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ON THE REDUCED MHD FOR COMPRESSIBLE FLUIDSA. GazolInstituto de Astronom��a, Universidad Na
ional Aut�onoma de M�exi
oandT. Passot and P. L. SulemObservatoire de la Côte d'Azur, Ni
e, Fran
eRESUMENCom�unmente, la turbulen
ia de la 
omponente ionizada del Medio Interestelares des
rita en t�erminos de la magnetohidrodin�ami
a redu
ida (RMHD). Se muestraque di
ha des
rip
i�on no ne
esita que los gradientes en la dire

i�on del 
ampomagn�eti
o ambiente sean peque~nos. Cuando el � del plasma es lejano a la unidad,la din�ami
a transversa governada por las e
ua
iones de la RMHD puede 
oexistir,
asi sin intera

iones, 
on ondas de Alfv�en no lineales que se propagan en la dire

i�ondel 
ampo magn�eti
o ambiente. En 
ambio, para � � 1, los 
ampos longitudinales(que en este 
aso no son despre
iables) est�an a
oplados 
on las ondas de Alfv�en apeque~na es
ala, que no pueden ser �ltradas.ABSTRACTTurbulen
e in the di�use ionized 
omponent of the Interstellar Medium isoften des
ribed in terms of the redu
ed magnetohydrodynami
s (RMHD). We showthat this des
ription does not require small gradients in the dire
tions of the ambientmagneti
 �eld. When the � of the plasma is far from unity, the transverse dynami
sgoverned by the RMHD equations 
an 
oexist, with almost no intera
tions, withparallel-propagating nonlinear Alfv�en waves. In 
ontrast, for � � 1, the (no longernegligible) longitudinal �elds are 
oupled with small-s
ale Alfv�en waves that 
annotbe �ltered out.Key Words: MHD | TURBULENCE | WAVES1. INTRODUCTIONObservations of radio wave s
intillation in the Interstellar Medium (ISM) provide the eviden
e of anisotropi
s
attering and suggest a des
ription in terms of anisotropi
 turbulen
e (see e.g., Frail et al. 1994; Spangler1999). The relevan
e of this regime for the ionized phases of the ISM was �rst re
ognized by Higdon (1984)who proposed a model 
ombining in
ompressible two-dimensional turbulen
e with non-propagating entropyvariations, in order to explain observations of ele
tron density 
u
tuations in the di�use ISM (Armstrong,Cordes, & Ri
kett 1981).Two-dimensional in
ompressible MHD turbulen
e in the planes transverse to the ambient �eld was proposedby Rosenbluth et al. (1976), Strauss (1976), and Montgomery (1982), as a redu
ed des
ription of an in
ompress-ible MHD turbulen
e permeated by a strong uniform �eld. The approa
h was extended to weakly 
ompressibleMHD 
ows (Matthaeus & Brown 1988; Zank & Matthaeus 1992), and generalized to in
lude spatial inhomo-geneities (Bhatta
harjee et al. 1998). In parti
ular, these approa
hes get rid of nonlinear parallel-propagatingAlfv�en waves (AWs) that are usually simultaneously present in spa
e plasmas and usually studied in the long-wavelength limit. In one spa
e dimension, their dynami
s is des
ribed by the Cohen-Kulsrud (1974) equationsor, in the presen
e of dispersion due to the Hall e�e
t, by the Derivative Nonlinear S
hr�odinger (DNLS) equation(Rogister 1971; Mj�lhus 1976). This equation has been generalized to a

ount for the presen
e of transverse80
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REDUCED MHD 81variations (Mj�lhus & Wyller 1988) and for the 
oupling with low-frequen
y magnetosoni
 waves parallel tothe ambient �eld (Passot & Sulem 1993), an e�e
t that plays a 
entral role in the AW �lamentation (Laveder,Passot, & Sulem 1999). It turns out that both phenomena 
an be 
aptured in the same asymptoti
 framework(Gazol, Passot, & Sulem 1999; Champeaux et al. 2000), whi
h enables us to revisit the validity 
onditions ofRMHD. 2. COUPLING BETWEEN RMHD AND NONLINEAR ALFV�EN WAVESThe usual RMHD approa
h a priori assumes a regime where the variations in the longitudinal dire
tion aremu
h slower than in the transverse ones. For a 
ompressible 
ow, this assumption allows one to eliminate thehigh-frequen
y waves and, depending on the squared ratio � of the sound and Alfv�en speeds, to approximatethe 
uid motions by the 2D (or 2 12D when � � 1) in
ompressible MHD equations with linear longitudinal AWsof wavelengths larger than the 
hara
teristi
 s
ale of the transverse turbulen
e (Zank & Matthaeus 1992).Instead, the s
alings retained by Gazol et al. (1999) are 
hosen in a way that retains a nonlinear dynami
sfor the longitudinal AWs. Taking the Alfv�en speed as unity, the regime of a strong ambient �eld is obtainedby assuming small amplitude 
u
tuations. Using the squared Alfv�eni
 Ma
h number � = M2A as an expansionparameter, the transverse 
omponents of the velo
ity and magneti
 �elds are taken of order �1=2. The soni
Ma
h number is thus given by Ms = (�=�)1=2. The balan
e, between nonlinearity and Hall dispersion for theAWs dynami
s is 
onveniently expressed in the referen
e frame moving at the Alfv�en velo
ity, using a stret
hingof the spatial and temporal variables that depend on the parameter �. Far from the resonan
e between AWsand sound waves at � = 1, the longitudinal �elds ux and bx and the density 
u
tuations �� 1 s
ale as �, beingthus of se
ond order 
ompared with the transverse 
omponents. In that 
ase the longitudinal s
ale is stret
hedby a fa
tor ��1. The ion Larmor radius being of order unity in the original variable, the Alfv�en wavelengthis then of order ��1 
ompared with the ion Larmor radius. In 
ontrast, when � � 1, all the �elds are of thesame order of magnitude and the Alfv�en wavelength s
ales as ��1=2 
ompared with the ion Larmor radius. Thetemporal s
ale � over whi
h nonlinearities start playing a role on the AW dynami
s is proportional to ��1 and��2 for � � 1 and � 6= 1 respe
tively. The two regimes are thus to be 
onsidered separately.In both 
ases, denoting by � the stret
hed longitudinal variable and by �, � the transverse ones, the leadingorder of the MHD equations reads ��u+ ��b = 0 where, up to a res
aling fa
tor, the 
omplex transverse �eldsare de�ned as u = uy+ iuz and b = by+ ibz. The 
oupling between the AWs and the turbulen
e is obtained bysolving the above equations in the form b = ~b(�; �; �; �) + �b(�; �; �) and u = ~u(�; �; �; �) + �u(�; �; �), where the
u
tuating parts (denoted by tildes) satisfy the usual AW 
ondition ~u = �~b, but where we also in
lude mean
ontributions �u and �b resulting from averging over the � variable. It turns out that the transverse variations ofboth the 
u
tuating and mean �elds take pla
e on s
ales ��3=2 when � 6= 1 (either small or large) or ��1 when� � 1. Pushing the expansion to higher orders and writing the asso
iated solvability 
onditions, one gets, toleading nontrivial order, the 2D in
ompressible MHD equations for the transverse mean �elds, that are nota�e
ted by the other quantities. However, these mean �elds a�e
t the dynami
s of the AWs and that of themean longitudinal �elds (low-frequen
y parallel magnetosoni
 waves) whi
h in the 
ase � 6= 1 are subdominant.3. THE CASE � CLOSE TO UNITYAs already mentioned, for � � 1, the longitudinal �elds are of the same order of magnitude as the transverse�elds. The redu
tive perturbation expansion then leads to the mean �eld equations�T �u+ �u �r�u = �rp+ �b �r�b ; �T �ux +r�(�ux�u� �bx�b) = 12 hh��?(~b~�) + �?(~b�~�)ii ;�T �b�r�(�u��b) = 0 ; �T�bx +r�(�bx�u� 12 �ux�b) = 0 ;r��u = 0 ; r��b = 0 ; �� = ��bx ;together with (Ri denotes the nondimensional gyromagneti
 frequen
y of the ions appearing in the Hall term,� � 1 = �1=2�, �? = �� + i�� and r = (��; ��), while the bra
kets hh:ii hold for averaging over � and �)��~b+ 12��(~�~b)� 12�?~�+ i2Ri ���~b+ �� [~b(�ux +�bx � ��2)℄ = 0 ;
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82 GAZOL, PASSOT, & SULEM2�� ~�+ ��(�~�+ 1 + 
2 ~�2 + j~b+�bj22 )� 12(��?~b+ �?~b�) + [(
 � 1)��+ 2�ux℄�� ~� = 0 :The dominant pressure balan
e (�� +�bx = 0) is asso
iated with the in
ompressible 
hara
ter of the transverse
ow when 
onsidered on the long time s
ale T = �1=2� . Note that 
ompressibility 
orre
tions a�e
t the meanlongitudinal magneti
 �eld �bx even in the absen
e of small-s
ale AWs. This e�e
t is at the origin of a 
oeÆ
ientdis
repan
y with the equation given in Zank & Matthaeus (1992). Furthermore, when small-s
ale Alfv�en andmagnetosoni
 waves in the longitudinal dire
tion are retained, the large-s
ale dynami
s is not de
oupled, beinga�e
ted by the mean e�e
t of the waves, whose nonlinear evolution (on the short time s
ale �) is itself sensitiveto the mean �elds. In the absen
e of mean �elds, the equations given by Hada (1993) are re
overed sin
e theright hand side of the equation for �ux 
an be rewritten as a linear 
ombination of �b and �b�.4. CONCLUSIONSFor any value of �, in the presen
e of an intense uniform magneti
 �eld, the dynami
s of a 
ompressibleMHD 
ow de
omposes, to leading order, into an in
ompressible 2D 
ow in the transverse dire
tions andparallel-propagating nonlinear AWs that are a�e
ted by the transverse turbulen
e and drive longitudinal mean�elds. The latter are subdominant when � is far from unity so that, up to large-s
ale linear AWs, RMHD ispurely two-dimensional. We stress that this regime is based on the de
oupling of the transverse 
ow from thelongitudinal waves, allowed by the subdominant 
hara
ter of the longitudinal �elds, and does not require anassumption of small longitudinal gradients (the parallel derivatives of the mean longitudinal �elds are in fa
t
omparable to the perpendi
ular derivative of the transverse 
omponents). In 
ontrast, for � � 1, all the �eldsare of the same order and, in the presen
e of a mean transverse 
ow, the mean 
omponents of the longitudinal�elds are 
oupled to nonlinear AWs that are usually present at small s
ale and 
annot be �ltered out.This work bene�ted from partial support from the CNRS programs \Physique Chimie du Milieu Interstel-laire (PCMI)" and \Soleil-Terre (PNST)", and from INTAS 
ontra
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e Cedex 4, Fran
e(passot, sulem�obs-ni
e.fr).


