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Abstract

Jackson networks are typically open or closed: Either
all customers join the network and eventually leave it,
or no customers ever enter or exit. Here we focus on
mized Jackson networks, with both types of customers,
general arrival streams and general service time dis-
tributions. We examine the stability of the model in
terms of the positive Harris recurrence or transience of
a Markov process which describes the state of the sys-
tem. We show that this stability study reduces to that
of an associated macroscopic deterministic model called
the fluid model, obtained by an appropriate time-space
scaling. This fluid model is shown to coincide with that
associated with the equivalent open network, obtained
by removing the closed component. As a result, the sta-
bility condition for the mixed Jackson network is the
same as that for the equivalent open Jackson network.

1 Introduction

Jackson networks are an efficient tool for modeling
complex system behavior, such as appears in packet-
switched networks. As a modeling tool, one typically
considers the case where the network is open or closed:
Either all customers are ezogenous (i.e. they join the
network and eventually leave it), or all customers are
permanent (i.e. they never enter or exit). Here we fo-
cus on mized Jackson networks, with both types of cus-
tomers. The goal of this paper is to show that the sta-
bility condition for such a mixed Jackson network is the
same as that of the equivalent open Jackson network,
obtained when the number of permanent customers is
reduced to zero.

To motivate the problem, consider the case of two
sources, one controlled and one uncontrolled, which
send packets to the same destination (see Figure 1).
The uncontrolled source sends its packets as soon
as they are generated, while the controlled source
cannot send more than a given number of packets
without having received an acknowledgment from the

T. Bonald
tbonald@sophia.inria.fr
INRIA
2004 route des Lucioles, BP 93
06902 Sophia-Antipolis Cedex, France

destination’. Provided that the flow control is al-
ways active, there will always be a fixed number of
packets/acknowledgments of the controlled connection
in the network, so that the system is an example of
a mixed Jackson network, where the exogenous cus-
tomers represent the packets of the uncontrolled con-
nection and the permanent customers those of the con-
trolled connection. Note that the sending rate of the
controlled source depends on the load of the network:
When the network becomes congested, the time elapsed
between the sending of a packet and the reception of
the corresponding acknowledgment increases, resulting
in a reduced throughput. We will show that the con-
trolled connection cannot be responsible for congestion
in the network.
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Figure 1: Example of a mixed Jackson network

Whereas the stability of open or closed Jackson net-
works has been studied in many papers (for example
Jackson [9], Gordon and Newell [8], Borovkov [3, 4],
Sigman [14, 15|, Kaspi and Mandelbaum [10], and
Meyn and Down [12], the stability of such mixed net-
works has never been considered, except for the single
queue case which was studied by Boxma and Cohen [5]
for a Poisson arrival process and exponential service
times. Here we make general i.i.d. assumptions on the
interarrival times of the exogenous customers and the
service times of both types of customers at each queue,
and we study the stability properties of the model in
terms of the positive Harris recurrence or transience
of a Markov process which describes the state of the
system. Under mild additional assumptions, we show
by using results from Dai [6] and Meyn [11], that this
stability study reduces to that of an associated fluid

ISuch a mechanism is known as window flow control.



model, obtained by an appropriate time-space scaling.
This fluid model is shown to coincide with that asso-
ciated with the equivalent open network, obtained by
removing the permanent customers. As a result, the
stability condition for the mixed Jackson network is the
same as that for the equivalent open Jackson network.

2 The Model

2.1 Network structure

We consider a network composed of N queues. Each of
the queues is of infinite capacity and served at unit rate
by a single server under the FIFO (First In First Out)
discipline. The network is populated by two types of
customers, exogenous and permanent.

The exogenous customers arrive in N separate arrival
streams, one for each queue in the network. If no ex-
ogenous customers arrive to a queue, the corresponding
arrival stream is null, and we denote by J the set of
non-null arrival streams. Without loss of generality, we
can assume that 7 = {1,...,J}, where J < N. After
the completion of its service at queue i, an exogenous
customer is routed to queue j with probability R;; and
leaves the network with probability 1 — Z;V:] R;;. The
exogenous customers eventually leave the network, in
other words the routing matrix R = (Rij)i<i j<n 18
taken to be transient, i.e. I+ R+ R?>+ ... < oc.

The permanent customers have their own routing rules
given by a routing matrix S = (S;;)1<i j<n. The ma-
trix S is stochastic, so that these customers never leave
the network. We denote by Cq,...,Cx the K commu-
nicating classes of S, defined as the classes of the rela-
tionship

i~j<=3dmnelN, S;m)>0 and Sj(n)>0,

where for all n € N, we denote by S;;(n) the general
term of the matrix S™. We assume that these classes
are irreducible, i.e. for k=1,..., K,

VieCr, Y Si;=1

J€Ck

We denote by M the total number of permanent cus-
tomers in the system.

2.2 Stochastic assumptions

For any i € 7, the interarrival times of the exoge-
nous customers at queue ¢ are given by {7;*},>1. The
service times of the exogenous customers and the ser-
vice times of the permanent customers at queue ¢ are
given by {0 }n>1 and {67} ,>1, respectively. These se-
quences of random variables on the probability space
(Q,P) are assumed to be i.i.d. and mutually indepen-
dent. We denote by 72, ¢ and #? a generic element

of each of these sequences, and by 7, ; and #; their
respective distribution. We assume that each of these
generic elements has a finite mean and also make the
following additional assumptions:

Assumption 1 For all i = 1,...,.J, the interarrival
time 70 is unbounded and spread out, i.e. there emists
a function T : ]R;’_ — Ri, non-singular with respect to
Lebesgue measure, and integers {1, ..., L , such that the

joint distribution T* = (ﬂ*zi)lgig,] (where x{ denotes
(-fold convolution) satisfies component-wise

VA€ BRY]), 7 (A) Z/A?(u)du.

Assumption 2 For all K = 1,...,K, there exists
iy € Ck such that the service time 9%‘ of the perma-
nent customers at queue iy, is unbounded and strongly
spread out, i.e. there exists a function 0 : Rf — ]Rf,
strictly positive outside of a compact set, and inte-
gers ma, ..., mr, such that the joint distribution g =
(o*m

i 'k)1gkgK satisfies component-wise

VA e B(RE), 67(A) > / 6(u)du.
JA

2.3 Traffic intensities

The external arrival rate of exogenous customers at
queue i is defined by v; = 1/E(r?) if i € J, and
0 otherwise. We denote by o; = E(c¢?) the mean
service time for an exogenous customer at queue 1,
and define the matrices I' = diag(ys,...,vn) and
Y = diag(o1,...,on). Let v = (71,...,7vn)". The vec-
tor A = (A1,...,An)" of effective arrival rates of the

exogenous customers satisfies the traffic equation
A=RX+7.

Note that the actual arrival rates in the network would
equal the effective rates if the system were stable. As
the matrix R is transient, the inverse (I — R')"! ex-
ists, so that \ = (I — R')"'5. The traffic intensity of
the exogenous flow at queue i is defined by p; = \;o;.
Denoting by p the vector (p1,...,pn),

p=S(I-R). (1)

3 Markovian Structure

In this section, we define a Markov process X (with
state space F) which describes the state of the system.
Then we show that compact sets of E are petite. We
refer the reader to Appendix A for the main definitions
and results used in the paper concerning Markov pro-
cesses on general state spaces.



3.1 Markov process

At any time ¢, let Q,;(¢) be the number of exogenous
customers present in queue %, including the customer
in service, and define Q(t) = (Q1(¢),...,Qn(t))". In
the same manner, we define the vector Q¥ (¢) which
gives the number of permanent customers in each queue
at time ¢t. It remains to describe the positions of
the permanent customers in the queues, which can be
done by means of a vector P(t) of dimension M: for
m=1,..., M, Pn,(t) is the position in its queue of the
mth permanent customer encountered when the queues
1,2,..., N are screened in FIFO order. By convention,
a customer in service is in position 0.

Example. For the network of Figure 1, we obtain
Q(t) = (3,3,0), Q" (t) = (2,1,2), P(t) = (0,2,2,0,1).

Denote by «;(t) the remaining time before the next
(exogenous) customer will arrive from outside to queue
i, and let a(t) = (a1 (t),...,an(t))". In the same man-
ner, we define the vector 3(t) = (81(¢),...,0n(t))
of the remaining service times at each queue at time
t. The state of the system is then described by the
Markov process X = {X (¢),t € Ry } defined by X (¢) =
(Q(t), QT (t), P(t),a(t), 3(t)). We consider the version
of X with right-continuous sample paths and left-hand
limits. Similar to Kaspi and Mandelbaum [10], it can
be shown that X is a PDM (piecewise deterministic
Markov process), and from Davis [7], X has the strong
Markov property. The state space E of the process X
satisfies £ C NV x NV x NM x ]R{i X ]R{f, so that it can
be endowed with the induced topology.

3.2 Structural properties

Define the element = = 0 of E as the state where there
are no exogenous customers in the network, the per-
manent customers are in the queues i1, ...,1x, and the
remaining interarrival and service times are null. The
proof of the following lemma is similar to that of Meyn
and Down [12, Lemma 3.7]. We choose to omit it here,
but it can be found in Bonald and Down [2]. It is useful
to note that this is the only place where Assumptions 1
and 2 are used.

4 Stability

The stability study of the model is approached using
tools given in the work of Dai [6], which provides suffi-
cient conditions for stability of a queueing network in
terms of an associated deterministic fluid model. Thus
our stability study consists of two parts: construction,
followed by an analysis of, the associated deterministic
fluid model for the mixed network.

4.1 Fluid model construction

Define a pseudo-norm on E by: for all z € E, ||z| =
lg| + |a| + |B], where | - | denotes the L; norm. From
Lemma 1, the compact sets {z € E, ||z|| < (}¢>0 are
petite. It follows then from Dai [6, Theorem 3.1] that
the existence of some h > 0 such that

lim L X ()] = 0,
2]l —o0 |||
is sufficient for the positive Harris recurrence of the
Markov process X. The following lemma, whose proof
is similar to that of Dai [6, Lemma 4.3/4.5], shows that
this condition can be reduced to the existence of some
h > 1 such that

1 a.s.
T QUzallh) == 0. (2)
[[n
The fluid model will then provide a simple criterion for
(2) to hold.

Lemma 2 For all h > 0, the sequences of random
variables {1 Qo) new, Aoz lh) buen

and {Hz]THﬁ(”T"”h)}"GN are uniformly integrable. Fur-

thermore, whenever h > 1, we have uniformly on com-
pact sets,

al||z,||h) “5 0 and

Bllnllh) == 0.

1 1
[ [

Let {2, }nen be any sequence of elements of E such that
|z || tends to infinity. By considering a subsequence
of {z,}nen, we can assume without loss of generality
that

B

qn — an — pal

— —q, —— —a and —— — [,
(e (e [zl
where z,, = (¢n,qY, pn,an,B3,). We can also assume
that the customer initially in service at queue i (if
there is one) is always of the same type (exogenous
or permanent). Starting from the initial state z,,, the
number of external arrivals of exogenous customers to
queue ¢ by time ¢ is given by AI"(t) = max{k >
0,[an)i+7} +-+7F7" <t},if i € J and 0 otherwise.
In the same manner, the mazimal number of departures
of exogenous customers from queue ¢ by time ¢ is given
by DI (t) = max{k > 0,[87); + o} + -+ 0" < t},
where [37]; = [Bn]i if an exogenous customer is in ser-
vice at time 0 at queue i, and 0 otherwise. Denote
by ®,;(k) the kth routing decision for the exogenous
customers, that is ®;;(k) = 1 if the kth exogenous cus-
tomer having completed its service at server 7 is routed
to queue j, and 0 otherwise. Starting from the initial
state x,,, the number of exogenous customers in queue
1 satisfies the equation:

Q" (1) = Qi (0)+ A7 (1)

+ 3B (DI(TF (1)) — DI (T (1)),

=1



where T (t) is the total time up to time ¢ spent by
server ¢ on exogenous customers. The proofs of the
following results are similar to those of Dai [6, Lemma
4.3 and Theorem 4.1]. We define the vectors 7%~ (t) =
(Ty(t),.... Ty (t)) and e = (1,...,1)".

Lemma 3 When n — oo, we have uniformly on com-
pact sets,

a.s

1 5.
T @®lzalt]) — Rt
0]l

1
[l

1 a.s. _
Tn

A ([laallt) =5 D(et—a)t

3

where |t| is the integer part of t, (1) denotes max(-,0)
component-wise, and & is the vector whose ith compo-
nent is equal to B; if an ezogenous customer is initially
in service at queue i and 0 otherwise.

Theorem 1 For almost all sample paths w € (), there
is a subsequence {x,, }ren with |z,, | — oo such that
uniformly on compact sets,

1
[0 |

(Q,T) is a fluid limit of the model and satisfies the
equations

Q(t) = Q(0)+T(et—a)* ~(I-R)S™(T()~a)*, (3)
0<T(s)—T(t) <e(s—t), (4)

where (4) holds component-wise for all s > t.

@ (lzn, 1), T™"x (2, [18)) — (Q(2), T(2)).

Definition 1 The collection of all fluid limits is called
the fluid model. The fluid model is said to be stable if
there exists a constant h > 0, such that for any fluid

limit (Q,T),

Q(-+h)=0.

The following theorem, due to Dai [6, Theorem 4.2],
connects the stability of the fluid model to that of the
original network.

Theorem 2 If the fluid model is stable, the limit (2)
holds, so that X is positive Harris recurrent. In partic-
ular, there exists a unique invariant probability .

To provide a partial converse to Theorem 2 we first
introduce the notion of instability of the fluid model.

Definition 2 The fluid model is said to be unstable if
there exist constants a > 0 and b > 0, such that for
every fluid limit (Q,T),

Q(t)| > at — b.

The following theorem, due to Meyn [11, Theorem 3.2],
connects the instability of the fluid model to that of the
original network.

Theorem 3 If the fluid model is unstable, then the
Markov process X is transient.

4.2 Stability of the fluid model

Note that the residual interarrival and service times &
and 3 simply introduce delays in the evolution of the
fluid model, and in this way do not affect the stability
analysis. Since for any fluid limit, |g| + |a| + |3 = 1,
we consider in the following the evolution of the system
from time ¢ = 1. Defining the workload of the network
as

W(t)=%(I - R)7'Q(t), ()
it follows from (1

) and (3) that for all ¢ > 1,

W(t)=W(1)+p(t-1) = (T(t) - T(1). (6)

Theorem 4 If p; > 1 for some i then the fluid model
is unstable and thus the Markov process X is transient.

Proof: Let 7 be such that p; > 1. It follows from
(4) and (6) that for all ¢+ > 1, W;(t) > W;(1) + (p; —
1)(t — 1). From the definition of the workload, Q(t) =
(I — R")S~'W(t). Since the quantity of fluid Q and the
workload W are nonnegative functions,

g

Wi(t).

Vi=1...,N, W;(t) >0

Denoting by Z; the set of kth successors of 7, i.e. T =
{j =1,....N, R;;(k) > 0}, where R;;(k) denotes the
general term of the matrix R*, there exists £; > 0 such
that for all j € Z, W;(t) > e1(t — 1). Define the set of
all possible successors of 7, Z, as the union over k¥ € N

OfIk
N
7= U T = U T
keN k=1

By induction, there exists ¢ > 0 such that for all j € 7,

W;(t) > e(t — 1). Also, there exists some j € 7 such
that Z;-\,]:l R;; <1, so0 that

N

lQ(H)] > (1~ Z Rjj)e(t —1).

Jj'=1

The result follows from Theorem 3. m

Given the above theorem, for the rest of the paper we
assume that p; < 1 for all i. From (4), the function T
is Lipschitz continuous so that its derivative exists at
almost every point. In the following, we denote by T'(t)
the derivative of T at ¢, where ¢ is implicitly assumed to



be a regular point of 7. From (5) and (6), the functions
@ and W are also Lipschitz continuous and regular
points of T are regular points of @ and W.

The following lemma, which states that when there is
some exogenous fluid at a queue, this fluid is served at
unit rate, is the key to the demonstration of stability.
Indeed, a direct consequence of this lemma is that the
fluid model associated with the mixed Jackson network
is the same as that associated with the equivalent open
Jackson network.

Lemma 4 For all t > 1, we have

Q(t).(e — T(1)) = 0.

Proof: Assume that for some i and some ¢t > 1, we
have Q;(t) > 0. As Q is Lipschitz continuous, there
exists 1 < u < t such that t — u < 0;Q;(u). Let u, =
u||x,|| and denote by v,, the time at which all customers
(including the permanent ones) present in queue i at
time u,, are served. As the service discipline is FIFO,
defining 6;(u,) (vesp. 6F (u,)) equal to 1 if at time u,
an exogenous customer (resp. a permanent customer)
is in service at queue 1,

v = wnHBilw)+ Y ot

Q7 (un) =67 (un)

+ S et

k=1

where k7 and k? are stopping times of the sequences
{oF} and {#%}. Asthe number of permanent customers
is bounded by M in any queue, it follows from Lemma
2 and the strong law of large numbers that v, /||x,|| —
v =u+ 0;Q;(u), and we have T;(v) — T;(u) = v — u.
From (4), we obtain for all u < s < v, Ti(s) — T;(u) =
s—u. Asu <t <w, wefinally get T;(t) =1. m

At this point, we could quote Dai, who gives in [6] a
sufficient condition for the stability of the fluid model
associated with an open Jackson network. Instead, we
provide a new approach to the proof, which uses the
following conservation property.

Lemma 5 For all t > 1, we have component-wise

T(t) > p.

Proof: From (5) and (6) we get for all ¢ > 1,

Q(t) = (I - RS '(p—T(t)). (7)

Let t > 1 be any regular point of T, and denote by £
the set of indices i such that Q;(¢) = 0. The function

Q; is nonnegative, so Q,(t) = 0 for all i € £. We can
assume without loss of generality that £ = {1,...,L}
and denote by V; (resp. V,) the vector which consists
of the first L (resp. last N — L) components of V =
p — T(t). In the same way, we define I = diag(I;, ),
Y = diag(%, Xs) and

Ri1 Bis
R =
( Ry1  Ras )
where I, Ri; and Xy are matrices of dimension L x L.
From (7), (I — R};)X;'Vi — R,E,'Va = 0. Define
U, = (I — ’11)Ef1‘/}. As for all i € L, we have

Qi(t) > 0, it follows from Lemma 4 that for all i =
L+1,...,N, Tl(f) = 1. In particular, V5 < 0 so that
U, < 0. As the matrix Rqq is_transient and positive,
Vi < 0. Therefore, V <0 and T(t) > p. m

Theorem 5 If p; < 1 for all i then the fluid model is
stable and thus the Markov process X is positive Harris
recurrent.

Proof: From (6), W(t) = p — T(t). The result is a
simple consequence of Lemma 5 and Theorem 2. m

Note that in the particular case of a closed network
(J—0), the fluid model trivially empties since Q(t) = 0
for all t. Hence we get the following result, similar to
that obtained in [10, Theorem 2.1].

Corollary 1 A closed queueing network satisfying As-
sumption 2 is always stable. In particular, the associ-
ated Markov process X is positive Harris recurrent.

5 Conclusion

We have shown under mild assumptions on the interar-
rival times of the exogenous customers and the service
times of the permanent customers, that the stability
condition for a mixed generalized Jackson network is
the same as that for the equivalent open Jackson net-
work. The approach consists of reducing the stabil-
ity analysis to that of an associated deterministic fluid
model, and showing that this fluid model coincides with
that for the equivalent open network.

In this respect, the key result is that of Lemma 4, which
ensures that in some sense the effect of the permanent
customers becomes negligible under the fluid scaling.
It is worth noting that this property holds under many
work-conserving service disciplines. Hence our results
which were proved under the FIFO discipline for con-
venience, remain valid for instance under the processor
sharing discipline, under any priority discipline as soon



as the exogenous customers have priority over the per-
manent customers, or under any combination of these
service disciplines.

Finally, the results of this paper may be easily extended
to other queueing networks, provided that their stabil-
ity analysis may be reduced to that of a fluid model,
and that under the service discipline considered, the
fluid model for the mixed network coincides with that
for the equivalent open network. Bonald studied in [1]
the case of certain polling models, and we are currently
working on the case of multiclass networks.

Appendix A gives the main definitions and results on
Markov processes used in the paper. We refer the
reader to Meyn and Tweedie [13] for a more complete
presentation on the subject.

A Markov processes on a general state space

Let X = {X(¢),t € Ry} be a Markov process on a
probability space (2,IP). Assume that X satisfies the
strong Markov property and has right-continuous sam-
ple paths. The state space of X is a topological space
(E,B(E)). For all t > 0, denote by P’ the transition
semigroup for X defined for all x € E, A € B(E), by
Pz, A) = P,(X(t) € A), where P, is the probability
measure for the process with initial state z. For any
set A € B(E), the occupation time is defined by

A = /OOO]I{X(t) € A}dt.

For any distribution v of Ry, we denote by K, the
Markov transition function for the chain sampled by v
as -
Vee E, K,(z,-) = / P'(z, - )v(dt).
Jo

A set A € B(E) is said to be petite if for some sampling
distribution v and a nontrivial measure i on E, we have
forallz € A, K, (z,-) > u(-). Aset A € B(E) is said to
be Harris recurrent if for all # € E, P, (na = co) = 1.
The Markov process X is Harris recurrent if for some
o-finite measure yu, any set A € B(E) such that u(A) >
0 is Harris recurrent. There then exists a measure w
called the invariant measure of X, unique up to scalar
multiples, which satisfies for all ¢ > 0,

w(A) = /F P'(z, A)r(dz), A€ B(E).

A Harris recurrent process X is positive Harris recur-
rent if its invariant measure is finite, and thus may be
normalized to a probability measure, the unique sta-
tionary distribution m of X.
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