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1 Introduction

A well-known measure of linear complexity of binary sequences, which
is based on the linear descriptions of subsequences of a given sequence that
have increasing lengths, was introduced by R.Rueppel [1]. This measure
is called the linear complexity profile (LCP) of the sequence and it can be
used to characterize the ’level of randomness’ of that sequence. Nevertheless,
there are cases when the criterions based on LCPs are not quite satisfactory
[1]-[6]. In this correspondence, we develop the ideas of [7], [8] and examine
the linear descriptions of the fragments of a given sequence having a fixed
length m and introduce a measure of linear complexity which we call the
m-interval linear complexity profile (m-LCP). We assume that a comparison
of the parameters of the m-LCP constructed for a given sequence and for fair
coin-tossing sequences gives more information characterizing the closeness of
the sequence to that class than the use of the LCP.

Our analysis widely uses the relationships between binary sequences and
irreducible ratios of polynomials over GF(2). The notation is introduced
in Section 2. Some well-known properties of the LCP and the observation
concerning the connections between the lengths of the linear feedback shift
registers (LFSRs) and the degrees of the feedback polynomials used in the
description are given in Section 3. The observation directly leads to an ex-
plicit formula for the number of irreducible ratios of polynomials over GF(2)
when the denominator has a fixed degree. This result should be known, but
we cannot give the exact reference. A short proof of that formula and some
discussion are given in Section 4. In Section 5 we define the m-LCP and show
that it has a very regular properties for any sequence and that the formula
for the number of irreducible ratios determines the statistical characteristics
of the m-LCP of the fair coin tossing sequences.

2 Relationships Between Binary Sequences
and Irreducible Ratios

We will denote by

fR)y=fo+fi-z+ .+ fr-2"



a polynomial over GF(2) having the degree L or less, where z is a formal
variable. Throughout the paper we assume that f, = 1. A polynomial f(z)
is known as an irreducible polynomial if it can be divided only by 1 and f(z).
A ratio of two polynomials, a(z)/f(z), will be referred to as an irreducible
ratio of degree n if

deg a(z) <n, deg f(z) =n

and the greatest common divisor of the polynomials a(z) and f(z) is equal
to 1.

An equivalence between binary sequences and irreducible ratios is based
on a representation of the ratio a(z)/f(z) by the infinite polynomial at the
right hand side of the equation

B =a(z) - ,Z%(l + f(2))". (2.1)

The possibility of such a representation follows from the formula

fFR) -0+ f() = S0+f(2) +Z jie1

_ = (1+f(2) ; )t+;(1+f(2))t
= (14 f(2) :

Y

where the identity f(z) = 1+ 1+ f(z) was used. In particular, we may write

az)  blz) _ alz) g(z) +b(z) - f(2)
) f(2)-9(2) ’
) _ alz)-b(z)

flz) gz)  fl2)-g(2)
where the ratios are interpreted as infinite polynomials defined by the ex-

pressions, which are similar to the expression at the right hand side of (2.1).
Furthermore, if a(z) = ¢(z) - b(z) and f(z) = ¢(z) - g(2), then




A given binary sequence u; = (uq, ..., u;) of length ¢ can be also defined by
the polynomial

u(2) = uy +ug 24 a2

and we write

w(2) = R l ;8 ] (2.2)

if u; is equal to the (i — 1)-st coefficient of the polynomial at the right hand

side of (2.2) for all i = 1,...,¢; hereafter Ry, [ c(2) | denotes the remainder
of the division of ¢(z) by d(z) for all (¢(z),d(z)) such that d(z) # 0.

We will widely use the following notation.
Definition 1 Given binary sequence u,, let

ulf) = (g ka1, tg), forall k>1 and t=1,...,7,

where u; = 0, ¢+ < 0.
Definition 2 We will write

k
' < F(L. f(2)).
where f(2) =1+ f1 -2+ ...+ fr, - 2 is a polynomial of degree L or less, if
uj = fir-uj+..+ frouin, j=t—k+1,..1,

and the pair (L, f(z)) cannot be replaced with some pair (L, f(2)) such that
L < L and f(z) is a polynomial of degree L or less.

3 Some Properties of the Linear Complexity
Profile of Binary Sequences

Given binary sequence u,, let
u' " < F(L, fi(2), t=1,..T, (3.1)

and let



where (L, fo(2)) = (0,1). We also denote
dy = deg fi(2), t=0,..,7. (3.2)

The value of L; is known as a Linear Complexity of u;, and the vector L,
is known as the LCP of u,. Some properties of LCPs are specified in the
following statement [2], [9].

Lemma 3.1 For any sequence u,,

(2) if Lt* # Lt*fla thel'l Lt*fl S (t* — 1)/2 and Lt* =t* — Lt*fl;

(3) if Ly = L < t/2, then there exists only one polynomial f;(z) such that
(3.1) is valid;

(4) if Ly =L; 1 < (t—1)/2, then f(z) = fi1(2).

The result of Lemma 3.1 shows that the LCP of any binary sequence
fluctuates around the line /2 (Fig.1). Only one feedback polynomial cor-
responds to every component of the LCP located below that line and this
polynomial is the same for all components at the same horizontal line. We
will pay our attention to the connections between the degree of that polyno-
mial and the linear complexity in the points where the LCP crosses the line
t/2.

The LCP of u, can be found using the BM algorithm [10]. We describe
that algorithm since its properties will be widely used in the analysis and give
a numerical example in Table 1, where the vector (fi4,, ..., fro) consisting of
the coefficients of the polynomial f;(z) is given as an integer written in the
octal notation; t =1, ..., 7.

1) Sett =1, (L, f(2)) = (AN, ¢(2)) = (0,1), and § = 0.
2) Increase § by 1.

3) Set

(L, f(2)), if uy = uj,
(L, fi(2)) = { (max{L,§ + A}, f(2) + 2° - ©(2)), if u; # uf,

where uj = fi - uy 1+ ...+ fr - up.
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4) If L; > L, then set (X, ¢(z)) = (L, f(2)) and § = 0.
Set (L, f(2)) = (L, fi(2)).

Increase t by 1. If t < 7, then go to 2.

)
5)
6)
)

7) End.

The BM algorithm can be represented as a procedure leading to a se-
quence of irreducible ratios a,(z)/ f;(z), which approximates the subsequences
u;, t =0,...,7; the polynomials a,(z) are defined in Lemma 3.2 below.

Lemma 3.2 Given ¢ and polynomial f;(z) of degree d; such that (3.1) is
valid, let

a(z)=14ap -2+ ...+ arg1 - 21 (3.3)
where
di—1
a; = Y friUarrjpi-is J=10,.,d—1 (3.4)
i=0
and
Then B
ai\ 2
u(2) = ups(z +2At-Rzal ] 3.6
() = usi(2) o | 2 (36)

Lemma 3.3 Given binary sequence u,, let ty < t; < t5 be the elements
of the set
T={te{0,...,7}: Li=1/2} (3.7)

and let ¢ ¢ T for all t' € {t, +1,....,to — 1}\{t1}. Then
(].) dt(] - Ltoa dtl < Lt1 — dt2 - Ltg;

(2) dy, = Ly, dyy = Ly, = dy, = Ly, or dy, < Ly, depending on uy,;

1

(3) there are no binary sequences such that d;, < L;, and d;, < Ly,.



Proof Given ¢t > 1, let us denote the value of §, the polynomial ¢(z),
and the polynomial f(z) constructed by the BM algorithm before the step
2) by 01, ¢ 1(2), and f;_1(z), respectively. Then the polynomial f;(z)
constructed at step 3) can be expressed as follows :

_ fi- (Z)a if u, = uy,
ft(z) B { ftj(z) + 201t 'thf](z)a if u, # uy. (3'8)

Hence,
dt,] > (St,] +1+ d@g Bt (Z) - dt = dt,] (39)

regardless of u,. Let (see Fig.1)
= (to+1)/2, t5= (1 +1)/2. (3.10)

Then using the statements of Lemma 3.1 we write

t0/2 == Lto == Lt0+1 - ... = Ltifl, (311)
t/2 = Ly =Lgp=...= Ly,
t2/2 — Lf; — Lt;—l—l — ... = LtQ,

and

(to/2, f1,(2)), if t e {t],...,t5 — 1},
A ul2)) = {(t]/Q,fh(z)), it t e {15t} (3.12)

5o [t i t=t -
T s, i =15, .t

Note that (3.11) and (3.12) lead to the equations

st dy,, if t=1

6t,1 + 1 + deg (,0,571(25) = {

and suppose that dy, = Ly,. Since dy; 1 < t1/2 and fi:(2) # fi; 1(2), using
(3.8) and (3.13) we obtain

dt; == t; - t){ + dto == t2/2
Furthermore, using (3.10), (3.11), and the inequality d;, < L;, we obtain

t2/2 >t — (tl +t2)/2+dt1, for all t:t§+1,...,t2— 1.
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Thus, the inequality at the left hand side of (3.9) is valid for all ¢t = ¢} +
1,...,to — 1 and d;, 1 = t3/2. This inequality is also valid for t = ty if
dy, < Ly, and the statement (1) is proved. If d;, = Ly, and u,;, = uj,, then
f1,(2) # fi,-1(2) and d;, = t5/2. Otherwise, the BM algorithm constructs a
polynomial f;,(z), whose degree is less than ¢5/2, and the statement (2) is
proved. To prove the statement (3) we note that 0 € 7 and dy = Ly. Hence,
the algorithm either follows the rule (1), or (2). Q.E.D.

Discussion Given binary sequence u,, we construct the sequence (L, fi(2)),
t=1,2,..., using the BM algorithm and note that this sequence determines
the sequence of irreducible ratios (L, a:(z)/fi(z)), t = 1,2,..., where the
polynomial a;(z) is defined in (3.3)-(3.5). For all ¢t € T, let us generate the
sign ' =" if d; = L; and the sign ' <" if d; < L; (the parameter d;, and the
set T are defined in (3.2) and (3.7), respectively). As a result, we obtain a
sequence S consisting of these signs (see Table 1). Note that, due to (3.7)
and the statement (3) of Lemma 3.1, there exists only one 'minimal’ pair
(L, f1(2)), which provides the relation (3.1), i.e., the sequence S is com-
pletely defined by u, and the reference to the BM algorithm is not essential.
Let us introduce a Markov chain whose states are the elements of S. Lemma
3.3 guarantees that two neighboring signs ' <’, <’ will be never met for any
u,, and the chain is characterized by the transition probabilities given in
Fig.2, where we assume that each component of u, is obtained by random
and independent selection from {0, 1} with probability 1/2. For example, if
the 14-th bit of the sequence given in Table 1 is replaced with 0, then the
feedback polynomial is equal to

T+z4+2"+2"7 (14+2)=1+2+25+20 427

and the degree coincides with the length of the LFSR as for u;4, = 1. The
properties of the Markov chain with the transition state diagram, given in
Fig.2, lead to the result of Section 4 : the stationary probability of the state
(=), which is equal to 2/3, determines the probability to get an irreducible
ratio of any given degree.



4 An Explicit Formula for the Number of Ir-
reducible Ratios of Polynomials over GF(2)

The well-known result concerning the number of irreducible polynomials
of a given degree [11] is formulated below.
Theorem 4.1 Let [, be the number of irreducible polynomials of degree

n such that fy = 1. Then

1
I, =~ p(d)-2"" forall n>2,
nog

where the sum is extended over all positive divisors d of n and

1, ifd=1,
p(d) =< (=1)% if dif the product of k distinct primes,
0, if d is divisible by a square of a prime

is the Mo6bius function.
Corollary 4.1

1 1
— 2Py < — (1 -2 20 forall no> 2.
n n

Remark 4.1

(a) We are supposed to solve the problem of factorization of a given integer
to find I,,; this problem is very hard if n is large enough [12].

(b) If each coefficient f;,i = 1,...,n — 1, is obtained by random and inde-
pendent selection from {0, 1} with probability 1/2, then the probability
that the polynomial f(z) is irreducible tends to 0 as 2/n when n — oc.

Theorem 4.2 Given j € {0,...,n—1}, let I¥) be the number of irreducible

ratios a(z)/f(z) of degree n such that ay = ... = a;_; =0 and a; = 1. Then
G _ 2 semjo L o
Iy 25-2 I +§-2-7, forall n > 1. (4.1)

Corollary 4.2 Let I* be the number of irreducible ratios a(z)/f(z) of
degree n. Then

T* :2_2271,71 o

n= 3 , forall n>1. (4.2)

W | =

Ne}



Remark 4.2
(a) The number of irreducible ratios can be easily found for any n.

(b) If each coefficient a;,i =0,...,n—1, and f;,i =1,...,n — 1, is obtained
by random and independent selection from {0, 1} with probability 1/2
then, for all n, the ratio a(z)/f(z) is irreducible with the probability
~ 2/3.

Remark 4.3 (references to number theory [13]) The number of
primes not exceeding n is asymptotic to n/logn, and the number of positive
integers not greater than and prime to n is known as the Euler’s function

¢(n>=n-H(1—%>,

pn

where the product is extended over all positive prime divisors p of n. It is
known that

2

B(n) = G(1) + .. + 6(n) = 37% + O(nlogn).

Therefore
: ®(n) 6
lim —————— = —,
n=oop(n+1)/2 w2
and the expression at the left hand side can be interpreted as the probabil-
ity that two integers, p and ¢, such that 1 < p < ¢ < n are prime to one

another when n — oo, i.e., as the probability that the ratio p/q is irreducible.
Proof The proof of Theorem 4.2 follows from Lemmas 4.3, 4.4 below.

To prove Corollary 4.2 we substitute the expression at the right hand side of
(4.1) into the sum

E=S i
=0

and obtain (4.2). Q.E.D.
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Lemma 4.3 Given j € {0,...,n — 1}, the number of irreducible ratios
a(z)/ f(z) such that
ap=..=aj_1=0, a; =1 (4.3)

and f(z) is a polynomial of degree n, is equal to the number of binary se-
quences us, such that

w=..=u;=0, ujy =1 (4.4)

and
dgn = Lgn =n, (45)

where dy, is defined in (3.2) and Ly, is the linear complexity of uy,.
Proof The statement directly follows from (2.2), (3.5), and (3.6). Q.E.D.

Lemma 4.4 Given j € {0,...,n — 1}, let K3, be the number of binary

sequences ug, satisfying (4.4) and (4.5). Then
2 . 1 .
Ky, ==-2M7"24 _ .97 4.6
;= 3 +3 (4.6)

Proof Let K, be the number of binary sequences of length 2n satisfying
(4.4) such that Ly, = n and dy, < n. Note that 2j +2 € T and ¢t ¢ T,
t=1,..,2j+ 1, where the set T is defined in (3.7). Therefore, using Lemma
3.3 we have

n—j—1 n—j—1

1 !
Ky, = 3 > Koy o 2l + > K, - 2! (4.7)
I=1 =1
1 Tl*_‘f]
Kén = 5 Z Kon o '2l; n=j+2,7+3,..,

where .
K2j+2 = Kéj+2 =27 (4-8)

Substituting the second equation in (4.7) into the first one and using (4.8)
we have

1 n—j—1 n—j—2 1 n—l—j—1 ,
Ko, = 9 Yo Kouo- 24 Y 9 > Kopoar 270 (49)
=1 =1 r=1
+ Kéj+2 L2n

11



5 ZKQTI 21 ° 2"’ Z 2 l—l) KQn,QZ'Q +2n7
=1 =1

1 Tl*j*l

3 Sl Koy o2 4+2"" m=j+2,5+3,..

=1

Let us substitute the expression at the right hand side of (4.6) for Ks,. Then
2 o 1 .
Z9H2mi=2 .~ 9] =9
3 3

and

where the equation follows from the identities

1-270 = 2.(1—(n—j+1)-27"),

n—j—1

1

Z = 2-(I4(m—j—2)-2"71).
Hence, if (4.6) is valid then both (4.8) and (4.9) are satisfied. Q.E.D.

5 m-Interval Linear Complexity of Binary
Sequences

Let u,; be a given binary sequence such that u; = 1 and let m > 0 be a
fixed integer. Let

and let



The parameter Lgm) will be referred to as the m-Interval Linear Complezity

of u, at position ¢, and the sequence L(Tm) will be regarded as the m-LCP of
u,.

The definition of the m-LCP is illustrated in Fig.3. Given u,, let us fix
t € {m+1,...,7}, construct a matrix consisting of the rows ugm), ey uﬁ’"),

and consider all binary vectors ¢ = (¢, ..., ¢;_1) such that

—1
ul™ = > e uém). (5.2)
h=1

Since u; = 1 and u;, = 0, 7 < 0, the rows u§”">,...,u,<gl> are linearly in-

dependent and (5.2) holds for at least one c. We are interested in a vec-
tor ¢* = ¢ which provides (5.2) and has the maximal number of zeroes
at the first positions, i.e., k(c*) > k(c) for all possible ¢, where k(c) = k
if ¢, = .. = ¢ = 0 and ¢4y = 1. Then we set L™ =t — k(c*) and

ft(,@i =c¢, i=k(c)+1,.,t—1

The following result directly follows from the definition of the m-interval
linear complexity.

Lemma 5.1 Let ¢ be given. Then u{™ < F(n, f(z)) iff n is the minimal
integer such that there exists an LFSR (n, f’(2)) generating the sequence

! where

!
Uy eeey Uy s

ui =y, forall j=1,..,m+n, (5.3)
whose length and the degree of the feedback polynomial

fle)=1+fl -2+ ..+f 2" (5.4)
are equal to n. Furthermore,

f]I = fn,j, j = O, LNy (55)

and

‘m-+n



where the coefficients of the polynomial a'(z) are defined similarly to (3.4),
ie.,

n—1 n—1
ay =Y fi-ui = fi-ujy, j=0,..,n—1 (5.7)
=0 i=0

For any t > m+1, the parameter Lﬁ’") can be constructed using a modified

BM algorithm. Let us extend the definition (5.3) in such a way that

L=y jy1, forall j=1,2,.. (5.8)

71,]

and use the algorithm, whose 1(™-5(™) steps coincide with the 1-5 steps of
the BM algorithm, where ¢’ and u’ are substituted for ¢ and u, while the
6(™-7(m) steps are given below.

6(m) If ¢/ — L. > m and deg f(z) = L, then go to 7™ . Otherwise, increase
t' by 1 and go to 2(™.

7m) Set (L™, f™(2)) = (L, f'(z)), where f'(z) is the inverse version of
f(Z), i.e., f/ == foi; 1= 0, ceey L. End.

The m-LCP of u, has a very regular structure, as it follows from the

statement, below. If the current element of the profile, L,ET%, is greater than

m then the next element, L%m), can be less than m, i.e., the profile 'falls into
the pit’. In this case, the profile can stay in the pit for / times or jumps at

the level m + [ and stays at this level for m — L,gm) times. The parameters [

and m — L,ﬁ”“ can be interpreted as the 'length’ and the ’depth’ of the pit,

and the duality between them takes place (Figs.3,4).

Theorem 5.2 If
) 17
L™= .. = Lng)q =n<m (5.9)
Ly £ L,

then
L™ > m
() = = £2) (5.10)
LETZ) = .. = Listymn1=m+I
L§T1)+m n <m

14



and the polynomial ft(m)(z) is unique.
Proof If
"™ < Fn, f(2)),

where n < m, then the linear complexity of the sequence

ll, = (Utfl, ey utfnfm—kl)

is equal to n (otherwise the statement (3) of Lemma 3.1 is violated) and this
sequence is generated by the feedback polynomial f'(z) (see (5.4), (5.5)). If

L,@ # n, then u’ cannot be continued by f’(z) with the component u; ,,

and, because of the statement (2) of Lemma 3.1, the linear complexity of the

sequence (a',u; 5 _,) is equal to m. Hence, Lg,f > m. Similar considerations

lead to the conclusions that there exists only one polynomial f(z) generating
u{™ and that ft(fi)(z) = f(z) foralli=0,....,1 — 1.

Suppose o
ua < F(n' f(2)), (5.11)

where Al € {0,...,m —n — 1}. Then the vector uiTLAl can be expressed as

a linear combination of the vectors uETl)jLAlfj, j=1,...,n*. However, since

Ut—m—n+41; -+ Ut41-1 < f(na f(Z)),

the vectors uﬁT,)l, - ugfl’,l,n can be expressed as linear combinations of the

(m) (m)

vectors w,,; ..., ; and

nf<n+l+Al —= n*<n+AlL

Based on the statements (2), (3) of Lemma 3.1 it is easy to see that the
inequality n* < n + Al is impossible and

n* >n+1+ Al (5.12)

The statement (5.11) and the inequality (5.12) mean that the sequence

u’ = (ut7mfn+]a e “ft+lf1)

belongs to the sequence
Uttl+Al—m—n*+1; -+ Ui+ Al

15



and n* cannot be less than the linear complexity of the sequence (u°, u; ),
which is equal to [ +m (Lemma 3.1). At last, we note that we can construct
the LFSR of length L' = m + [ using the BM algorithm.

The inequality LETLMW < m follows from the fact that the vectors

e
t+l+m—-m—17

Q.E.D.

o ug:—nl)fnfl are linearly independent.

Proposition 5.3 Suppose that each component wus,, ..., u;, where t > 2m,
is obtained by random and independent selection from {0, 1} with probability
1/2. Then

" 1
Pr{L™ =n} i L2 (5.13)
1 1
— — _27271,—{—17 TL:l,...,m,

3-2m-n. g.2mon
where I} is the number of irreducible ratios of degree n.

Proof Let the sequence u], ., be connected with u, by (5.3). If L™ =n
then there exists an irreducible ratio a'(z)/f'(z) such that (5.6) is valid.
Hence,

Pr{L{™ =n} =1 2 ()

and (5.13) follows from (4.2). Q.E.D.

Remark 5.3 In further considerations, we will use the formula (5.13) for
all t = 1,...,7 and assume that the ensemble of fair coin-tossing sequences
contains all sequences of length 7 whose components are obtained by random
and independent selection from {0,1} with probability 1/2. Furthermore,
summarizing over the lengths of a pit, we will write the sum up to oo instead
of 7. These assumptions seem to be reasonable since the value of 7 is much
greater than m, while a special analysis of the initial part and the tails of
the sequences essentially complicates formalization.

Let
t: L™ >m, L™ <m ) (5.14)

16



For all t € J™) | let us define the ‘length’ l,@ setting
B =1 = [V = = LG, A IR 6515)
and the 'redundancy’
i = ™ -1 - L™, (5.16)
If (L™, ™ (2)) = (n, f(2)) and 1™ =1 for some ¢ € J™ then
ul™, .., ugfz)q < F(n, f(2))

and the sequence u; 11, ..., Uz 1S generated at the output of the LFSR of
length n having the feedback polynomial f(z) if we load u; vy ny1, s U
into the register. This sequence can be defined by the n coefficients of the
polynomial f(z) instead of m + [ — 1 bits provided that we know ¢ and the
initial contents of the shift register. Hence, the parameter rﬁ’") defined in
(5.16) gives the number of bits which can be compressed if we consider only
the t-th pit. Note that the definitions (5.14)-(5.16) guarantee the inequality
T,Em) > () and that the fragments defined by the neighboring pits can overlap.
Thus, the sum of rgm) taken over all ¢ € .J(™) derives a 'potential redundancy’
of u,, which can be unrealizable meaning the data compression. Neverthe-
less, a comparison between the statistical characteristics of the parameters
obtained from the m-LCP of a given sequence and the average characteristics
over the ensemble of fair coin-tossing sequences can be used to specify the
closeness of the sequence to that ensemble. In proposition below we calculate

the expectations of the parameters

1 1

alm = 2L pm) = 2y plm) (5.17)
T T (m)

ted;

Proposition 5.4 Let 7(™) and r(m denote the average values of 7™ and
(™ taken over the ensemble of fair coin-tossing sequences. Then

o o= L (1+27m), (5.18)

4
— 2 3m-—1 1
3




Proof Using (5.14)-(5.17) we write

1 T m—1 . .
T =1L n=o
1 T m—1
= LS S 1w {7 <1
T =1L n=0 I>1
+x§ﬂ)'-2(l—1)-x{l§m)=l}]
1>2
1 T m . .
= —- [inn) Z(m+l—1—n)-x{l£ ):l}]
T =1L n=0 I>1
where

X = x{ ™ =0, ™ £ Fon, 117(2) }

W = {1 =) A ), 1 52 )

Given (L§”">, ft(m)(z)), the condition on u{™} in x\7” means that the compo-

tn
. . oy m m) - m)!
nent u;_,,_,_1 is fixed, while the conditions on ui,% and l,g ) in ng,m) mean

that the components u; ., ,, 1 and u;;, are fixed. Hence, taking the average
value of 7™ and ("™ over the ensemble of fair coin-tossing sequences, we
obtain

— 1 X1 1 -

m = . - Pr{L™ =n}t+-.Pr{Li™ =m}|. (5.19)
[l ) 4

1 L . -

r(m) = —-Z—-ZPT{L& ):n}-Z(m+l—1—n)-Pr{l£ ):l}.
T iS22 55 1>1

Noticing that
Pr{l™ =1} =2"

and taking the sum over [ up to co (see Remark 5.3) we write

Z(m—i—l—l—n)-Pr{lﬁm:l}:m—n+1. (5.20)

I>1

Since



Thus, using (5.13), (5.19), and (5.20) we obtain

— 1 1 1 1 1 /1 1
(m) = .97 m_y _. ( _ . 22n+1> - (_ b 2m+1>
" 2 T3 n; 3.omn G.omon 1376
— m+ 1 1 & 1 1
my) — M7 5m_ L ( _ _22n+1> 1
' 2 T3 23 g (m=n+1)

n=1

and simple calculations lead to (5.18). Q.E.D.
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Table 1: Constructing the LCP of the sequence u;5 = 011111110101010 and
the vector S.

t| uy ff(z) fr | di | Ly Sj
0 1 1100 | =
1101 11010
211 | 1+4+2%2-1 5 2| 2
311 [ 14+22+227%-1 71212
411 | 142422424211 31112 | <
501 [1+z2 3111 2
6|1 |1+z2 3111 2
711 14+z2 31 1] 2
811 | 1+4+=% 31 1] 2
910 | 1+2+2"2-1 203 | 7| 7
101 |14+2z+2" 203 | 7| 7
110 |14+2z+27 203 | 7| 7
121 | 14+2+2" 203 7| 7
1300 | 142z+27 203 7| 7
1401 |14+2z+2" 203|717 | =
1500 | 142427 203 | 7| 7
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Figure 1: A possible LCP of binary sequences.
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Figure 2: The transition state diagram of a Markov chain, which describes
the relations between the length and the degree of the LFSRs in the points
where the LCP crosses the line #/2.
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(e): flz) =142" 420428

Figure 3: A fragment of the m-LCP of the sequence ...10000101110011...;
m = 5.
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Figure 4: A fragment of the m-LCP of any binary sequence.
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