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1 Introdu
tionA well-known measure of linear 
omplexity of binary sequen
es, whi
his based on the linear des
riptions of subsequen
es of a given sequen
e thathave in
reasing lengths, was introdu
ed by R.Rueppel [1℄. This measureis 
alled the linear 
omplexity pro�le (LCP) of the sequen
e and it 
an beused to 
hara
terize the 'level of randomness' of that sequen
e. Nevertheless,there are 
ases when the 
riterions based on LCPs are not quite satisfa
tory[1℄-[6℄. In this 
orresponden
e, we develop the ideas of [7℄, [8℄ and examinethe linear des
riptions of the fragments of a given sequen
e having a �xedlength m and introdu
e a measure of linear 
omplexity whi
h we 
all them-interval linear 
omplexity pro�le (m-LCP). We assume that a 
omparisonof the parameters of the m-LCP 
onstru
ted for a given sequen
e and for fair
oin-tossing sequen
es gives more information 
hara
terizing the 
loseness ofthe sequen
e to that 
lass than the use of the LCP.Our analysis widely uses the relationships between binary sequen
es andirredu
ible ratios of polynomials over GF (2): The notation is introdu
edin Se
tion 2. Some well-known properties of the LCP and the observation
on
erning the 
onne
tions between the lengths of the linear feedba
k shiftregisters (LFSRs) and the degrees of the feedba
k polynomials used in thedes
ription are given in Se
tion 3. The observation dire
tly leads to an ex-pli
it formula for the number of irredu
ible ratios of polynomials over GF (2)when the denominator has a �xed degree. This result should be known, butwe 
annot give the exa
t referen
e. A short proof of that formula and somedis
ussion are given in Se
tion 4. In Se
tion 5 we de�ne the m-LCP and showthat it has a very regular properties for any sequen
e and that the formulafor the number of irredu
ible ratios determines the statisti
al 
hara
teristi
sof the m-LCP of the fair 
oin tossing sequen
es.2 Relationships Between Binary Sequen
esand Irredu
ible RatiosWe will denote by f(z) = f0 + f1 � z + ::: + fL � zL2



a polynomial over GF (2) having the degree L or less, where z is a formalvariable. Throughout the paper we assume that f0 = 1: A polynomial f(z)is known as an irredu
ible polynomial if it 
an be divided only by 1 and f(z):A ratio of two polynomials, a(z)=f(z); will be referred to as an irredu
ibleratio of degree n if deg a(z) < n; deg f(z) = n;and the greatest 
ommon divisor of the polynomials a(z) and f(z) is equalto 1.An equivalen
e between binary sequen
es and irredu
ible ratios is basedon a representation of the ratio a(z)=f(z) by the in�nite polynomial at theright hand side of the equationa(z)f(z) = a(z) �Xt�0(1 + f(z))t: (2.1)The possibility of su
h a representation follows from the formulaf(z) �Xt�0(1 + f(z))t = Xt�0(1 + f(z))t +Xt�0(1 + f(z))t+1= (1 + f(z))0 +Xt�1(1 + f(z))t +Xt�1(1 + f(z))t= (1 + f(z))0= 1;where the identity f(z) = 1+1+ f(z) was used. In parti
ular, we may writea(z)f(z) + b(z)g(z) = a(z) � g(z) + b(z) � f(z)f(z) � g(z) ;a(z)f(z) � b(z)g(z) = a(z) � b(z)f(z) � g(z) ;where the ratios are interpreted as in�nite polynomials de�ned by the ex-pressions, whi
h are similar to the expression at the right hand side of (2.1).Furthermore, if a(z) = 
(z) � b(z) and f(z) = 
(z) � g(z); thena(z)f(z) = b(z)g(z) :3



A given binary sequen
e ut = (u1; :::; ut) of length t 
an be also de�ned bythe polynomial ut(z) = u1 + u2 � z + ::: + ut � zt�1;and we write ut(z) = Rzt " a(z)f(z) # (2.2)if ui is equal to the (i� 1)-st 
oeÆ
ient of the polynomial at the right handside of (2.2) for all i = 1; :::; t; hereafter Rd(z) [ 
(z) ℄ denotes the remainderof the division of 
(z) by d(z) for all (
(z); d(z)) su
h that d(z) 6= 0:We will widely use the following notation.De�nition 1 Given binary sequen
e u� , letu(k)t = (ut�k+1; :::; ut); for all k � 1 and t = 1; :::; �;where ui = 0; i � 0:De�nition 2 We will writeu(k)t � F(L; f(z));where f(z) = 1 + f1 � z + :::+ fL � zL is a polynomial of degree L or less, ifuj = f1 � uj�1 + :::+ fL � uj�L; j = t� k + 1; :::; t;and the pair (L; f(z)) 
annot be repla
ed with some pair (~L; ~f(z)) su
h that~L < L and ~f(z) is a polynomial of degree ~L or less.3 Some Properties of the Linear ComplexityPro�le of Binary Sequen
esGiven binary sequen
e u� ; letu(t�Lt)t � F(Lt; ft(z)); t = 1; :::; �; (3.1)and let L� = (L0; :::; L� ); f� (z) = (f0(z); :::; f� (z));4



where (L0; f0(z)) = (0; 1): We also denotedt = deg ft(z); t = 0; :::; �: (3.2)The value of Lt is known as a Linear Complexity of ut; and the ve
tor L�is known as the LCP of u� : Some properties of LCPs are spe
i�ed in thefollowing statement [2℄, [9℄.Lemma 3.1 For any sequen
e u� ;(1) 0 = L0 � ::: � L� ;(2) if Lt� 6= Lt��1; then Lt��1 � (t� � 1)=2 and Lt� = t� � Lt��1;(3) if Lt = L � t=2; then there exists only one polynomial ft(z) su
h that(3.1) is valid;(4) if Lt = Lt�1 � (t� 1)=2; then ft(z) = ft�1(z):The result of Lemma 3.1 shows that the LCP of any binary sequen
e
u
tuates around the line t=2 (Fig.1). Only one feedba
k polynomial 
or-responds to every 
omponent of the LCP lo
ated below that line and thispolynomial is the same for all 
omponents at the same horizontal line. Wewill pay our attention to the 
onne
tions between the degree of that polyno-mial and the linear 
omplexity in the points where the LCP 
rosses the linet=2:The LCP of u� 
an be found using the BM algorithm [10℄. We des
ribethat algorithm sin
e its properties will be widely used in the analysis and givea numeri
al example in Table 1, where the ve
tor (ft;dt ; :::; ft;0) 
onsisting ofthe 
oeÆ
ients of the polynomial ft(z) is given as an integer written in theo
tal notation; t = 1; :::; �:1) Set t = 1, (L; f(z)) = (�; '(z)) = (0; 1); and Æ = 0:2) In
rease Æ by 1.3) Set (Lt; ft(z)) = ( (L; f(z)); if ut = u�t ;(maxfL; Æ + �g; f(z) + zÆ � '(z)); if ut 6= u�t ;where u�t = f1 � ut�1 + :::+ fL � ut�L:5



4) If Lt > L; then set (�; '(z)) = (L; f(z)) and Æ = 0:5) Set (L; f(z)) = (Lt; ft(z)):6) In
rease t by 1. If t � �; then go to 2.7) End.The BM algorithm 
an be represented as a pro
edure leading to a se-quen
e of irredu
ible ratios at(z)=ft(z); whi
h approximates the subsequen
esut, t = 0; :::; � ; the polynomials at(z) are de�ned in Lemma 3.2 below.Lemma 3.2 Given t and polynomial ft(z) of degree dt su
h that (3.1) isvalid, let at(z) = 1 + at;1 � z + ::: + at;dt�1 � zdt�1; (3.3)where at;j = dt�1Xi=0 ft;i � u�t+j+1�i; j = 0; :::; dt � 1 (3.4)and �t = Lt � dt: (3.5)Then ut(z) = u�t(z) + z�t �Rzt��t " at(z)ft(z) # : (3.6)Lemma 3.3 Given binary sequen
e u� ; let t0 < t1 < t2 be the elementsof the set T = f t 2 f0; :::; �g : Lt = t=2 g (3.7)and let t0 62 T for all t0 2 ft0 + 1; :::; t2 � 1gnft1g: Then(1) dt0 = Lt0 ; dt1 < Lt1 =) dt2 = Lt2 ;(2) dt0 = Lt0 ; dt1 = Lt1 =) dt2 = Lt2 or dt2 < Lt2 depending on ut2;(3) there are no binary sequen
es su
h that dt0 < Lt0 and dt1 < Lt1 :
6



Proof Given t � 1; let us denote the value of Æ; the polynomial '(z);and the polynomial f(z) 
onstru
ted by the BM algorithm before the step2) by Æt�1; 't�1(z); and ft�1(z); respe
tively. Then the polynomial ft(z)
onstru
ted at step 3) 
an be expressed as follows :ft(z) = ( ft�1(z); if ut = u�t ;ft�1(z) + zÆt�1+1 � 't�1(z); if ut 6= u�t : (3.8)Hen
e, dt�1 > Æt�1 + 1 + deg 't�1(z) =) dt = dt�1 (3.9)regardless of ut: Let (see Fig.1)t�1 = (t0 + t1)=2; t�2 = (t1 + t2)=2: (3.10)Then using the statements of Lemma 3.1 we writet0=2 = Lt0 = Lt0+1 = ::: = Lt�1�1; (3.11)t1=2 = Lt�1 = Lt�1+1 = ::: = Lt�2�1;t2=2 = Lt�2 = Lt�2+1 = ::: = Lt2 ;and (�t; 't(z)) = ( (t0=2; ft0(z)); if t 2 ft�1; :::; t�2 � 1g;(t1=2; ft1(z)); if t 2 ft�2; :::; t2g; (3.12)Æt = ( t� t�1; if t = t�1; :::; t�2 � 1;t� t�2; if t = t�2; :::; t2:Note that (3.11) and (3.12) lead to the equationsÆt�1 + 1 + deg 't�1(z) = ( t�2 � t�1 + dt0 ; if t = t�2;t� t�2 + dt1 ; if t = t�2 + 1; :::; t2 (3.13)and suppose that dt0 = Lt0 : Sin
e dt�2�1 � t1=2 and ft�2(z) 6= ft�2�1(z); using(3.8) and (3.13) we obtaindt�2 = t�2 � t�1 + dt0 = t2=2:Furthermore, using (3.10), (3.11), and the inequality dt1 � Lt1 we obtaint2=2 > t� (t1 + t2)=2 + dt1 ; for all t = t�2 + 1; :::; t2 � 1:7



Thus, the inequality at the left hand side of (3.9) is valid for all t = t�2 +1; :::; t2 � 1 and dt2�1 = t2=2: This inequality is also valid for t = t2 ifdt1 < Lt1 ; and the statement (1) is proved. If dt1 = Lt1 and ut2 = u�t2 ; thenft2(z) 6= ft2�1(z) and dt2 = t2=2: Otherwise, the BM algorithm 
onstru
ts apolynomial ft2(z); whose degree is less than t2=2; and the statement (2) isproved. To prove the statement (3) we note that 0 2 T and d0 = L0: Hen
e,the algorithm either follows the rule (1), or (2). Q.E.D.Dis
ussionGiven binary sequen
e u� ; we 
onstru
t the sequen
e (Lt; ft(z));t = 1; 2; :::; using the BM algorithm and note that this sequen
e determinesthe sequen
e of irredu
ible ratios (Lt; at(z)=ft(z)); t = 1; 2; :::; where thepolynomial at(z) is de�ned in (3.3)-(3.5). For all t 2 T , let us generate thesign 0 =0 if dt = Lt and the sign 0 <0 if dt < Lt (the parameter dt and theset T are de�ned in (3.2) and (3.7), respe
tively). As a result, we obtain asequen
e S 
onsisting of these signs (see Table 1). Note that, due to (3.7)and the statement (3) of Lemma 3.1, there exists only one 'minimal' pair(Lt; ft(z)); whi
h provides the relation (3.1), i.e., the sequen
e S is 
om-pletely de�ned by u� and the referen
e to the BM algorithm is not essential.Let us introdu
e a Markov 
hain whose states are the elements of S: Lemma3.3 guarantees that two neighboring signs 0 <0; <0 will be never met for anyu� ; and the 
hain is 
hara
terized by the transition probabilities given inFig.2, where we assume that ea
h 
omponent of u� is obtained by randomand independent sele
tion from f0; 1g with probability 1=2: For example, ifthe 14-th bit of the sequen
e given in Table 1 is repla
ed with 0, then thefeedba
k polynomial is equal to1 + z + z7 + z14�9 � (1 + z) = 1 + z + z5 + z6 + z7and the degree 
oin
ides with the length of the LFSR as for u14 = 1: Theproperties of the Markov 
hain with the transition state diagram, given inFig.2, lead to the result of Se
tion 4 : the stationary probability of the state(=); whi
h is equal to 2=3; determines the probability to get an irredu
ibleratio of any given degree.
8



4 An Expli
it Formula for the Number of Ir-redu
ible Ratios of Polynomials over GF(2)The well-known result 
on
erning the number of irredu
ible polynomialsof a given degree [11℄ is formulated below.Theorem 4.1 Let In be the number of irredu
ible polynomials of degreen su
h that f0 = 1: ThenIn = 1n �Xdjn �(d) � 2n=d; for all n � 2;where the sum is extended over all positive divisors d of n and�(d) = 8><>: 1; if d = 1;(�1)k; if d if the produ
t of k distin
t primes;0; if d is divisible by a square of a primeis the M�obius fun
tion.Corollary 4.11n � (1� 2�n=2+1) � 2n < In � 1n � (1� 2�n+1) � 2n; for all n � 2:Remark 4.1(a) We are supposed to solve the problem of fa
torization of a given integerto �nd In; this problem is very hard if n is large enough [12℄.(b) If ea
h 
oeÆ
ient fi; i = 1; :::; n � 1; is obtained by random and inde-pendent sele
tion from f0; 1g with probability 1=2; then the probabilitythat the polynomial f(z) is irredu
ible tends to 0 as 2=n when n!1:Theorem 4.2Given j 2 f0; :::; n�1g, let I(j)n be the number of irredu
ibleratios a(z)=f(z) of degree n su
h that a0 = ::: = aj�1 = 0 and aj = 1: ThenI(j)n = 23 � 22n�j�2 + 13 � 2j; for all n � 1: (4.1)Corollary 4.2 Let I�n be the number of irredu
ible ratios a(z)=f(z) ofdegree n: Then I�n = 23 � 22n�1 � 13 ; for all n � 1: (4.2)9



Remark 4.2(a) The number of irredu
ible ratios 
an be easily found for any n.(b) If ea
h 
oeÆ
ient ai; i = 0; :::; n� 1; and fi; i = 1; :::; n� 1; is obtainedby random and independent sele
tion from f0; 1g with probability 1=2then, for all n, the ratio a(z)=f(z) is irredu
ible with the probability� 2=3:Remark 4.3 (referen
es to number theory [13℄) The number ofprimes not ex
eeding n is asymptoti
 to n= logn; and the number of positiveintegers not greater than and prime to n is known as the Euler's fun
tion�(n) = n �Ypjn  1� 1p! ;where the produ
t is extended over all positive prime divisors p of n: It isknown that �(n) = �(1) + :::+ �(n) = 3n2�2 +O(n logn):Therefore limn!1 �(n)n(n+ 1)=2 = 6�2 ;and the expression at the left hand side 
an be interpreted as the probabil-ity that two integers, p and q; su
h that 1 � p � q � n are prime to oneanother when n!1; i.e., as the probability that the ratio p=q is irredu
ible.Proof The proof of Theorem 4.2 follows from Lemmas 4.3, 4.4 below.To prove Corollary 4.2 we substitute the expression at the right hand side of(4.1) into the sum I�n = n�1Xj=0 I(j)nand obtain (4.2). Q.E.D. 10



Lemma 4.3 Given j 2 f0; :::; n � 1g, the number of irredu
ible ratiosa(z)=f(z) su
h that a0 = ::: = aj�1 = 0; aj = 1 (4.3)and f(z) is a polynomial of degree n, is equal to the number of binary se-quen
es u2n su
h that u1 = ::: = uj = 0; uj+1 = 1 (4.4)and d2n = L2n = n; (4.5)where d2n is de�ned in (3.2) and L2n is the linear 
omplexity of u2n:Proof The statement dire
tly follows from (2.2), (3.5), and (3.6). Q.E.D.Lemma 4.4 Given j 2 f0; :::; n � 1g; let K2n be the number of binarysequen
es u2n satisfying (4.4) and (4.5). ThenK2n = 23 � 22n�j�2 + 13 � 2j: (4.6)Proof Let K 02n be the number of binary sequen
es of length 2n satisfying(4.4) su
h that L2n = n and d2n < n: Note that 2j + 2 2 T and t 62 T ;t = 1; :::; 2j+1; where the set T is de�ned in (3.7). Therefore, using Lemma3.3 we have K2n = 12 � n�j�1Xl=1 K2n�2l � 2l + n�j�1Xl=1 K 02n�2l � 2l; (4.7)K 02n = 12 � n�j�1Xl0=1 K2n�2l0 � 2l0 ; n = j + 2; j + 3; :::;where K2j+2 = K 02j+2 = 2j: (4.8)Substituting the se
ond equation in (4.7) into the �rst one and using (4.8)we haveK2n = 12 � n�j�1Xl=1 K2n�2l � 2l + n�j�2Xl=1 12 � n�l�j�1Xl0=1 K2n�2l�2l0 � 2l+l0 (4.9)+ K 02j+2 � 2n�j�1 11



= 12 � n�j�1Xl=1 K2n�2l � 2l + n�j�1Xl=1 12 � (l � 1) �K2n�2l � 2l + 2n�1= 12 � n�j�1Xl=1 l �K2n�2l � 2l + 2n�1; n = j + 2; j + 3; :::Let us substitute the expression at the right hand side of (4.6) for K2n: Then23 � 22j+2�j�2 + 13 � 2j = 2jand23 � 22n�j�2 + 13 � 2j = 12 � n�1Xl=1 l � �23 � 22n�2l�j�2 + 13 � 2j� � 2l + 2n�1;n = j + 2; j + 3; :::;where the equation follows from the identitiesn�j�1Xl=1 l � 2�l = 2 � (1� (n� j + 1) � 2�n+j);n�j�1Xl=1 l � 2l = 2 � (1 + (n� j � 2) � 2n�j�1):Hen
e, if (4.6) is valid then both (4.8) and (4.9) are satis�ed. Q.E.D.5 m-Interval Linear Complexity of BinarySequen
esLet u� be a given binary sequen
e su
h that u1 = 1 and let m > 0 be a�xed integer. Letu(m)t � F(L(m)t ; f (m)t (z)); t = m + 1; :::; �; (5.1)and let L(m)� = (L(m)m+1; :::; L(m)� ); f (m)� (z) = (f (m)m+1(z); :::; f (m)� (z)):12



The parameter L(m)t will be referred to as the m-Interval Linear Complexityof u� at position t; and the sequen
e L(m)� will be regarded as the m-LCP ofu� .The de�nition of the m-LCP is illustrated in Fig.3. Given u� ; let us �xt 2 fm + 1; :::; �g; 
onstru
t a matrix 
onsisting of the rows u(m)1 ; :::;u(m)t ;and 
onsider all binary ve
tors 
 = (
1; :::; 
t�1) su
h thatu(m)t = t�1Xh=1 
h � u(m)h : (5.2)Sin
e u1 = 1 and ui = 0; i � 0; the rows u(m)1 ; :::;u(m)m are linearly in-dependent and (5.2) holds for at least one 
: We are interested in a ve
-tor 
� = 
 whi
h provides (5.2) and has the maximal number of zeroesat the �rst positions, i.e., k(
�) � k(
) for all possible 
; where k(
) = kif 
1 = ::: = 
k = 0 and 
k+1 = 1: Then we set L(m)t = t � k(
�) andf (m)t;t�i = 
i; i = k(
�) + 1; :::; t� 1:The following result dire
tly follows from the de�nition of the m-intervallinear 
omplexity.Lemma 5.1 Let t be given. Then u(m)t � F(n; f(z)) i� n is the minimalinteger su
h that there exists an LFSR (n; f 0(z)) generating the sequen
eu01; :::; u0m+n; where u0j = ut�j+1; for all j = 1; :::; m+ n; (5.3)whose length and the degree of the feedba
k polynomialf 0(z) = 1 + f 01 � z + :::+ f 0n � zn (5.4)are equal to n: Furthermore,f 0j = fn�j; j = 0; :::; n; (5.5)and u0m+n(z) = Rzm+n " a0(z)f 0(z) # ; (5.6)13



where the 
oeÆ
ients of the polynomial a0(z) are de�ned similarly to (3.4),i.e., a0j = n�1Xi=0 f 0i � u0j+1�i = n�1Xi=0 f 0i � ut�j+i; j = 0; :::; n� 1: (5.7)For any t � m+1; the parameter L(m)t 
an be 
onstru
ted using a modi�edBM algorithm. Let us extend the de�nition (5.3) in su
h a way thatu0j = ut�j+1; for all j = 1; 2; ::: (5.8)and use the algorithm, whose 1(m)-5(m) steps 
oin
ide with the 1-5 steps ofthe BM algorithm, where t0 and u0 are substituted for t and u; while the6(m)-7(m) steps are given below.6(m)) If t0 � L � m and deg f(z) = L; then go to 7(m). Otherwise, in
reaset0 by 1 and go to 2(m).7(m)) Set (L(m)t ; f (m)t (z)) = (L; f 0(z)); where f 0(z) is the inverse version off(z); i.e., f 0i = fL�i; i = 0; :::; L: End.The m-LCP of u� has a very regular stru
ture, as it follows from thestatement below. If the 
urrent element of the pro�le, L(m)t�1; is greater thanm then the next element, L(m)t ; 
an be less than m, i.e., the pro�le 'falls intothe pit'. In this 
ase, the pro�le 
an stay in the pit for l times or jumps atthe level m + l and stays at this level for m� L(m)t times. The parameters land m � L(m)t 
an be interpreted as the 'length' and the 'depth' of the pit,and the duality between them takes pla
e (Figs.3,4).Theorem 5.2 If 8>><>>: L(m)t�1 6= L(m)tL(m)t = ::: = L(m)t+l�1 = n < mL(m)t+l 6= L(m)t+l�1 (5.9)then 8>>>>><>>>>>: L(m)t�1 � mf (m)t (z) = ::: = f (m)t+l�1(z)L(m)t+l = ::: = Lt+l+m�n�1 = m+ lL(m)t+l+m�n � m (5.10)14



and the polynomial f (m)t (z) is unique.Proof If u(m)t � F(n; f(z));where n < m; then the linear 
omplexity of the sequen
eu0 = (ut�1; :::; ut�n�m+1)is equal to n (otherwise the statement (3) of Lemma 3.1 is violated) and thissequen
e is generated by the feedba
k polynomial f 0(z) (see (5.4), (5.5)). IfL(m)t�1 6= n; then u0 
annot be 
ontinued by f 0(z) with the 
omponent ut�n�mand, be
ause of the statement (2) of Lemma 3.1, the linear 
omplexity of thesequen
e (u0; ut�n�m) is equal to m: Hen
e, L(m)t�1 � m: Similar 
onsiderationslead to the 
on
lusions that there exists only one polynomial f(z) generatingu(m)t and that f (m)t+i (z) = f(z) for all i = 0; :::; l � 1:Suppose u(m)t+l+�l � F(n�; f �(z)); (5.11)where �l 2 f0; :::; m� n � 1g: Then the ve
tor u(m)t+l+�l 
an be expressed asa linear 
ombination of the ve
tors u(m)t+l+�l�j; j = 1; :::; n�: However, sin
eut�m�n+1; :::; ut+l�1 � F(n; f(z));the ve
tors u(m)t�n; :::;u(m)t+l�1�n 
an be expressed as linear 
ombinations of theve
tors u(m)t+l�n; :::;u(m)t+l�1 andn� � n + l +�l =) n� � n+�l:Based on the statements (2), (3) of Lemma 3.1 it is easy to see that theinequality n� � n+�l is impossible andn� > n+ l +�l: (5.12)The statement (5.11) and the inequality (5.12) mean that the sequen
eu0 = (ut�m�n+1; :::; ut+l�1)belongs to the sequen
e ut+l+�l�m�n�+1; :::; ut+l+�l15



and n� 
annot be less than the linear 
omplexity of the sequen
e (u0; ut+l);whi
h is equal to l+m (Lemma 3.1). At last, we note that we 
an 
onstru
tthe LFSR of length L0 = m + l using the BM algorithm.The inequality L(m)t+l+m�n � m follows from the fa
t that the ve
torsu(m)t+l+m�n�1; :::; u(m)t+l�n�1 are linearly independent.Q.E.D.Proposition 5.3 Suppose that ea
h 
omponent u2; :::; ut; where t > 2m;is obtained by random and independent sele
tion from f0; 1g with probability1/2. ThenPrf L(m)t = n g = 12m+1�n � I�n � 2�2n+1 (5.13)= 13 � 2m�n � 16 � 2m�n � 2�2n+1; n = 1; :::; m;where I�n is the number of irredu
ible ratios of degree n:Proof Let the sequen
e u0m+n be 
onne
ted with ut by (5.3). If L(m)t = nthen there exists an irredu
ible ratio a0(z)=f 0(z) su
h that (5.6) is valid.Hen
e, Prf L(m)t = n g = I�n � 2�(m+n);and (5.13) follows from (4.2). Q.E.D.Remark 5.3 In further 
onsiderations, we will use the formula (5.13) forall t = 1; :::; � and assume that the ensemble of fair 
oin-tossing sequen
es
ontains all sequen
es of length � whose 
omponents are obtained by randomand independent sele
tion from f0; 1g with probability 1/2. Furthermore,summarizing over the lengths of a pit, we will write the sum up to1 insteadof �: These assumptions seem to be reasonable sin
e the value of � is mu
hgreater than m; while a spe
ial analysis of the initial part and the tails ofthe sequen
es essentially 
ompli
ates formalization.LetJ� = n t : L(m)t�1 � m; L(m)t < m o ; (5.14)J 0� = n t : f (m)t�1 (z) 6= f (m)t (z); L(m)t = m; f (m)t (z) = f (m)t+1 (z) o ;J (m)� = J� [J 0� : 16



For all t 2 J (m)� , let us de�ne the 'length' l(m)t settingl(m)t = l () f (m)t (z) = ::: = f (m)t+l�1(z); f (m)t (z) 6= f (m)t+l (z) (5.15)and the 'redundan
y' r(m)t = m+ l(m)t � 1� L(m)t : (5.16)If (L(m)t ; f (m)t (z)) = (n; f(z)) and l(m)t = l for some t 2 J (m)� , thenu(m)t ; :::;u(m)t+l�1 � F(n; f(z))and the sequen
e ut�m+1; :::; ut+l�1 is generated at the output of the LFSR oflength n having the feedba
k polynomial f(z) if we load ut�m�n+1; :::; ut�minto the register. This sequen
e 
an be de�ned by the n 
oeÆ
ients of thepolynomial f(z) instead of m + l � 1 bits provided that we know t and theinitial 
ontents of the shift register. Hen
e, the parameter r(m)t de�ned in(5.16) gives the number of bits whi
h 
an be 
ompressed if we 
onsider onlythe t-th pit. Note that the de�nitions (5.14)-(5.16) guarantee the inequalityr(m)t > 0 and that the fragments de�ned by the neighboring pits 
an overlap.Thus, the sum of r(m)t taken over all t 2 J (m)� derives a 'potential redundan
y'of u� , whi
h 
an be unrealizable meaning the data 
ompression. Neverthe-less, a 
omparison between the statisti
al 
hara
teristi
s of the parametersobtained from the m-LCP of a given sequen
e and the average 
hara
teristi
sover the ensemble of fair 
oin-tossing sequen
es 
an be used to spe
ify the
loseness of the sequen
e to that ensemble. In proposition below we 
al
ulatethe expe
tations of the parameters�(m) = 1� � jJ (m)� j; r(m) = 1� � Xt2J(m)� r(m)t : (5.17)Proposition 5.4 Let �(m) and r(m) denote the average values of �(m) andr(m) taken over the ensemble of fair 
oin-tossing sequen
es. Then�(m) = 14 � �1 + 2�2m� ; (5.18)r(m) = 23 + 3m� 16 � 2�m + 16 � 2�2m:17



Proof Using (5.14)-(5.17) we write�(m) = 1� � �Xt=1 " m�1Xn=0 �(m)tn + �(m)0tm # ;r(m) = 1� � �Xt=1 " m�1Xn=0 �(m)tn �Xl�1(m+ l � 1� n) � � n l(m)t = l o+ �(m)0tm �Xl�2(l � 1) � � n l(m)t = l o #= 1� � �Xt=1 " mXn=0�(m)tn �Xl�1(m+ l � 1� n) � � n l(m)t = l o #where �(m)tn = � n L(m)t = n; u(m)t�1 6� F(n; f (m)t (z)) o ;�(m)0tm = �� L(m)t = m; u(m)t�1 6� F(m; f (m)t (z)); l(m)t � 2 �Given (L(m)t ; f (m)t (z)); the 
ondition on u(m)t�1 in �(m)tn means that the 
ompo-nent ut�m�n�1 is �xed, while the 
onditions on u(m)t�1 and l(m)t in �(m)0tm meanthat the 
omponents ut�m�n�1 and ut+1 are �xed. Hen
e, taking the averagevalue of �(m) and r(m) over the ensemble of fair 
oin-tossing sequen
es, weobtain�(m) = 1� � �Xt=1 " 12 � m�1Xn=0 Prf L(m)t = n g+ 14 � Prf L(m)t = m g # : (5.19)r(m) = 1� � �Xt=1 12 � mXn=0Prf L(m)t = n g �Xl�1(m+ l � 1� n) � Prf l(m)t = l g:Noti
ing that Prf l(m)t = l g = 2�land taking the sum over l up to 1 (see Remark 5.3) we writeXl�1(m + l � 1� n) � Prf l(m)t = l g = m� n+ 1: (5.20)Sin
e Prf L(m)t = 0 g = 2�m18



Thus, using (5.13), (5.19), and (5.20) we obtain�(m) = 12 � 2�m + 12 � m�1Xn=1 � 13 � 2m�n � 16 � 2m�n � 2�2n+1� + 14 � �13 � 16 � 2�2m+1�r(m) = m + 12 � 2�m + 12 � mXn=1� 13 � 2m�n � 16 � 2m�n � 2�2n+1� � (m� n + 1)and simple 
al
ulations lead to (5.18). Q.E.D.6 A
knowledgmentThe author is grateful to Prof. Rudolf Ahlswede, Prof. Gerhard S
hi�els,and Prof. Natalia Shekhunova for interesting dis
ussions.
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Table 1: Constru
ting the LCP of the sequen
e u15 = 011111110101010 andthe ve
tor S. t ut ft(z) ft dt Lt Sj0 1 1 0 0 =1 0 1 1 0 02 1 1 + z2 � 1 5 2 23 1 1 + z2 + z3�2 � 1 7 2 24 1 1 + z + z2 + z4�2 � 1 3 1 2 <5 1 1 + z 3 1 26 1 1 + z 3 1 27 1 1 + z 3 1 28 1 1 + z 3 1 29 0 1 + z + z9�2 � 1 203 7 710 1 1 + z + z7 203 7 711 0 1 + z + z7 203 7 712 1 1 + z + z7 203 7 713 0 1 + z + z7 203 7 714 1 1 + z + z7 203 7 7 =15 0 1 + z + z7 203 7 7
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Figure 1: A possible LCP of binary sequen
es.
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Figure 2: The transition state diagram of a Markov 
hain, whi
h des
ribesthe relations between the length and the degree of the LFSRs in the pointswhere the LCP 
rosses the line t=2.
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L(5)t 8
530

r r r r
r r

(a) (b) (
) (d)
(e) 00001100000100010100110101110101110001111001111001u(5)j =u(5)j+3 = (a) :(b); (
); (d) :(e) : f(z) = 1 + z2 + z3 + z5f(z) = 1 + z2 + z3f(z) = 1 + z4 + z6 + z8

(a)���� (b)��� (
)��� (d)���
(e)����j j + 3 t-

6

Figure 3: A fragment of the m-LCP of the sequen
e ...10000101110011...;m = 5:
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Figure 4: A fragment of the m-LCP of any binary sequen
e.
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