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Some theorems are derived for the asymptotic behaviour of the Fourier transform of a
generalized function under conditions which are likely to occur in applied mathematics
and which should be capable of relatively straightforward verification. These theorems

r oo

are then applied to integrals of the type g(x) e~itxf<-x) dx when the derivative of/
J - C O

is non-vanishing. Further theorems are developed to cover the case when the derivative
of / vanishes at a point. In this way the validity of the method of stationary phase,
together with a useful estimate of the error, is established under circumstances of
practical importance.

1. Introduction

THE method of stationary phase is well-known as a means of obtaining asymptotic
expansions of integrals containing a large parameter. The principle, as generally
enunciated by Kelvin (1887), that the main contribution comes from near the points
where the phase is stationary has been modified so that now the contributions from
critical points (van der Corput, 1934, 1936, 1938) must be considered. An extensive
theory was developed by van der Corput but, for many purposes, a relatively simple
approach using systematic integration by parts (Erdelyi, 1955, 1956, 1959; Jones &
Kline, 1958) is sufficient for dealing with certain types of integrand.

The aim of the present paper is to provide a theory that will cover a wide variety
of the integrals which occur in practical applications and yet keep the proof as
uncomplicated as possible. It is not intended to establish the validity of the method
of stationary phase under the weakest possible conditions but only for those circum-
stances which occur frequently in applied mathematics. Detailed evaluation of
particular integrals is not given so as not to limit the scope of the theory unduly and
so that the ways of obtaining expansions and estimating their errors under reasonably
verifiable conditions can be indicated clearly. Quite often, it is simpler to work out a
specific integral by following the prescribed rule than by substitution in a general
formula. It is also anticipated that the methods can be generalized in a comparatively
straightforward way to integrals of several variables.

In the following theory the presence of generalized functions in the integrand is
permitted. This not only increases the range of validity of the principle, but also
simplifies the proofs in some aspects, as has already been indicated for Fourier integrals
by Lighthill (1958).

Section 2 is concerned with laying down reasonable conditions under which the
integrals under consideration may be expected to exist and the principle of stationary
phase to be applicable. The separation of the contributions from the critical points
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198 ' D. S. JONES

is carried out in Section 3. Fourier integrals are discussed in Sections 4 and 5; Section 4
deals primarily with restrictions which ensure that the contribution from infinity is
insignificant whereas Section 5 derives suitable expansions for critical points at a
finite distance from the origin. This theory is applied to the general non-stationary
critical point in Section 6. Finally, the contribution from a stationary critical point is
evaluated in Section 7.

An Appendix gives a number of results; reference to equations here is indicated by
the addition of the letter A.

2. Preliminaries
The purpose of the method of stationary phase is to supply an approximation to

when | a | is large. In the integral/is a real-valued function of x and a is a real para-
meter. On the other hand g may be a generalized function provided that the integral
then has a meaning.

It will be assumed that the path of integration is the whole real axis so that the
integral can be written

Such a notation will be interpreted as

lim
M->ooJ - M

in cases of doubt. However, we are going to think of the integral as a generalized
function in a (as defined by Lighthill (1958)) so that it may exist (in a generalized
sense) when it would not do so according to the ordinary theory of convergence.
If H(x) is the Heaviside unit function and

r
J - a

g(x)H(x-a)e-'*fMdx,

a being finite, exists as a generalized function of a we shall write

f°° g(x)H(x-a) e~ilf(x)dx = f"g(x) e~'xfMdx. (1)
J -oo J a

Correspondingly, we write

f°° u f ( U (2)

when the right-hand side exists, a and b being finite. If g is an integrable complex-
valued function on [a,b] equation (2) always holds but it is not valid for every general-
ized function. For example, neither equation (1) nor (2) is valid if g{x) = 5(x — a)
because the product 5(x—a)H(x—a) is not defined. Nevertheless equations (1) and
(2) provide means of applying the method of stationary phase to integrals over a
finite interval in such cases as are likely to arise in practice.

It will further be assumed that neither g nor/involves the parameter a.
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FOURIER TRANSFORMS AND METHOD OF STATIONARY PHASE 199

Some additional restrictions on g and /a re necessary in order that calculations may
proceed. It is desirable that these restrictions should bear some relation to likely
practical applications. While it is undoubtedly possible to construct functions which
behave in a highly inconvenient manner, the g and / i n common usage are infinitely
differentiable almost everywhere. We therefore make the assumption:

I. The points where g and f are not infinitely differentiable (in the ordinary sense) are
finite in number. The number of points where f'(x) = 0 is finite. These points, together
with ±00, are called critical points.
Expressed another way, the number of critical points is taken to be finite.

Next we consider possible g for which the integral has a meaning. Since we are
regarding the integral as a generalized function it will have a meaning whenever

has a definite finite value for every good function y. This requires that a meaning be
ascribed to

T g(x)T\_f(xy]dx
J - O O

where

is the Fourier transform of y. F(y) is also a good function of y. There is one set of
circumstances in which a meaning can be attached for any generalized function as
follows:

(i) Iff is an infinitely differentiable real-valued function such that f\x) / 0 for any x,
if there are finite real K,vo,vu .. . such that \f(r)(x) \ <K | x \'r{r = 0 ,1 , . . .) and if

there is a finite v > 0 such that \f'(x)\>Kl\x\'-ifor\x\>Xthen\ g (x)e " ' l / w dx
J - O O

is a generalized function of a.
Clearly, on these assumptions, T[f(x)] is an infinitely differentiable function of x.

Also, as | x |->oo, | / | ->oo because \f\>K\x | v a n d v > 0 . Since T is good it follows
that \Tik)[f{x)]\<\f\~1 for arbitrary integer s as |x | ->oo. Therefore, taking
account of (i),

I *|r I {r[/W]}(">| < KI * lr+M t I r ( i ) C/W] I
<K\x\r+M~sv

for some finite M. On choosing s large enough the right-hand side tends to zero as
| JC |-+oo. This demonstrates that

is a good function of x and, consequently, that

P g(x)T\_f(x)-]dx
J - O O

has a meaning for any generalized function g.
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200 D. S. JONES

To relax the restrictions on / we must be prepared to impose conditions on g.
Let g = xP^ where v is absolutely integrable over any finite interval; because g is a
generalized function v is bounded by a polynomial at infinity (see Jones (1966)). The
derivatives in the specification of g and all those used from now on are generalized
derivatives, to be identified with ordinary derivatives when the latter exist. Now the
formula

f " flf(*)r{/(x)} dx = [ ^ " ' ^ { / ( x ) } ] ^ - f °°
J -co J -

(3)

attaches a significance to the left-hand side whenever the right-hand side has a meaning.
This certainly occurs when each of the terms on the right-hand side of equation (3)
has a meaning. Now, if we apply a similar integration of parts (N— 1) times to the
integral on the right-hand side of equation (3) we eventually arrive at an integral of the

f00
type p(x){r[/(x)]}wdx which will involve only ordinary functions if/possesses

J - c o

N ordinary derivatives. It may therefore be handled as an ordinary integral. Further-
more, assumption I implies that tfN~l\x), v(N~2\x), ..., v(x) will be continuous
functions for large enough | JC|. Therefore their values near infinity are well-defined.
Hence, provided that T(j) and such derivatives as are generated by the integration
by parts behave satisfactorily at infinity, [ YS& (which uses only values near infinity)
exists and the left-hand side of equation (3) is defined. In particular this is certainly
true if/behaves at infinity as in (i) so that

(ii) If f possesses N derivatives continuous on the real line and if, for \ x \ > X
| / « ( x ) \<K\x \"(r = 0,1, ...,N) and \f\x) \ >K | x \'~l (v > 0) then

g{x)t~iaf(x)dx
o

exists when g = iP^, v being absolutely integrable over any finite interval.

For, under these conditions, F behaves at infinity in the same way as in (i) and

J —C
(4)

The integral on the right-hand side is convergent because of the properties of v and /
for finite x and the behaviour of u , /and F as | x |->oo.

Most applications are governed by (i) and (ii) but it is obviously possible to consider
specific integrals outside their scope along the general lines indicated before (ii).

As far as integrals over finite intervals are concerned / may only be specified over
[a,b]. Outside this interval it can be defined in any convenient manner and, clearly,
this can be done in such a way that the conditions of (ii) are fulfilled, provided t h a t /
has ^continuous derivatives on [a,b]. Accordingly, if g(x)H(x — a)H(b — x) = i/^Xx),

(5)

The limits of integration on the right-hand side cannot be replaced immediately by
a and b because, although g(x)H(x—a)H(b—x) vanishes outside [a,b], v is not
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FOURIER TRANSFORMS AND METHOD OF STATIONARY PHASE 201

necessarily zero outside the interval. Naturally, in x > b, v is a polynomial of degree

j
m = O

If v,v',. .., i/"-1) are continuous at x = b we can put m\am = itm\b). With a similar
procedure for the integration from — oo to a equation (5) would go over into the stan-
dard rule for integration by parts. However, the right-hand side can be calculated
even when v',. .., v^N~^ are not continuous at x = b, e.g.

g{x) = (x-a)-iH(x-a)H(b-x),
v(x) = -4(x-a)iH(x-a)H(b-x)-2b-i(x + b)H(x-b);

consequently the form given in equation (5) is preferable.
Correspondingly, we have, if g(x)H(x — a) = UW(JC) and /satisfies (ii) at +00,

(6)

In view of the structure of T it can be asserted that, when one of(i), (ii), equation (5)
or equation (6) is valid,

f
J

(7)

A simple application of this result is that, if g'(x) e~'"/(x) dx exists under one of
J - c o

these sets of conditions,

f °
J

g'(x) w d x = i g(x)f'(x) *>dx. (8)

There is another point of view which is sometimes relevant when/'(x) ^ 0 anywhere.
Then

df
/•oo /*00

J - C O J - C O

where x = f~l(y) means y = f(x); therefore
| * 0O /*CO

J - o o J - c o

dy

dy
e-*'dy.

Thus, so long as g\f~l(y)]\ df~lldy \ is a generalized function of y, calculations can
be carried out in terms of it.

3. Separation of the Critical Points

In this section the separation of the contributions of the critical points is ac-
complished. This is done by the introduction of fine functions or, as they were called
by van der Corput, neutralizers. A fine function is an infinitely differentiable function
which, together with all its derivatives, vanishes outside a finite interval. The fine
functions form a sub-class of the good functions.
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202 D. S. JONES

Let Aj be an interval of length 23 which has they'th critical point (supposed not a
infinity) as mid-point. Because of assumption I, 23 can be chosen small enough for
A] to contain no other critical point. If there are M critical points not at infinity
j runs through 1, . . ., M. Let AQ be the interval which extends from—oo to
— 1/(5 and AM+i the interval from 1/8 to oo, 5 being chosen small enough for all the
Aj(J = 0,1,. . ., M+1) to be disjoint.

Let 4>j(j = \,...,M) be a fine function which vanishes identically outside Aj
and which equals 1 on the interval A'j of length 23i (< 23) with theyth critical point as
mid-point. On Aj-Aj let 0 <<£,(*)< 1. A possible choice for^ if the critical point is
at x = X] is <j>j{x—Xj) where

<*>/*) = 1 (\x\<Sl)

dtexp(s—t~T~i)
_J|«I \ 3 l ~ t b~t)
- ra /I 1 \

exp — \ d t
Ja, V5!-' 8-0

= 0 (|x|><5).

Let tjo,t]M+i be infinitely differentiable functions such that 0 <rj0 < 1, 0 <O/M+I < 1
and

The intervals from — oo to — l/<5i and l/<5i to oo are denoted by A'o and
respectively.

Consider the function t] defined by

fj(x) = l - [ l - ^ ( x ) ] • • • [ 1 - M * ) ] [ 1 - » / O ( * ) ] [ 1 - ' 7 M + I ( * ) ] -

It is infinitely differentiable, takes the value 1 on AbvA[u ... KJAM+\ and vanishes
outside AQUAIU . .. \jAM+i. Also 0 <.tj < 1 everywhere. Consequently 1-»?(JC) is a
fine function which vanishes on AQ<OAQKJ ..

On account of the properties of r\

f °° ^(x) e - ' ^ " dx = f °° ^(xMx) e-'"<x> dx + f °°
J — oo J — o o J —

under conditions (i) or (ii).
Now, by assumption I, g is infinitely differentiable away from the critical points

and therefore (1 — tj)g is a fine function, so that the last integral involves only ordinary
functions. Number the Aj so that Aj lies to the left of Aj+i(j = 0,1,. . . , M) and let
(cj,dj) be the interval which extends from the right-hand end of Aj to the left-hand
end of Aj+i. On cj <x <djf is one-signed by assumption I and there is no loss of
generality in taking it to be positive. Then the substitution y = f(x) gives

C° M rnij) a(x}
ff(x)[l-i,(x)]e-^Wdx= £ [l-^(x)]|lie-^^ (9)

where/(c/) and/(^//) are finite on account of the assumptions made.
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FOURIER TRANSFORMS AND METHOD OF STATIONARY PHASE 203

The function (1 —n)gjf' is infinitely differentiate with respect to y and it and all its
derivatives vanish at y = f(c}) and y = f(dj) because of the properties of t]. Hence,
there is a fine function <f>ti(y), given by

= [1 - V(x)]g(x)lf'(x) |/(o) < y
= 0 ly <f(cj) or y <f(dj)]

such that the integral with respect to y can be written as

But this is the Fourier Transform of a fine function and so, since a fine function is also
good, must be a good function of a. Consequently

rn | a | r f "lim
M

for any finite r. Therefore the right-hand side of equation (9) is O{\ a \~r) for any
finite r as | a |->oo. Hence, under conditions (i) and(ii) (including equations (5) and (6))

|"r) (10)
J - 0 0

for any finite r as \ a |-KX>.

This result shows that, unless the integral on the right-hand side of equation (10)
is exponentially decreasing (roughly speaking), the main contribution to the asymptotic
development will be from it. This means that we can expect neighbourhoods of the
critical points to provide the dominant part of the asymptotic development.

It is evident that the preceding analysis permits considerable liberty of choice in 8,
<5i and <j>j so that it may be anticipated that the asymptotic contribution from any
critical point is independent of 8, 8\ and n.

Finally, it should be observed that in the analysis leading to equation (10), no
great use has been made of the fact that there is only one critical point inside Aj—its
main application has been to allow a free choice of 8. The analysis, and consequently
equation (10), would still be valid if the critical points were infinite in number
provided that they could be enclosed in a finite number of disjoint A). This would
permit, for example, f'(x) = 0 on an interval of finite positive length. However,

in such a case, the asymptotic contribution would be g(x) dx and could not, in

general, be simplified in the way that usually occurs for the isolated critical point.
The possibility will not be discussed further; an example for double integrals is given
by Jones and Kline (1958).

The formula (10) demonstrates that the determination of the asymptotic behaviour
our original integral turns upon the evaluation of integrals of the type

This evaluation will be investigated in detail in subsequent sections.
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204 D. S. JONES

4. Fourier Integrals—Contribution from Infinity

All that has been proved in the preceding section applies, a fortiori, to Fourier
transforms in which f(x)=x. For such an/conditions (i) are obviously complied with.

i

Hence the dominant part of the asymptotic behaviour of G(a) = g(x) e dx
J - 0 0

will come from the critical points where g is not infinitely differentiable and possibly
from ± oo.

First, we shall examine the contribution to be expected from ±<x> in suitable

circumstances, i.e., the asymptotic development of g(x)no(x)e~'" dx and
J - C D

CO

g(x)tiM+l(x)e~lxx dx will be investigated. It is assumed, as before, that g is
— 00

infinitely differentiable on A'o and A&i+i-
L

A generalized function g is said to behave at positive infinity if g = £ gx {L finite)
1=1

for X^L 1/(5 where g,(l = 1, . . .,L) is infinitely differentiable and Wb<xgi{x)]W>
is absolutely integrable over (l/<5,oo) for some finite real bi and some non-negative
integer Q. A generalized function with similar properties on (—oo, —1/5) is said to
behave at negative infinity. A generalized function which behaves at both positive and
negative infinity with the same value of Q is said to behave at infinity.

For example, the generalized function e*** | x \p In | x | behaves at infinity; in this
case Q may be taken as any integer greater than l + £(fl). On the other hand, e**2

does not behave at infinity although e'*7(l +x2) does (with Q = 0).
Now

e-»"[eB"ff,(x)i,M+1(x)]«» = £ ^Q^vp^x(x)[_^gJixy]^-'\

Since f/^+i (<7>0) vanishes outside a finite interval, the right-hand side consists
of the sum of TJM+I eru"z[t~iblxgi]{-0) and a finite number of fine functions. Hence the
left-hand side is absolutely integrable over (—00,00). Therefore, by the Riemann-
Lebesgue lemma, its Fourier transform is o(l) as | a |-»oo. But this Fourier transform
is [i(a+bi)]a times the Fourier transform of git]M+1. Since bi is finite and independent
of a one deduces that

as I a |-)-oo. Consequently, when g behaves at positive infinity,

)e - ' "dx = o(|a|-G). (11)

Similarity, if g behaves at a negative infinity

- t a d x = o(|a|-e) (12)

I""
J - 0

r
J - o
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FOURIER TRANSFORMS AND METHOD OF STATIONARY PHASE 205

the Q not necessarily being the same as in equation (11). By combining these two
results we obtain: ifg behaves at infinity

) ]e- ' "dx = o(|a|-f l). (13)
J - 0 0

Another relevant result will be found at the end of the next section.
One more definition is useful. The generalized function g is said to be well-behaved

if it behaves at infinity and if, in addition, [eP"xgi(x)Y°+1\ [c""xg^x)]lo+2\ .. .
are absolutely integrable over | x | > 1/5. Examples of well-behaved generalized
functions are 5(x), ef>x\x\f In | x |, e'W*, e''x; in contrast e'*7(l+x2) is not well-
behaved.

Corresponding definitions for a generalized function which is well-behaved at
positive (negative) infinity can be formulated but will not be used here.

If g is well-behaved Q in equation (13) can be replaced by any larger positive
integer. Hence ifg is well-behaved

J - 0 0

for any finite r > Q as \ a. |->oo.
It follows, from formula (10), that, if g satisfies assumption I and is well-behaved

g(x)e-ixxdx= £ [°° g(x)4>j(x) e"'"rfx + 0(|a|" r) (15)
) i = l J -oo

for any finite r > Q as \ a |-+oo.
Thus a well-behaved generalized function is characterized by the fact that the

asymptotic development of its Fourier transform is dominated by the contributions
from the points where infinite differentiability fails.

The fact that it is only these points which matter leads to a formula which is very
s

often valuable. Suppose that, in the interval where <f>j is non-zero, [#(x)— £ fif;Xx)]("j)

5 = 1

is absolutely integrable and suppose thatgJt is well-behaved and infinitely differentiable
away from x = xj. Then, by the same method as was used to prove equation (11),

Also, since gjs has no critical point except x = xj and is well-behaved, equation (15)
(with gJt for g) gives

- 0 0

Hence, under the stated conditions,

I"" 0(xW/x)e-'"dx= £ f" gyi(
J —00 « a 1 J — 00

This formula is of great importance in showing how the contribution of a critical
point can be expressed in terms of Fourier transforms without the intervention of <pj.
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206 " D. S. JONES

So long as the git can be chosen so as to give a sufficiently good approximation to g
near x = xj and yet have relatively simple Fourier transforms an excellent estimate of
asymptotic behaviour can be obtained.

It is of interest to notice that the Fourier transform of g<f>j is a fairly good function
since g<f>j is a generalized function which vanishes outside a finite interval. Thus, if g
is well-behaved, G acts at infinity as a fairly good function which must be independent
of <f>j. To put it another way, the conduct of a well-behaved g at infinity is related to
the performance of G for finite a.

Applying formula (16) to each of the critical points from equation (15) supplies

THEOREM 1: Ifg satisfies assumption land is well-behaved, if, in some interval including

xj, g(x)- £ gj,(.x) is absolutely integrable and if gjs(s = 1,2, . . ., Sj) is well-

behaved and infinitely dijferentiable away from x = xj, then

f" g(x)e-<°*dx=fi fj f" ^ W e - ^ d x + odal""0) (17)
J - 0 0 j-1 5 = 1 J - 0 0

as | a |-*oo, with No = min (iV~i,...,
This constitutes a slight generalization of a theorem given by Lighthill (1958).
If gjs is not well-behaved but behaves at infinity with index Qjs then formula (13)

demonstrates that equation (17) is still valid with No the smallest of Nj, Qj, taken over
5 = 1 , ...,Sj,j= \,...,NM.

One further useful result can be obtained. First write equation (17) in the form

G(«)= I °t Gj,(a) + o(\a\-N°).
j=ij-i

Now assume that xg and xgj, are also well-behaved. (This is not implied by g being
well-behaved as can be seen from the counter-example in which g has the form

x)~*exp ( i \ -—[near +oo.) Then g and gj, can be replaced by xg and xgjs

respectively throughout equation (17) which gives rise to

THEOREM 2: If, in addition to the requirements of Theorem 1, xg and xgj, are well-
behaved

G'(«)= I ilG^oO + oflar"0). (18)

Thus, provided that the extra conditions are complied with, a derivative may be
taken of an asymptotic expansion without worsening the error. Of course, the relative
error may be increased since G'j, may be of smaller magnitude than GJs. If this happened
direct consideration of xg or (x—xj)g might permit an increase of Nj.

5. Fourier Integral—Critical Point at Finite Distance

Suppose that g possesses Nj continuous derivatives at x = xj. Then in Theorem 1
we can take Sj = Nj— 1 and gJ$ = (x—xjYg'(xj)/sl. The Fourier transform of gJt

is now a multiple of (5w(a) which is identically zero at infinity and so makes no con-
tribution to the asymptotic expansion. Hence the dominant part of the asymptotic
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FOURIER TRANSFORMS AND METHOD OF STATIONARY PHASE 207

expansion of G(a) comes from those critical points at which the order of the first
derivative which is discontinuous is smallest.

More generally, we can expect the most important contributions to come from those
critical points where g is most singular. It is the purpose of this section to derive some
formulae which indicate this and which also have some useful applications.

Quite often the integrals near a critical point take the form

where k is continuous and has N continuous derivatives in a neighbourhood of the
critical point. To simplify some of the subsequent analysis we shall assume that the
variable of integration has been changed so that the critical point is at the origin and
write <f> for (j>j. The modifications necessary for an arbitrarily situated critical point
will be given at the end.

In order that gok shall be a generalized function some restrictions must be placed
on go. We shall require that on — 8 <JC <<5 (the occurrence of the equality here is
permissible since go is assumed to be infinitely diSerentiable away from the critical
point) go = t ^ where ueLi(—5,6). The notation/e£p(a,6) signifies that

Further progress is possible if it is also assumed that xNgo(x)eLi(—5,5). Note that
this assumption is not necessarily implied by veL\(—5,6) as can be seen from the
counter-example v(x) = sin (1/x), N = 1.

If xNgo(x)eL\{—5,5) then obviously xN[v(x)4>(x)]vr)eLi(—5,5) because any derivative
of <f> vanishes on (—<5i,«5i). Hence, by the Riemann-Lebesgue lemma, the Fourier
transform of xN[vix)(f>(x)]i/ir) is o(l) as | a |->oo, i.e.

where V\ is the Fourier transform of v(f>. Integration gives

for s = 0,1, . . . , N. In particular, V\ = o(l) consistent with the assumption that
veL\{—5,5). By taking s = 1, we find V{(a) = o{\ a |~x) and then by giving s the values
2, . . ., N successively we have F j" = o(| a \—) for s = 0 ,1 , . . . , N. When s > N
we can say no more than V\l) = o(\ a I"-**). It is evident that, if N >2, V behaves
at infinity.

Since t/*ty>t/) j s a fine function foij> 1, it follows that

[ " x'go(x)<f>(x)c-l"dx = oi\a\N-r) (s = 0 ,1 , . . . , N) (19)
J - 0 0

as | a |->oo. If s > N replace N—s on the right by 0.
If, in addition, go has no other critical point and xNgo(x) is well-behaved, (obviously,

then x'go{x) is well-behaved for s = 0 , 1 , . . ., N) equation (15) gives

f°
J
f x'go(x)t-'™dx = o(\cz\N-r) (s = 0,1,. . ., N). (20)

J - 0 0

14
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208 D. S. JONES

Now the assumptions made on k imply that

J
where i, lies between 0 and 1. Since xNgo(x)eLi(—5,5) and k^ is continuous we obtain

flro(x)k(x)0(x)e-'«d*= £ —T2

J -oo . - 1 S ! J - c
(21)

co

On account of equation (19) we expect the terms in equation (21) to be of decreas-
ing order of importance as s increases.

If xw~ Vo(*) is well-behaved, 4> can be replaced by unity on the right. Then equation
(21) can be written in the form

I"
J

go(x)k(x)<f>(x) e-'«dx = V ^ " ( 0 ) ^ « ) + o { l ) . (22)
3 = 0 S -

Further, if xNgo(x) is well-behaved and satisfies the other assumptions made about go
when g0 does,

f°
J

xgo{x)k{x)4>{x)t^dx = i^fc«(0)6j,1 + 1 )(a) + o{l). (23)

Translating the critical point back to xj equations (22) and (23) give the following

THEOREM 3: If g0 = » m where veL1(xJ-5,xJ+5) if {x-xj)sgo(x)eLi{xj-5,Xj+5), if
go has no other critical point than x = xj, if Xs' lga(x) is well-behaved and if k is
continuous with N continuous derivatives on [xj—5,xj+5] then

f- c-*"dx = e"'"' Y -M'Kxj^k^GoizX + oil) (24)

as | a |-»-oo, and, if xNgo(x) is well-behaved

£ eta'f
-co 1 - 0 s : u<x

Note that veL\(xj—5,xj+5) is not necessary to the validity of equations (24) and
(25), as remarked in connection with V\, but is included because N will often be
chosen in this way.

The above development is most appropriate when g0 is highly singular so that N
cannot be taken less than unity. If goeL\{xj—S^xj+5) other assumptions are more
convenient.

Once again the critical point is moved to the origin and it is now assumed that
xsgQ'Xx)eLi(—5,5) for s = 0 ,1 , . . . , P. It is an immediate consequence that G\, the
Fourier transform ofgo<f>, satisfies

for s = 0 , 1 , . . ., P. One conclusion is that
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FOURIER TRANSFORMS AND METHOD OF STATIONARY PHASE 209

for 0 < r < s , from which can be deduced that G\"(oc) = o(| a \~') for s = 0,1 , . . . , P.
For s > P, all that one can say is (^"'(a) = o(| a |~p). In other words

f "
J -

(26)

as | a | - K » for s = 0 , 1 , . . . , P.
If, in addition, xpgo(x) is well-behaved

f | | (27)
J - 0 0

[ f-lx» 1
k(x)- Y, ~:k('\0)

.=o s ! J
is absolutely integrable over (—8,5) provided that P <.N. Hence

\-p) (28)
J - j = 0 S - J - o

for P <N. Once again, formula (26) indicates that the terms of the series will be of
decreasing order of magnitude in many cases.

Formulae (22) and (28) can be combined in the following way. Suppose that
go = povj where Nt <N and x1i/-s\x)eL1(-6,5) for s = NuNi + l,. . ., N. Now

go(x)k(x)4>(x)e-t~dx= £ — i i
J -oo 1 = 0 s ! J - o

j:
7 ^ 1 - 1

Kx)- £ s!

xNl
The quantity in [ ] on the right is continuously differentiable (N—N{) times and
^J[^JVl^o(^)](j)e-£-i(-'5,«5) for s = 0 ,1 , . . ., N-NL Hence equation (28) can be applied
with P = N—Nu and so
/•co

J - o
= X —^

i»0 s ! J -o
(29)

On converting the critical point back to its original position we obtain

THEOREM 4: If g0 = v^N'\O<Nj. <N) where {x-xiyiPXx^Liipcj-S^+d) for
s = N\,Ni + l,..., N, if go has no other critical point than x = Xj, if xN~igo(x) is
well-behaved and if k is continuous with N continuous derivatives on [XJ—5,XJ+5] then

r go(x)k(x)4>j(x) (30)

as | a |-KX> and, ifxNgo(x) is well-behaved,

da.
dx
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210 D. S. JONES

The error estimates in expressions (30) and (31) can be appreciably improved if
one is prepared to assume slightly more about g0. We use the notation feLp(a,b) if
feLp(a—e,b+e) for some e > 0 and if (a,b) can be split up into a finite number of
sub-intervals (a,c), (c,d),..., {z,b) in each of which / ha s the iovmfi-f2 where fufi
are non-decreasing and belong to Lp.

Functions which are in Lx(a,b) will be of bounded variation almost everywhere.

The usefulness of the space Lp stems from

LEMMA 1: IffeLp(a,b), a and b finite, then

fV | | r (32)
/|->O

= O(| A |) (p = oo).

To prove this observe firstly that, as a and b are finite, feL^j} > 1) implies, via the
H6lder inequality, that/eLi. Choose a typical member, say (c,d), of the sub-intervals,
into which (a,b) can be split according to the definition of Lp. Then, if e > h > 0 and if
h is smaller than the length of the smallest sub-interval,

J d-h

(i+h rd rc+k
<\ \f(x)\dx+\ [/i(x) + /2(x)]£fr- C/"i

J d-h J d-h J c
Now

rd rrd -ii/p
| / (x) |dx< |/(x)|'dx Z!1"1/" (33)

J d — h LJ d~h _|

by the Holder inequality when 1 <p< oo. When/? = oo

f | | | |
d — h

Similarly inequalities hold for/i and/2. Since the integral in equation (33) tends
to zero as h-*0, the lemma is proved for a sub-interval when h-* +0. An analogous
analysis holds if h-* —0 and so, since the number of sub-intervals is finite, the lemma
is proved.

It is to be remarked that the estimate in the lemma for p = oo implies that/is of
bounded variation almost everywhere and, if O were replaced by o, f would be a
constant almost everywhere by a theorem of Titchmarsh (1927).

LEMMA 2:1/feLp(a,b), a and b finite, andf0 is of bounded variation on (a—e, b+e) thenf
may be replaced byffo in (32).

As in the proof of Lemma 1, consider a typical sub-interval {c,d) and split it into
i—h), (d—h,d). The interval (d—h,d) may be dealt with as before and
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FOURIER TRANSFORMS AND METHOD OF STATIONARY PHASE 211

(c,c+h) may be handled in a similar way. On (c+h,d—h) we can put/o =/oi—/02
where /oi,/o2 are bounded, positive and non-decreasing. Now

/oi(*+hYiix+h) -MxM*) = Mx+h)[fl(x+h) -Mx)] +/x (x)[/oi(*+*) -/oi(*)]-
The first term on the right obviously gives the same contribution as in Lemma 1 since
/01 is bounded. With regard to the second term note that, since/1 is non-decreasing,
there are x\ and xz such that c + h <xi <x 2 <d—h and/ i>0 for x>x2,fi < 0 for
x <x\. Hence

f \
c + h

= P
J

But

T hfl(x)[fol(x + h)-fol(xy]dx=\i fM-Wo^dx-V "f1(x)f0l(x)dx

f *= f
J
f f

xi + h J <J-*

Each of these terms gives the same order of contribution as in Lemma 1 when h-*0,
account being taken of the boundedness of/01.

The evaluation over (c + h,x\) is dealt with similarly, but writing

c + h

Since the analysis remains valid if/oi is changed to/02 or/i to/2 the proof of the
lemma is complete.

It is now possible to demonstrate

THEOREM 5: IffeLp(a,b), a and b being finite, and vanishes outside (a,b) then

F(a) = o(\a\-i + llp) ( l < p < o o )

= O(|a|"1) (j>=oo)
as I a |-»oo.

For

rb+i

J a + t

Hence

I F(a) I =

\
a-hs/a
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212 D. S. JONES

there being no loss of generality in taking a > 0. On account of Lemma 1 the first
term on the right is consistent with the estimate in the theorem as | a |-+oo. The
remaining two terms are of types which occurred in the proofs of Lemmas 1 and 2.
The proof is terminated.

COROLLARY 5: IffeLp(a,b), a and b being finite, and vanishes outside {a,b), iffo is of
bounded variation on (a—e, b+e) then the Fourier transform offfo behaves, as | a |->oo,
in the same way as F in Theorem 5.

The same proof as for Theorem 5 applies, with/ /0 for/and Lemma 2 for Lemma 1.

The analysis leading to Theorems 3 and 4 may now be repeated with Lp instead of

L\. Thus, if xNgo[x)eLp{—5,5), Corollary 5 shows that

J - •
(s = 0 ,1 , . . ., N) (34)

for 1 <p< oo, since <j> is certainly of bounded variation. If p = oo the right-hand
side should be changed to O(\ a. \N~'~l In | a \){s < N), O{\ a \~i)(s = N). In this
way we derive

THEOREM 6: If gQ = vW>\Ni<N) where (x-XjYv(s\x)eLp(xj-5,xj+5) for s =
Ni,Ni + \, ..., N, if go has no other critical point than x = xj, if xN~igo{x) is well
behaved, if k^(s = 0 ,1 , . . ., N—l) is continuous and k*-W of bounded variation on
[xj—5,xj+d] then

go(x)k(x)4>j(x) e-**dx = e " t o ' £ - . k l ' X fJ
as | a l -oo, where RN = o(|> |"i-Ar-i + i/P) (1 <p < oo), and RN = O(\ a !*•-"->)
O = oo).

Remark: If kiN+^eL\, &(JV) is absolutely continuous and therefore of bounded
variation so that in this case k would satisfy the conditions of Theorem 6.

An illustration of the theorems is provided by go(x) = {x—xj)l~nH(x—xj) where
0 < X < 1, n is a positive integer and H is the Heaviside unit function. The conditions
of Theorem 6 are satisfied with Ni = n — 1 and ]/p > 1—A. Hence if k satisfies the
conditions of Theorem 6, as <x

^ A + s B ) ! e 1 ) a " - A - ' - 1 + llw (35)

where RN = o<| a I"""--1-1+*) (e > 0, 0 < A < 1)

and R N = O ( \ a \ ' - N - 2 ) i f X = l .

If ktN) were continuous but not of bounded variation Theorem 4 gives

RN = o(\a\"-N-1).

A similar expansion is available when go(x) = (x — XjY~nH{x — xj) In (x — xj).
Formally, it can be obtained from equation (35) by taking a derivative with respect
to k without affecting the estimate of RN, unless A is put equal to unity after the opera-
tion in which case RN = o{\ a I""'*'"1).
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FOURIER TRANSFORMS AND METHOD OF STATIONARY PHASE 213

Yet another criterion for calculating the error may be obtained by using Theorem 9
below. It is especially appropriate when the generalized function vanishes on one side
of the critical point.

6. Critical Points where/' ^ 0
This section is concerned with applying the results developed in the preceding two

sections to the more general integral of Section 2. Attention will be confined to those
critical points where / ' ^ 0. In view of our assumptions / ' # 0 can be taken to be
true on the whole interval for which <f>j # 0. Hence, if/and its first N derivatives
are continuous, the substitution y = f{x) gives an inverse which is N times con-
tinuously differentiable.

Then

-*— e-">dy (36)
dy

the limits of integration being taken as ± oo with ^(Z"1) identically zero outside
(f(xj—d),f(xj+5)). We are thus led to a Fourier integral of the type which has been
considered in the preceding sections. Although it seems, at first sight, that <j>]{f~l)
may not be fine unless / is infinitely differentiable it should be noted that differenti-
ability of/can fail only at x = xj according to assumption I and the choice of <f>j.
But in a neighbourhood of x = xj, and therefore of y = f(xf), <pj is equal to unity
and so all its derivatives are zero. Hence the lack of differentiability of / a t x = xj
does not prevent 4>){f~l) being a fine function of y.

It follows that'if #(/-i) | df^/dy | is well-behaved (in y) 4>j may be placed equal to
unity on the right of equation (36) as far as asymptotic behaviour is concerned.

On account of conditions (ii) the contributions of integrals where <f>j is replaced by
fo or f/M+i can be dealt with in the same way.

Due to the wide variations permitted in / it is not easy to formulate conditions
(in terms of x) which guarantee the applicability of the formulae of Sections 4 and 5
without making those conditions unnecessarily restrictive. For particular cases it is
more appropriate to change to the variable y and then verify whether the conditions
are complied with.

For example, we can see from equation (35) that, if k<N\x) is continuous and /
possesses (N+1) continuous derivatives,

,% s!
where

o v " f'(x)[y-f(xj)Y-'
There is an alternative way of calculating the asymptotic development which is often

of value because it avoids making the change of variable y = f(x). Since
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214 D. S. JONES

we have, putting

f
J

= f(x)-f'(xjXx-Xj)-f(xj),

= exp {-/«[/(*,)-x,/'(x,)]} f " 9
J - 0 0

= exp {-/«[/(x,)-x,/'(x;)]} f <?

[ - fa/owy r1
 (1 _ t)s-1 e - wow d t i d x- (38)

(S —1)! Jo J

The terms arising from the series are Fourier integrals with af'(xj) for a.
With regard to the last term of equation (38) take as a new variable y where

y = tMx)+f\xj)(x-xj). (39)

If/' > 0, tfi(x) +f'(xj) > if'(xj) for 0< t< i and tftfx)+/'(*/) > i / ' W for * < r < 1.
Hence, if/' > 0, (39) defines x as a function ^(/,j) which is differentiable in / and y,
as many times as/is differentiable, and has the value xj+y/f'(xj) at t = 0 provided
that 5 is chosen small enough. A similar proof is valid when / ' < 0. Hence the last
term of equation (38) can be written as

J (1 - if' * [gWW jy s~iaydy dt.

The limits on the inner integral can be taken as ± oo because <f>j acts as a fine function
of y just as earlier in this section.

Suppose now that {x-xj)
Ni+'gl''Xx)eLi{xj-5,Xj+5) for s = 0 ,1, . . ., N-Ni (it is

assumed that N>Ni>0 and that / h a s (N+1) continuous derivatives). Then it is
clear that/^*'^(i/OA/y* belongs to Lx for all /in [0,1]. Also when y&OJoty) = O(y2)
when N>\. Hence the (JV-JV~i)th derivative with respect to y of the integrand (the
factor e~'v being omitted) is absolutely integrable provided that 2S>N. Therefore,
as | a |-»oo the integral with respect to y is o{\ a \N>-N) uniformly in / for 0 < / < 1.
Consequently the double integral is o{\ a |£+tfi-JV). This is least when S is chosen as the
smallest integer which is not less than $N. Hence we have

THEOREM7: If(x-xJ)
N^'gW(x)eL1(xj-d,xj+d)fors = 0,1, . . .,N-Ni(0 <Ni <N),

iff is continuous with (N+1) continuous derivatives on [xj— 5,xj+8) and iff # 0 then

f
J

= exp {-i<t[S(xj)-Xjf'(xj)]}x

)]' e-*™« dx + o(| a

as | a |->oo, Â o being the smallest integer which is not less than $N.
The advantages of this theorem are (i) it reduces the calculation to the evaluation

of Fourier integrals, with of'(xj) for a, of the type considered in earlier sections and
(ii) the terms in the series are easily written down from the expansion of er^fM after
the linear and constant terms of /have been removed. Quite often, especially when
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FOURIER TRANSFORMS AND METHOD OF STATIONARY PHASE 215

/ i s given as a power series, it is quicker to determine the first few terms of the asymp-
totic development in this way. If many terms are needed it may be more cumbersome
because so many of the integrals may provide contributions of the same order.

7. Critical Points where/' = 0

Finally, we come to the contributions from the critical points which are determined
by the method of stationary phase, namely the critical points where / ' = 0. In this
case the substitution y = f(x) is not satisfactory and it becomes desirable to consider
the intervals to the left and right of the critical point separately. For this reason
equation (7) is employed and, if g = t^Ni\N\ < N),

(40)

ignoring contributions of good functions and noting that derivatives of <f>j vanish on a
neighbourhood of the critical point. By splitting the interval of integration at the

critical point we are led to consider integrals of the type, v(x)4>/^x)k(x) e~'xf(x)dx
J xj

or

f " v(x)H(x-xj)4>{x)Kx) e-<"«dx
J - o o

where k is continuous on x >x/.
Let us suppose that on xj+S >x >xj

fix) = (x—xfy*~ 1/1 (x)

where/1 is positive and N times continuously differentiable, and ji > 1. The class of/
thereby covered is wider than that contemplated in deriving equation (40). Now make
the change of variable y = f{x)—f(xj). The inverse mapping takes the form

x-x, = [l + a1y
lll' + a2y2l''+ • • •] (41)

and in fact I y1 1/fl— I x is continuous on y>0 for s = 0,1,. . . , N+1.
V dyj

We are thus led to integrals of the type

v{x)H(y)4>^x)k{x^ e - " ' dy. (42)

Next we introduce the operator / (whose properties are considered more fully in
the Appendix) and use the suffix y to indicate that quantities are to be expressed in
terms of the variable y, i.e. if x = h(y) is written for equation (41)

= {
J

when p is not zero or a negative integer.
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216 D. S. JONES

Now, if p < 0 and IyfeLi (as defined in the Appendix but now in respect of the vari-
able y), Lemma A3 shows that I^J4>j)eLi. It will now be shown that, in fact, IyXf(f>j)e
L\ (— 00,00). If p = 0 this is obviously true since ftf>j vanishes outside a finite interval.
If p < 0 there is a positive integer p such that p = a—<f> with 0 <tr < 1. Then, for
large y,

a\

since <f>j vanishes outside a finite interval, say (0,T). If a = 0 the right-hand side is
zero and if a # 0 it is

C v - '
Jo

Evidently, in either case /£(/<£/) = 0{f~l) as y-*co. Since IyXf<f>j)eLi, it follows that
Iy\f4>j)^L\{— OO,OO).

The considerations of the previous paragraph indicate that only the values of/ on
[0,7] are of significance and, indeed, it is clear from the behaviour of I$(f<t>j) outside
this interval that the condition /J/eLi can be replaced by I$feLi(a,b) where {a,b) is
any finite interval which encloses [0,7]. Since (f>][h(j]) can always be chosen to vanish
outside — iT< y<. | 7 there is no loss of generality in taking (a,b) to be (0,7).

Returning to (42) we shall assume, in order to permit a fairly wide variety of A:, that

where v > 0 and ki is continuous with N continuous derivatives. It follows that

V' 'If

dy) / ' "

is continuous on y > 0 for s = 0,1, . . . , iV+1. Consequently

y1~(v+l)/"fc(x)— = bo + b1y
u"+b2y

2l"+ ... +bN^ly
N~il" + k0(y), (43)

dy V\JJ> \ 1

where

and ko is such that y*~Nlftk^(y) (s = 0 ,1 , . . . , N) are continuous.
Now, if we assume that 7,-('+'>/"[Dri+f'+1+')/'']eLi(0,r) for s = 0 , . . . , Arthe above

considerations and Lemma A5 demonstrate that

(44)
- 0 0

There remains consideration of

Suppose firstly that v = 0 and that — N/fi is not an integer. Then there is a positive
integerp and a a, with 0 < a < 1, such that — N/u = a—D. Since u > 1, o < N+l.
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FOURIER TRANSFORMS AND METHOD OF STATIONARY PHASE 217

A l s o ko(t) = tNl"[t-Nlfko(t)] a n d xJ[x~Nl"ko(x)]M is c o n t i n u o u s for 5 = 0 , . . .,N
because of the properties of k0. It follows from our assumptions and Lemma A4 that
IyNl"(v<t>jkot-

1+1l>')eL1(O,T) and hence, from Lemma A5,

f" v[h(y)]<f>j[h(y)-]k0(y)y-i + i»>e-*>dy = o(\a\-N"'). (45)
J - 0 0

If v = 0 and — N/fi is a negative integer it seems just as easy to add supplementary
conditions so that y-l + 1i"v[h(y)], y^v^fy)],.. ., y-i+W+iVMrfMi»[h(y)] all belong to
L\, since such conditions can be verified as easily as the others. It is then clear that
formula (45) will be valid.

If v # 0, (y+N)/fi may exceed l+N so that jfco and h may not possess sufficient
derivatives to permit the application of Lemma A4. If r is the integer such that
-(N+l)-l/n <-(y + N-r)/n <-(N+l) the right-hand side of formula (45)
becomes o(\ a |-<-+A0/") if r < 0 and o(| a \-('+r-N)if) jf r > 0. The former alternative
arises if 0 <v < 1 — ̂ + ^ ( ^ + 1 ) ; if the second alternative occurs it can always be
said that the left-hand side of formula (45) is o(| a I"-""1)- However, this may not
be sufficient to ensure that it is less significant than earlier terms which are retained in
explicit form.

We may summarize these results as

THEOREM 8: If equation (43) holds, ifIyl'+'V"[vt-1+<>'+l+')l'']eL1(0,T)for s = 0, . . ., N,

if, when -(y + N)/n is an integer -M, y-1 + l'"v, y11"^; . .., y-1 + 1'"+M—£ all

belong to L\{0,T) and if k(x) = (x—Xj)'ki(x)(v >0 ) where ki is continuous with N
continuous derivatives then

f-
j - 0 J -co

and ifv\h(y)]y~l + (-'+l+fr>llJ is well-behaved

tej dy

where RN = o(\ a \-<'+^l") if 0 <v < n(N+1)+1 -N and RN = o(\ a |-(*+"-')//')
otherwise.

On account of formula (44) we expect the dominant terms to come from the
smaller values of s in most circumstances.

A variation of this theorem, which is of some importance, arises if we assume slightly
more about v. Consider the case v = 0 and suppose that I<l+'^>'[vt-l+^+^>']eLi(0,T)
with 0 < k < 1. Then we may proceed as before and obtain formulae (44) and (45)
with the extra factor | a j - ^ on the right-hand side. Thus we have

 at Penn State U
niversity (Paterno L

ib) on Septem
ber 15, 2016

http://im
am

at.oxfordjournals.org/
D

ow
nloaded from

 

http://imamat.oxfordjournals.org/


218 D. S. JONES

THEOREM 9: If /7(i+*V"[i;r1+(1+*>/'<]eLi(0,r) (0 < A < 1) for s = 0,1,. .., N andk is
continuous with N continuous derivatives

i:
i = 0

(46)

As an example of this theorem consider (x — Xj)x~lv1(x)<f>j(x) e~iafMdx where
J *i

0 < A < 1 and v\ is iV times continuously differentiable for xj < x <xy+<5. Then if we
identify v[Mj)] with /*-«>/" and k{x) with /1-AW"(x:-jf/)A-]u1(jc) we have (see the
definition (A.I))

which belongs to L\ if A' < A. Hence, from Theorem 9,

= V (Hf_ i ) ! c ^-a+^e -^ + 5 >/ 2 "+o( | a | -< A + ' ' - ' ) / ' ' ) (47)
.to \' /* /

as a-» + oo. Here e> 0 and

where ^ = w''.
There is a similar result when (x—xj)x-1 In (x-xj) is put for (x—xj)1-1.
It is often convenient to have the conditions expressed in the original variable x.

To this end, note that if p > 0

= r
J XJ

on putting .x = f(x)-f(xj), t = f(u)-f(xj). Since we are only concerned with x near
xj we can, in most circumstances replace/(x)—/(«) by [(x—XJY — (« — xjY]fi(xj)ln.
Then the condition /7('+*>''i[i;f-1+<'+1+J>"i]eLi(0,r) becomes, if -(v+s)/n = -p+p
w i t h O < p < l ,

d
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FOURIER TRANSFORMS AND METHOD OF STATIONARY PHASE 219

There is an analogue to Theorem 7. It is obtained by writing

/(*) = /(*>) + (x-xjyMxj)/n +MX)

and proceeding in the same way but with the substitution^ = tfo(x)+(x—xjYfi(xj)/n
instead of equation (39). Then we have

THEOREM 10: 7/"/^1 + "">s[i;/s-I+(s+1)'']eZ.i(0,r)a«rf(l + l/n)S <N

= e-'^>) £ L_J- c(x)^/x)[/0(x)]'exp [-i^x-x^x,)/^]dx + o(\a I"5'*)
5 = 0 S - J Xj

as | a |-+oo.
This formula is often useful when the asymptotic behaviour of the integrals in the

series can be calculated relatively simply.
rx}

Formulae for I v(x)<f)j(x) e (a/(:r) dx follow from the preceding by easy changes
J - 0 0

p|oo
of variable and hence asymptotic developments of g(x)<p^x) e~fa/(x)dx are

J - 0 0

poo
obtained from equation (40). Expressions for I g{x) e~ta-f(jt) dx can then be derived

J - o o

from equations (10)'and (15).
Finally we remark that it may be possible to obtain sharper estimates of the error

if it is assumed that veLp or Lp by using the results of Hardy and Littlewood (1928)
on/".

Appendix

In this appendix some of the properties of the operator I? used in Section 7 are
given.

The generalized function I"g is denned for all complex p and all geK+, K+ being the
space of generalized functions which are zero for x< 0, by the convolution

I'Q = xp*g (A.I)

where
xp~lH(x)

* " W fr**-'--2--)
= S'-'\x) 0,-0,-1,-2,. . .) .

It has the property that lfgtK+. Also

l\l'g) = (/"/% = F+'g, (A.2)

rmg = gin) (m = 0,1,. . .), (A.3)

ip-mg = £;ipg = i"gim) (m = 0,1,...), (A.4)

 at Penn State U
niversity (Paterno L

ib) on Septem
ber 15, 2016

http://im
am

at.oxfordjournals.org/
D

ow
nloaded from

 

http://imamat.oxfordjournals.org/


220 D. S. JONES

generalized derivatives being employed. If p is neither zero nor a negative integer

The notation feLi will be used to signify a function which belongs to K+ and is
absolutely integrable over every finite interval. If/e£i then l"feL\ for p>0. As a
matter of fact this is also true if #(p)> 0 but we shall be concerned exclusively with
real p from now on.

Suppose now that 0 <a < 1, that p is a positive integer, and that I"-pgeLi. On
account of equation (A.4) I'g^eLi and a further application of equations (A.4) and
(A.2) gives g<*-V = Il-°f where feLi. It follows at once that I"-pgeLi implies that

More can be said because I'g = /"/so I'g and its first (p— 1) derivatives must be
absolutely continuous and vanish at the origin. Conversely if this be true the derivative
of the absolutely continuous Ia+1-pg must be integrable which, from equation (A.4),
mean that I"~pgeL\. Therefore we have

LEMMA A.I: Necessary and sufficient conditions for I"-peLi are that I"g, I"~xg, . . .,
ja+i-pg i,e absolutely continuous and vanish at the origin. It is necessary that gP~xeL\
and sufficient that g^eLi.

The second half of the last sentence comes immediately from the properties in the
last paragraph but two.

We now wish to prove the following lemma:

LEMMA A.2: IfI°-yeLi(0 < a < 1) then I^ifk^eLi andl'-^fk \eLx where kisa bounded
function in K+.

Proof: To prove the first part it is sufficient to show that I'(fk) is absolutely continuous.
Since /"-'/eZ-i,/ = /'-"/i where fxeLv Hence, if 0 <x <x+h,

where B is an upper bounded for k. The right-hand side does not exceed

B\Z Kx-ty-'-ix+h-ty-1^' (t-u)-a\f1(u)\dudt+
Jo Jo

O x rx + h -] px

J/i(0|d<-Jo |/1(0|d*j+2BJ^
x+h fi+*

^ -ty-l\f(t)\dt.
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FOURIER TRANSFORMS AND METHOD OF STATIONARY PHASE 221

The first term tends to zero with h and so does the second provided that it is finite.
However,

\z+\x+h-ty-l\f(t)\dt<\x*\x+h-ty-l\f(t)\dt<\x+h\f1(t)\dt
J * JO JO

so that finiteness is assured. Consequently, for every set of non-overlapping intervals
(x,,x,+A,) we can make

as small as we like by taking £A, small enough. Thus I"(Jk) is absolutely continuous.
The same process applies to I"\fk | and the proof is terminated.
More generally we can demonstrate the following lemma:

LEMMA A.3: Ifl'-PfeLi (0 < a < 1, p a positive integer) then I"-p(fk)eLi provided that
k,k',. .., Â 1""1) are bounded functions in K+.

For I'-ffeLi implies that Ia~if<J>-VeL1 so that, from Lemma A.2, /"-'(A/k-^eLi.
Also I"~pfeLi means that I"~p^lfeL\ and a similar argument gives I''~1(k'f(p~2>)eLi.
Proceeding in this way we find that I'~i(kf)<p~1'>eLi and the lemma is proved.

Indeed the lemma is true under lighter restrictions on k as is shown by

LEMMA A.4: Ifl'-pfeLi (0 < a < l,p a positive integer) then I"~p(fk)eLi,provided that
xsk'1(x) are bounded functions in K+for s = 0 , 1 , . . .,p— 1.

As in Lemma A.3, I'-\kfp-^)eLi. Consider now (l/*)/^-*) = (l/jc)//^"').
Since f^'V = p-'f where fxsLx, Kl/^y0""^ I < (l/^*)///i| which demonstrates
compliance with the necessary condition of Lemma A.I for I"~1[(l/x)f(l'~2^]eLu
since a # 1. Further, /"[(l/x)/"^"2)] may be shown to be absolutely continuous by
the method used in Lemma A.2, | /(/) | being replaced by

- f (t-uy-'/Mdu < f (*-«)
«Jo Jo

Hence I'~l[{\lx)fi''~'^]eL\ and it follows from the boundedness of xk'{x) and Lemma
A.2 that I'-^k'f^-^Li. Similarly, it may be shown that Ia-\k^f^-'-^)eLi and
the lemma is proved.

Next we turn to the question of the Fourier transform of Pg. We would like to say
that at infinity its behaviour is something like | a |~'C7(a) but since it is not true in
general that the Fourier transform of a convolution is the product of the separate
transforms we have to proceed somewhat indirectly.

Let a > 0 and let / be a continuous function which is zero for x < 0 and which is
Oix*) for some finite k as x-*(x>. The Fourier transform of t'^fix) then exists and
will be denoted by F(a). Now, if y is a good function with Fourier transform F,

[F(a)-F(a)jT(a)d« = | J 2n(c-"-l)f(x)yi-x)dx

;2saf%|/(x)y(-*)|<fr-»0
J o

s a-*0. Hence lim F = Fin the generalized sense.
o-»+0
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222 D. S. JONES

Also any geK+ can be expressed in the form g = / ( r ) (with r finite) where/has the
properties described above. Hence

lim G(a) = lim (ia + ayF(a) = (ia)T(a) = G(a). (A.5)

Consequently the Fourier transform can be evaluated by a limiting process from

that of t'^Pg or of e "% e'^'^gix-^dt. Hence the Fourier transform of
J o

Pg is lim X/iG where Xp is the Fourier transform of xp. If a is not near zero there is

no difficulty about putting a = 0 in Xp. Hence, taking note of (A.5), we have

f°° ( = C|a|-"G(a) (A.6)f |
J - 0 0

as I a |-»oo, C being a known finite constant.
On the other hand, if PgeL\{—co,co), its Fourier transform is o(l) as | a |->oo.

Combining this result with equation (A.6) we obtain
LEMMA A.5: If PgeLi(— oo,oo), G(a) = o{ |a |") as \ a | - K » .
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