nition 2.4. Let H be a (k; k)-
ylinder with vertex set V = V1 [ � � � [ Vk. Wede�ne the dis
repan
y dis
(H) of H as follows:dis
(H) = 1jV1j : : : jVk j maxG�[V ℄k�1 ��jH \ Kk(G)j � d(H)jKk(G)j��; (4)where the maximum is taken over all (k; k � 1)-
ylinders G with vertex set V =V1 [ � � � [ Vk.We now introdu
e a simple but important 
on
ept 
on
erning the \regularity"of a (k; k)-
ylinder.De�nition 2.5. Let H be a (k; k)-
ylinder with k-partition V = V1 [ � � � [ Vkand let Æ < � be two positive real numbers. We say that H is (Æ; �)-regular if thefollowing 
ondition is satis�ed: if G is any (k; k � 1)-
ylinder su
h thatjKk(G)j � ÆjV1j : : : jVkj; (5)then (�� Æ)jKk(G)j � jH \ Kk(G)j � (�+ Æ)jKk(G)j: (6)One should observe that the (Æ; �)-regularity of a hypergraph H does not implythat H has density �; we may only 
on
lude that the density of a (Æ; �)-regularhypergraph is between �� Æ and �+ Æ. Moreover, the following simple fa
ts hold.Fa
t 2.6. Let H be a (Æ; �)-regular (k; k)-
ylinder. Then dis
(H) � 2Æ.



HYPERGRAPHS, QUASI-RANDOMNESS, AND REGULARITY 7Fa
t 2.7. Suppose H is a (k; k)-
ylinder with k-partition V = V1 [ � � � [ Vk. Put� = d(H) and assume that dis
(H) � Æ. Then H is (Æ1=2; �)-regular.2.2. The k-partite redu
tion. Suppose H is a k-uniform hypergraph and let H0be one of its k-partite spanning subhypergraphs. In this se
tion, we try to relatethe deviation and the dis
repan
y of H0 to those of H.De�nition 2.8. LetH = (V;E) be a k-uniform hypergraph with m verti
es and letP = (Vi)k1 be a partition of the vertex set V . We denote by HP the (k; k)-
ylinder
onsisting of the edges h 2 H satisfying jh \ Vij = 1 for all i 2 [k℄.The following proposition holds.Proposition 2.9. For any partition P = (Vi)k1 of V , we have(i) dis
(H) � jd(HP )� d(H)jjV1j : : : jVkj=mk, and(ii) dis
(HP ) � 2 dis
(H)mk=jV1j : : : jVkj.Proof. Let P = (Vi)k1 be any partition of V . Observe that HP 
onsists pre
isely ofthe vertex sets of those 
opies of K(k�1)k in K = K(k�1)k (V1; : : : ; Vk) whi
h are alsoedges in H; that is, HP = H\Kk(K). Sin
e jKk(K)j = jKk(K(k�1)k (V1; : : : ; Vk))j =jV1j : : : jVkj, this implies the �rst part of the proposition by taking G = K in (2).On the other hand, let G0 � [V ℄k�1 be a (k; k � 1)-
ylinder for whi
h the max-imum is attained in (4), the de�nition of dis
(HP ). Observe that HP \ Kk(G0) =H \ Kk(G0). Thendis
(HP ) = 1jV1j : : : jVk j ��jHP \ Kk(G0)j � d(HP)jKk(G0)j��� 1jV1j : : : jVk j ��jH \ Kk(G0)j � d(H)jKk(G0)j��+ 1jV1j : : : jVkj ��d(H)jKk(G0)j � d(HP)jKk(G0)j��� mkjV1j : : : jVk j dis
(H) + 1jV1j : : : jVk j jKk(G0)j jd(H)� d(HP )j� mkjV1j : : : jVk j dis
(H) + jd(H)� d(HP )j� 2mkjV1j : : : jVk j dis
(H);where in the last inequality we used (i). �We shall also need the following fa
t, whi
h follows easily from, say, Chebyshev'sinequality.Fa
t 2.10. Let H = (V;E) be an m-vertex k-uniform hypergraph. Then (1 �o(1))km partitions P = (Vi)k1 of V satisfy(i) jVij = (1 + o(1))m=k for all i 2 [k℄,(ii) jHP j = (1 + o(1))(k!=kk)jHj, and(iii) d(HP ) = (1 + o(1))d(H),where o(1)! 0 as jHj=mk�1 !1.An immediate 
onsequen
e of the previous proposition and Fa
t 2.10 is the fol-lowing.



8 Y. KOHAYAKAWA, V. R�ODL, AND J. SKOKANClaim 2.11. If dis
(H) = o(1), then dis
(HP ) = o(1) for (1 � o(1))km partitionsP = (Vi)k1 of V .With some more e�ort, one may prove a 
onverse to Claim 2.11.Claim 2.12. Suppose there exists a positive real number 
 > 0 su
h that dis
(HP) =o(1) for 
km partitions P = (Vi)k1 of V . Then dis
(H) = o(1).Proof. Let S be a set of partitions P for whi
h dis
(HP) = o(1) and jSj � 
km.Suppose dis
(H) � Æ for some �xed Æ > 0, and let G0 be a (k � 1)-uniform hy-pergraph for whi
h the maximum is attained in (2), the de�nition of dis
(H). LetP = (Vi)k1 2 S be a partition satisfying the 
on
lusion of Fa
t 2.10 with respe
t toH, H\Kk(G0), and Kk(G0). Su
h a partition must exist sin
e 
km+(1�o(1))km >km. Observe that, then,jHP \ Kk(G0)j = j(H \ Kk(G0))P j = (1 + o(1)) k!kk jH \ Kk(G0)j;and jKk(G0 \K(k�1)k (V1; : : : ; Vk))j = j(Kk(G0))P j = (1 + o(1)) k!kk jKk(G0)j;and, from (iii) of Fa
t 2.10, d(HP ) = (1 + o(1))d(H):For 
onvenien
e, put K = K(k�1)k (V1; : : : ; Vk). We use an approa
h similar to theone in Proposition 2.9 to getdis
(H) = 1mk ��jH \ Kk(G0)j � d(H)jKk(G0)j��= 1mk ����(1 + o(1))kkk! jHP \ Kk(G0)j � (1 + o(1))d(HP )kkk! jKk(G0 \K)j����� 1mk kkk! ��jHP \ Kk(K \ G0)j � d(HP )jKk(G0 \K)j��+ 1mk kkk! o(1) (jHP \ Kk(K \ G0)j+ d(HP )jKk(G0 \K)j)� (1 + o(1)) 1k! dis
(HP ) + 1mk kkk! o(1)2�mk� � 2k! dis
(HP) + 2kk(k!)2 o(1):Sin
e by our assumptions dis
(HP) = o(1), we immediately obtain that dis
(H) < Æfor large enough m, whi
h is a 
ontradi
tion. �We now state the k-partite version of a part of our main result, Theorem 1.3.Theorem 2.13. Suppose V = V1 [ � � � [ Vk, jV1j = � � � = jVk j = n, and letH = (V;E) be a (k; k)-
ylinder with jHj = dnk. Then the following four 
onditionsare equivalent:C1: H is (o(1); d)-regular;C2: H(x) is (o(1); d)-regular for all but o(n) verti
es x 2 Vk and H(x; y) is(o(1); d2)-regular for all but o(n2) pairs x, y 2 Vk;C3: H(x; y) is (o(1); d2)-regular for all but o(n2) pairs x, y 2 Vk;C4: the number of 
opies of Kk(2) in H is asymptoti
ally minimized amongall su
h (k; k)-
ylinders of density d, and equals (1 + o(1))n2kd2k=2k.



HYPERGRAPHS, QUASI-RANDOMNESS, AND REGULARITY 9Remark. The simplifying 
ondition jV1j = � � � = jVkj = n has the sole purpose ofmaking the proof more readable and transparent. The immediate generalization ofTheorem 2.13 for V1; : : : ; Vk of arbitrary sizes holds.The proof of Theorem 2.13 will be given in Se
tions 4 and 5.3. The derivation of the general 
aseIn this part, we prove Theorem 1.3. We divide this proof into �ve se
tions. InSe
tion 3.1, we show the equivalen
e of properties P1, P2, and P3. The proof ofP4 ) P1 is in Se
tion 3.2. Both se
tions use Theorem 2.13 as the main tool. InSe
tion 3.3, we prove P1 ) P 05 using the `subhypergraph 
ounting formula' fromSe
tion 6. Then we show that P 05 ) P5 ) P6 and P 05 ) P 06 ) P6 (see Se
tion 3.4).Finally, we prove P6 ) P4 in Se
tion 3.5. The 
ow of the whole proof is des
ribedin the following diagram. P2 ) P3 ) P1* +P1 P 06 ( P 05* + +P4 ( P6 ( P53.1. Proof of P1 , P2 , P3. We are now ready to show that, in the �rst part ofthe proof of Theorem 1.3, we may assume the hypergraph H to be k-partite. To bemore pre
ise, we show that the equivalen
e P1 , P2 , P3 in Theorem 1.3 followsfrom Theorem 2.13. We shall illustrate this on P1 ) P2; the other impli
ations arehandled similarly. In fa
t, we shall be somewhat sket
hy; we shall only indi
ate thedouble 
ounting argument that gives this result.Suppose that we have a k-uniform hypergraph H with density d su
h thatdis
(H) = o(1). From Fa
t 2.10 and Claim 2.11 we know that for all but o(1)kmpartitions P of V we have dis
(HP ) = o(1) and d(HP ) = (1 + o(1))d. For ev-ery partition P , denote by X(P) the set of all verti
es x 2 V su
h that eitherdis
(HP (x)) 6= o(1) or dis
(HP ) 6= o(1). From Theorem 2.13 and Fa
ts 2.6 and 2.7,we know that for all but o(1)km partitions P , we have jX(P)j = o(m). For theremaining o(1)km partitions P , we use jX(P)j � m. For a vertex x 2 V , we de�neP(x) to be the 
olle
tion of all partitions P for whi
h x 2 X(P). One 
an easilysee that XP jX(P)j = Xx2V jP(x)j:Let S be the set of verti
es x 2 V for whi
h jP(x)j > (1=2)km. Theno(1)kmm+ o(m)km �XP jX(P)j = Xx2V jP(x)j > 12 jSjkm;hen
e jSj = o(m). This means that, for almost all verti
es x 2 V , we havedis
(H(x)P ) = dis
(HP(x)) = o(1) for at least (1=2)km partitions P . By Claim 2.12,it follows that dis
(H(x)) = o(1) for all but o(m) verti
es x 2 V . We pro
eed sim-ilarly in order to show that dis
(H(x; y)) = o(1) for all but o(m2) pairs x, y 2 V .



10 Y. KOHAYAKAWA, V. R�ODL, AND J. SKOKAN3.2. The minimization of the number of o
tahedra. The aim of this se
tionis to show that property P1 
an be derived from property P4 using the equivalen
eof the k-partite properties C1 and C4. We start with the following lemma.Lemma 3.1. Suppose a k-uniform hypergraph H on m verti
es with density d =d(H) is su
h that ����� HKk(2)�w���� � m2k2kk!d2k : (7)Then, for almost all partitions P of V = V (H),����� HPKk(2)�w���� � n2k2k d2k (8)holds for n = m=k.Proof. Put X(P) = ����� HPKk(2)�w���� :We 
onsider X as a r.v. on the uniform probability spa
e of all partitions P of thevertex set V of H. Clearly, we may write X as a sum of 0{1 indi
ator randomvariables as follows: X =XK XK;where the sum is over all K � H with K �= Kk(2) and XK(P) = 1 if and onlyif K � HP . Note that P(XK = 1) = P(K � HP ) = k!km�2k=km. Therefore,using (7), we haveE (X) =XK E (XK) =XK P(XK = 1) � m2k2kk!d2k k!km�2kkm � n2k2k d2k : (9)We now invoke a lemma that will be proved in Se
tion 5.1. Indeed, Claim 5.2 statesthat ����� GKk(2)�w���� & n2k2k d2k (10)for all (k; k)-
ylinders G of density d with n verti
es in ea
h of its vertex 
lasses.Comparing (9) and (10), we dedu
e that the expe
tation of X is asymptoti
allyequal to minX , and hen
eP�X � (1 + �)n2k2k d2k� = o(1)for any �xed � > 0. This 
ompletes the proof of Lemma 3.1. �We turn to the proof of the impli
ation P4 ) P1.Proof of P4 ) P1. Let H be a k-uniform hypergraph on m verti
es su
h that����� HKk(2)�w���� � m2k2kk!d2k ; (11)where d is the density d(H) of H. Lemma 3.1 then implies that almost all vertexpartitions P = (Vi)k1 are su
h that����� HPKk(2)�w���� � n2k2k d2k ; (12)



HYPERGRAPHS, QUASI-RANDOMNESS, AND REGULARITY 11where n = m=k. The impli
ation C4 ) C1 of Theorem 2.13 gives that, then, the(k; k)-
ylinder HP is (o(1); d(HP ))-regular for almost all P . We now use Fa
t 2.6to 
on
lude that HP satis�es dis
(HP ) = o(1) for a.a. P . We may then applyClaim 2.12 with, say, 
 = 1=2, to dedu
e that dis
(H) = o(1); in other words,property P1 holds for H. �3.3. Proof of P1 ) P 05. In this se
tion, we prove that any k-uniform hypergraphHwith dis
(H) = o(1) must be su
h that any k-uniform hypergraph G on s verti
esmust o

ur as an indu
ed subhypergraph of H as many times as one would expe
tif H were a truly random hypergraph with density d. Our proof will be based on a
ertain te
hni
al result, the `subhypergraph 
ounting formula', whi
h will be provedin Se
tion 6.Proof of P1 ) P 05. We need to show that for every given integer s � 2k, real number" > 0, and density d 2 (0; 1), there exists a real number Æ > 0 su
h that propertyP1(Æ) (i.e., property P1 with o(1) repla
ed by Æ) implies property P 05("; s) (i.e.,property P 05 with given s and o(1) repla
ed by O1(")).Let Æ0 = Æ0(d; ") be the positive real number determined by Corollary 6.13 andd0 = minfd; 1� dg. Choose Æ > 0 of the form 1=t2k, where t 2 N, satisfyingÆ = 1t2k � �Æ02 �4 ; (13a)and Æ1=2k = 1t � "d(sk)0100s2 � 1s : (13b)Let m � m(d; ") be an integer divisible by t and set n = m=t.Suppose that H = H�0 and G = G� are two ordered k-uniform hypergraphs su
hthat V (H) = fv1 �0 v2 �0 � � � �0 vmg, V (G) = fw1 � w2 � � � � � wsg, d(H) = d,and dis
(H) � Æ.For every i 2 [t℄ set Vi = fvj+n(i�1) : j 2 [n℄g and note that V (H) = Sti=1 Viis a partition of V (H). An s-tuple fu1; : : : ; usg is 
rossing, or transversal, if��fu1; : : : ; usg \ Vi�� � 1 for all i 2 [t℄. Note that the number of non-
rossing s-tuples is bounded from above byt�n2��m� 2s� 2� = 12m�mt � 1��m� 2s� 2� (s)2(s)2= m(m� t)t(m)2 �s2��m� 2s� 2� (m)2(s)2 � 1t�s2��ms�:Sin
e the number of 
rossing s-tuples is �ts�ns, we have the following fa
t.Fa
t 3.2. �ms �� �ts�ns � �s2��ms �=t.For I � [t℄, put HI = H �Si2I Vi� and observe that HI is an (jI j; k)-
ylinder.One 
an mimi
 the proof of Proposition 2.9 and obtain the following fa
t.Fa
t 3.3. For every I 2 [t℄k, we have d(HI) = d+O1(Æ1=2) anddis
(HI) � 2Æ � tk = 2Æ1=2:Consequently, owing to Fa
t 2.7, the 
ylinder HI is (2Æ1=4; d)-regular.



12 Y. KOHAYAKAWA, V. R�ODL, AND J. SKOKANThus, the (s; k)-
ylinder HI satis�es the assumptions of Corollary 6.13 for everyI 2 [t℄s. Therefore, there exist (1 +O1("))de(G)(1� d)(sk)�e(G)ns transversal 
opiesof G in ea
h HI (I 2 [t℄s).Let I = fi1 < i2 < � � � < isg 2 [t℄s and 
onsider one transversal 
opy of G in Hon verti
es u1 � u2 � � � � � us, where uj 2 Vij for every j 2 [s℄. Then the mapping' : V (G) ! V (H) de�ned by '(wi) = ui (i 2 [s℄) is an inje
tion preserving order,and preserving edges and non-edges of G; thus, ' 2 �HG��. In view of the previousparagraph, we have (1 +O1("))de(G)(1� d)(sk)�e(G)ns ��ts� (14)su
h mappings.On the other hand, let ' 2 �HG��. The s-tuple f'(w1) �0 '(w2) �0 � � � �0 '(ws)gis either 
rossing or not.In the �rst 
ase, this s-tuple indu
es a transversal 
opy of G in H, and, therefore,equation (14) yields the number of mappings ' for whi
h this 
ase o

urs. In these
ond 
ase, f'(w1) �0 '(w2) �0 � � � �0 '(ws)g is not 
rossing. By Fa
t 3.2, thereare at most �s2��ms �=t mappings ' yielding this 
ase.Combining these two 
ases together implies that�����HG������ = (1 +O1("))de(G)(1� d)(sk)�e(G)ns ��ts�+O1 �1t�s2��ms�� :To 
omplete the proof, it suÆ
es to show that(1 +O1("))de(G)(1� d)(sk)�e(G)ns ��ts�+O1�1t�s2��ms��= (1 +O1(2"))�ms�de(G)(1� d)(sk)�e(G): (15)Owing to (13b), we have1t�s2��ms� < "100�ms�de(G)(1� d)(sk)�e(G); (16a)and ts ��s2�ts�1 > ts � "100ts: (16b)Sin
e (16a) holds, (15) follows from the following inequality(1� "=2)�ms� � ns�ts� � (1 + "=2)�ms�:While the right-hand side of this inequality is immediate, the left-hand side isa 
onsequen
e of (16b). �3.4. Proof of P 05 ) P 06 ) P6 and P 05 ) P5 ) P6. Impli
ations P5 ) P6 andP 05 ) P 06 are trivial sin
e P6 (respe
tively, P 06) is a spe
ial 
ase of P5 (respe
tively,P 05). Moreover, P 06 ) P6 is a spe
ial 
ase of P 05 ) P5, therefore, it suÆ
es to provethat P 05 ) P5.



HYPERGRAPHS, QUASI-RANDOMNESS, AND REGULARITY 13Proof of P 05 ) P5. Given two hypergraphs G and H, let us denote by �HG�inj theset of inje
tions ' : V (G) ! V (H) su
h that '(g) 2 H if and only if g 2 G.Moreover, we write �HG�winj for the set of su
h inje
tions su
h that '(g) 2 H when-ever g 2 G. Thus, �HG�inj is the set of embeddings ' of G into H su
h that '(V (G))indu
es an isomorphi
 
opy of G in H, whereas �HG�winj is the set of embeddings 'su
h that '(V (G)) indu
es a superhypergraph of G in H. If G has automorphismgroup Aut(G), it is easy to verify that we have������HG�inj����� = �����HG����� ��Aut(G)��; (17)and similarly for �HG�winj and �HG�w.Suppose now that H is an ordered hypergraph with ordering �0. Then,�HG�inj =[� �H�0G� �; (18)where the union ranges over the set of all total orderings � of V (G). Furthermore,a moment's thought shows that the union in (18) is a disjoint union. Hen
e������HG�inj����� =X� �����H�0G� ����� : (19)Sin
e P 05 holds, we have�����H�0G� ����� = (1 + o(1))�ms�de(G)(1� d)(sk)�e(G)for every total ordering � of V (G). Sin
e there exist s! total orderings of V (G),
ombining (17) and (19) yields P5. �3.5. Minimization of o
tahedra from subhypergraph 
ounting. We nowprove that property P6 (whi
h 
on
erns a 
ertain `subhypergraph 
ounting formula'for indu
ed subhypergraphs) implies property P4 (whi
h 
on
erns the number of(weak) subhypergraphs isomorphi
 to o
tahedra). The proof will have two parts.In the �rst part we shall show that, for every hypergraph H with density d, thenumber of 
opies of Kk(2) in H is bounded from below by(1 + o(1))m2k2kk!d2k(see Lemma 3.5). In the se
ond part, we shall prove that P6 implies the asymptoti
equality (3) given in property P4 of Theorem 1.3. We start with the followinglemma.Lemma 3.4. Suppose the k-uniform hypergraph H with m verti
es and with den-sity d = d(H) is su
h that HP satis�es����� HPKk(2)�w���� & n2k2k d2k (20)for almost all partitions P = (Vi)k1 of the vertex set V = V (H), where n = m=k.Then ����� HKk(2)�w���� & m2k2kk!d2k : (21)



14 Y. KOHAYAKAWA, V. R�ODL, AND J. SKOKANProof. This lemma follows easily from a double 
ounting argument. Let us 
onsiderthe family of pairs (K;P) su
h that(i) Kk(2) �= K � H,(ii) P = (Vi)k1 is su
h that (20) holds and jVij � n = m=k (1 � i � k),and, �nally,(iii) K � HP .On the one hand, the number N of su
h pairs (K;P) isXP ���K : (i) and (iii) hold	��; (22)where the sum is over all P for whi
h (ii) holds. Thus, be
ause of our assumptionon H and Fa
t 2.10, we have thatN & km n2k2k d2k : (23)On the other hand, we have thatN =XK ���P : (ii) and (iii) hold	�� � ����� HKk(2)�w���� k!km�2k; (24)where the sum is over all K that satisfy (i). Above, we again made use of Fa
t 2.10to estimate the number of relevant partitions P for ea
h �xed K. Comparing (23)and (24), we dedu
e (21). �The proof of the lower bound on the number of Kk(2) in H is straightforwardnow.Lemma 3.5. For any m-vertex k-uniform hypergraph H with density d = d(H),����� HKk(2)�w���� & m2k2kk!d2k : (25)Proof. We know that all but o(1)km partitions P satis�es jVij = n � m=k andd(HP) � d (see Fa
t 2.10). By Claim 5.2 we know that����� HPKk(2)����� & n2k2k d2k ;and, therefore, by Lemma 3.4, (25) holds. �Proof of P6 ) P4. Let H be a k-uniform hypergraph on m verti
es su
h that, forany k-uniform hypergraph G on 2k verti
es, we have�����HG����� � �m2k�de(G)(1� d)(2kk )�e(G) (2k)!jAut(G)j ; (26)where d = d(H) is the density of H and Aut(G) is the automorphism group of G.From (17) it follows that, for any su
h G, we have������HG�inj����� � (m)2kde(G)(1� d)(2kk )�e(G); (27)



HYPERGRAPHS, QUASI-RANDOMNESS, AND REGULARITY 15where, as usual, (a)b = a(a � 1) : : : (a � b + 1). We are interested in estimat-ing ����HG�winj���. Clearly, �HG�winj =[G0 �HG0�inj; (28)where the union ranges over all k-uniform hypergraphs G0 with the same vertex setas G and G0 � G. Furthermore, a moment's thought shows that the union in (28)is a disjoint union. Hen
e������HG�winj����� =XG0 ������HG0�inj������XG0 (m)2kde(G0)(1� d)(2kk )�e(G0)=Xt�0 Xe(G0)=e(G)+t(m)2kde(G)+t(1� d)(2kk )�e(G)�t=Xt�0��2kk �� e(G)t �(m)2kde(G)+t(1� d)(2kk )�e(G)�t= (m)2kde(G)Xt�0 ��2kk �� e(G)t �dt(1� d)(2kk )�e(G)�t= (m)2kde(G):Thus, ������ HKk(2)�winj����� � (m)2kd2k :It now suÆ
es to re
all the analogue of (17) for weak subhypergraphs to 
on
ludethe proof of P4, sin
e jAut(Kk(2))j = k!2k. �4. Proof of C1 , C2In this se
tion, we shall prove the equivalen
e of 
onditions C1 and C2 in Theo-rem 2.13. We start with a fairly standard proof of C1 ) C2 (see Se
tion 4.1), andthen, in Se
tion 4.2, we prove the 
onverse C2 ) C1.4.1. Proof of C1 ) C2. The proof follows from the two 
laims below.Claim 4.1. Suppose 0 < "1=2 < d, V = V1 [ � � � [ Vk, jV1j = � � � = jVkj = n, andlet H = (V;E) be a ("; d)-regular (k; k)-
ylinder. Then for all but at most 2"1=2nverti
es x 2 Vk, the link H(x) is ("1=2; d)-regular.Proof. Let X� be the set of all verti
es x 2 Vk with the following property: thereexists a (k � 1; k � 2)-
ylinder Fx with (k � 1)-partition V1 [ � � � [ Vk�1 su
h thatjKk�1(Fx)j � "1=2nk�1; (29)but jH(x) \ Kk�1(Fx)j < �d� "1=2� jKk�1(Fx)j: (30)



16 Y. KOHAYAKAWA, V. R�ODL, AND J. SKOKANWe also de�ne X+ to be the set of all verti
es x 2 Vk satisfying (29) for whi
h wehave jH(x) \ Kk�1(Fx)j � �d+ "1=2� jKk�1(Fx)j:Suppose that jX�j > "1=2n and de�ne a (k; k � 1)-
ylinder G byG = K(k�1)k�1 (V1; : : : ; Vk�1) [ [x2X�fe [ fxg : e 2 FxgObserve that jKk(G)j = Xx2X� jKk�1(Fx)j � jX�j"1=2nk�1 � "nk;and, therefore, by the regularity of H,jH \ Kk(G)j � (d� ")jKk(G)j = (d� ") Xx2X� jKk�1(Fx)j:On the other hand, from (30) we obtainjH \ Kk(G)j = Xx2X� jH(x) \ Kk�1(Fx)j < �d� "1=2� Xx2X� jKk�1(Fx)j;whi
h is a 
ontradi
tion.Hen
e jX�j � "1=2n. Similarly we obtain jX+j � "1=2n. �Claim 4.2. Suppose 0 < " < 1=16, 2"1=2 < d, V = V1 [ � � � [ Vk, jV1j = � � � =jVkj = n, and let H = (V;E) be a ("; d)-regular (k; k)-
ylinder. Then, H(x; y) is("1=4; d2)-regular for all but at most 4"1=4n2 pairs of verti
es x, y 2 Vk.Proof. From the previous 
laim we know that there are at most 2"1=2n verti
es xin Vk with ("1=2; d)-irregular link H(x). These verti
es form at most 2"1=2n2 pairsand we shall ex
lude them from further 
onsiderations.For a vertex x 2 Vk denote by Y �x the set of all verti
es y 2 Vk with the followingproperty: there exists a (k�1; k�2)-
ylinderFy with (k�1)-partition V1[� � �[Vk�1su
h that jKk�1(Fy)j � "1=4nk�1; (31)but jH(x; y) \ Kk�1(Fy)j < �d2 � "1=4� jKk�1(Fy)j: (32)We also denote by Y +x the set of all verti
es y 2 Vk for whi
h there is a (k�1; k�2)-
ylinder Fy that satis�es (31), butjH(x; y) \ Kk�1(Fy)j > �d2 + "1=4� jKk�1(Fy)j:Suppose there exists a vertex x 2 Vk with ("1=2; d)-regular link H(x) for whi
hjY �x j � "1=4n. De�ne a (k; k � 1)-
ylinder G byG = H(x) [ [y2Y �x fe [ fyg : e 2 Fyg:Then jKk(G)j = Xy2Y �x jH(x) \ Kk�1(Fy)j:



HYPERGRAPHS, QUASI-RANDOMNESS, AND REGULARITY 17Note that (31) together with the ("1=2; d)-regularity of H(x) implies thatjH(x) \ Kk�1(Fy)j � �d� "1=2� jKk�1(Fy)jfor all y 2 Y �x . Hen
ejKk(G)j � Xy2Y �x �d� "1=2� jKk�1(Fy)j� �d� "1=2� jY �x j"1=4nk�1 � �d� "1=2� "1=2nk � "nk: (33)By the ("; d)-regularity of H and (33), we havejH \ Kk(G)j � (d� ")jKk(G)j � (d� ")�d� "1=2� Xy2Y �x jKk�1(Fy)j: (34)On the other hand, the size of H \ Kk(G) 
an be bounded from above using (32)as follows:jH \ Kk(G)j = Xy2Y �x jH(x; y) \ Kk�1(Fy)j < �d2 � "1=4� Xy2Y �x jKk�1(Fy)j: (35)Comparing (34) and (35), we get(d� ")�d� "1=2� < d2 � "1=4;whi
h implies "1=4 < �"+ "1=2� d < "+ "1=2;whi
h is not true for " < 1=16.Hen
e we have jY �x j � "1=4n. We also obtain jY +x j � "1=4n in exa
tly the sameway. Consequently, the number of \bad" pairs is bounded by 2"1=2n2+2"1=4n�n �4"1=4n2. �4.2. Proof of C2 ) C1. The obje
tive of this se
tion is to prove the followingtheorem.Theorem 4.3. For every Æ > 0 and d > 0 there exist " > 0 and n0 2 N su
hthat the following holds. If H is a (k + 1; k + 1)-
ylinder with (k + 1)-partitionV1 [ � � � [ Vk+1 su
h that(i) jVij = n � n0 for all i 2 [k + 1℄,(ii) jHj = dnk+1,(iii) H(x) is ("; d)-regular for all but at most "n verti
es x 2 Vk+1, and(iv) H(x; y) is ("; d2)-regular for all but at most "n2 pairs x, y 2 Vk+1,then H is (Æ; d)-regular.Remark. Here, we work with (k+1; k+1)-
ylinders to simplify the notation. Withthis 
hoi
e, we shall en
ounter (k + 1)-, k-, and (k � 1)-uniform hypergraphs.Proof. Let H be a (k + 1; k + 1)-
ylinder satisfying assumptions (i){(iv). We shallassume that " = (Æ=4)32 < Æ < d � 1: (36)Suppose that H is not (Æ; d)-regular, i.e., De�nition 2.5 fails. Without loss ofgenerality (by taking 
omplements) we may assume that the se
ond inequality in



18 Y. KOHAYAKAWA, V. R�ODL, AND J. SKOKAN(6) is not true, therefore, there exists a (k+1; k)-
ylinder G = Sk+1i=1 Gi with (k+1)-partition V1 [ � � � [ Vk+1 su
h thatjKk+1(G)j � Ænk+1 (37)but jH \ Kk+1(G)jjKk+1(G)j > d+ Æ: (38)We now work on this `witness' G for the irregularity of H.Fa
t 4.4. There exist sub
ylinders G0i � Gi (i 2 [k℄) su
h that G� = G01 [ � � � [ G0k [Gk+1 satis�es the following four 
onditions:(1) Kk(G�(x)) = ; or jKk(G�(x))j � "nk for all x 2 Vk+1,(2) H(x) is ("; d)-regular for all x 2 Vk+1 with jKk(G�(x))j � "nk,(3) jKk+1(G�)j � (Æ=2)nk+1,(4) jH \ Kk+1(G�)j � (d+ Æ=2)jKk+1(G�)j.Proof. For every vertex x 2 Vk+1 with jKk(G(x))j < "nk or with ("; d)-irregularlink H(x), delete all edges in G that 
ontain x. Noti
e that this operation does notremove any edge from Gk+1 and produ
es a subhypergraph G� = G01[� � �[G0k[Gk+1that satis�es 
onditions (1) and (2).Moreover, every removal redu
es the size of Kk+1(G) (and H \ Kk+1(G)) by atmost "nk if jKk(G(x))j < "nk or by at most nk if H(x) is ("; d)-irregular. Sin
ethere are at most "n verti
es x with ("; d)-irregular link, we obtain thatjKk+1(G�)j � jKk+1(G)j � n� "nk � "n� nk;and jH \ Kk+1(G�)j � jH \ Kk+1(G)j � n� "nk � "n� nk;The �rst inequality together with assumption (37) shows thatjKk+1(G�)j � jKk+1(G)j � 2"nk+1 � Ænk+1 � 2(Æ=4)32nk+1 � (Æ=2)nk+1:Similarly, the se
ond inequality, (37), and (38) yieldjH \ Kk+1(G�)j � jH \ Kk+1(G)j � 2"nk+1 � (d+ Æ)jKk+1(G)j � 2(Æ=4)32nk+1� (d+ Æ=2)jKk+1(G)j + (Æ=2)Ænk+1 � 2(Æ=4)32nk+1� (d+ Æ=2)jKk+1(G�)j;and the proof is 
omplete. �We have to work on G� further to obtain a witness with more stru
ture. Weshall need the following de�nition.De�nition 4.5. For ea
h e 2 Gk+1 de�ne two parameters g(e) and h(e) byg(e) = ��fx 2 Vk+1 : fxg [ e 2 Kk+1(G�)g��;h(e) = ��fx 2 Vk+1 : fxg [ e 2 H \ Kk+1(G�)g��:Fa
t 4.6. Put Æ0 = Æ2=16. Then there exists a sub
ylinder G0k+1 � Gk+1 su
h thatG0 = G01 [ � � � [ G0k [ G0k+1, where the G0i (i 2 [k℄) are taken from Fa
t 4.4, satis�esthe following �ve 
onditions:(1) Kk(G0(x)) = ; or jKk(G0(x))j � "nk for all x 2 Vk+1,(2) H(x) is ("; d)-regular for all x 2 Vk+1 with jKk(G0(x))j � "nk,(3) jKk+1(G0)j � Æ0nk+1,



HYPERGRAPHS, QUASI-RANDOMNESS, AND REGULARITY 19(4) h(e)=g(e) � d+ Æ=4 for all e 2 G0k+1,(5) g(e) � Æ0n for all e 2 G0k+1.Proof. We de
ompose Gk+1 into two sub
ylinders G�k+1 [ G��k+1, whereG��k+1 = �e 2 Gk+1 : h(e)g(e) � d+ Æ4�and G�k+1 = Gk+1nG��k+1:Let G� be as in Fa
t 4.4. Observe thatXe2Gk+1 g(e) = jKk+1(G�)j Fa
t 4.4 (3)� (Æ=2)nk+1and Xe2Gk+1 h(e) = jH \ Kk+1(G�)j Fa
t 4.4 (4)� (d+ Æ=2)jKk+1(G�)j:Then for G�� = G01 [ � � � [ G0k [ G��k+1 we havejKk+1(G��)j = Xe2G��k+1 g(e) � Xe2G��k+1 h(e) = Xe2Gk+1 h(e)� Xe2G�k+1 h(e)> �d+ Æ2� jKk+1(G�)j ��d+ Æ4� Xe2Gk+1 g(e)= �d+ Æ2� jKk+1(G�)j ��d+ Æ4� jKk+1(G�)j = Æ4 jKk+1(G�)j � Æ28 nk+1:Note that at least (Æ2=16)nk edges e of G��k+1 must have g(e) � (Æ2=16)n, otherwisewe would have jKk+1(G�)j < Æ216nk � n+ nk � Æ216n = Æ28 nk+1;whi
h would be a 
ontradi
tion. Remove all edges e with g(e) < (Æ2=16)n fromG��k+1 and obtain G0k+1. Then, G0k+1 satis�es 
ondition (4) be
ause of the de�nitionof G��k+1 � G0k+1. It satis�es 
ondition (5) be
ause all edges e with g(e) < (Æ2=16)nhave been removed, and G0 also satis�es 
ondition (3) be
ausejKk+1(G0)j � jKk+1(G��)j � nk � Æ216n � Æ28 nk+1 � Æ216nk+1 = Æ216nk+1:Finally, G0 must satisfy (1) and (2) be
ause we did not 
hange any of G0i (i 2 [k℄). �Before we 
ome ba
k to the proof of Theorem 4.3, we state an auxiliary lemma.Let 0 < � � 1 and 0 < � < 1 be given. Let G be a bipartite graph with vertex
lasses X1 [X2 and let H be a subgraph of G. We 
all an ordered pair of verti
es(x; y) 2 X1 �X1 good ifjH(x) \G(y)j = �(1 +O1(�))jG(x; y)j (39)and jH(x; y)j = �2(1 +O1(�))jG(x; y)j: (40)We also 
all a pair bad if it is not good.The auxiliary lemma is as follows.



20 Y. KOHAYAKAWA, V. R�ODL, AND J. SKOKANLemma 4.7 (Dementieva, Haxell, Nagle, and R�odl [8℄). Let 0 < � � 1 and 0 <� < 1 be given. Suppose the bipartite graphs G and H are su
h thatXbad (x;y)2X1�X1 jG(x; y)j < ��2(1� �)2 + �2 Xz2X2 jG(z)j2: (41)Then Xz2X2(jH(z)j � �jG(z)j)2 � 5��2 Xz2X2 jG(z)j2: (42)The following 
orollary of the above lemma holds.Corollary 4.8. Let 0 < � � 1, 0 < � � 1, and � > 0 be given. Let G and H bebipartite graphs as in Lemma 4.7. Denote by W the set of all verti
es z 2 X2 su
hthat jH(z)j � (�+ �)jG(z)j. ThenXz2W jG(z)j � �5�=�2�1=2 jX1jjX2j: (43)Proof. Clearly, 5��2Pz2X2 jG(z)j2 � 5��2jX1j2jX2j � 5�jX1j2jX2j. On the otherhand,Xz2X2(jH(z)j � �jG(z)j)2 � Xz2W (jH(z)j � �jG(z)j)2 � �2 Xz2W jG(z)j2� �2jW j  Xz2W jG(z)j!2 � �2jX2j  Xz2W jG(z)j!2 :Finally, using inequality (42), we get (43). �We now turn ba
k to the proof of Theorem 4.3. We de�ne two auxiliary bipartitegraphs G = (X1 [X2; E(G)) and H = (X1 [X2; E(H)) in the following way:X1 = Vk+1;X2 = V1 � � � � �Xk;E(G) = f(x; e) : e 2 Kk(G0(x))g;E(H) = f(x; e) : e 2 H(x) \ Kk(G0(x))g: (44)Noti
e that jX1j = n and jX2j = nk. ThenXx2X1 jG(x)j = Xe2X2 jG(e)j � Xe2G0k+1 jG(e)j = jKk+1(G0)j � Æ0nk+1 = Æ0jX1jjX2j:(45)Now we prove that the graphs G and H de�ned by (44) satisfy the assumptionsof Corollary 4.8 with � = d, � = "1=2 and � = Æ=4. Indeed, observe that� if jKk(G0(x; y))j � "nk andH(x) is ("; d)-regular, then jH(x)\Kk(G0(x; y))j =(d+O1("))jKk(G0(x; y))j, i.e.,jH(x) \G(y)j = d(1 +O1("1=2))jG(x; y)j;and� if jKk(G0(x; y))j � "nk andH(x; y) is ("; d2)-regular, then jH(x; y)\Kk(G0(x; y))j =(d2 +O1("))jKk(G0(x; y))j, i.e.,jH(x; y)j = d2(1 +O1("1=2))jG(x; y)j:



HYPERGRAPHS, QUASI-RANDOMNESS, AND REGULARITY 21Denote by I1 the set of all pairs (x; y) su
h that jG(x; y)j < "jX2j, by I2 the set ofall pairs (x; y) su
h that H(x; y) is ("; d2)-irregular, and by I3 the set of all pairs(x; y) su
h that H(x) is ("; d)-irregular.Both observations above imply that every pair (x; y) 2 X1 �X1 su
h that H(x)is ("; d)-regular, H(x; y) is ("; d2)-regular, and jG(x; y)j � "jX2j is good. In otherwords, the set of bad pairs is a subset of I1 [ I2 [ I3 and, therefore,Xbad (x;y) jG(x; y)j � X(x;y)2I1 jG(x; y)j + X(x;y)2I2 jG(x; y)j+ X(x;y)2I3 jG(x; y)j:One 
an easily see that jI1j � jX1j2, jI2j � "jX1j2, jI3j � "jX1j � jX1j, and� X(x;y)2I1 jG(x; y)j � "jX2j � jI1j � "jX1j2jX2j,� X(x;y)2I2 jG(x; y)j � jX2j � jI2j � "jX1j2jX2j,� X(x;y)2I3 jG(x; y)j � jX2j � jI3j � "jX1j2jX2j.Consequently, Xbad (x;y) jG(x; y)j � 3"jX1j2jX2j.Suppose that 
ondition (41) of Lemma 4.7 is not satis�ed, i.e.,Xbad (x;y) jG(x; y)j � d2"1=2(1� d)2 + d2 Xz2X2 jG(z)j2:Sin
e Pz2X2 jG(z)j2 � �Pz2X2 jG(z)j�2 =jX2j, we getd2"1=2(1� d)2 + d2  Xz2X2 jG(z)j!2 � 3"jX1j2jX2j2:In other words, Xz2X2 jG(z)j �  3" �(1� d)2 + d2�d2"1=2 !1=2 jX1jjX2j:On the other hand, we know (see (45)) that Pz2X2 jG(z)j � (Æ2=16)jX1jjX2j, and,therefore, 
omparing both inequalities yieldsÆ216 �  3" �(1� d)2 + d2�d2"1=2 !1=2 :This is a 
ontradi
tion sin
e 3"��(1� d)2 + d2� =(d2"1=2) � "1=2=d2 = (Æ=4)16=d2 �(Æ=4)14 < Æ4=256. Thus, G and H also satisfy 
ondition (41) of Lemma 4.7.Set W = G0k+1. Then, be
ause of property (3), 
learly jW j � (Æ2=16)nk+1=n =(Æ2=16)nk = (Æ2=16)jX2j, and for every e 2 W we have jH(e)j � (d + Æ=4)jG(e)j.We apply Corollary 4.8 and obtain thatXz2W jG(z)j � �80"1=2Æ2 �1=2 jX1jjX2j:



22 Y. KOHAYAKAWA, V. R�ODL, AND J. SKOKANOn the other hand, sin
e jG(e)j � (Æ2=16)jX1j for every e 2W , we getXz2W jG(z)j � jW j � Æ216 jX1j � Æ4256 jX1jjX2j:This is a 
ontradi
tion be
ause�80"1=2Æ2 �1=2 � 4�Æ4�7 < Æ4256 : �5. Proof of C2 , C3 , C4Se
tions 5.1, 5.2, and 5.3 are devoted to the proofs of C3 ) C4, C4 ) C3,and C3 ) C2 (note that impli
ation C2 ) C3 trivially holds). In these se
tions,we shall be sket
hy in pla
es be
ause the arguments are standard or somewhatrepetitive.5.1. Proof of C3 ) C4. We start with a standard \
herry 
ounting lemma" forbipartite graphs (a 
herry is a path of length 2).Claim 5.1. Let G = (X [ Y;E) be a bipartite graph with jX j = n, jY j = m, andassume that jEj = dmn. For x, x0 2 X, put dx;x0 = jG(x; x0)j=m. ThenXfdx;x0 : x; x0 2 X; x 6= x0g � �dn2 �:Proof. Observe �rst that Xx2X jG(x)j = jEj = Xy2Y jG(y)jand XXx6=x0 jG(x; x0)j = Xy2Y �jG(y)j2 �;where we writePXx6=x0 for the sum over all pairs fx; x0g of distin
t verti
es from X .ThenmXXx6=x0 dx;x0 =XXx6=x0 jG(x; x0)j= Xy2Y �jG(y)j2 � � m�m�1Py2Y jG(y)j2 � = m�dn2 �;where, naturally, we used the 
onvexity of �x2�. �Claim 5.2. Let H = (V1 [ � � � [ Vk ; E) be a (k; k)-
ylinder with jEj = dnk,where jVij = n for all i 2 [k℄. Then the number of 
opies of Kk(2) in H is boundedfrom below by (1 + o(1))(n2k=2k)d2k .Proof. We pro
eed by indu
tion on k. For k = 2, the statement follows from theprevious 
laim and the Cau
hy{S
hwarz inequality. Indeed, let G = (X [ Y;E) bea bipartite graph with jX j = jY j = n, and assume that jEj = dn2. For x, x0 2 X ,



HYPERGRAPHS, QUASI-RANDOMNESS, AND REGULARITY 23put dx;x0 = jG(x; x0)j=n. Here and below we use the notationPXx6=x0 introdu
ed inthe proof of Claim 5.1. Then the number of 
opies of K2(2) in G is given by����� GK2(2)����� =XXx6=x0 �jG(x; x0)j2 � =XXx6=x0 �dx;x0n2 �:By the Cau
hy{S
hwarz inequality and Claim 5.1, we have����� GK2(2)����� =XXx6=x0 �dx;x0n2 � = (1 + o(1))�n2�XXx6=x0 d2x;x0� (1 + o(1))�XXx6=x0 dx;x0�2 � (1 + o(1))�dn2 �2= (1 + o(1))n44 d4: (46)We now pro
eed to the indu
tion step. Suppose k � 3, suppose that the 
laimis true for k � 1, and let H = (V1 [ � � � [ Vk ; E) be a (k; k)-
ylinder su
h thatjEj = dnk. Consider an auxiliary bipartite graph with bipartition X = Vk andY = V1 � � � � � Vk�1 and edge setE = f(x; y) 2 X � Y : y 2 H(x)g:Then jX j = n and jY j = m = nk�1. For x, x0 2 X , put dx;x0 = jG(x; x0)j=m.Using the indu
tion assumption, H(x; x0) 
ontains & n2(k�1)d2k�1x;x0 =2k�1 
opies ofKk�1(2). Furthermore, from the previous 
laim we know that PXx6=x0 dx;x0 � �dn2 �.Then ����� HKk(2)����� =XXx6=x0 �����H(x; x0)Kk�1(2)������ (1 + o(1))XXx6=x0 n2(k�1) 12k�1 d2k�1x;x0� (1 + o(1))n2(k�1)2k�1 �n2���dn2 ���n2��2k�1= (1 + o(1))n2k2k d2k ;as required. �The proof of C3 ) C4 is then straightforward.Proof of C3 ) C4. The �rst part (i.e., the inequality) follows from the previous
laim. To obtain the asymptoti
 equality in the 
ase in whi
h the joint links arealmost all ("; d2)-regular, we observe the following.For k = 2 we use the fa
t that ("; d2)-regularity of joint links means that dx;x0 �d2 for almost all pairs of verti
es x, x0 2 Vk . Then we have the asymptoti
 equalityat every step of equation (46), whi
h is exa
tly what we need to show.For k > 2, sin
e H(x; x0) is ("; d2)-regular for almost all pairs of verti
es x, x0 2Vk, by the indu
tion assumption H(x; x0) 
ontains (1 + o(1))n2(k�1)(d2)2k�1=2k�1
opies of Kk�1(2). Hen
e the number of 
opies of Kk(2) 
ontaining x, x0 is(1 + o(1))n2(k�1) 12k�1 (d2)2k�1 ;



24 Y. KOHAYAKAWA, V. R�ODL, AND J. SKOKANand so, summing over all x, x0 2 X with x 6= x0, we have that the number of 
opiesof Kk(2) in H is(1 + o(1))�n2�n2(k�1) 12k�1 (d2)2k�1 = (1 + o(1))n2k2k d2k ;as required. �5.2. Proof of C4 ) C3. The proof of this impli
ation will be based on Claims 5.1and 5.2 and on a standard appli
ation of the Cau
hy{S
hwarz inequality.Proof of C4 ) C3. For k = 2, this impli
ation follows from the following. LetG = (X[Y;E) be a bipartite graph with jX j = jY j = n, and jEj = dn2, and assumethat G 
ontains (1+ o(1))n4d4=4 
opies of K2(2), i.e., ���� GK2(2)���� = (1+ o(1))n4d4=4:But then we must have equality everywhere in (46), whi
h means that dx;x0 � d2for almost all pairs of verti
es x, x0 2 X . This shows, however, that G(x; x0) is("; d2)-regular for almost all pairs of verti
es x, x0 2 X .Assume now we have k > 2. Let H = (V1 [ � � � [ Vk ; E) be a (k; k)-
ylinder withjVij = n for all i 2 [k℄ and jEj = dnk. Suppose that H 
ontains (1+o(1))n2kd2k=2k
opies of Kk(2).Consider an auxiliary bipartite graph with bipartition X = Vk and Y = V1 �� � � � Vk�1 and edge set E = f(x; y) 2 X � Y : y 2 H(x)g:Then jX j = n and jY j = m = nk�1. For x, x0 2 X , put dx;x0 = jG(x; x0)j=m. FromClaim 5.1 we obtain XXx6=x0 dx;x0 � �dn2 �;and so XXx6=x0 d2k�1x;x0 � �n2� �n2��1XXx6=x0 dx;x0!2k�1� �n2���dn2 ���n2��2k�1 � (1 + o(1))n22 d2k : (47)We apply Claim 5.2 to H(x; x0) and obtain that it 
ontains at least(1 + o(1))n2(k�1)d2k�1x;x0 =2k�1
opies of Kk�1(2). Consequently����� HKk(2)����� =XXx6=x0 ��f
opies of Kk(2) 
ontaining x, x0g��� (1 + o(1))XXx6=x0 n2(k�1)2k�1 d2k�1x;x0 (48)(47)� (1 + o(1))n2(k�1)2k�1 n22 d2k= (1 + o(1))n2k2k d2k :



HYPERGRAPHS, QUASI-RANDOMNESS, AND REGULARITY 25On the other hand, by C4 we have that����� HKk(2)����� = (1 + o(1))n2k2k d2k : (49)From (48) and (49) we 
on
lude that dx;x0 � d2 for almost all pairs x, x0 2 X =Vk, and therefore that H(x; x0) 
ontains (1 + o(1))n2(k�1)(d2)2k�1=2k�1 
opies ofKk�1(2). In view of the indu
tion assumption this means that H(x; x0) is ("; d2)-regular for almost all pairs x, x0 2 Vk, i.e., C3 holds. �5.3. Proof of C3 ) C2. We start with the following 
laim.Claim 5.3. Let 
 > 0 be a �xed 
onstant. Let G = (X [ Y;E) be a bipartite graphwith jX j = n, jY j = m, and assume that jG(x; x0)j � 
2m for almost all pairs x,x0 2 X. Then jG(x)j � 
m for almost all verti
es x 2 X.Proof. Indeed, suppose that jG(x)j � (
+")m for all verti
es x 2 X 0, whereX 0 � Xis \big". Let G0 be the subgraph of G indu
ed on X 0 [ Y and let jG0(y)j = 
yjX 0jfor all y 2 Y . Note that jG0(x; x0)j = jG(x; x0)j for all x, x0 2 X 0. Then we haveXX0x6=x0 jG(x; x0)j � 12
2mjX 0j2;where we writePX0x6=x0 for the sum over all pairs fx; x0g of distin
t verti
es from X 0.On the other hand,XX0x6=x0 jG(x; x0)j = Xy2Y �jG0(y)j2 � �Xy2Y 12
2yjX 0j2:Hen
e Py2Y 
2y � 
2m whi
h implies, by the Cau
hy{S
hwarz inequality, that
y � 
 for almost all y 2 Y . But then,
mjX 0j �Xy2Y 
yjX 0j = E(G0) = Xx2X0 jG0(x)j � (
+ ")mjX 0j;whi
h is a 
ontradi
tion. The same applies to the set of all verti
es x 2 X for whi
hjG(x)j � (
� ")m. �Now we give a proof of the impli
ation C3 ) C2.Proof of C3 ) C2. We pro
eed by indu
tion on k. For k = 2, the statement followsfrom Claim 5.3.Let k > 2 be given. We shall prove that C3 ) C2 holds for k. Thus, assumethat the link H(x; y) is ("; d2)-regular for almost all x, y 2 Vk. We shall prove thatfor almost all x 2 Vk the link H(x) is ("0; d)-regular, where "0 ! 0 as "! 0.Consider an auxiliary bipartite graph G = (X [ Y;E) with bipartition X = Vkand Y = [V1℄2 � � � � � [Vk�1℄2 and edge setE = f(x; y) 2 X � Y : y spans a 
opy of Kk�1(2) in H(x)g:Then jX j = n and jY j = �n2�k�1 � n2(k�1)=2k�1. Let x and x0 be su
h thatH(x; x0) is ("; d2)-regular. Sin
e H(x; x0) is a (k � 1; k� 1)-
ylinder, we may applythe impli
ation C3 ) C4 that we have already proved to dedu
e that H(x; x0)
ontains � n2(k�1)(d2)2k�1=2k�1 = n2(k�1)d2k=2k�1 
opies of Kk�1(2). This meansthat almost all pairs of verti
es x, x0 2 X have their 
ommon neighborhood of size



26 Y. KOHAYAKAWA, V. R�ODL, AND J. SKOKANjG(x; x0)j � n2(k�1)d2k=2k�1. Setting m = �n2�k�1 and 
 = d2k�1 , one may applyClaim 5.3 to infer that jG(x)j � d2k�1 n2(k�1)2k�1 (50)for almost all x 2 X . For ea
h x 2 X , set dx = jH(x)j=nk�1. Using Claim 5.2, weget that jG(x)j & d2k�1x n2(k�1)2k�1for all x and hen
e d & dx for almost all x 2 X . However,dnk = jHj = Xx2X jH(x)j = Xx2X dxnk�1;when
e dn =Px2X dx. We may 
on
lude that dx � d for almost all x 2 X .This, in view of (50), means thatH(x) satis�es 
ondition C4 for (k�1)-
ylinders.Sin
e C4 ) C3 holds for (k � 1)-
ylinders (already proved), C3 ) C2 holds for(k� 1)-
ylinders (indu
tion assumption), and C2 ) C1 holds for (k� 1)-
ylinders(already proved), we 
on
lude that H(x) is ("0; d)-regular for almost all x 2 X , asrequired. �6. Proof of the subhypergraph 
ounting formulaThe heart of the proof of P1 ) P 05 is in proving a 
ounting lemma, whi
h wenow formulate. We shall need several de�nitions and further notation.De�nition 6.1. Let s and k, s � k � 2, be two integers. An (s; k)-
omplex H isa system �H(i)	ki=1 su
h that(a) H(1) is a partition V1 [ � � � [ Vs,(b) H(i) is an (s; i)-
ylinder with s-partition H(1) for every 1 < i � k,(
) H(i) underlies H(i+1) for every 1 � i < k, i.e., H(i+1) � Ki+1(H(i)).Now we de�ne the notion of regularity for a (k; k)-
ylinder with respe
t to anunderlying (k; k � 1)-
ylinder.De�nition 6.2. Let G be a (k; k � 1)-
ylinder underlying a (k; k)-
ylinder H. Wesay that H is ("; d)-regular with respe
t to G if the following 
ondition is satis�ed:whenever G0 � G is a (k; k � 1)-
ylinder su
h that��Kk(G0)�� � "��Kk(G)��;we have (d� ")��Kk(G0)�� � ��H \ Kk(G0)�� � (d+ ")��Kk(G0)��:Note that this de�nition 
oin
ides with De�nition 2.5 if k = 2 or if G is the
omplete (k; k� 1)-
ylinder on V1 [ � � � [Vk . We extend the above de�nition to the
ase of (s; k)-
ylinders H.De�nition 6.3. Let G be an (s; k � 1)-
ylinder underlying an (s; k)-
ylinder H.We say that H is ("; d)-regular with respe
t to G if H hSj2I Vji is ("; d)-regular withrespe
t to G hSj2I Vji for all I 2 [s℄k.Now we are ready to introdu
e the 
on
ept of regularity for an (s; k)-
omplexH.



HYPERGRAPHS, QUASI-RANDOMNESS, AND REGULARITY 27De�nition 6.4. Let d = (d2; : : : ; dk) be a ve
tor of positive real numbers su
h that0 < di � 1 for all i = 2; : : : ; k. We say that the (s; k)-
omplex H is (Æ;d)-regular ifH(i+1) is (Æ; di+1)-regular with respe
t to H(i) for every 1 � i < k.Let H(k) be an (s; k)-
ylinder with s-partition V1 [ � � � [ Vs. We say that a 
opyof a k-uniform hypergraph G � H(k) is transversal in H(k) if jV (G) \ Vij � 1 for all1 � i � s. Our key 
ounting result is as follows.Theorem 6.5. Fix 2 � k � s. For any " > 0 and any d2; : : : ; dk > 0, thereexist Æ0 > 0 and n0 2 N for whi
h the following assertion holds. If Æ < Æ0 and H isa (Æ;d)-regular (s; k)-
omplex on V1[� � �[Vs, where d = (d2; : : : ; dk) and jVij = n �n0 for all i, then the number of transversal K(k)s in H(k) is (1+O1("))d(sk)k : : : d(s2)2 ns.In the proof of this theorem, we shall need the following notions of \link" and\extended link" for 
omplexes.De�nition 6.6. LetH be an (s; k)-
omplex on V1 [ � � �[Vs, where s � k, and x 2Vs. We de�ne H(x) = �H(i)(x)	ki=2 and, if s > k, we also set eH(x) = � eH(i)x 	ki=1,where eH(i)x (i 2 [k℄) is the i-uniform hypergraph de�ned byeH(i)x = (H(i+1)(x) if 1 � i < k;H(k) \ Kk(H(k)(x)) if i = k: (51)In (51) above, H(i)(x) is the usual link of the vertex x in the (s; i)-
ylinder H(i),and H(k) \Kk(H(k)(x)) denotes the (s� 1; k)-
ylinder formed by the edges of H(k)that are 
liques in the link H(k)(x). Note that eH(x) 
an be viewed as an extensionof H(x) in a sense thateH(x) =H(x) [ �H(k) \ Kk(H(k)(x))	:It is easy to see that H(x) is an (s� 1; k� 1)-
omplex and eH(x) is an (s� 1; k)-
omplex. Indeed, sin
e H is an (s; k)-
omplex, for 1 � i < k, we have H(i+1) �Ki+1(H(i)) (
f. De�nition 6.1). Hen
e, for every vertex x 2 Vs, we haveH(i+1)(x) � Ki+1(H(i)(x));and, therefore, eH(i+1)x � Ki+1( eH(i)x ):For i = k, we haveeH(k)x = H(k) \ Kk(H(k)(x)) � Kk(H(k)(x)) = Kk( eH(k�1)x )dire
tly from De�nition 6.6.The proof of Theorem 6.5 is based on the following two propositions.Proposition 6.7. For any 2 � k < s, any ~Æ > 0, and any d2; : : : ; dk > 0, thereare 
onstants Æ > 0 and n0 2 N for whi
h the following assertion holds. LetH be a (Æ;d)-regular (s; k)-
omplex on V1 [ � � � [ Vs, where d = (d2; : : : ; dk) andjVij = n � n0 for all i 2 [s℄, and let ~d = (d2d3; : : : ; dk�1dk; dk). Then, for all but atmost ~Æn verti
es x 2 Vs, the extended link eH(x) is a (~Æ; ~d)-regular (s�1; k)-
omplex.Proposition 6.8. For any k > 2, any Æ0 > 0, and any d2; : : : ; dk > 0, there are
onstants Æ > 0 and n0 2 N for whi
h the following assertion holds. Let H bea (Æ;d)-regular (k + 1; k)-
omplex on V1 [ � � � [ Vk+1, where d = (d2; : : : ; dk) and



28 Y. KOHAYAKAWA, V. R�ODL, AND J. SKOKANjVij = n � n0 for all i 2 [k + 1℄, and let d0 = (d2d3; : : : ; dk�1dk). Then, for all butat most Æ0n verti
es x 2 Vk+1, the link H(x) is a (Æ0;d0)-regular (k; k� 1)-
omplex.For our indu
tion to work, we shall prove Theorem 6.5 and Propositions 6.7and 6.8 simultaneously.Proof of Theorem 6.5 and Propositions 6.7 and 6.8. For given s � k � 2, we de-note the statement of Theorem 6.5 by S(s; k) and for s > k � 2, we denote thestatement of Proposition 6.7 by L(s; k). We shall prove (i){(vi) below.(i) The statement S(2; 2) is true.(ii) The impli
ation S(k; k � 1)) S(k; k) holds for every k � 3.(iii) The impli
ation S(s; k); L(s+1; k)) S(s+1; k) holds for every s � k � 2.(iv) The statement L(3; 2) is true.(v) The impli
ation L(k + 1; k)) L(s; k) holds for every s > k � 2.(vi) The impli
ation S(k; k � 1); L(k + 1; k � 1) ) L(k + 1; k) holds for everyk > 2.From (i){(vi), one may easily dedu
e by indu
tion (see the diagram below) thatTheorem 6.5 holds for every s � k � 2 and Proposition 6.7 holds for every s > k �2. S(2; 2); L(3; 2)| {z }(i, iv) (iii, v)����! S(3; 2); L(4; 2) (iii, v)����! S(4; 2); L(5; 2) (iii, v)����! : : :??y(ii, vi)S(3; 3); L(4; 3) (iii, v)����! S(4; 3); L(5; 3) (iii, v)����! : : :??y(ii, vi)S(4; 4); L(5; 4) (iii, v)����! : : :The purpose of Proposition 6.8 is to simplify the proof of (vi) (this is also thereason why we prove this proposition for (k + 1; k)-
omplexes only). Indeed, if wedenote by L0(k) the statement of Proposition 6.8, we shall prove the following:(vi 0) The impli
ation S(k; k� 1); L(k +1; k � 1)) L0(k) holds for every k > 2.(vi 00) The impli
ation S(k; k � 1); L0(k)) L(k + 1; k) holds for every k > 2.Clearly (vi 0) and (vi 00) imply (vi).Moreover, from (i){(vi) one 
an dedu
e that L0(k) holds for every k > 2, thatis, Proposition 6.8 holds as well.Now we prove statements (i){(v), (vi 0), and (vi 00).(i) (Proof of S(2; 2)) Statement S(2; 2) follows dire
tly from the de�nitionof regularity: a (Æ; d2)-regular (2; 2)-
ylinder H(2) 
ontains (d2 + O1(Æ))n2edges.(ii) (Proof of S(k; k� 1)) S(k; k)) Suppose now that S(k; k � 1) is truefor some k � 3 and let H be a (Æ;d)-regular (k; k)-
omplex. Observe�rst that �H(i)	k�1i=1 forms a (Æ; (d2; : : : ; dk�1))-regular (k; k � 1)-
omplex;therefore, if Æ � "0, the number of transversal K(k�1)k in H(k�1) is (1 +O1("0))d( kk�1)k�1 : : : d(k2)2 nk. Furthermore, we know that H(k) is (Æ; dk)-regular
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t to H(k�1). In parti
ular, this means that(dk � Æ) ���Kk(H(k�1))��� � ���H(k) \ Kk(H(k�1))��� � (dk + Æ) ���Kk(H(k�1))��� :Sin
e ��H(k) \ Kk(H(k�1))�� 
ounts the number of transversal K(k)k in H(k),we 
on
lude that this number is (1 + O1("))d(kk)k d( kk�1)k�1 : : : d(k2)2 nk, if "0 � "and Æ � minf"; dkg.(iii) (Proof of S(s; k); L(s+ 1; k)) S(s+ 1; k)) Assume that S(s; k) andL(s+1; k) are true for some s � k � 2 and 
onsider a (Æ;d)-regular (s+1; k)-
omplex H on V1 [ � � � [ Vs+1, where jVij = n � n0 for all i 2 [s + 1℄ andn0 is a large positive integer.From L(s+1; k) we know that eH(x) is a (~Æ; ~d)-regular (s; k)-
ylinder forall but ~Æn verti
es x 2 Vs+1, as long as Æ � ~Æ. From S(s; k) we immediatelyhave that H(k) \ Kk(H(k)(x)) 
ontains(1 +O1("0))d(sk)k (dkdk�1)( sk�1) : : : (d3d2)(s2)(d2n)stransversal K(k)s for any su
h `good' x if ~Æ � "0. Ea
h su
h transversalK(k)s in H(k) \ Kk(H(k)(x)) together with x span a transversal K(k)s+1 inH(k). Hen
e, the total number of transversalK(k)s+1 in H(k) is bounded frombelow by(1� "0)(1� ~Æ)nd(sk)k (dkdk�1)( sk�1) : : : (d3d2)(s2)(d2n)s= (1� "0)(1� ~Æ)d(sk)+( sk�1)k : : : d(s2)+(s1)2 ns+1� (1� ")d(s+1k )k : : : d(s+12 )2 ns+1: (52)For the upper bound we get(1 + "0)nd(sk)k (dkdk�1)( sk�1) : : : (d3d2)(s2)(d2n)s + ~Æn� ns= (1 + "0)d(sk)+( sk�1)k : : : d(s2)+(s1)2 ns+1 + ~Æns+1� (1 + ")d(s+1k )k : : : d(s+12 )2 ns+1; (53)provided that maxf"0; ~Æg � minf"; d2; : : : ; dkg.(iv) (Proof of L(3; 2)) Let H(2) be a (Æ; d2)-regular (3; 2)-
ylinder and, forx 2 V3 and i = 1, 2, set V 0i = H(2)i (x). It follows from Claim 4.1 that(d2 � Æ)n � jV 0i j � (d2 + Æ)n, i = 1; 2, for all but 2Æ1=2n verti
es x 2 V3.We shall show that H(2)[V 01 [ V 02 ℄ is (2Æ1=2; d2)-regular.Indeed, let U1 � V 01 , U2 � V 02 , su
h that jK2(U1 [ U2)j � 2Æ1=2jV 01 jjV 02 j.Note that 2Æ1=2jV 01 jjV 02 j � 2Æ1=2(d2 � Æ)2n2 � Æn2 = ÆjV1jjV2j, where weused the fa
t that Æ � d2. The (Æ; d2)-regularity of H(2) 
on
ludes theargument.(v) (Proof of L(k + 1; k)) L(s; k)) This fa
t follows from the simple ob-servation that every (s; k)-
omplex H 
an be viewed as a union of �s�1k �many (k + 1; k)-
omplexes that 
ontain Vs.(vi0) (Proof of S(k; k � 1); L(k + 1; k � 1)) L0(k)) Assume that state-ments S(k; k � 1) and L(k + 1; k � 1) are true and let H = fH(i)gki=1 be
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omplex on V1 [ � � � [ Vk+1, where jVij = n� n0for all i 2 [k + 1℄ and n0 is a large positive integer.To prove L0(k), it suÆ
es to show that for all but at most Æ0n verti
esx 2 Vk+1, the link H(x) is a (Æ0;d0)-regular (k; k � 1)-
omplex, whered0 = (d2d3; : : : ; dk�1dk) and Æ0 ! 0 as Æ ! 0.Observe �rst that fH(i)gk�1i=1 is a (Æ; (d2; d3; : : : ; dk�1))-regular (k+1; k�1)-
omplex. Thus, we 
an apply statement L(k + 1; k � 1) on fH(i)gk�1i=1and obtain that (
f. (51))(a) fH(i)(x)gk�1i=2 is a (~Æ; (d2d3; : : : ; dk�2dk�1))-regular (k; k� 2)-
omplex,and(b) H(k�1) \Kk(H(k�1)(x)) is (~Æ; dk�1)-regular with respe
t to H(k�1)(x)for all but at most ~Æn verti
es x 2 Vk+1,where ~Æ ! 0 as Æ ! 0.Hen
e, the only thing remaining to prove statement L0(k) is the reg-ularity of H(k)(x) with respe
t to H(k�1)(x). We do this by showingthat for all but 4k~Æ1=2n verti
es x 2 Vk+1 satisfying (a) and (b), the linkH(k)(x) is (2~Æ1=2; dk�1dk)-regular with respe
t toH(k�1)(x). Consequently,H(x) is a (Æ0;d0)-regular for all but at most Æ0n verti
es x 2 Vk+1, whereÆ0 = ~Æ + 4k~Æ1=2 ! 0 as Æ ! 0.Suppose that there exist t � 2~Æ1=2n verti
es x1; : : : ; xt satisfying (a)and (b) for whi
h H(k)(xi) is not (2~Æ1=2; dk�1dk)-regular with respe
t toH(k�1)(xi), i 2 [t℄. More pre
isely, suppose that for every i 2 [t℄, thereexists a (k � 1; k � 2)-
ylinder Gi � H(k�1)(xi) su
h thatjKk�1(Gi)j � 2~Æ1=2jKk�1(H(k�1)(xi))j (54a)and jH(k)(xi) \ Kk�1(Gi)j < �dk�1dk � 2~Æ1=2�jKk�1(Gi)j: (54b)Suppose further that these (k � 1; k � 2)-
ylinders have (k � 1)-partitionV1 [ � � � [ Vk�1. We de�ne a (k; k � 1)-
ylinder G byG = H(k�1)[V1 [ � � � [ Vk�1℄ [ t[i=1 fxi [ e : e 2 Gig :It is easy to see thatjKk(G)j = tXi=1 jH(k�1) \ Kk�1(Gi)j (55a)and jH(k) \ Kk(G)j = tXi=1 jH(k)(xi) \ Kk�1(Gi)j: (55b)We 
ombine equations (54b) and (55b) and obtainjH(k) \ Kk(G)j < �dk�1dk � 2~Æ1=2� tXi=1 jKk�1(Gi)j:



HYPERGRAPHS, QUASI-RANDOMNESS, AND REGULARITY 31On the other hand, we shall show thatjH(k) \ Kk(G)j � �dk�1dk � 2~Æ1=2� tXi=1 jKk�1(Gi)j; (56)whi
h will be a 
ontradi
tion. Thus, t < 2~Æ1=2n. The same applies to the
ases in whi
h all the (k � 1; k � 2)-
omplexes Gi have the same (k � 1)-partition V1[� � �[Vk nVj for some j 2 [k℄, or when we 
onsider the oppositeinequality in (54b).Now we dedu
e (56). Using assumption (b), (54a), Gi � H(k�1)(xi), and2~Æ1=2 � ~Æ, we obtain that for every i 2 [t℄,jH(k�1) \ Kk�1(Gi)j � (dk�1 � ~Æ)jKk�1(Gi)j(54a)� 2~Æ1=2(dk�1 � ~Æ)jKk�1(H(k�1)(xi))j: (57)Consequently, 
ombining (55a) and (57) yieldsjKk(G)j � 2~Æ1=2(dk�1 � ~Æ) tXi=1 jKk�1(H(k�1)(xi))j: (58)For k > 3, by (a), the (k; k � 2)-
omplex fH(i)(x)gk�1i=2 restri
ted onV1 [ � � � [Vk�1 is a (~Æ; (d2d3; : : : ; dk�2dk�1))-regular (k� 1; k� 2)-
omplex,and hen
e by S(k � 1; k � 2) we have���Kk�1 �H(k�1)(xi)���� = (1 +O1(1=4))(dk�1dk�2)(k�1k�2) : : : (d3d2)(k�12 )(d2n)k�1= (1 +O1(1=4))d(k�1k�2)k�1 d( kk�2)k�2 : : : d(k2)2 nk�1;provided that ~Æ � minfd2; : : : ; dk�1; 1=4g. It follows from (Æ; d2)-regularityof H(2) that this equation holds also for k = 3. We may assume thatS(k � 1; k � 2) is true sin
e this has already been veri�ed in our indu
tiveproof of S(k; k � 1) (see the proof diagram above). Hen
e,jKk(G)j � t� 2~Æ1=2(dk�1 � ~Æ)� (1� 1=4)d(k�1k�2)k�1 d( kk�2)k�2 : : : d(k2)2 nk�1 (59)� 2~Æd( kk�1)k�1 d( kk�2)k�2 : : : d(k2)2 nk:Sin
e, fH(i)[V1[� � �[Vk�1[Vk+1℄gk�1i=1 is a (Æ; (d2; : : : ; dk�1))-regular (k; k�1)-
omplex, using S(k; k � 1), we obtain���Kk �H(k�1)[V1 [ � � � [ Vk�1 [ Vk+1℄���� = (1 +O1(1=4))d( kk�1)k�1 : : : d(k2)2 nk; (60)provided that Æ � minfd2; : : : ; dk�1; 1=4g.Combining (59) and (60) yieldsjKk(G)j � ~Æ ���Kk �H(k�1)[V1 [ � � � [ Vk�1 [ Vk+1℄���� : (61)We apply (Æ; dk)-regularity of H(k) with respe
t to H(k�1) and obtainjH(k) \ Kk(G)j � (dk � Æ)jKk(G)j: (62)



32 Y. KOHAYAKAWA, V. R�ODL, AND J. SKOKANPutting equations (55a), (57), and (62) together yieldsjH(k) \ Kk(G)j � (dk � Æ)� (dk�1 � ~Æ) tXi=1 jKk�1(Gi)j� �dkdk�1 � 2~Æ1=2� tXi=1 jKk�1(Gi)j;provided that Æ � ~Æ.(vi00) (Proof of S(k; k � 1); L0(k)) L(k + 1; k)) Assume that statementsS(k; k�1) and L0(k) are true and letH be a (Æ;d)-regular (k+1; k)-
omplexon V1 [ � � � [ Vk+1, where jVij = n� n0 forl all i 2 [k+1℄ and n0 is a largepositive integer.To prove L(k+1; k), we need to show that for all but at most ~Æn verti
esx 2 Vk+1, the extended link eH(x) is a (~Æ; ~d)-regular (k; k)-
omplex, where~d = (d2d3; : : : ; dk�1dk; dk) and ~Æ ! 0 as Æ ! 0.Our assumption that L0(k) is true means that � eH(i)x 	k�1i=1 = fH(i)(x)gki=2= H(x) is a (Æ0; (d2d3; : : : ; dk�1dk))-regular (k; k � 1)-
omplex for all butat most Æ0n verti
es x 2 Vk+1, where Æ0 ! 0 as Æ ! 0.Hen
e, the only thing remaining to prove L(k+1; k) is the regularity ofeH(k)x = H(k) \Kk(H(k)(x)) with respe
t to eH(k�1)x = H(k)(x) for almost allverti
es x 2 Vk+1. We prove this by showing that H(k) \ Kk(H(k)(x)) is(2Æ01=2; dk)-regular with respe
t to H(k)(x) for every x 2 Vk+1 for whi
h thelinkH(x) is (Æ0; (d2d3; : : : ; dk�1dk))-regular. Then, eH(x) is a (~Æ; ~d)-regularfor all but at most ~Æn verti
es x 2 Vk+1, where ~Æ = 2Æ01=2 ! 0 as Æ ! 0.Suppose that G is a (k; k�1)-
ylinder, G � H(k)(x), su
h that jKk(G)j �2Æ01=2jKk(H(k)(x))j. We need to show that(dk�2Æ01=2) jKk(G)j � ���H(k) \ Kk(H(k)(x)) \ Kk(G)��� � (dk+2Æ01=2) jKk(G)j : (63)Sin
e G � H(k)(x) and, therefore, Kk(G) � Kk(H(k)(x)), we have���H(k) \ Kk(H(k)(x)) \ Kk(G)��� = ���H(k) \ Kk(G)��� : (64)Consequently, (63) is simply(dk � 2Æ01=2) jKk(G)j � ���H(k) \ Kk(G)��� � (dk + 2Æ01=2) jKk(G)j : (65)Observe �rst that� sin
e fH(i)(x)gki=2 is a (Æ0; (d2d3; : : : ; dk�1dk))-regular (k; k�1)-
omplex,by S(k; k � 1) we have���Kk �H(k)(x)���� = (1 +O1(1=4))(dkdk�1)( kk�1) : : : (d3d2)(k2)(d2n)k; (66)provided that Æ0 � minfd2; : : : ; dk; 1=4g;� similarly, fH(i)[V1[� � �[Vk ℄gk�1i=1 is a (Æ; (d2; : : : ; dk�1))-regular (k; k�1)-
omplex; thus, using S(k; k � 1) again,���Kk �H(k�1)[V1 [ � � � [ Vk ℄���� = (1 +O1(1=4))d( kk�1)k�1 : : : d(k2)2 nk; (67)provided that Æ � minfd2; : : : ; dk; 1=4g.



HYPERGRAPHS, QUASI-RANDOMNESS, AND REGULARITY 33Now we use equations (66) and (67) to derive (65). Indeed,jKk(G)j � 2Æ01=2jKk(H(k)(x))j(66)� 2Æ1=2(1� 1=4)(dkdk�1)( kk�1) : : : (d3d2)(k2)(d2n)k� Æ(1 + 1=4)d( kk�1)k�1 : : : d(k2)2 nk(67)� Æ ���Kk �H(k�1)[V1 [ � � � [ Vk ℄���� ; (68)provided that d( kk�1)k : : : d(k2)3 dk2 � Æ1=2. This last 
ondition is satis�ed sin
ewe assume that Æ � minfd2; : : : ; dkg. Finally, the (Æ; dk)-regularity of H(k)with respe
t to H(k�1) gives (65), as long as Æ � Æ0. �In De�nition 6.3, we assumed that for every I 2 [s℄k, the restri
tion H hSj2I Vjiis ("; d)-regular with respe
t to G hSj2I Vji. In other words, the density dI of thesubgraphH hSj2I Vji is roughly the same for every I 2 [s℄k. Now we allow di�erentvalues of dI (I 2 [s℄k) and state a straightforward extension of Theorem 6.5. Westart with some de�nitions.De�nition 6.9. Let G be an (s; k�1)-
ylinder underlying an (s; k)-
ylinder H andlet ~d = (dI)I2[s℄k be a list of �sk� positive real numbers dI , where 0 < dI � 1. Wesay that H is ("; ~d)-regular with respe
t to G if H hSj2I Vji is ("; dI)-regular withrespe
t to G hSj2I Vji for all I 2 [s℄k.De�nition 6.10. For every integer i (2 � i � k) let ~di = (dI )I2[s℄i be a list of�si� positive real numbers dI , where 0 < dI � 1, and put ~d = (~d2; : : : ; ~dk). We saythat the (s; k)-
omplexH is (Æ; ~d)-regular if H(i+1) is (Æ; ~di+1)-regular with respe
tto H(i) for every 1 � i < k.Now we are ready to state an extension of Theorem 6.5.Corollary 6.11. Fix 2 � k � s. For any " > 0 and any ~d2; : : : ; ~dk as des
ribedin De�nition 6.10, there exist Æ0 > 0 and n0 2 N for whi
h the following asser-tion holds. If Æ < Æ0 and H is a (Æ; ~d)-regular (s; k)-
omplex on V1 [ � � � [ Vs,where jVij = n � n0 for all i, then the number of transversal K(k)s in H(k) is(1 +O1("))Qki=2QI2[s℄i dI � ns.The proof of this 
orollary follows the lines of the proof of Theorem 6.5 and weomit it here. For us, the most interesting 
ase o

urs when all underlying 
ylindersare 
omplete, that is dI = 1 for every I 2 [s℄i and 2 � i < k. In this 
ase, thenumber of transversal K(k)s in H(k) is (1 + O1("))QI2[s℄k dI � ns. We restate thisobservation in the following 
orollary.Corollary 6.12. Fix 2 � k � s. For any " > 0 and any list ~d = (dI )I2[s℄k of �sk�positive real numbers dI , where 0 < dI � 1, there exist Æ0 > 0 and n0 2 N for whi
hthe following assertion holds. If Æ < Æ0 and H is a (Æ; ~d)-regular (s; k)-
ylinder onV1 [ � � � [ Vs, where jVij = n � n0 for all i 2 [s℄, then the number of transversalK(k)s in H is (1 +O1("))QI2[s℄k dI � ns.



34 Y. KOHAYAKAWA, V. R�ODL, AND J. SKOKANLet G be an arbitrary k-uniform hypergraph on s verti
es v1; : : : ; vs. We de�nean (s; k)-
ylinder eH in the following way. For every I 2 [s℄k, we seteH "[i2I Vi# = (H �Si2I Vi� if fvi : i 2 Ig 2 E(G);�H = �Qi2I Vi� n H �Si2I Vi� otherwise.Observe that every transversal 
opy of G inH 
orresponds to exa
tly one transversal
opy of K(k)s in eH. Consequently, applying the the previous 
orollary on eH, wededu
e the following 
ounting formula.Corollary 6.13 (Subhypergraph 
ounting formula). Fix 2 � k � s. Forany " > 0 and any 0 < d � 1, there exist Æ0 > 0 and n0 2 N for whi
h thefollowing assertion holds. If the hypergraph H is a (Æ; d)-regular (s; k)-
ylinderon V1 [ � � � [ Vs, where jVij = n � n0 for all i 2 [s℄ and Æ < Æ0, and G is anarbitrary k-uniform hypergraph on s verti
es, then the number of transversal G inH is (1 +O1("))de(G)(1� d)(sk)�e(G)ns.Clearly, one may generalize Corollary 6.13 above to the 
ase in whi
h the (s; k)-
ylinder H has a non-
onstant density ve
tor ~d = (dI)I2[s℄k .Referen
es[1℄ N. Alon, R. Duke, H. Lefmann, V. R�odl, and R. Yuster, The algorithmi
 aspe
ts of theRegularity Lemma, Pro
eedings of 33rd Annual IEEE FOCS, IEEE 1992, 473{481.[2℄ , The algorithmi
 aspe
ts of the regularity lemma, J. Algorithms 16 (1994), no. 1,80{109.[3℄ L. Babai, N. Nisan, and M. Szegedy, Multiparty proto
ols, pseudorandom generators forlogspa
e, and time-spa
e trade-o�s, J. Comput. System S
i. 45 (1992), no. 2, 204{232,Twenty-�rst Symposium on the Theory of Computing (Seattle, WA, 1989).[4℄ F. R. K. Chung, Quasi-random 
lasses of hypergraphs, Random Stru
tures and Algorithms1 (1990), no. 4, 363{382.[5℄ F. R. K. Chung and R. L. Graham, Quasi-random hypergraphs, Random Stru
tures andAlgorithms 1 (1990), no. 1, 105{124.[6℄ , Quasi-random set systems, Journal of the Ameri
an Mathemati
al So
iety 4 (1991),no. 1, 151{196.[7℄ F. R. K. Chung and P. Tetali, Communi
ation 
omplexity and quasi randomness, SIAM J.Dis
rete Math. 6 (1993), no. 1, 110{123.[8℄ Y. Dementieva, P.E. Haxell, B. Nagle, and V. R�odl, On 
hara
terizing hypergraph regularity,manus
ript, 2001.[9℄ J. Haviland and A. G. Thomason, Pseudo-random hypergraphs, Dis
rete Math. 75 (1989),no. 1{3, 255{278, Graph theory and 
ombinatori
s (Cambridge, 1988).[10℄ , On testing the \pseudo-randomness" of a hypergraph, Dis
rete Math. 103 (1992),no. 3, 321{327.[11℄ Y. Kohayakawa, V. R�odl, and L. Thoma, An optimal deterministi
 algorithm for 
he
kingregularity, manus
ript, 2001.[12℄ A. G. Thomason, Pseudorandom graphs, Random graphs '85 (Pozna�n, 1985), North-HollandMath. Stud., vol. 144, North-Holland, Amsterdam{New York, 1987, pp. 307{331.[13℄ , Random graphs, strongly regular graphs and pseudorandom graphs, Surveys in Com-binatori
s 1987 (C. Whitehead, ed.), London Mathemati
al So
iety Le
ture Note Series, vol.123, Cambridge University Press, Cambridge{New York, 1987, pp. 173{195.[14℄ R. M. Wilson, Cy
lotomy and di�eren
e families in elementary abelian groups, J. NumberTheory 4 (1972), 17{47.



HYPERGRAPHS, QUASI-RANDOMNESS, AND REGULARITY 35Instituto de Matem�ati
a e Estat��sti
a, Universidade de S~ao Paulo, Rua do Mat~ao1010, 05508{900 S~ao Paulo, BrazilE-mail address: yoshi�ime.usp.brDepartment of Mathemati
s and Computer S
ien
e, Emory University, Atlanta, GA30322, USAE-mail address: rodl�math
s.emory.eduDepartment of Mathemati
s, University of Illinois at Urbana-Champaign, Urbana,IL, 61820, USA and Department of Mathemati
s and Computer S
ien
e, Emory Univer-sity, Atlanta, GA 30322, USAE-mail address: jozef�math.uiu
.edu


