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Abstract: We describetools availableand plannedin the Theorema systemfor supportingthe key issuesof mathematical
knowledgemanagementmathematicaknowledgeretrieval, mathematicaknowledgecomposition,and the formal training
of theusersandcreatorsof mathematicaknowledge.

= |ntroduction

In the call for papersfor the Workshopon MathematicalKknowledge Managemen®001, | tried to sketchthe scopeof
"mathematicaknowledgemanagement'First, | proposedo parsethe word as(mathematicaknowledge)management,e.
the (computer-supportedhanagemendf mathematicaknowledge andnot asmathematica(knowledgemenmanagement),
i.e. mathematicabpproache$o the generalproblemof knowledgemanagemenOf course mathematicahpproacheso the
managemenbf mathematical knowledgeare in the scopeof the workshopand so are mathematicalapproachego the
managemenbf generalknowledgeif they have a significant bearing on the special case of managingmathematical
knowledge . However,what we shouldexcludeis (mathematicalppproacheso the managemenof generalknowledgethat
do not have a particular significancefor the caseof managingmathematicaknowledge.Managementbof mathematical
knowledgeis challengingand, most probably,the mostchallengingcaseof knowledgemanagemenbecausenathematical
knowledgehasthe highestdegreeof structuralcomplexity.As a consequence,believethatif, in the nextfew years we will
be able to make significant progressin developingtechniquesfor the managemenbf mathematicalkknowledge,these
methodswill be highly significantandapplicablefor the managemendf knowledgein all otherfields becausenanyof the
otherfieledstendto be comparatively'flat®, i.e.lessstructured.

Second] triedto identify threemainproblemsn the areaof mathematicaknowledgemanagement:
¢ the problemof retrieving mathematicaknowledgefrom our currentandfuture mathematicaknowledgespace,
¢ the problemof building up future mathematicaknowledgespacesand

o the problemof educating a new generatiorof mathematiciansvho will be ableto work more professionally
with existingmathematicaknowledgespacesndto createmathematicaknowledgespace®of higherquality.
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Eachof thethreeproblemshasmanysubproblemsomeof which arelistedin thecall for papersof theworkshop.

It is clearthat, globally, our currentstatusof mathematicaknowledgemanagemenis unsatisfactoryseefor examplethe
QED Manifesto[QED95], which "deliberatelyavoidsany authorship"becausdahe ideaspresentedn this manifestoreflect
the joint / disjoint opinions of quite somecontemporarymathematiciansThe way out is of coursethat we combineour
efforts on variousdifferentlevelsandfrom quitedifferentperspectiveso improvethe situationpracticallyandtheoretically.

In the presentpaper,| reporton someof the ideasbehindthe Theorema projectthat, in my opinion, havebearingon the
future of mathematicalknowledge management! structurethis paper accordingto the three problemslisted above.
Theorema is a software system, programmedin Mathematicabut not using any of the implicit knowledge of the
Mathematicaalgorithm library, that aims at addingtheorem-provingpowerto the currentmathematicakoftwaresystems,
whosemain emphasiss on providing algorithmlibraries.In fact, Theorema is a philosophyand a system.The philosophyis

the author'sphilosophy of doing mathematicsas an interaction betwenintuitive explorationand formal verification. |

developedthis view over the years. It is reflected,for example,in my "Thinking, Speaking,Writing" coursefor PhD
studentgBuchbergerl992]. Hence,from the outset,Theorema wasmeantnot only asan extensionof the algorithmlibrary

of currentmathematicasystemsut mainly asatool for managinghe procesof doingmathematicswhich alsocanbe seen
astheactivity of "managing“mathematicaknowledge.

m Mathematical Knowledge Retrieval

m TheRole of Automated Theorem Proving

The problemof mathematicaknowledgeretrievalis the problemof finding information on a given mathematicahotion,

propertiesof a notion, solution of a mathematicaproblem,etc.in a given spaceof mathematicaknowledge.The specific

difficulty of this problemis that, in mathematicstextual searchis not sufficient becausethe essenceof mathematical
informationis containedn thelogical structureandnot somuchin its linguistic appearance=or example thetwo formulae

GB[Fj V R[F,f]
fellF|

and

GB[Fl—= V_RIF, g],
gellF|

althoughtextually different, from a mathematicapoint of view, arebasicallyidentical. Of course textualinformationin the
context of mathematicaknowledgeretrieval is also important (for example,it is surely usefulto know that the above
formulamay occurin the contextof Groebnebasegheoryand,thus,"Groebnetbases'may servea key word in the search)
butit is not sufficient. It is clearthatthe two formualein the examplecaneasilybe derivedfrom eachotherby simplerules
of logic. More generally,easeof logical derivability is a natural measurefor "vicinity" of information in mathematical
knowledgebasesHence the naturalanswerto the difficulty thattextualvicinity is not an essentiatriterionin mathematical
knowledgeretrieval is that, essentially,information retrieval in mathematicss the questionof whetheror not a given
formulais alogical consequences of mathematicafacts storedin the given knowledgespace Hence,computer-supporof
deciding whetheror not a formula F is a logical consequencef mathematicalknowledgeK or computer-supporbf
generatingall or somelogical consequenceB of a mathematicaknowledgeK is the main approachfor improving the
efficiency and reliability of mathematicalknowledgeretrieval. In other words, computer-supported theorem proving at
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variouslevelsof sophisticatiorwill be the mainfutureinstrumentfor makingprogressn mathematicaknowledgeretrieval.
| guessthat this will leadto a renaissancef computer-supportetheoremproving: Computer-supportetheoremproving
not asa dreamaboutfinding and proving nontrivial new mathematicafactsbut asa very practicalandhighly sophisticated
tool for retrievingknown mathematicafactsin variousdisguise.ln the next subsectionsywe describethe possibleconcrete
contributionsof Theorema to the mathematicaknowledgeretrieval problemby computer-supporteproving.

m The Theorema Language

First of all, Theorema providesa universalformal languagg(essentially a versionof higher-ordempredicatelogic) in which

all of mathematicscan be expressed.The languageconsistsof an internal standardlanguage,which is basically a

representationf predicatdogic formulaeasnestedviathematicaexpressionsandan externalrepresentatiomhich we think

comesvery close to the "usual" two-dimensionalnotation of mathematicalformulae in mathematicaltextbooks and
publications.Of course somethingdike the usualnotationof mathematicgloesnot really exist. Thus,somespecialdecisions
for the externalrepresentationdiad to be takenin Theorema. However, there exist translatorsbetweenthe Theorema

languageandvariousotherformal mathematicalanguagess,for example the Mizar languaggsee for example[Rudnicki

1992]) or suchtranslatorsareunderconstruction.

Herearea coupleof formulaein the Theorema language:

Definition["limit:", anyff], with[f: N > R, anyjae R],

limit[f, a e v 1 V |fm—a1<e]
ecR NeN neN

>0 n=N

Proposition["limit of sunt, any{ f, g: N - R, any{a, b e R],
(limit[f, a] Alimit[g, b)) = limit[f + g, a+ b]]

Definition["+:", any{ f, g: R » R ], any{x e R],
(f + 9)IxI = fIx] + glx1]

Lemmal["|+|", any[x, ¥, a b, 6, e € R],
(Ix+y)—(@+bl<(@+¢) = (x-a <dAly-bl<e]

Lemma["max’, anyym, M1, M2 € R],
m=>=ma{M1, M2] = (m=M1Am=M2)]

The actualTheorema expressionsaspartsof higher-ordeipredicatdogic, like

limit[f,ale= ¥V 31 V [f[n] -a <e
eeR NeN neN
>0 n=N
canbewrappedin key-wordslike 'Definition’, 'Propositionetc. andwe canalso provide labels(stringsin quotationmarks)
like "limit", "+:" etc. Thus, for retrieving formulaein knowledgebaseshy textual search,we can either use the textual
information containedin the labels or, the namesof the predicateand function constants After (installing and) calling
Theorema by entering

Need$"Theoremd;
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into a Mathematicanput cell, Theorema definitions, propositions,etc.likehe onesabovecanbe enteredinto Mathematica
input cells. After this, thesedefinitionscanbereferencedy theirlabels.

The 'any'constructis usedfor declaringfreevariables All identifiersandsymbolsthatareneitherexplicitly declaredasfree

variablesnor explicitly quantifiedby quantifiersare consideredo be constantsFor example,n the aboveformulae,'+', '-',
limit' etc.areconstants.

Theorema quantifiershavetwo subscriptboxes.The first one is for rangedescriptionsike 'xeR', the secondone is for
conditionslike 'e>0'. Logically, rangedescriptionsandconditionsarenot really different. However,in the caseformulaeare
used in computations,the distinction betweenrange descriptionsand conditions is very useful: In the algorithmic
interpretationof a quantifiedformulalike

vV Fla]
asA
Cla]

the rangedescriptioncan be usedfor enumeratingsuccessivelyall valuesin the rangewhereaghe conditioncanthenbe

usedto singleout thosevaluesfor which theformulaF shouldbe evaluatedThe distinctionbetweerrangedescriptionsand

conditionsis also usefulin the manipulationof typedvariables,seebelow. The distinction can also be expressedor free

variables:any[a=R]' is sarangedescriptionfor the free variable'a’, 'with[ f : N —» R ]' expresses condition on the free

variable'f'. Sometimesthe distinctiondepend®n the intentionof the user.For examplejn certainsituationsit maybemore

desirableto conceivef :N - R' asarangedescriptionwhereasn othersituationsthe sameformulamaywell be considered
asacondition.

The notation'f[x]" usedin the aboveformulae denoteshe applicationof the function f to the argumentx in the senseof
(Zermelo-Fraenkel¥ettheory,whereasfx]' is functionapplicationin the senseof predicatdogic.

The externalnotationof Theorema is extensible.e. the usercandefine arbitrary new two-dimensionasymbolswith slots
for argumentof arbitrarysize,which canbe usedasfunction and predicateconstantsThis featureof Theorema, which we
call "logicographic symbols", is explainedin detail in the companionpaper [Buchberger,Nakagawa2001]. Also, in

Theorema, we have tools for generatingvariants of notionsin a systematicway automatically,see also [Buchberger,
Nakagawa2001].

Definitions, propositions,etc. may also consistof severallines that can be labeledadditionally. For example,hereis a
formulationof the merge-sortilgorithmin Theorema consstingpf threelabeledformulaelines:

Algorithm["mergesort', anyX,Y,ab, x,yl,

mg[(), Y]:=Y "ed'
mg[ X, (] :=X "ge’
_(a-mgix), (b, y)] « a=Db Y
mgl<a, x), b, ) := {bvmg[<a x), {(y)] < otherwise 9d
In the third formula, we us sequence variables like

'x', etc forwhicharbitrary finite sequencesf termscanbe substituted
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m Building Up Structured Knowledge Basesin Theorema

For building up structuredknowledgebases,Theorema providesthe 'Theory'construct.For example we could build up a
knowledgebase

Theory|"absolutevalue,
Lemma["|+|"]
Lemma["|—["]
Lemma["|#|"] ]
Lemma["|/["]

andaknowledgebase

Theory|"sequences
Definition["+"]
Definition["-"]
Definition["="] ]
Definition["/"]

andthenaknowledgebase

Theory["examplé,

Theonf"absolutevaluée']
Theory"sequence$ ]

By the Theoryconstructwe cancomposearbitrarily deeplynestedknowledgebasesandrefer to themby just onelabeland
alsoselectspecificpartsof knowledgebasesTypically, suchknowledgebasesareusedasoneof the essentiaparameteto
the Theorema provers solvers,andsimplifiers.

= Structuring by Functors

The Theory-constructs an "external”tool for structuringknowledge.ln Theorema, we also provide the functor construct,
which canbe consideredo be a predicatdogic quantifierand,hencejs a logic-internalmeandor structuringmathematical
knowledge.The Theorema functor constructis similar to the functor constructof ML but slightly moregeneral.andallows
to define processedy which new domains(carrierstogetherwith functionsand predicates)are producedfrom arbitrary
given domains.As an example we show the functor 'pol’ that takesa domainC of coefficientsanda domainT of terms
(power products)andconstructghe domainP of polynomialsoverC andT representedstuplesof pairsof coefficientsand
powerproductsorderedby the orderingavailableonthe powerproducts.
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Definition["pol" ,any[C, T],

pollC, T] = Functo{P, anylc,d,i,m, n,p,q,stl],

s=(0:P,1:P,+:PxP>P, +:P>P, - :PxP->P, « :PxP->P)

0=0

=(iz.9)
0+a=q
p+O=

o
o

©

o

(e, 9, M)+ d, b, m = e, 9~ () 1 (e v, M) & 53,
(@ - (e, 9, m) £ () =t s
(fog o))~ (m s o) = (e cal
((m) S <n>) & otherwis#
50=0
56,9, m) = (¢, 8) - (5(m)
P5a=p+(59)
0xa=0
P£0 =0
{c, s), M) E«d' ty, ny = (<<°Ed S$t>> + (c, s)); <n>) + (m) x «d, ty, n)

I

Note that,in additionto thering operationglistedin the signatures of P), thefunctoralsodefinesa unarypredicate% that

defineswhich objectsbelongto the polynomialdomaingeneratedby the functor.

Having introducedthis functor, one cannow apply it to particularcoefficientand power productdomainsand produce by
one functor call, the correspondingpolynomial domainin tuple representationLet us assumefor example,that the two
domainsZ (integers)andT (trivariate power productsas triples of naturalnumbersencodingthe exponentsat the three
indeterminates)have already been defined (using appropriate parameter-lessfunctors) in appropriate definitions
Definition["integers"] and Definition["power products”]. Building up the correspondingpolynomial domain P and
computingin IP would thenproceedasfollows:
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Theory["F",

Definition["integers$]
Definition["powerproductS]]
Definition["pol"]

Definition["D",
P = pol[z, T]]

Usd (Built—in["Quantifiers], Built—in["Connectivey, Built-in["Number§],
Built—in["Tuples], Built—in["Set$], Built—in["naturalnumbers], Theonf"F"], Definition["D"])]

Note that,in additionto user-definedknowledgelike Theory["'F"] andDefinition['D"], in Theorema onecanalsoexplicitly
make availablebuilt-in computationaknowledge(algorithms)from the underlyingMathematicaand Theorema library by
usingthe'Built—in' constructNow, for examplethecall

Computg{((5, (2, 3, 1)), (3, (1, 6,30 £(((5, 2.3, 1)), 3, (1, 6, 3N £((5, 2 3, 1)), G, (1, 6, 3)))|

produces
(125 (6, 9, 3)), (225, (5, 12, 5)), (135, (4, 15, 7)), (27, (3, 18, 9)))
which, in theusualrepresentatioof trivariatepolyonomialsjs theresult
125x18 x2° x32 + 225x1° x212x3% + 135x1* x215 x37 + 27x1° x218 x3°

of expanding

(5x12x23 x3 + 3x1x2° x33)°,

m Proversin Theorema

The core of the Theorema systemis a growing library of povers(solvers,and simplifiers). We intendto implement,in the
uniform languagdrameof Theorema, all majorgeneralandspecialtheoremproversknownin the literatureplus a coupleof
new proversthat havea particularemphasison generatingproofsthat are "natural” (i.e. in the style of proofsgeneratedy
humanmathematiciansandeasyto read.Also, we developedandaredevelopinga coupleof simpleformulaetranslatorsy
which it is possibleto call variousexistingandwell-known theoremprovers,asfor exampleOtter, from within Theorema,
i.e. for formulaeandknowledgebasesn the Theorema syntax.

In the frame of the theorem-provingrasedapproachto mathematicaknowledgeretrieval, "retrieving” the propositionthat
the limit of sumsis the sumof thelimits, in Theorema, onehasto formulatethe propositionto be retrieved,for example,jn
the form of the Proposition["limit of sum"] above,andto try to prove the propositionfrom the availableknowledge for
examplethefollowing theory

Theory["limit",
Definition["limit:"]
Definition["+:"]
Lemma["|+|"] ]
Lemma["max']
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using someof the proversimplementedn Theorema, for examplethe so called PCSprover, see[Buchbergeret al. 2000].
This is a"special”prover in the sensdhatit is not valid for all of predicatdogic butis valid w.r.t. thefirst-ordertheory of

real numbers(In fact, in thefollowing call of the prover,we useslightly simplerversionsof the formulaein the knowledge
omitting someof thetypeinformation.)The correspondind@heorema provercall hasthefollowing form:

ProvdPropositiofi"limit of sum'], using— Theonf"limit"], by - PCY

After a coupleof secondsthe following proof text (including the intermediateEnglish explanatorytext) will be produced
completelyautomaticallyby the PCSprover:

Prove:
(Proposition(limit of sum)) . v b(Iimit[f, al Alimit[g, b] = limit[f + g, a+ b)),
,a,9,

undertheassumptions:

(Definition (limit:)) fv limit[f,al & V 'é Y (If[n]—al < &),

e>0  n=N

(Definition (+:)) fv ((f + @IxI = fx]+glxD),
gx
(Lemma(|+()) \?; . (IX+y)—(@+bl<d+e=(x-a <dA|ly-bl<e),
X,¥,a,0,0,6

(Lemma(max)) M\{ o (m=max{M1, M2] = m= M1Amz= M2).
m,M1,

We assume

(D) limit[fg, ag] A limit[go, bol,
andshow

(2) limit[fo + go, & + bol.
Formula(1.1), by (Definition (limit:)), implies:

©) sy (Ifoln] — @l < €).

e>0  n=N

By (3), we cantakeanappropriateSkolemfunctionsuchthat

@ v v (fln] -2l <e),

£
e>0 n=Npl €]

Formula(1.2), by (Definition (limit:)), implies:
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(6) Vv 3V (goln] ~bol < &).

e>0  n=N

By (5), we cantakeanappropriateSkolemfunctionsuchthat

(6) S (Igoln] — bol < €),

e>0 n=N1[¢]
Formula(2), using(Definition (limit:)), is implied by:

(7) vav (I(fo + go)[Nn] — (a0 + bo)l < €).

e>0 n=N

We assume
(8) €0 > 0,
andshow

9 ’? \: (I(fo + go)[N] = (80 + bo)| < €p).

n=N

We haveto find N3 suchthat
(10) \r{ (n= N3 = [(fo + go)[N] — (80 + bo)! < €o).
Formula(10), using(Definition (+:)), is implied by:
(11) \r{ (n= N3 = [(foln] + go[N]) — (a0 + bo)| < €o).
Formula(11), using(Lemmay(|+]), is implied by:

(1) 3 ¥ (=N3> lfolnl ~agl < 5 Algoln] ~ bl < ).

J+e=€g

We haveto find 6y, €, andN3 suchthat
(13) (6 +€i=e0) /\ Y (1= N5 = [foln] - @l <65 A goln] - by < ).
Formula(13), using(6), is implied by:
(6p+€1 = Eo)/\\r{(ﬂZ N5 = €1 > 0 An=> Nuler] A lfoln] — aol < &p),
which, using(4), is implied by:

(62‘3+e"i:eo)/\\¥(n2 N5 = 65> 0A € >0An=Ng[6] An=Nile;]),
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which, using(Lemma(max)), is implied by:

(14) (55 +€ =€) /\ ¥ (n=N; = 65> 0A € > 0An=maxNo[65], Ni[ej]]).
Formula(14) is implied by

(15 ©o+ei=en)/\5>0/ \e>0/\ ¥ (n= N = n = masNoldgl, Nale D).
Partially solvingit, formula(15) is implied by

(16) (65 + €1 =¢€0) A\ dp>0A € >0/ (N3 =maxNo[dp], NilejlD).
Now,

Gy +e5 =€) N65>0A€; >0
canbesolvedfor 63 ande;j by acall to Collins cad-methodyielding a samplesolution
€0

€ « 5.

Furthermorewe canimmediatelysolve
N5 = max{Nol[dg], Na[e1]]

for N5 by taking

N3 < maxNo[ 1, N1[ 5 1].

Henceformula(16) is solved,andwe aredone.

From the knowledgeretrieval point of view the actualproof text is not interesting.The essentiafact is that the proposition
follows from the availableknowledgeand, hence,the propositionis retrieved.However, studying the actural proof text
generatedpneseeghatthe proof containsadditionalinformationon theindexboundsfor the sumof sequences$ + g under
the assumptiorthatindex boundsfor the input sequences andg areknown. Thus,"retrieving" knowledgeby proving may
alsoleadto "inventing" newknowledge which maybeworthwhile storing:

Proposition["limit of sunt, any{f, g: N - R1], anyfa, beR],any{ N, M: R - N]

VoV dim-a<a A\ v v odgni-bi<al = v v (f+gin- (@b <o)

€
>0 n=M[e] e>0 n=N[e] >0 nzma)dM[%],N[%H
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= Typed and Global Variables

Of course,typed and global variablesare of greatimportancefor the practiceof formulating realistically big portions of
mathematics Without typed and global variables,it would be nearly impossibleto expressmathematicaltheoriesin a
reasonableamountof space.Also, asin programming,typing helpsto detectformalizationerrorsin an early stage.In
principle, onecould of courseindicatetypesexplicitly in the formulaeasrangedescriptionf quantifiedor free variablesas
we haveseenin the examplesabove However,for biggermathematicatextsit is muchmoreconvenientaindefficientto use
typed and global variables.On the other hand, explicit indication of types,often tendsto blow up the numberof linesin
proofswithout really addinginterestinginformation.We describe by an example the mechanisnin Theorema for working
with typedandglobalvariablesLet ussupposeve haveformulatedthe following axioms
Axiom["rfl

yx~A
Axiom["sym‘,
¥ (x~y =y~
%

Axiom["tran§,

v (x~y/\y~z:>x~z)]
XY,z

andthedefinition

Definition["cl", any[x],
clixl = {y ly ~x}1.

Thentheproposition

Proposition[“cl=", anyx, y],
X~y = (cl[x] = clly])]

canbeprovedby calling

ProvdPropositiofi'cl="],
using— (Axiom["rfl"], Axiom["syni'], Axiom["trans], Definition["cl"]), by - SetTheoryPCSProvier

It is clearthat, havingdonethis proof, we alsoknow that

Proposition|“cl=: global', any[ ~ 1,

VX~ X

x

v (x~y=>y~x
Xy
A Y xeyhy~zox-a = ¥ (x~y = (lix] = cliy)]

\X!cI[XJ={y|y~x}

andalso
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Proposition["cI:: globalandtyped, any ~ , U],

YV X~X
xeU
V X~y=>Yy~X)

AT S VY (x~y= (X = cliyD)]
VU(x~y/\y~z:>x~z) xyeU y = ciyDl-
X,y.Ze

X\/Ucl[x]:{yeU|y~x}

From the point of view of building up mathematicalknowledge bases,the globalized and the globalized and typed
propositionsare of coursemore useful becausehey can be appliedlater in more generalcontexts.On the other hand,a
proof of the globalized and the globalized and typed propositionswould be less concise and will contain a lot of
uninterestingadditional proof lines althoughthe essencef the proof is basicallythe same.Hence,for building up formal
knowledgebasesit is a goodideato prove propositionsusingglobal constantsand untypedvariablesandto globalizeand
type themafterwardswhenstoringtheminto the knowledgebase For this, we (will) providevarioustoolsin Theorema. For
example by

Proposition["cI:: globalandtyped', any ~, U], typgU],

Axiom["rfl"]

/\ Axiom["synt'] y ol ]
Axiom["trang] ~ xy (x~y = (clix] = cllyD)

Definition["cl"]

the globalandtypedvariantof the propositioncanbe generatecutomatically.

m Building Up Structured Mathematical Knowledge Bases

m Structuring Mathematical K nowledge Needs Creativity

Bourbakismis animportantandwell-known attemptto compile"all of mathematicsWithin oneformal systemnamelyfirst-

order Zermelo-Fraenkeket theory. The individual volumesof the Bourbaki book seriesthen contain kind of standard
presentationgdefinitions, theorems proofs) of the importantareasof mathematicsin a sense pne might believethat all

currentactivitiesin mathematicshouldjust be an expansiorof the knowledgestructuredn the Bourbakivolumesandthis

is whatthe Bourbakistsmay havehopedfor. This is, however,not what happensMost authorsof mathematicatext books
do not carehow the topic of their booksis structuredn the respectiveBourbakivolume. Rather they startfrom their own

"vision" of the field andthengo into the presentatiorof moredetailsor new results.Also, it is a sadfact thatthe Bourbaki
view of mathematicdoesnot include the crucial notion of algorithm and hence,within Bourbakism,thereis no natural
room for importantresultson the algorithmicside of mathematicsThus,Bourbakisticmathematicss too narrowasa frame
for futureformal mathematicaknowledgebases.

Rather,future computer-supporteftamesfor mathematicaknowledgemanagemenmust provide a formal systemthat is
broadenoughto encompas$oth the nonalgorithmicandalgorithmicaspeciof mathematicandit mustgive the freedomto
authorsto structuretheir areaof mathematicainterestin their own way. Actually, the morewe understandow the routine
part of proving canbe computer-supportethe moreit turnsout thata decentportion of mathematicatreativity goesinto
structuring mathematicsatherthaninto the actualinvestigationof which conclusionsanbe drawnfrom which assumption.
For example,generalizingthe methodof Groebnerbasesto more and more domains(rings, modules),the actualcreative
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work doesnot any morego so muchinto repeatingthe correctnessrgumentainderweakerassumptiongthe argumentsare
basicallyknown andrepeatinghemunderweakerassumptionss necessaryput not very demandingput into finding outin

which layersthe basicconceptdaveto beintroducedn suchaway thatwe canmastermoreandmoredomainsby basically
the sameconceptsand methods Stateddifferently, we believethat thereis still room, for instancefor the (n+1)stbook on

linear algebraalthoughsomepeople may believethat the field is sufficiently studiedbecausehe value of a new book on

linear algebramay well lie in the way of looking at the field and structuringit in a new way ratherthanin the amountof

new materialcontainedn it.

Hence,we areadvocatinghe constructionof formal (logic and software)systemshat allow to integratethe nonalgorithmic
and algorithmicaspeciof mathematicandallow to build up areasof mathematicsn variousdifferentand competingways.
Theorema tries to meetthesetwo requirementsFirst, it is perfectly possibleand practicalto formulate algorithmsin the
frame of Theorema. In fact, equationallogic and quantifiers with boundedrangesform an elegant and practical
programminganguagewithin the generalpredicatdogic Theorema languageFor example thefollowing formulaefrom the
theory of sortingcontainbothal gorithms andknowledge aboutthe algorithmsandaboutingredientnotions.In fact, all these
formulae canbe consideredas formulating true statementdut someof them canalso be consideredas describinghow to
compute certain objects (by applying some of the predicate logic inference rules as computationalrules, i.e. as
"programminglanguagenterpreter”):

Algorithm["sortingby merging, any{X],

X < [X|=<1

mg[ & otherwise]
stmdlsp[X]],
stmdrsp X111

stmgX] :=

Algorithm["merging‘, anyX, Y,a b, X, y1,

mgQ), Y1:=Y
mgi X, ] ==X
mg(a x), (b, y)] ]

_ {au mgl(x), (b, Y)] < a=b
“lb-mg[(a x), (y)] < otherwise

Lemma["mergingsortedtuplesyieldsa sortedtuple', any{X, Y1,
(isttX] AistlY]) = istimg[X, Y111

Theorem["correctnessf sortingby merging , any{X],
istv[stmdX], X]]

Definition["is sortedversiort, any[X, Y],
istv[X, Y] < (ist{X] Aipm[X, Y]]

Definition["is permutedrersiort, any(X, Y],
ipm[X, Y] ..]

Definition["is sorted, any[X],
istiX]<..]

Secondwe provide a framefor the formulation of any part of mathematicsn the way a particularauthorwantsto do this.
Sinceknowledgebasesare alwaysexplicit, variantsof propositionsin two different formulationsof the samemathematical
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areamay well differ from eachother but ambiguitiescan alwaysbe resolvedbecausehe respectiveknowledgebasesare
explicitly formulated.In other words, as a goal for mathematicaknowledgemanagementywe do not believe that there
shouldbe or will be somethinglike "the knowledgebaseof mathematics'on which every mathematiciarshouldbasehis
future work but there will be a huge number of different, hierarchically organized knowledge basesfrom which
mathematiciansandrawwell-definedandexplicitly specifiedportionsandto whichtheycanaddtheirindividual pieces.

= How Much Knowledge Should be Stored

The questionof how manyandwhich of the potentiallyinfinitely manytrue statementsn a mathematicatheoryshouldbe
storedin knowledgebasesand how many andwhich statementsreleft to be derivedany time when a retrieval requestis
issuedseemdo beacrucial,if notthe crucialquestionn futuretheorem-provindasednathematicaknowledgebases.

My personabknswerto this questionis asfollows: | proposethe paradigmof "computer-supportetheoryexploration"over
the paradigmof "computer-supportedsolatedtheoremproving”, see[Buchberger2000] for more details. Roughly, this
paradigm saysthat, insteadof trying the computer-supportegrroof of individual theorems,one should strive for the
computer-supportecexploration of entire mathematicaltheories. In this context, a theory exploration situation is
characterizedby thefollowing ingredients:

e acollectionof knownconceptgfunctionandpredicateconstants)
o "complete"knowledgeabouttheknownconcepts
e anewconcept

¢ a collection of statementgaxioms;in particular,definitions) that describethe connectionof the new concept
with theknownconcepts

¢ a collection of goal statementghat describethe connectionof the new conceptwith the known concepts
"completely".

Here, the notion of "complete"knowledgeis crucial and, in fact, is also the answerto the questionhow much of the
potentially infinite knowledgeon given notions should be stored and which knowledgeshould be retrieved by logical
derivationeachtime it is neededRoughly,we saythat (finite) knowledgeis completeif all otherlogical consequencesan
be provedby "simple" proofs.More concretelywe believethat "simple" proving basicallyis "proving" by applyingrewrite
rules. Of course this characterizatiomf "completenessand"simple" is not a mathematicatiefinition (althoughwe believe
it could be madeinto a precisedefinition). Rather it is a heuristicrecommendatiorLet usgive anexampleWe consider as
"completely explored“theory, the theory of arithmeticaloperationson real numberstogetherwith a theory containingthe
definition of sequencesn realnumbersandarithmeticaloperationson suchsequencesNow we introducethe new notion of
"limit" by the definition above and we explore various properties of this new notion, for example, the above
Proposition["limit of sums"]and similiar propositions.t shouldbe clearthatit only makessenseto explore (by proving)
and store the "first few interactions"of the new notion limit with the known notions (for examplethe arithmetical
operationon sequencedike addition)andthatit doesnot makesenseo exploreandstorepropositiondike

(limit[f, a] A limit[g, b] A limit[h, c])= limit[f = (g + h), ax (b + ¢)]

becausehis propositioncanbe "retrieved” (i.e. provedby simple rewrite proving) from the more elementarypropositions
already proved. (Note that, for the proof of these more elementarypropositionsthat, basically, describethe "first
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interactions”of the new notion with the known notions, rewrite rule proving is not sufficient. Rather,full predicatelogic
proving is necessarysee the Theorema-generatedproof above.In fact, theseproofs are not so easy and, thus, it is
reasonablé¢o storethesefirst few propositiongatherthanre-provingthemeverytime aretrievalrequesis issued.)

In the frameof this view of on "storing versusretrievingby proving", "completeknowledge",and"simple proving" another
principle seemgo be importantfor future computer-supportethathematicakystems!'Lifting knowledgeinto the statusof

specialinferencing".We againexplainthis principle (whosedetailsarealsodescribedn [Buchberger2000])for the above
example:After "complete"explorationof the notionlimit, i.e. afterhavingprovedall the elementaryinteractionsof the new
notion 'limit' with the known operationson sequencestetrieving more complex propositionson 'limit' by rewrite rule

proving usingthe elementaryinteractionsasrewrite rule knowledgecanand shouldbe replacedby a specialinferencerule

(an "algorithm for computinglimits") that retrieves(proves)the more complex propositionsby applying the algorithm
without usingthe knowledgebase. Of course the correctnessf thelimit algorithmmustbe provedandthis proofis againa

(nontrivial) problemfor automatedheoremprovers.Note, however thatthe correctnesproof for the limit algorithmis not
a proof that cancarriedout in the theory of 'limit' but a proof on the theory of predicatelogic formulae! Thus, building up

future mathematicaknowledgebasesds not only a questionsof the hierachicalcompositionof knowledgebasesut alsoa
questionof building up layersof specialinferencetechniquesThisis aview hardlyaddresseth theliterature.In Theorema,

first attemptshavebeenmadeto apply inductive proversnot only for proving propertiesof notionson inductively defined
structurelike theintegersor finite tuplesbut alsofor provingthe correctnesstatementsf specialinferencerulesdefinedon

theinductively defineddomainof predicatdogic formulae.

m Formal Training and Mathematical K nowledge M anagement

Formal mathematicssupportedby formal math systemsis a must for a decisive step forward in the essentailrole
mathematicshouldandwill play asthe core of the technology-basedspectof society.(This doesnot meanthat| believe
that societycanbe basedon technologyalone.However,surely,the technology-basedspecif the developmentf society
shouldbe as professionals possibleand formal mathematicss the tool for makingtechnologyprofessionalNeitherdoes
this meanthat| believethatinventionin mathematicganbe produced'automatically"by formal systemsHowever,formal,
computer-supportedhathematicakystemsform the tool on which invention- by humanexploration- can be basedand
mademoreefficient, flexible, reliableandlessrepetitive.)

However,creatingand using formal mathematicabystemscan only be doneby mathematiciansvhoseformal abilities are
much more developedthan what we encountertoday. Frankly, | believe that, worldwide, the formal abilities of average
mathematiciangrein a deplorablestate.Many mathematiciansire evenproud that they don't know anythingaboutlogic,
computersand algorithms.Somebelievethat what they are doing is so ingeniousthat one cannot and shouldspeakabout
whatwe aredoingin mathematicandhow we aredoing mathematicsRather theybelieve,onejust shoulddo mathematics
andnot careaboutthinking about how we do matheamtics.

In fact, if one analyzesmathematicaltexts in publicationsand textbooks,it soon becomesapparentthat it would be
absolutelysilly and counter-productivéo makethe mathematicaknowledgecontainedin thesepublicationsandtextbooks
available in computer-supportednathematicalknowledge bases:Storing false, contradictory, badly formulated, badly
structured "knowlegdge" in the mathematicalknowledge basesof the future would just result in vast collections of
inconsistentand confusingjunk. Of course,mosttimes (but not always),thereis sometruth behindwhat mathematicians
write in their publicationsand textbooksbut the truth canonly be revealedif mostof the text is re-written, re-structured,
read"in the correctway", polishedmadeexplicit with respecto "methods"thatareonly implicitly containedn thetext, put
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into explicit contextsof definitionsandnotationused,etc. For example,if in a text on Hilbert spacesthe authordefinesa
functionF on operator«K by sayingthat

FIK.K] = ) flo?],
i=1

wherethed; arethe eigenvalue®f K andf is someknownfunction, thenanalarmbell mustring: For formal reasonsF can

not be definedthis way becausehe argumentof F is atermin K and,hence uniquenes®f F is not guaranteeaxceptwe

knew somethingaboutthe Ks that are involved in this definition. This "definition" could, hence,resultin a contradiction.
Also, theo; areapparentlydefinedoutsidethe definition, the dependencef F on K is not clear,etc. Of course mosttimes,
if onereadsthe pageshefore(or after) sucha definitionin suchatext, with lots of guesswork andgoodwill, thereademay
havea chanceto detectwhat the authorreally meansor wantedto say and he may well be ableto establishone variant of

readingthe text in sucha way thatit is logically consistentand mathematicallyinteresting.However,for this, the reader
mustsometimeslo morethantheauthor.

There existsa myth amongmathematiciansayingthatit would be impossibleto write mathematicapapersin sucha way
that everythingis explicit andformally correctbecause¢henpapersvould becomeintolerablylong andcumbersoméo read.

| decisivelyopposethis myth, i.e. | think that this myth is just not true. Thereexistsanothermyth amongmathematicians
stating,asa reasonablgoal for future computer-supportethath systems, that thesesystemanustbecomeso "intelligent”
asto beableto "understandturrentmathematicapapersevenif theyarewritten in the usual,questionableyle.| think this
is an"ill-posed" goal. Why shouldwe spendots of effort on makingunintelligent,wrong, unstructuredbadlywritten papers
beingunderstood?

| believethatthereis only oneway out of this wasteof effort and permanentonfusion-generatiom currentmathematical
researchteaching,and publishing: Mathematiciansnust devotesomeof their time to improve their own formal training.
Since, mostprobably,this requestwill not be appreciatecdaindacceptedy a decentpercentagef the currentgeneratiorof
mathematiciansserious effort must be put into the formal training of the next generationof mathematiciansAs a
consequencean the presentand future math and computersciencecurricula, right at the beginningof the study and then
permanentlyin deeperand deeperlayers, sufficient time must be set asideand specialcoursesand training opportunities
must be establishedor the training of studentsn the formal aspectf mathematicsl believethis effort andtime is well
spent.Insteadof pressingmoreandmorecontentanto mathandcomputersciencecurriculal think it is muchwiserto spend
somelittle, butwell-pannedportion of the matheducatiorinto formal training. Theresultwill be muchmoreefficiency and
ability for studying mathematicsability to learn and understandmathematicalcontentsmuch more quickly; improved
researchpotential;more ability to analyzeproblemsandto solve them;fasterreadingof mathematicaliterature;ability to
polish,improve,andfix whatwe read;improvedallertnesof how to usemathematicatesults;betterability to communicate
with potentialusersof mathematicsetc.

As a consequencduture computer-supportethathematicabystemsshouldalsobe a tool for training the formal abilities of
math and computersciencestudents.In the Theorema project, therefore,we also addressthe pedagogicalproblem of
designingand implementingthe Theorema softwaresystemin sucha way that it can be usedfor the formal training of
students(and graduates)For this, we are conductinga couple of pedagogicalkexperimentsusing Theorema both in the
educationof mathand computersciencefreshmen see[Buchberger1998], aswell asin the first year of the international
PhD programfor symboliccomputationat RISC, see[Buchbergerl992]. The resultsare not yet satisfactorybut promising.
They arenot satisfactorybecauseve learnfrom the experimentghata lot of featuresare still missingin the Theorema for
makingit really attractivefor a systematidormal training of mathandcomputersciencestudentsThe resultsarepromising
becauseve observethatalreadythe necessityto formulatemathematicatontent§conceptspropositionsmethods)within a
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well-definedformal language(a versionof predicatelogic) hasa purifying andclarifying effecton the side of the students.
Also, as far as the Theorema proversare alreadyworking, proversthat generateproofs in a "natural” style including
explanatorytext can be usedas personaltutors for training the proving potential of studentsAlso, studentscan usethe
systemfor building up their own consistentnathematicaknowledgebasef whattheylearnedin the variousmathcourses
for their future professionallife. Theseknowledge basescontain both mathematicalfacts (propositions)and methods
(algorithms)in a uniform andexecutabldorm.
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