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Some theorems are derived for the asymptotic behaviour of the Fourier transform of a

generalized function under conditions which are likely to occur in applied mathematics

and which should be capable of relatively straightforward verification. These theorems
a

are then applied to integrals of the type J g(x) e/™ dx when the derivative of f
-0

is non-vanishing. Further theorems are developed to cover the case when the derivative

of f vanishes at a point. In this way the validity of the method of stationary phase,

together with a useful estimate of the error, is established under circumstances of

practical importance.

1. Introduction

THE method of stationary phase is well-known as a means of obtaining asymptotic
expansions of integrals containing a large parameter. The principle, as generally
enunciated by Kelvin (1887), that the main contribution comes from near the points
where the phase is stationary has been modified so that now the contributions from
critical points (van der Corput, 1934, 1936, 1938) must be considered. An extensive
theory was developed by van der Corput but, for many purposes, a relatively simple
approach using systematic integration by parts (Erdelyi, 1955, 1956, 1959; Jones &
Kline, 1958) is sufficient for dealing with certain types of integrand.

The aim of the present paper is to provide a theory that will cover a wide variety
of the integrals which occur in practical applications and yet keep the proof as
uncomplicated as possible. It is not intended to establish the validity of the method
of stationary phase under the weakest possible conditions but only for those circum-
stances which occur frequently in applied mathematics. Detailed evaluation of
particular integrals is not given so as not to limit the scope of the theory unduly and
so that the ways of obtaining expansions and estimating their errors under reasonably
verifiable conditions can be indicated clearly. Quite often, it is simpler to work out a
specific integral by following the prescribed rule than by substitution in a general
formula. It is also anticipated that the methods can be generalized in a comparatively
straightforward way to integrals of several variables.

In the following theory the presence of generalized functions in the integrand is
permitted. This not only increases the range of validity of the principle, but also
simplifies the proofs in some aspects, as has already been indicated for Fourier integrals
by Lighthill (1958).

Section 2 is concerned with laying down reasonable conditions under which the
integrals under consideration may be expected to exist and the principle of stationary
phase to be applicable. The separation of the contributions from the critical points
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is carried out in Section 3. Fourier integrals are discussed in Sections 4 and 5; Section 4
deals primarily with restrictions which ensure that the contribution from infinity is
insignificant whereas Section 5 derives suitable expansions for critical points at a
finite distance from the origin. This theory is applied to the general non-stationary
critical point in Section 6. Finally, the contribution from a stationary critical point is
evaluated in Section 7.

An Appendix gives a number of results; reference to equations here is indicated by
the addition of the letter A.

2. Preliminaries
The purpose of the method of stationary phase is to supply an approximation to

jg(x) e ™ gx

when | «| is large. In the integral f'is a real-valued function of x and « is a real para-
meter. On the other hand g may be a generalized function provided that the integral
then has a meaning.
It will be assumed that the path of integration is the whole real axis so that the
integral can be written
j g(x) e "™ dx,

Such a notation will be interpreted as

M
lim J
M-ow) -M
in cases of doubt. However, we are going to think of the integral as a generalized
function in « (as defined by Lighthill (1958)) so that it may exist (in a generalized
sense) when it would not do so according to the ordinary theory of convergence.
If H(x) is the Heaviside unit function and

-[ g(x)H(x—a) e ™'/ dx,

a being finite, exists as a generalized function of a we shall write

jl ? g(x)H(x—a)e ™/ @ dx = J. ? g(x) e ™™ gy, 1)

a

Correspondingly, we write

b ©
j g(x) e” @ gx = j g(x)H(x—a)H(b—x) e /™ dx )
when the right-hand side exists, a and b being finite. If g is an integrable complex-
valued function on [a,b] equation (2) always holds but it is not valid for every general-
ized function. For example, neither equation (1) nor (2) is valid if g(x) = é(x—a)
because the product 6(x—a)H(x—a) is not defined. Nevertheless equations (1) and
(2) provide means of applying the method of stationary phase to integrals over a
finite interval in such cases as are likely to arise in practice.
It will further be assumed that neither g nor finvolves the parameter «.
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Some additional restrictions on g and f are necessary in order that calculations may
proceed. It is desirable that these restrictions should bear some relation to likely
practical applications. While it is undoubtedly possible to construct functions which
behave in a highly inconvenient manner, the g and f in common usage are infinitely
differentiable almost everywhere. We therefore make the assumption:

I. The points where g and f are not infinitely differentiable (in the ordinary sense) are
finite in number. The number of points where f'(x) = 0 is finite. These points, together
with + o0, are called critical points.

Expressed another way, the number of critical points is taken to be finite.

Next we consider possible g for which the integral has a meaning. Since we are

regarding the integral as a generalized function it will have a meaning whenever

j. g(x)j e~ ®y(a) du dx

has a definite finite value for every good function y. This requires that a meaning be
ascribed to

|7 seortseonas

where

I(y) =jw

px)e” " dx

is the Fourier transform of y. T'(y) is also a good function of y. There is one set of
circumstances in which a meaning can be attached for any generalized function as
follows:

(i) If f is an infinitely differentiable real-valued function such that f'(x) # O for any x,
if there are finite real Kyo,vy, ... such that | fO(x) | <K |x|"(r=0,1,...) and if

@
there is a finite v > O suchthat | f'(x) | > K1 | x |~ for | x| >Xthen.\. g (x)e” &P gx
o

is a generalized function of a.

Clearly, on these assumptions, I'[f(x)] is an infinitely differentiable function of x.
Also, as | x |20, | f|—= o0 because | f| >K | x |*and v > 0. Since I is good it follows
that | TW[f(x)] | <|f|~* for arbitrary integer s as |x |—>oo. Therefore, taking
account of (i),

<D < K< £ [rors)
<K I X Ir+;\l—ﬂ

for some finite M. On choosing s large enough the right-hand side tends to zero as
| x | 0. This demonstrates that

/)]
is a good function of x and, consequently, that

|7 aeortseonas

has a meaning for any generalized function g.
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To relax the restrictions on f we must be prepared to impose conditions on g.
Let g = v where v is absolutely integrable over any finite interval; because g is a
generalized function » is bounded by a polynomial at infinity (see Jones (1966)). The
derivatives in the specification of g and all those used from now on are generalized
derivatives, to be identified with ordinary derivatives when the latter exist. Now the
formula

|7 sereoas = o ergenz.-[* et er e @

attaches a significance to the left-hand side whenever the right-hand side has a meaning.
This certainly occurs when each of the terms on the right-hand side of equation (3)
has a meaning. Now, if we apply a similar integration of parts (N—1) times to the
integral on the right-hand side of equation (3) we eventually arrive at an integral of the

type '( _ o(x}{T[f(x)]}*™dx which will involve only ordinary functions if f possesses

N ordinary derivatives. It may therefore be handled as an ordinary integral. Further-
more, assumption I implies that s¥—1(x), v™W~2(x), ..., »(x) will be continuous
functions for large enough | x|. Therefore their values near infinity are well-defined.
Hence, provided that I'(f) and such derivatives as are generated by the integration
by parts behave satisfactorily at infinity, [ ]®., (which uses only values near infinity)
exists and the left-hand side of equation (3) is defined. In particular this is certainly
true if f behaves at infinity as in (i) so that

(i) If f possesses N derivatives continuous on the real line and if, for | x|> X
| /O | <K | x|"(r=01,...,Nyand | f'(x) | >K| x |"~! (v>0) then

o
I g(x) e /™ gx
bl * o
exists when g = v¥), v being absolutely integrable over any finite interval.

For, under these conditions, I" behaves at infinity in the same way as in (i) and

j " T dx= (—)"j WL dx. @

[ o]

The integral on the right-hand side is convergent because of the properties of v and f
for finite x and the behaviour of v, fand I" as | x |- 0.

Most applications are governed by (i) and (ii) but it is obviously possible to consider
specific integrals outside their scope along the general lines indicated before (ii).

As far as integrals over finite intervals are concerned f may only be specified over
[a,b]. Outside this interval it can be defined in any convenient manner and, clearly,
this can be done in such a way that the conditions of (ii) are fulfilled, provided that f
has N continuous derivatives on [a,b]. Accordingly, if g(x)H(x—a)H(b—x) = v'N)(x),

jbg(x)r[f(x)] dx = (—1)”[ TGN dx. )

The limits of integration on the right-hand side cannot be replaced immediately by
a and b because, although g(x)H(x—a)H(b—x) vanishes outside [a,b], v is not

-
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necessarily zero outside the interval. Naturally, in x > b, v is a polynomial of degree
N-1

(N=1), say Y a,(x—b)™;thus
m=0

j” oIL ] dx = z mian(— 1y~ {TLAB)} D,

If 0,0, ..., W=D are continuous at x = b we can put m!a,, = *™(b). With a similar
procedure for the integration from — co to @ equation (5) would go over into the stan-
dard rule for integration by parts. However, the right-hand side can be calculated
even when v, ..., v™~D are not continuous at x = b, e.g.
9(x) = (x—a)~*H(x—a)H(b—x),
x) = —4(x—a) H(x—a)H(b—x)—2b~*(x+ b)H(x—b);
consequently the form given in equation (5) is preferable.
Correspondingly, we have, if g(x)H(x—a) = v"¥)(x) and f satisfies (ii) at + oo,

|7 aeortsenas - ol

In view of the structure of I' it can be asserted that, when one of (i), (ii), equation (5)
or equation (6) is valid,

|7 semmeax= |

—m

Lo

TSNV dx. 0)

eo]

v(x)[e ™M g, )

o0

A simple application of this result is that, ifj g'(x) e~/ dx exists under one of

these sets of conditions,
J g'(x)e ™ dx = iaj g(x)f'(x) e~ X gy, (8)

There is another point of view which is sometimes relevant when f'(x) # 0anywhere.
Then

@® © d -1
[ swrtreonas= [~ ot on%royay
where x = f~1(y)means y = f(x); therefore
[" sweoa— [ grron|%|ean

Thus, so long as g[f~1(y)]| df~1/dy | is a generalized function of y, calculations can
be carried out in terms of it.

3. Separation of the Critical Points

In this section the separation of the contributions of the critical points is ac-
complished. This is done by the introduction of fine functions or, as they were called
by van der Corput, neutralizers. A fine function is an infinitely differentiable function
which, together with all its derivatives, vanishes outside a finite interval. The fine
functions form a sub-class of the good functions.
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Let A, be an interval of length 25 which has the jth critical point (supposed not a
infinity) as mid-point. Because of assumption I, 26 can be chosen small enough for
A; to contain no other critical point. If there are M critical points not at infinity
J runs through 1,..., M. Let Ay be the interval which extends from.—oo to
—1/5 and Aas+1 the interval from 1/6 to oo, & being chosen small enough for all the
A(G=10,1,..., M+1) to be disjoint.

Let ¢(j=1,...,M) be a fine function which vanishes identically outside A4,
and which equals 1 on the interval 4; of length 26, (< 26) with the jth critical point as
mid-point. On 4;— A4/ let 0 <¢;(x)<< 1. A possible choice for ¢ if the critical point is
at x = x; is ¢, (x—x;) where

P x)=1 (|x][<8y)

f exp( ! 1 )dt
—t 5—¢
= J 1 ‘511 1’ @, <|x|<8)
[, e (5 |
=0 (|x]| > 8).

Let 19,4 be infinitely differentiable functions such that 0 <np <1, 0 <npar+1 <1
and

m(x) =1 (x<—1/8y), =0 (x>-1/3),
Mu+1(X) =1 (x>1/6,), =0 (x<1/3).
The intervals from —oo to —1/4; and 1/6; to oo are denoted by Ao and Axr+g

respectively.
Consider the function 7 defined by

n(x) =1-[1-¢:(x)] . .. [1 = ¢p ()1 =o)L — a4 1(x)]-

It is infinitely differentiable, takes the value 1 on AguAiu ... UAdsr and vanishes
outside AguAd U . .. Udp+1. Also 0 <n <1 everywhere. Consequently 1—#(x) is a
fine function which vanishes on AguAgU ... UAdf+1.

On account of the properties of

jm gx) e W@ dx = j

— @

©

g(n(x) e =@ gy +J g1 —n(x)] e ™ dx

under conditions (i) or (ii).

Now, by assumption I, g is infinitely differentiable away from the critical points
and therefore (1 —#)g is a fine function, so that the last integral involves only ordinary
functions. Number the A4; so that 4; lies to the left of 4;+1(j = 0,1, ..., M) and let
(¢, d;) be the interval which extends from the right-hand end of 4; to the left-hand
end of Aj+1. On ¢; <x <d; f’ is one-signed by assumption I and there is no loss of
generality in taking it to be positive. Then the substitution y = f(x) gives

@ _ M f(dy) g(x) _
j gE[L—n(x)]e™™Pdx = ¥ (1 —n(x)]5 = e ™ dy ©®)
© 7=0 J f(ep f'(x)

where f(¢;) and f(d)) are finite on account of the assumptions made.
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The function (1 —n)g/f” is infinitely differentiable with respect to y and it and all its
derivatives vanish at y = f(¢;)) and y = f(d)) because of the properties of . Hence,
there is a fine function ¢o(y), given by

$o(») = N—n@g@If'(x)  [f(e) <y <fd)]
=0 by <f(ep) or y <f(d)]

such that the integral with respect to y can be written as

|7 emrema

But this is the Fourier Transform of a fine function and so, since a fine function is also
good, must be a good function of a. Consequently

lim lal’j Po(y) €™ dy = 0
|la]— o0 —®

for any finite r. Therefore the right-hand side of equation (9) is O(| « |~") for any
finite r as | a |—c0. Hence, under conditions (i) and (ii) (including equations (5) and (6))

jw g(x) 1) dx = r’ g((x) e~/ dx + 0| | ") (10)

- a
for any finiter as | a | 0.

This result shows that, unless the integral on the right-hand side of equation (10)
is exponentially decreasing (roughly speaking), the main contribution to the asymptotic
development will be from it. This means that we can expect neighbourhoods of the
critical points to provide the dominant part of the asymptotic development.

It is evident that the preceding analysis permits considerable liberty of choice in §,
0y and ¢, so that it may be anticipated that the asymptotic contribution from any
critical point is independent of , 6; and 7. :

Finally, it should be observed that in the analysis leading to equation (10), no
great use has been made of the fact that there is only one critical point inside 4,—its
main application has been to allow a free choice of §. The analysis, and consequently
equation (10), would still be valid if the critical points were infinite in number
provided that they could be enclosed in a finite number of disjoint 4;. This would
permit, for example, f’(x) = 0 on an interval of finite positive length. However,

in such a case, the asymptotic contribution would be j g(x) dx and could not, in

general, be simplified in the way that usually occurs for the isolated critical point.
The possibility will not be discussed further; an example for double integrals is given
by Jones and Kline (1958).

The formula (10) demonstrates that the determination of the asymptotic behaviour
our original integral turns upon the evaluation of integrals of the type

r 900 (x) e dx.

This evaluation will be investigated in detail in subsequent sections.
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4. Fourier Integrals—Contribution from Infinity

All that has been proved in the preceding section applies, a fortiori, to Fourier
transforms in which f(x) = x. For such an f conditions (i) are obviously complied with.

Hence the dominant part of the asymptotic behaviour of G(x) = J g(x) e ™ dx

will come from the critical points where g is not infinitely differentiable and possibly
from + c0.
First, we shall examine the contribution to be expected from toc in suitable

o
circumstances, i.e., the asymptotic development of I g(x¥)no(x) e~ ™ dx and

J g0 )M +1(x) €7 dx will be investigated. It is assumed, as before, that g is

infinitely differentiable on A¢ and Aar+1.
L
A generalized function g is said to behave at positive infinity ifg = ). g, (L finite)
=1

for x=1/6 where gl =1,...,L) is infinitely differentiable and [e?rg,(x)](@
is absolutely integrable over (1/6,00) for some finite real b; and some non-negative
integer Q. A generalized function with similar properties on (—c0,—1/6) is said to
behave at negative infinity. A generalized function which behaves at both positive and
negative infinity with the same value of Q is said to behave at infinity.

For example, the generalized function e®* | x [# In | x | behaves at infinity; in this
case Q may be taken as any integer greater than 1+ 2(f). On the other hand, ¢/~
does not behave at infinity although e**/(1+ x2) does (with Q = 0).

Now
Q c—ib,x

e~ e g, (Mp+ 1(")]“2) Z D! ,'7»3 1(X)[e®* gy (x)] @

e=091(Q—
Since 7,89, (g>0) vanishes outside a finite interval, the right-hand side consists
of the sum of nar+; e~+*[e1xg, (@ and a finite number of fine functions. Hence the
left-hand side is absolutely integrable over (— oo,c0). Therefore, by the Riemann-
Lebesgue lemma, its Fourier transform is o(1) as | « |- co. But this Fourier transform
is [i(a+b;)]2 times the Fourier transform of gimas+1. Since b, is finite and independent
of a one deduces that

r

gi(XMu+1(x) e dx = 0(| a |—Q)

as | a |[»oo. Consequently, when g behaves at positive infinity,

(* ©

g(XMp+1(x) e dx = o(| 2|~ 9. (11)

Similarity, if g behaves at a negative infinity

* ©

g(x)mo(x) €™ dx = of|a|~?) (12)

o
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the Q not necessarily being the same as in equation (11). By combining these two
results we obtain: if g behaves at infinity

|7 oo+ e ] 7 = o 2] 9) (13)

Another relevant result will be found at the end of the next section.

One more definition is useful. The generalized function g is said to be well-behaved
if it behaves at infinity and if, in addition, [ef g x)[@+D), [etrg(x)]@+D, ...
are absolutely integrable over | x| >1/5. Examples of well-behaved generalized
functions are 8(x), e®*|x|#In | x |, e/l*I*, ei*; in contrast e**/(1+x2) is not well-
behaved.

Corresponding definitions for a generalized function which is well-behaved at
positive (negative) infinity can be formulated but will not be used here.

If g is well-behaved Q in equation (13) can be replaced by any larger positive
integer. Hence if g is well-behaved

j:g(x)[no<x)+nml(x)] e~ dx = 0(|a| ") (14)

Jor any finiter > Q as | a | > c0.
It follows, from formula (10), that, if g satisfies assumption I and is well-behaved

r g(x) e~ dx = fr ()6 Ax) e~ dx+0( a| ") (15)

- j=1J -

for any finiter > Q as | a | > o0.

Thus a well-behaved generalized function is characterized by the fact that the
asymptotic development of its Fourier transform is dominated by the contributions
from the points where infinite differentiability fails.

The fact that it is only these points which matter leads to a formula which is very

N
often valuable. Suppose that, in the interval where ¢, is non-zero, [g(x)— 3, g,,(x)]*?
=1

is absolutely integrable and suppose that g, is well-behaved and infinitely differentiable
away from x = x;. Then, by the same method as was used to prove equation (11),

® S
|7 10 3, 010609 €71 dx = ol |

Also, since gjs has no critical point except x = x; and is well-behaved, equation (15)
(with gy, for g) gives

rw 9, Ax) €127 dx = I

@

gs(x)e™ = dx+0(|a|™).

Hence, under the stated conditions,

@ S o
J. gx)px)e " dx =Y _[_ng,(x) e dx+o(|a| ™). (16)

al

This formula is of great importance in showing how the contribution of a critical
point can be expressed in terms of Fourier transforms without the intervention of ¢;.
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So long as the g, can be chosen so as to give a sufficiently good approximation to g
near x = x; and yet have relatively simple Fourier transforms an excellent estimate of
asymptotic behaviour can be obtained.

It is of interest to notice that the Fourier transform of g¢, is a fairly good function
since g¢; is a generalized function which vanishes outside a finite interval. Thus, if g
is well-behaved, G acts at infinity as a fairly good function which must be independent
of ¢;. To put it another way, the conduct of a well-behaved g at infinity is related to
the performance of G for finite a.

Applying formula (16) to each of the critical points from equation (15) supplies

THEOREM | : If g satisfies assumption I and is well-behaved, if, in some interval including

S (Np)
xJ, l:g(x)— i g ,,(x)] is absolutely integrable and if g;{s = 1,2, ..., S)) is well-
s=1

behaved and infinitely differentiable away from x = x;, then

@® M S ]
|7 seman= 5 27 gearraga™  an

j=13=1

as | a |—»o0, with No = min (Ny, . . ., Nm).

This constitutes a slight generalization of a theorem given by Lighthill (1958).

If g;s is not well-behaved but behaves at infinity with index Q;; then formula (13)
demonstrates that equation (17) is still valid with Ny the smallest of N}, QO taken over
s=1..,8,j=1,..., Nu.

One further useful result can be obtained. First write equation (17) in the form

M S
G(a) = ;1 321 G (@) +o(|a| 7).

Now assume that xg and xg,, are also well-behaved. (This is not implied by g being
well-behaved as can be seen from the counter-example in which g has the form

* dt
(1+x)"texp <1J’ m) near +co.) Then g and g;, can be replaced by xg and xg,

respectively throughout equation (17) which gives rise to

THEOREM 2: If, in addition to the requirements of Theorem 1, xg and xg;; are well-
behaved

M S
G@=3, ,21 G/(@)+o(| a|~). (18)

Thus, provided that the extra conditions are complied with, a derivative may be
taken of an asymptotic expansion without worsening the error. Of course, the relative
error may be increased since Gj; may be of smaller magnitude than Gj;. If this happened
direct consideration of xg or (x~ x;)g might permit an increase of N,.

S. Fourier Integral—Critical Point at Finite Distance

Suppose that g possesses N; continuous derivatives at x = x;. Then in Theorem 1
we can take S; = N;—1 and g, = (x—x))*g*(x;)/s!. The Fourier transform of g,
is now a multiple of §*)(«) which is identically zero at infinity and so makes no con-
tribution to the asymptotic expansion. Hence the dominant part of the asymptotic
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expansion of G(a) comes from those critical points at which the order of the first
derivative which is discontinuous is smallest.

More generally, we can expect the most important contributions to come from those
critical points where g is most singular. It is the purpose of this section to derive some
formulae which indicate this and which also have some useful applications.

Quite often the integrals near a critical point take the form

j T Gk ) e

where k is continuous and has N continuous derivatives in a neighbourhood of the
critical point. To simplify some of the subsequent analysis we shall assume that the
variable of integration has been changed so that the critical point is at the origin and
write ¢ for ¢;. The modifications necessary for an arbitrarily situated critical point
will be given at the end.

In order that gok shall be a generalized function some restrictions must be placed
on go. We shall require that on —6 <x <J (the occurrence of the equality here is
permissible since go is assumed to be infinitely differentiable away from the critical
point) go = v™) where veL,(—§,6). The notation feL,(a,b) signifies that

.‘.blf(x)|’dx < oo.

Further progress is possible if it is also assumed that x¥go(x)eL1(—6,0). Note that
this assumption is not necessarily implied by veL;(—48,6) as can be seen from the
counter-example v(x) = sin (1/x), N = 1.

If x¥go(x)eLi(—38,8) then obviously xN[v(x)p(x)]MeL,(—5,6) because any derivative
of ¢ vanishes on (—d;,61). Hence, by the Riemann-Lebesgue lemma, the Fourier
transform of x¥[v(x)(x)I™ is o(1) as | & |- o0, i.e.

&L Vi@] = olt)

where V7 is the Fourier transform of v¢. Integration gives
d’ -
=l Vi@] = of|a "9

for s =0,1,..., N. In particular, V7 = o(1) consistent with the assumption that
vely(—46,9). By taking s = 1, we find V(o) = o(] « |~1) and then by giving s the values
2,..., N successively we have V{¥ =o(|a | for s =0,1,...,N. When s> N
we can say no more than V{® = o] a |-¥). It is evident that, if N >2, ¥ behaves
at infinity.

Since v®)¢W is a fine function for j > 1, it follows that

r’ xX*go(x)p(x) e dx=o(|a|*™) (s=0,1,...,N) 19)

as | a |=o00. If s > N replace N—s on the right by 0.
If, in addition, go has no other critical point and x¥g¢(x) is well-behaved, (obviously,
then x’gq¢(x) is well-behaved for s = 0,1, . . ., N) equation (15) gives

r Xgox) e =dx = of|a['")  (s=0,1,...N). (20)
14
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Now the assumptions made on k imply that

ro go(x)k(x)¢(x)e"”dx=f go(x)P(x Z (”(0)+ k‘”’(éx)] T dx

-

@®

where ¢ lies between 0 and 1. Since x¥go(x)eL;(—06,6) and k™ is continuous we obtain

«© N—-1 k(x)(O) 3}
J. Fo(k(x)p(x) e”dx = ¥ o x*go(x)p(x) e dx+o(1). (21)

- o s=1 : - o
On account of equation (19) we expect the terms in equation (21) to be of decreas-
ing order of importance as s increases.
If x¥-1gy(x) is well-behaved, ¢ can be replaced by unity on the right. Then equation
(21) can be written in the form

f T ) e dx = T KOG @) +o(0). 22)

~w 3=0 S

Further, if xNg¢(x) is well-behaved and satisfies the other assumptions made about gg
when gq does,

f T xg KR e dr = T o KOOGE @ oD, (29

- s=0

Translating the critical point back to x; equations (22) and (23) give the following
THEOREM 3: If go = o™ where veL (x;—6,x;+8) if (x—x))Ygo(x)eL1(x;—8,x;+90), if
go has no other critical point than x = xj, if x¥N~go(x) is well-behaved and if k is
continuous with N continuous derivatives on [x;—8,x;+ 8] then

J‘ ) Go(x)k(x)§{x) e~ dx = e '™ NZI ’k‘”(x )—[e””"Go(a)]+0(1) (29)

- s=0 S

as | a |—> o0, and, if xNgo(x) is well-behaved
d «© N-1 ‘.l
el f gLk e dx = T —k(')(xj)—a;ﬁ[ eIGy @] +o(l).  (25)

Note that veLi(x;—d,x;+5) is not necessary to the validity of equations (24) and
(25), as remarked in connection with V3, but is included because N will often be
chosen in this way.

The above development is most appropriate when gg is highly singular so that N
cannot be taken less than unity. If goeLi(x;—3,x7+8) other assumptions are more
convenient.

Once again the critical point is moved to the origin and it is now assumed that
x5g¥(x)eL,(—6,8) for s = 0,1, ..., P. It is an immediate consequence that Gj, the
Fourier transform of go¢, satisfies

d!
7G@] = o)

for s = 0,1, ..., P. One conclusion is that

d
A wG@] = o)
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for 0 <r <s, from which can be deduced that G¥*(a) = o(] « |~*) fors = 0,1, ..., P.
For s > P, all that one can say is G%¥(a) = o(] « |=F). In other words
j_ X’go(x)p(x) e~ dx = o(| |79 (26)
as|a|oowfors=0,,...,P
If, in addition, xFgo(x) is well-behaved
j ) x*go(x) e~ dx = of|a|™?). @n
P-1 x5
With the assumptions made the Pth derivative of go(x)¢>(x)[k(x)— 3 s—!k(‘)(O):I
=0

is absolutely integrable over (—6,0) provided that P < N. Hence

© P-1 k(s)(o) =}
f_ Fo(k(x)p(x) e~ dx = ;) J _ X'go(x)é(x) e”dx+o(|a|™h)  (28)

s!

for P <N. Once again, formula (26) indicates that the terms of the series will be of
decreasing order of magnitude in many cases.

Formulae (22) and (28) can be combined in the following way. Suppose that
go = v'W1) where Ny <N and x*v*)(x)eL,(—4,0) for s = Ni,Ny+1, ..., N. Now

® —lax — Mot k(S)(O) ® —lax
__ 9ok ™ dx = § —7)  *¥go(x)e(x) e dx+
Ni—1 k(s) 0
o kx)- X —sf—)
j _*"90()6(x) | e ax.

The quantity in [ ] on the right is continuously differentiable (N—N;) times and

x5[xNigo(x)]®@eL(—6,6) for s = 0,1, ..., N—Ny. Hence equation (28) can be applied

with P = N—Nj, and so

” N-1 [ (3) ©
J‘ go(k(x)p(x) e dx = ) k Sfo)

- =0 . —®

Xgo()p(x) e~ dx +o(|al ). (29)

On converting the critical point back to its original position we obtain
THEOREM 4: If go = vWD(0 <N; <N) where (x—x)v9(x)eLy(x;—8,x;+38) for
s = N,Ni+1,..., N, if go has no other critical point than x = x;, if xN"1go(x) is
well-behaved and if k is continuous with N continuous derivatives on [x;—8,x;+0] then

@ N-1 3 5
J‘ Go(Xk(X)Px) e™"™ dx = e~ ZO ik(')(x _,);—aa[e""Go(a)] +o(Ja|™™®  (30)

as | a |00 and, if x¥go(x) is well-behaved,

d% e“”‘/J.ww Fo(Xk(x)P Ax) e~ dx

N-1 .3 s+ 1

= T ) le Go@] +ollz M. (D)

smQ O
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The error estimates in expressions (30) and (31) can be appreciably improved if

one is prepared to assume slightly more about gy. We use the notation fef,p(a,b) if
feL(a—e, b+e) for some ¢ > 0 and if (a,b) can be split up into a finite number of
sub-intervals (a,c), (c,d), . . ., (z,b) in each of which f has the form f; —f> where f1,/>
are non-decreasing and belong to L,.

Functions which are in iw(a,b) will be of bounded variation almost everywhere.

The usefulness of the space fp stems from
LEMMA 1: If feL {a,b), a and b finite, then

tim (| e+ B - f|ar=oh\)  (<p<w) (D

=0(| k| (p = ).

To prove this observe firstly that, as ¢ and b are finite, feL,(p > 1) implies, via the
Holder inequality, that feL;. Choose a typical member, say (c,d), of the sub-intervals,

into which (a,b) can be split according to the definition of fp. Then, ife > A > 0 and if
h is smaller than the length of the smallest sub-interval,

d d
j |f(x+h)—f(x)|dx=(J +Id_h)|f(x+h)—f(x)|dx

d~h

c
d d
c

—h
< - |f(x+h)—f(x)|dx+.‘. [filx+h)— fi(x)] dx+

J

r_h[fz(x+h)—fz(X)] dx

c

c

<[ Tiselas [T e nena-| T Ui Ao dx

c

Now
‘ d 1p
[ 1reas<[] 1rwlax] e )

by the Holder inequality when 1 <p< c0. Whenp = oo

Jd_hlf(x)ldx < hsup | f(x)|-

Similarly inequalities hold for f; and f,. Since the integral in equation (33) tends
to zero as A—0, the lemma is proved for a sub-interval when A— +0. An analogous
analysis holds if ~— —0 and so, since the number of sub-intervals is finite, the lemma
is proved.

It is to be remarked that the estimate in the lemma for p = co implies that f'is of
bounded variation almost everywhere and, if O were replaced by o, f would be a
constant almost everywhere by a theorem of Titchmarsh (1927).

LEMMA 2: If fef,p(a,b), a and b finite, and fy is of bounded variation on (a—e, b+¢) then f
may be replaced by ffo in (32).

As in the proof of Lemma 1, consider a typical sub-interval (¢,d) and split it into
(¢c,c+h), (¢ +h,d—h), (d— h,d). The interval (d— h,d) may be dealt with as before and
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(¢c,c+h) may be handled in a similar way. On (c+h,d—h) we can put fo = for—Jfo2
where fo1,fo2 are bounded, positive and non-decreasing. Now

Sor(x+fs(x+ k) —for(x1(x) = for(x +B)fi(x +B) ~ /i) +/1x)for (x + by —for ()]

The first term on the right obviously gives the same contribution as in Lemma 1 since
Jo1 is bounded. With regard to the second term note that, since f; is non-decreasing,
there are x; and x; such that c+4 <x; <x2 <d—h and f1 >0 for x > x,, fi <O for
x < x1. Hence

d-h d—k
| Ut = folax = | A Uose+ D= for (0 dx

c

x

- j S ot e+ B = for (9] dx—j

X

1+hf1(x)[f01(x+h)—fm(x)] dx.

c

But
d—h d d—h
j SO orx+1) = for ()] dx =j Hfl(x—h)fm(x)dx—f 1) fou(x)dx

x X2 X2
x2t+h

fi() for(x) dx.

Each of these terms gives the same order of contribution as in Lemma 1 when A—0,
account being taken of the boundedness of fy;.
The evaluation over (c+ A,x1) is dealt with similarly, but writing

jx;hf‘(x)fM(x) dx = J

d—h d
- [ ==l ads+ [ G- fatdx-

X2 X

Xy

T i) fo(x 4 ) dx.

c c

Since the analysis remains valid if fo1 is changed to fo2 or f; to f> the proof of the
lemma is complete.
It is now possible to demonstrate

THEOREM 5: If fefp(a,b), a and b being finite, and vanishes outside (a,b) then
F(a)=o(|a|'1+”") (1<p< )

=0(|la|™) (p= )
as | a|-o0.
For
b
Flo) = J. f(x)e **dx
— _.[bf(x) e—ia(x+x/a) dx
:+x/a
= —j. f(x—nja) e” "™ dx.
atxja
Hence
b bt+=x/a
|F(a)| = \1}.‘. Jf(x) e"‘“dx—}.[ n f(x—nfe)e ™ dx

at+
£

b b+nfa z/n
<5j If(x)—f(x—n/a)IdXHrJ If(x—n/a)ldxﬂ[ /()| dx
atxz/a . b
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there being no loss of generality in taking a > 0. On account of Lemma 1 the first
term on the right is consistent with the estimate in the theorem as | « |-—+oco0. The
remaining two terms are of types which occurred in the proofs of Lemmas 1 and 2.
The proof is terminated.

COROLLARY 5: If fefp(a,b), a and b being finite, and vanishes outside (a,b), if fo is of
bounded variation on (a—e, b+¢&) then the Fouricr transform of ff, behaves, as | & |- 0,
in the same way as F in Theorem 5.

The same proof as for Theorem 5 applies, with f/; for fand Lemma 2 for Lemma 1.

The analysis leading to Theorems 3 and 4 may now be repeated with L’:p instead of
L,. Thus, if xNgo(x)efq,(—cS,&), Corollary 5 shows that

j.w x*go(x)p(x) e = dx = o[« [N (s=0,1,...,N) (34)

for 1 <p< oo, since ¢ is certainly of bounded variation. If p = co the right-hand
side should be changed to O(la |N=*"1In |a |)(s< N), O(] « |71 s = N). In this
way we derive

THEOREM 6: If go = vW)(Ny < N) where (x—x;)’u(’)(x)eLp(x;—é,XJ+5) for s =
Ni,N1+1, ..., N, if go has no other critical point than x = x;, if x¥~1go(x) is well
behaved, if k(s = 0,1,..., N—1) is continuous and k™) of bounded variation on
[x)—0,x;+ 8] then

J‘m G ) €~ dx = &= T C ) Te1Go(o)] + Ry

—w s=0 §
as | o |>oo, where Ry = o(| a |[V1=N=1+1UP) (1 Kp < o0), and Ry = O(| a |N1=¥-1)
(p = o).

Remark: If K\N*+DelL;, k™ js absolutely continuous and therefore of bounded
variation so that in this case k would satisfy the conditions of Theorem 6.

An illustration of the theorems is provided by go(x) = (x—x))*"H(x—x;) where
0 < A <1, nis a positive integer and H is the Heaviside unit function. The conditions
of Theorem 6 are satisfied with N; = n—1 and 1/p > 1—A. Hence if k satisfies the
conditions of Theorem 6, as a— + 0,

j u_o (x—x)* ""H(x—x k(x)p (x) e~ "**dx

-(5)
e~ laxs Z Tk (xj)(;‘_}_s n)l e #HGoRt e m-aos=1 LR (35)
=0
where Ry=ofja] ™ 271%9  (¢>0,0<i<]1)
and Ry=0(|al " Hif =1

If &) were continuous but not of bounded variation Theorem 4 gives
RN = 0(| o |H_N—1).
A similar expansion is available when go(x) = (x—xY"H(x—x;) In (x —x)).
Formally, it can be obtained from equation (35) by taking a derivative with respect

to A without affecting the estimate of Ry, unless A is put equal to unity after the opera-
tion in which case Ry = o] a [*~N~1).
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Yet another criterion for calculating the error may be obtained by using Theorem 9
below. It is especially appropriate when the generalized function vanishes on one side
of the critical point.

6. Critical Points where f’ # 0

This section is concerned with applying the results developed in the preceding two
sections to the more general integral of Section 2. Attention will be confined to those
critical points where f* s 0. In view of our assumptions f’ s 0 can be taken to be
true on the whole interval for which ¢, ¢ 0. Hence, if f and its first N derivatives
are continuous, the substitution y = f(x) gives an inverse which is N times con-
tinuously differentiable.

Then

f T g 0x) e dx = f i

-1
dU OB ON| T ey Go
the limits of integration being taken as + oo with ¢;(f~1) identically zero outside
(f(x;—9),f(x;+9)). We are thus led to a Fourier integral of the type which has been
considered in the preceding sections. Although it seems, at first sight, that ¢,(f~1)
may not be fine unless f is infinitely differentiable it should be noted that differenti-
ability of f can fail only at x = x; according to assumption I and the choice of ¢;.
But in a neighbourhood of x = x;, and therefore of y = f(xy), ¢; is equal to unity
and so all its derivatives are zero. Hence the lack of differentiability of f at x = x;
does not prevent ¢,(f 1) being a fine function of y.

It follows that if g(f~1)| df~1/dy | is well-behaved (in y) ¢, may be placed equal to
unity on the right of equation (36) as far as asymptotic behaviour is concerned.

On account of conditions (ii) the contributions of integrals where ¢, is replaced by
7o Or Mag4 can be dealt with in the same way.

Due to the wide variations permitted in f it is not easy to formulate conditions
(in terms of x) which guarantee the applicability of the formulae of Sections 4 and 5
without making those conditions unnecessarily restrictive. For particular cases it is
more appropriate to change to the variable y and then verify whether the conditions
are complied with.

For example, we can see from equation (35) that, if A¥)(x) is continuous and f
possesses (N + 1) continuous derivatives,

Jw (x=x)*"H(x —x k(x)p(x) e P dx

—iaf(.u,)Nzl k¢ )[f (x 1)]

where

(/1.+S n)|e—«}zl(l ﬂ+1+l)all- it Al l+a(la|n N- l) (37)

k(x}x—x)""
k (y) =5 -n°
AT TR IChIE
There is an alternative way of calculating the asymptotic development which is often

of value because it avoids making the change of variable y = f(x). Since
S-1

e (—lx)’ (- tx)s ~1 gtx
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we have, putting

Jo(x) = f(x)—f'(xj)(x_x])—f(xj)9
JT g(x)p (x) e™ X gx

@

= exp {" ia[f(xj) _xjf'(xj)]}I . g(x)qf;j(x) e~ lafo(x) g=iaf (xp)x g4,

*® S—1[_: s
= €Xp {—ia[f(xj)—-xjf'(xj)]}f- g(x)qu(x) e—laf'(x_,).-[ Z la;f;o(x)] +

=0

L-iefo(aT _(;“f °1()’")]T (L—1)ft g7 tetfot dt] dx. (%)
),

The terms arising from the series are Fourier integrals with af”’(x;) for a.
With regard to the last term of equation (38) take as a new variable y where

Y = tfo(x)+f (x)(x — x)). (39
If f' > 0, tf5(x)+1'(x)) > 31" (xs) for 0 < & and #f§(x)+f ' (x)) > +f '(x) for ¥ <1 <1.
Hence, if f* > 0, (39) defines x as a function (r,y) which is differentiable in ¢ and y,
as many times as fis differentiable, and has the value x;+y/f’(x)) at ¢ = 0 provided

that & is chosen small enough. A similar proof is valid when ' < 0. Hence the last
term of equation (38) can be written as

! 0
Jo - 1jg(¢)¢ SWL- iafo('#)]s% e”™dydt.

The limits on the inner integral can be taken as 1 co because ¢; acts as a fine function
of y just as earlier in this section.

Suppose now that (x —x))M+g)(x)eLy(x;—06,x;+6) for s = 0,1,..., N—Ny (it is
assumed that N> N; >0 and that f has (N+ 1) continuous derivatives). Then it is
clear that yNi+s dsg()/dy* belongs to Ly for all tin [0,1]. Also when y~0, fo(¥f) = O(»?)
when N > 1. Hence the (N— Nj)th derivative with respect to y of the integrand (the
factor e~**” being omitted) is absolutely integrable provided that 25> N. Therefore,
as | « [—oo the integral with respect to y is o(] « |¥1~¥) uniformly in ¢ for 0 <t¢ <1.
Consequently the double integral is o] o |St¥:—¥), This is least when S is chosen as the
smallest integer which is not less than $N. Hence we have

THEOREM 7: If (x — x))N1tsgU)(x)eLy(x;—8,x;+8) fors = 0,1, .. ., N— N1 (0 < N1 <N),
if f is continuous with (N + 1) continuous derivatives on [x;—3,x;+08) and if f* # O then

|7 0200 €400 = exp (= il 1) =, e

No—l(_ia), @ s o —laf'(x))x No+Ni—N
X J_ 90 () fo()]* e~ EI* dx + o | [Yo T =)

as | a | =, Ny being the smallest integer which is not less than iN.

The advantages of this theorem are (i) it reduces the calculation to the evaluation
of Fourier integrals, with af'(x;) for a, of the type considered in earlier sections and
(ii) the terms in the series are easily written down from the expansion of e~ after
the linear and constant terms of / have been removed. Quite often, especially when
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fis given as a power series, it is quicker to determine the first few terms of the asymp-
totic development in this way. If many terms are needed it may be more cumbersome
because so many of the integrals may provide contributions of the same order.

7. Critical Points where f' = 0

Finally, we come to the contributions from the critical points which are determined
by the method of stationary phase, namely the critical points where f’ = 0. In this
case the substitution y = f(x) is not satisfactory and it becomes desirable to consider
the intervals to the left and right of the critical point separately. For this reason
equation (7) is employed and, if g = vWI(N; <N),

Iuo g(x)d)f(x) e (™ gy = (_)MJ v(x)[tf)j(x) e—ta[(x)](h’,)dx

@

=(—)”'j°° AD)p e O (40)

ignoring contributions of good functions and noting that derivatives of ¢; vanish on a
neighbourhood of the critical point. By splitting the interval of integration at the

critical point we are led to consider integrals of the type,] v(x)p (x)k(x) e "1/ dx
x;

or

j ° v(x)H(x — x )¢ (x)k(x) e~/ ® dx

where k is continuous on x > x;.
Let us suppose that on x;+0 > x > x;

S'x) = (x=xp1(x)
where f is positive and N times continuously differentiable, and u > 1. The class of f
thereby covered is wider than that contemplated in deriving equation (40). Now make
the change of variable y = f(x)—f(x;). The inverse mapping takes the form

1/
x—x;= [Ly—] H[1+a1y”“+azy2/"+ .ol (41)
fl(xj)

d E )
and in fact (y"”“d—y) x is continuous on y>»0 for s = 0,1,..., N+1.
We are thus led to integrals of the type
@ d
f o(X)H(y)p ,(x)k(x)£ e dy. 42)

Next we introduce the operator I (whose properties are considered morc fully in
the Appendix) and use the suffix y to indicate that quantities are to be expressed in
terms of the variable y, i.e. if x = A(y) is written for equation (41)

(vt =J: o[R(O)]°(y — P~ L dej(B—1)!

when f is not zero or a negative integer.
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Now, if p < 0 and IjfeL; (as defined in the Appendix but now in respect of the vari-
able y), Lemma A3 shows that I2(f@;)eL,. It will now be shown that, in fact, I5(f,)e
L) (—o0,0). If p = 0 this is obviously true since f¢; vanishes outside a finite interval.
If p <0 there is a positive integer p such that p = 6—¢ with 0 <o¢ < 1. Then, for
large y,

dp+ 1 pT )
I(féy) = WL =1ty f(e [hn)] dtjo!

since ¢, vanishes outside a finite interval, say (0,7). If ¢ = O the right-hand side is
zero and if o # O it is

IZ(y—t)""’“f(t)%[h(t)] dif(o—p—1)L.

Evidently, in either case I}(f¢;) = O(»*~1) as y— 0. Since [(f¢;)eL,, it follows that
I(f¢;)eLy(— 00,0).

The considerations of the previous paragraph indicate that only the values of f on
[0,T] are of significance and, indeed, it is clear from the behaviour of I{(f¢,) outside
this interval that the condition IffeL; can be replaced by IffeLi(a,b) where (a,b) is
any finite interval which encloses [0,7]. Since ¢,[h(y]) can always be chosen to vanish
outside —37'< y< 4T there is no loss of generality in taking (a,b) to be (0,T).

Returning to (42) we shall assume, in order to permit a fairly wide variety of k, that

k(x) = (x—xj)vkl(x)
where v >0 and k; is continuous with N continuous derivatives. It follows that

Jimund ) i)
dy) y™

is continuous on y >0 for s = 0,1, ..., N+ 1. Consequently

d
y"<v+‘>’“k<x>£= Bo+ by 4 byy? ™+ L by yV VR k(y),  (43)

1 dy dx
b, = . l—l/p_) 1—(v+1)/uk x
J J{(uy )7 ( )@ .

and ky is such that y—¥uk'(y) (s = 0,1, .. ., N) are continuous.
Now, if we assume that I,~¢+)#[p-1+6+1+9/w1e[,(0,T) fors = 0, . . ., N the above
considerations and Lemma AS demonstrate that

r’ oROY16,TRGYly ™ O+ 1R e~ dy = of| o |, (ad)

where

Y

There remains consideration of

j ) ”[h(Y)]¢j[h(y)]ko(y)y' 1+(v+1)/p o=iay dy

Suppose firstly that v = 0 and that —N/u is not an integer. Then there is a positive
integer p and a o, with 0 <o < 1, such that —N/u = o—p. Since u >1, p < N+1.
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Also ko(t) = tNE[t—Nrko(r)] and x*[xPNlrky(x)]® is continuous for s =0,... N
because of the properties of ko. It follows from our assumptions and Lemma A4 that
I; NiE(og kot —1+1#)eL1(0,T) and hence, from Lemma AS,

w
|7 otho8 DOy ey = o, 45)
-

Ifv = 0 and — N/u is a negative integer it seems just as easy to add supplementary
conditions so that y~1*Ysp[h(y)], yVeolh(y)), . . ., p 1@+ DIegWIn[h(y)] all belong to
L,, since such conditions can be verified as easily as the others. It is then clear that
formula (45) will be valid.

If v # 0, (v+ N)/u may exceed 1+ N so that kg and & may not possess sufficient
derivatives to permit the application of Lemma A4. If r is the integer such that
—(N+D)-1/ju<—(+N-r)/ju <—(N+1) the right-hand side of formula (45)
becomes o(| & |~¢*M¥) if r <0 and o(] o | =+ ~M/¥) if r > 0. The former alternative
arises if 0 <v < 1—N+u(N+1); if the second alternative occurs it can always be
said that the left-hand side of formula (45) is o(] a |~¥-1). However, this may not
be sufficient to ensure that it is less significant than earlier terms which are retained in
explicit form.

We may summarize these results as

THEOREM 8: If equation (43) holds, if I; ¢*p[pt=1+C+1+9i]el (0,T) for s = 0, . . ., N,
. d_v —1+1/p+Md;“v all
PP e
belong to Li(0,T) and if k(x) = (x—x;y’ki(x)(v >0) where ki is continuous with N
continuous derivatives then

if, when —(v+N)/u is an integer —M, y~ 111Ky ylik

© d
f S[HI6 THOI G R 7 dy
N-1 -]
=S ] OOy e G e dy R
and if v[h(p)]y="'*+ O+ 1Mk is well-behaved

f © oL HOKEHO) € dy

N-1 «©

5
=0

where Ry = o(| a |[7C+MIe) if 0 Ky <pu(N+1)+1—N and Ry = o(| a |[~C+N-1)K)

otherwise.

On account of formula (44) we expect the dominant terms to come from the
smaller values of s in most circumstances.

A variation of this theorem, which is of some importance, arises if we assume slightly
more about . Consider the case v = 0 and suppose that I-G+)/s[p=1+0+9l]e[,(0,T)
with 0 < 2 < 1. Then we may proceed as before and obtain formulae (44) and (45)
with the extra factor | a |~#* on the right-hand side. Thus we have

o[h(y)]y O VRH(y) e "™ dy + Ry
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THEOREM 9: If [;G+aip[p-1+U+kle[,(0,T) 0 < A <1) for s =0,1,...,N and k is
continuous with N continuous derivatives

r v[h(y)]%[h(y)]k(X)%H(y) e”™dy

ag

5]

As an example of this theorem considerj (x—x)* "o, (x)p Ax) e~/ dx where
xj

o[h()]@,[h()]y ™ T H(y) e dy +o([a [THTMH). (46)

0 < A <1land v, is N times continuously differentiable for x; <x < x;+48. Then if we
identify o[h(y)] with yG@—D& and k(x) with y1—/E(x— x;)*~1p;(x) we have (see the
definition (A.1))

I;(lt+:)/ﬂ[ut" L+d+s)] = V-r+n*Yarsul(A+8)u—1]!
= Yo-ryu(A+8)/u—1]!
which belongs to L; if A’ < A. Hence, from Theorem 9,

jw (x= %, 10, (x) (%) €71 dx

xJ

= Z ____1)!0‘[1_(1‘*3)/# e’l'(l‘*!)/zﬂ_,_o(lal-(l+N—z)/p) (47)

as a— +o0. Here e> 0 and

_1 LAY IR i-1 dx
R S———

_1 LAY e -1 dx
= [(du) {u (x—x) Dl(x)du .
where y = u*,

There is a similar result when (x —x;)*~! In (x—x;) is put for (x —x;)*-!.
It is often convenient to have the conditions expressed in the original variable x.
To this end, note that ifp > 0

f, = j:(y—:)ﬂ-'fo[h(tn dt

* d
- f L)~ £~ fou)gy du

on putting y = f(x)—f(x;), t = f(u)—f(x)). Since we are only concerned with x near
x; we can, in most circumstances replace f(x)—f(u) by [(x —x)*— (u—x)*1fi{(x)/n.
Then the condition I;C+e[pt~1+0+1+9)rlel,(0,T) becomes, if —(v+s)/u = —p+p
with 0 < p <1,

d dT x
d‘x[:f%x) a—] H(x—xj)jxj [f(x)— f(u)]P~ 'o{uXu —x,;)"** dueL,(x ;,x;+ 5).

9702 ‘ST Jequieldes uo (17 oulled) AlSPAIUN SIS Uusd e /B10°S[euIno pIo )Xo Fewrew //:dny wouy pepeojumoq


http://imamat.oxfordjournals.org/

FOURIER TRANSFORMS AND METHOD OF STATIONARY PHASE 219

There is an analogue to Theorem 7. It is obtained by writing

Fx) = )+ (x—xp¥ 1) 1 +So(x)
and proceeding in the same way but with the substitution y = #fo(x)+ (x — x)*/1(x))/u
instead of equation (39). Then we have

THEOREM 10: [f [;(1+UmS[ptS—1+S+Dele[(0,T) and (1 + 1/u)S <N

j ? v(x)p(x) e TP dx

S—1,_ - ©
=T 3 —.)‘ f 0(0) I fo()]* exp [ — i —x P fy(x )] dx -+ o | ~57%)

as | a|—o0.
This formula is often useful when the asymptotic behaviour of the integrals in the
series can be calculated relatively simply.

x5

Formulae for .\. (x)¢ (x) e~/ dx follow from the preceding by easy changes

{0
g(x)p(x) e/ dx are

of variable and hence asymptotic developments ofj

w0
obtained from equation (40). Expressions forj

— 0

g(x) e”/™ dx can then be derived

from equations (10)’and (15).
Finally we remark that it may be possible to obtain sharper estimates of the error

if it is assumed that veL, or L:, by using the results of Hardy and Littlewood (1928)
on /%,

Appendix

In this appendix some of the properties of the operator I* used in Section 7 are
given,

The generalized function I?g is defined for all complex p and all geK,, K, being the
space of generalized functions which are zero for x< 0, by the convolution

Ifg = x, g (A1)
where
x?~1H(x)
xp=w @#0,—1,—2,...)

= §(7(x) (p=0,—1,-2,...).
It has the property that I°geK;. Also
I°(I°g) = (I’I°)g = I**°g, (A2)
I'™g=g"™ (m=0,1,...), (A3)

dﬂl
PG = Zlg =1 (m=01,..), (A.4)
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generalized derivatives being employed. If p is neither zero nor a negative integer

. @® (x___t)p~l
I g —J'—w—(p_—l)!H(x—t)g(t)dt

Hx) [* ~1
G-Di L (x—1tyY " 'g(t)ds.

The notation feL; will be used to signify a function which belongs to K. and is
absolutely integrable over every finite interval. If feL; then I’feL, for p »0. As a
matter of fact this is also true if #(p)> 0 but we shall be concerned exclusively with
real p from now on.

Suppose now that 0 <o < 1, that p is a positive integer, and that I°~?geL;. On
account of equation (A.4) I°g%PeL, and a further application of equations (A.4) and
(A.2) gives g»~) = I'-of where feL;. It follows at once that I°-PgeL, implies that
g®DeL,.

More can be said because I°g = IPf so I°g and its first (p—1) derivatives must be
absolutely continuous and vanish at the origin. Conversely if this be true the derivative
of the absolutely continuous I°*1-Pg must be integrable which, from equation (A .4),
mean that I°~PgeL,. Therefore we have

LEMMA A.1: Necessary and sufficient conditions for 1°-PeL; are that I°g, I°"g, .. .,
I°+1=pg be absolutely continuous and vanish at the origin. It is necessary that g#~'eL,
and sufficient that gPeL,.

The second half of the last sentence comes immediately from the properties in the
last paragraph but two.

We now wish to prove the following lemma:

LEMMA A.2: If I°-YfeLi(0 < o < 1)then I°-\(fk)eL, and I°7!| fk |eL, where k is a bounded
Sunctionin K,

Proof: To prove the first part it is sufficient to show that I°(fk) is absolutely continuous.
Since I°~feL,, f = I'-?f; where fieL;. Hence, if 0 <x <x+#h,

r+h(x+ h—t)“"k(l)f(t)dt—Jx(x— t)"“k(t)f(t)dtl
0 (1]

<Bj:[(x—t)"_‘—(x+h—t)"'1] |f(l)|dt+Bj:+h(x+h—t)“'l | f()]dt
where Bis an upper bounded for k. The right-hand side does not exceed
B“-:[(x—t)"'l—(x+h—t)"‘]j;(t—u)"|f1(u)|du dt+
Bj:+h(x+h—t)"‘ | £(0]dt
x x+h x+k
<BUO |f1(t)|d:—jo Ifl(t)|dt:| +2BL (x+h—0r"1| f(1)|dt

x+h x+h
<Bj | £ dt+2BJ. Ce+h—1y"1| f()|dt.

x
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The first term tends to zero with h and so does the second provided that it is finite.
However,

x+h x+h x+h
j (x+h—t)“_1‘|f(t)|dt<J (x+h—t)"“|f(t)|dt<j | f1(0)|dt
x (1] o
so that finiteness is assured. Consequently, for every set of non-overlapping intervals
(xv,xy+h,) we can make

X ,[th e, +h,— 1)~ f(Dk(e) dt _.[ , (om0 kO dtl
o 0

as small as we like by taking XA, small enough. Thus I°(fk) is absolutely continuous.
The same process applies to I°| fk | and the proof is terminated.
More generally we can demonstrate the following lemma:

LEMMA A.3: If I°#fel, (0 < o <1, p a positive integer) then I°=?(fk)eL, provided that
kK, ..., k"D are bounded functions in K.

For I°7feL, implies that Io-1f®~DeL; so that, from Lemma A.2, I°~1(kf¢~D)eL,.
Also [°~PfeL; means that [°~P*!fe[, and a similar argument gives [°~1(k'f¢-)eL;.
Proceeding in this way we find that 12 ~1(kf)®~DeL; and the lemma is proved.

Indeed the lemma is true under lighter restrictions on k as is shown by

LEMMA A 4: If I°rfel; (0 < o < 1, p a positive integer) then I°~?(fk)eL,, provided that
xsk'(x) are bounded functions in K, fors = 0,1, ..., p—1.

As in Lemma A.3, I°~1(kf®-D)eL,. Consider now (l/x)f®-2 = (1/x)If*-1.
Since f¢~D = I'-9f; where fieL;, |(1/x)f®~2 | < (1/x*)I|fi| which demonstrates
compliance with the necessary condition of Lemma A.l1 for I?~1[(1/x)f®~2)]eL,,
since ¢ # 1. Further, I°[(1/x)f®?~2] may be shown to be absolutely continuous by
the method used in Lemma A.2, | f(¢) | being replaced by

—tJ‘ (=) fi(w)du <J (t—u)"’[fl(u)|du.
) 0

Hence I°~1[(1/x)f?~D]eL; and it follows from the boundedness of xk’(x) and Lemma
A.2 that I°~'(k'f®~D)eL,. Similarly, it may be shown that [°~1(k@f-s—D)eL,; and
the lemma is proved.

Next we turn to the question of the Fourier transform of I%g. We would like to say
that at infinity its behaviour is something like | @ |"?G(a) but since it is not true in
general that the Fourier transform of a convolution is the product of the separate
transforms we have to proceed somewhat indirectly.

Let a > 0 and let f be a continuous function which is zero for x < 0 and which is
O(x*) for some finite k as x—00. The Fourier transform of e~%*f(x) then exists and

will be denoted by f’(a). Now, if y is a good function with Fourier transform I',

j :o [F(o)— F(o)]T(2)da j : (e — 1)f (x)y(—x)dx

< 2naJ. : x| f(x)y(—x)|dx—0

s a—0. Hence lin% F = Finthe generalized sense.
a—+
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Also any geK, can be expressed in the form g = f@ (with r finite) where f has the
properties described above. Hence

lim G(a) = lim (ia+aYF(a@) = (i) F(@) = G(x). (A.5)
a=+0

a—=++0

Consequently the Fourier transform can be evaluated by a limiting process from

x

that of e~*Ifg or of J e~ 1, e7**""Ng(x—1r)dt. Hence the Fourier transform of
V]

IPg is lim X, pé where X is the Fourier transform of xs. If « is not near zero there is

a—+0

no difficulty about putting @ = 0 in :\}p. Hence, taking note of (A.5), we have
j e ™ IPgdx = C|a|™*G(x) (A.6)

as | « |-, C being a known finite constant.

On the other hand, if I’geL;(— 0,00), its Fourier transform is o(1) as | a |~ 0.
Combining this result with equation (A.6) we obtain
LEMMA A.5: If IPgeli(—0,0), G(a) = o |z |?) as | a [—>o0.
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