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1 Introduction

Let us consider the following nonlinear difference equation with variable coefficients:

z(n+1)=z(n) — Zaj(n)f(x(n —7), n=012---,

z(j)=2;>0, -m<j<0, and z(0)=uz >0,

(1.1)

where f(z) is a strictly monotone increasing function on (—oo, +00) such that

f(0) =0, and if f(x)# x, then lim f(z) is finite, (1.2)

and {a;(n)}>2,, 0 <j <m are sequences such that

aj(n) >0, Zaj(n) >0 and ZZaj(n) = 400. (1.3)

Note that for f(z) = e* —1, (1.1) becomes a logistic equation with piecewise constant
arguments.

Definition 1.1 The zero solution of (1.1) is said to be uniformly stable, if for any e > 0
and nonnegative integer ng, there is a § = 6(¢) > 0 such that max{|x(ng — j)| | 7 =
—k,—k+1,---,0} < 0, implies that the solution {x(n)}s, of (1.1) satisfies |x(n)| <
€, m=mng,nog+1,---.

Definition 1.2 The zero solution of (1.1) is called globally attractive, if every solution
of (1.1) tends to zero as n — oc.

Definition 1.3 The zero solution of (1.1) is called globally asymptotically stable, if it is
uniformly stable and globally attractive.

For the case of f(z) = e* — 1 and a;(n) = ra;/(3 7" a;), 0 < j < m, by Gopalsamy
et al.[2], r <log2/(m + 1) is a sufficient condition of global asymptotic stability for the
zero solution of (1.1). This condition is improved by So and Yu [8] as follows.

Theorem A (see So and Yu [8]). Assume that f(r) = e*—1 and a;(n) = r(n)a;/ (37", a;)
(a;, 0 <j<m are constants) in (1.1) with (1.3) and

n n

Z Zaj(k) = Z r(k) < ;, n>m. (1.4)

k=n—m j=0 k=n—m
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Then, the zero solution of (1.1) is globally asymptotically stable.

In this talk, for the zero solution of the above nonlinear difference equation (1.1) with
(1.2) and (1.3), we establish conditions of the global asymptotic stability which are other
conditions than ”3/2 criteria” type and an extension of the result of Gyori and Pituk [3]
for f(z) = x to the case (1.2) (see Theorem 1.1). Put

m n—1 m
ry = lim supZaj(n), ro = lim sup Z Zaj(k), o) =z —rf(z). (1.5)
n20 75 M m j=0
Theorem 1.1 Assume
o(x) <0, x <0, (1.6)
and .
{ p(=r2f (L)) = raf (=r2f (L)) > L, L <L, (1.7)
—rof(=r2f (L)) > L, L<L<0, '

where if (z) < 0, put L = 0, and otherwise, L < 0 is uniquely defined by p(—rof(L)) = 0.
Then, the zero solution of (1.1) with (1.2) and (1.3) is globally asymptotically stable.
In particular, for f(x) =e® — 1, (1.7) is satisfies by the condition

—14++5

. (1.8)

1, re <1 and 7’2<1f£(7’1>+

where R(1) =0 and for ry <1, R(r1) = —rof (L) > 0 is defined by p(R(r1)) = 0.

Note that the obtained condition (1.8) contains other cases than (1.4) such that

ry, ro < 1 but ry +ry > % (see Figure 1). In particular case of m = 0, we can im-

prove the results of Zhou and Zou [10].

Figure 1: Condition (1.8)

In section 2, we prove Theorem 1.1. In section 3, under the condition ag > Z a; for
j=1

autonomous case of (1.1), applying similar monotone method, we establish new sufficient
conditions to Theorem A and Theorem 1.1 (see Uesugi, Muroya and Ishiwata [7]).



2 Global stability for nonlinear difference equations

Applying the techniques used in So and Yu [8], we obtain the following lemmas (see
Lemmas 2.1, 2.2 and Theorem 3.1 in So and Yu [8]):

Lemma 2.1 Let {z(n)}:2, be the solution of (1.1) with (1.2). If x(n) is eventually
greater (respect. less) than 0, then x(n) is eventually decreasing (respect. increasing), and
lim x(n) exists and it holds lim x(n) = 0.

n—oo n—oo

Lemma 2.2 Let f(x) # x and {x(n)}32, be the solution of (1.1) with (1.2) and (1.3).
If z(n) is oscillatory about 0, and sup Z Zaj(k:) < +00, then x(n) is bounded above

nzm k=n—m j=0

and below.

Remark 2.1 If f(x) # z, then by Lemma 2.2, we see that any solution z(n) of (1.1)
which is oscillatory about 0, is bounded above and below.

Lemma 2.3 Let {z(n)}2, be the solution of (1.1) with (1.2) and (1.3). If [x(n +1)| >
|z(n)|, then there exists an integer g(n) € [n — m,n] such that
z(g(n)) = min z(n—j) <0, if xz(n+1)>0,
0=i=m (2.1)
z(g(n)) = Jmax x(n—yj)>0, if x(n+1)<0.

<j<m
From the property of g, g(n) > 0 for n > m.

Lemma 2.4 Assume (1.6) and suppose that the solution x(n) of (1.1) with (1.2) and
(1.3), is oscillatory about 0. If for some real number L < 0, there exists an positive
integer ny, > m such that x(n) > L for n > ny, —m, then forn > nyp,

z(n+1) < Ryp, and z(n+1) > 5, (2.2)
where
Ry = —(sup > D a(k)f(L)  and
" knm j:()m n—1 m (23)
Sy =min(Ry = (sup > a;(n)f(Re),0) = (sup D> > a;(k)f(Ru).

In particular, for a sufficiently large n > m,

z(n+1) < R_« and z(n+1)>5_, (2.4)

where

n—1 m
R o = —(limsup » Zaj(k))(xg@oof(m)) < 400,

n—oo

k=n—m j=0
m n—1 m
S_oo = min(R_s — (limsupz a;j(n))f(R-c),0) — (limsup Z Zaj(k:))f(R,oo) > —00.
e =0 70 k—n—m j=0

(2.5)

Corollary 2.1 (cf. Gyori and Pituk [3]). For f(z) = x, if for (1.5), ri, 79 <1, then
the zero solution of (1.1) with f(x) = x and (1.3), is globally asymptotically stable.
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3 An autonomous case of (1.1)

For autonomous case of (1.1), that is, each a;j(n) = a;j(constant), there are many
literatures, for example, Gopalsamy, Kulenovic and Ladas [2], So and Yu [8], Wang et al.
[9], Muroya [4, 5, 6] and Uesugi, Muroya and Ishiwata [7] (see Figure 2). Put

rL=ag > 0, ngZaj >0, plr)=x—rif(). (3.1)
j=1

Then, x(n+ 1) = (x(n)) = 35 a;f(x(n — j)).

Under the condition ay > ZTZI a;, applying the similar monotone iterative method
as in Section 2, but without using the condition xz(n + 1)z(n) < 0, Uesugi, Muroya and
Ishiwata [7] obtained the following lemmas.

Lemma 3.1 Assume that p(z) attains a unique local mazximum at L* < 0, and for
L <0, put

F(L) = min{p(L), p(p(max{L", L}) = raf (L))} = raf (p(max{L", L}) = r2f(L)). (32)

If F(L)> L forany L <0, then it holds that lim z, =0.

n—oo

Lemma 3.2 Assume that p(x) attains a unique local mazimum at R* > 0 and R* >
O(R*) 4+ 1y Put F(L) = ¢(L) + rof (0(R*) — rof (L)) for L < 0. Ifry > 1y > 0 and
lim F(L)—L >0, then F(L)> L forany L <0, and lim xz, = 0.

L——o00 n— 00

Lemma 3.3 Assume that p(x) attains a unique local mazimum at R* > 0 and R* <
©(R*) +ro. Then, there exists a unique L < 0 such that R* = p(R*) — rof (L), and it
holds that R* > @(R*) —rof (L) >0, L < L <0. Put

F(L) = min{p(L), p(o(R7) =2 f (L))} = raf (p(R") =2 f(L)),  L<L.  (33)

If r1 >y, and F(L) > L for any L < L, then it holds lim z,, = 0.

n—oo

In particular case f(x) = e” — 1, conditions in Lemmas are simplified as follows (see
Uesugi, Muroya and Ishiwata [7]).

Theorem 3.1 Assume the condition (3.1). Then, for ry and ro such that

r
> >0, r=11+70<2, and ri 41 — —e" 271 >0, if ri+re > 1, (3.4)
1

it holds that for any solution x(n) of (1.1), tlim z(n) =0, and the zero solution is globally
asymptotically stable.

Figure 2 implies several conditions of Wang et al.[9] and Muroya [5] for r + ry < 1,
Muroya [4] for contractivity of solutions, and Muroya [6] for a Lyapunov-like method.
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Figure 2: Results of several papers
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