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tProbabilisti
 timed automata are an extension of timed automata with dis
rete probabilitydistributions, and 
an be used to model timed randomized proto
ols or fault-tolerant sys-tems. We present symboli
 model 
he
king algorithms for probabilisti
 timed automata toverify qualitative properties, 
orresponding to satisfa
tion with probability 0 or 1, as wellas quantitative properties, 
orresponding to satisfa
tion with arbitrary probability. Thealgorithms operate on zones, that is, sets of valuations of the probabilisti
 timed automa-ton's 
lo
ks, and therefore avoid an expli
it 
onstru
tion of the state spa
e. Our method
onsiders only those system behaviours whi
h guarantee the divergen
e of time with prob-ability 1. The paper 
ompletes the symboli
 framework for the veri�
ation of probabilisti
timed automata against full PTCTL. We formulate new algorithms that 
an return theminimal probability with whi
h a probabilisti
 timed automaton satis�es a property, thusextending a previously published result 
on
erning the maximum probability.1 Introdu
tionSystems exhibiting both timed and probabilisti
 
hara
teristi
s are widespread, in appli
ation
ontexts as diverse as home entertainment, medi
al equipment and business infrastru
tures.For example, timing 
onstraints are often vital to the 
orre
tness of embedded digital te
hnol-ogy, whereas probability exhibits itself 
ommonly in the form of statisti
al estimates regardingthe environment in whi
h a system is embedded. Similarly, proto
ol designers often exploitthe 
ombination of time and probability to design 
orre
t, eÆ
ient proto
ols, su
h as theIEEE1394 FireWire root 
ontention proto
ol. The di�usion of su
h systems has led to meth-ods for obtaining formal 
orre
tness guarantees, for instan
e, adaptations of model 
he
king[CGP99℄. Symboli
 model 
he
king refers to model-
he
king te
hniques in whi
h impli
it rep-resentations { su
h as BDDs in the �nite-state 
ase [BCM+90℄ { are used to represent boththe transition relation of the system model and the state sets that are 
omputed during theexe
ution of the model-
he
king algorithm.In this paper, we 
onsider the modelling formalism of probabilisti
 timed automata [KNSS02℄,an extension of timed automata [AD94, HNSY94℄ with dis
rete probability distributions.�Supported in part by the EPSRC grant GR/N22960, FORWARD and MIUR-FIRB Perf.Te
hni
al Report CSR-03-10, S
hool of Computer S
ien
e, University of Birmingham, O
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Probabilisti
 timed automata have been shown as being suitable for the des
ription of timed,randomized proto
ols, su
h as the aforementioned FireWire proto
ol [KNS03℄, the ba
ko�strategy of the IEEE802.11 WLAN proto
ol [KNS02℄, and the link-lo
al address sele
tionproto
ol of the IPv4 standard [KNPS03℄. As a requirement spe
i�
ation language for proba-bilisti
 timed automata we 
onsider PTCTL (Probabilisti
 Timed Computation Tree Logi
).The logi
 PTCTL 
ombines the probabilisti
 threshold operator of the probabilisti
 tem-poral logi
 PCTL [HJ94℄ with the timing 
onstraints of the timed temporal logi
 TCTL[ACD93, HNSY94℄, in order to express properties su
h as `with probability 0.99 or greater,the system rea
hes a leader-ele
ted state within 1 se
ond'. Model 
he
king of probabilisti
timed automata against PTCTL was shown to be de
idable in [KNSS02℄ via an adaptationof the 
lassi
al region-graph 
onstru
tion [AD94, ACD93℄.Unfortunately, the region-graph 
onstru
tion (and the integer-time semanti
s employedin [KNS03, KNS02, KNPS03℄) 
an result in huge state spa
es if the maximal 
onstant usedin the des
ription of the automaton is large. Instead, the pra
ti
al su

ess of symboli
, zone-based te
hniques for non-probabilisti
 timed automata [BDL+01, DOTY96℄, suggests that asimilar symboli
 approa
h may also be employed for the veri�
ation of probabilisti
 timedautomata. This hypothesis was answered aÆrmatively in [KNS01℄ for a subset of PTCTLwith thresholds on maximal rea
hability probabilities. In this paper, we extend that result toarbitrary PTCTL formulae. In parti
ular, a zone-based method for veri�
ation of propertieswhi
h refer to the minimum probability of satisfa
tion is presented for the �rst time.The te
hni
al 
ontribution of this paper is the introdu
tion of zone-based algorithms, bothfor the veri�
ation of qualitative PTCTL formulae, whi
h refer to probabilisti
 thresholds 0and 1 only, and quantitative PTCTL formulae, whi
h feature thresholds on arbitrary proba-bilities. Note that the qualitative algorithms do not refer to exa
t transition probabilities, andtherefore avoid potentially expensive 
omputation of probabilities during the model-
he
kingpro
ess.We �rst 
onsider the subset of PTCTL whi
h requires the 
omputation of maximal prob-abilities. For qualitative formulae, we show that model 
he
king 
an be performed using ana-logues from the veri�
ation of �nite-state probabilisti
 systems [dA97℄, while, in the quantita-tive 
ase, we show that the previously published zone-based approa
h for 
al
ulating maximalprobabilities [KNS01℄ 
an be employed. The quantitative algorithm works by 
onstru
ting a�nite-state system whi
h has suÆ
ient information to 
ompute the maximum probability ofinterest using well-established �nite-state model 
he
king methods [BdA95℄.Se
ondly, we 
onsider algorithms for the subset of PTCTL whi
h requires the 
omputationof minimum rea
hability probabilities, a task whi
h is more involved than 
omputing maxi-mum probabilities. For example, to 
ompute the minimum probability of rea
hing a 
ertainstate set F , for any state other than those in F , the probabilisti
 timed automaton 
ouldexhibit behaviour in whi
h the amount of time elapsed 
onverges before F is rea
hed, or evenin whi
h no time elapses at all. Clearly, su
h behaviours are pathologi
al, and should be dis-regarded during model 
he
king. We present both qualitative and quantitative algorithms for
omputing minimum rea
hability probabilities whi
h 
onsider only time-divergent behaviour,based on the non-probabilisti
 pre
edent of [HNSY94℄. The algorithms are based on 
omput-ing maximum probabilities for the dual formula while restri
ting attention to time-divergentbehaviours.Finally, again following the pre
edent of [HNSY94℄, we present an algorithm to 
he
k thata probabilisti
 timed automaton does not 
ontain a state in whi
h it is impossible for time todiverge with probability 1. The presen
e of su
h a state 
onstitutes a modelling error, and2



would invalidate the 
orre
tness of our model 
he
king pro
edure.2 Preliminaries2.1 Distributions and Probabilisti
 SystemsA (dis
rete probability) distribution over a �nite set Q is a fun
tion � : Q! [0; 1℄ su
h thatPq2Q �(q) = 1. Let support(�) be the subset of Q su
h that q 2 support(�) if and only if�(q) > 0. For a possibly un
ountable set Q0, let Dist(Q0) be the set of distributions over �nitesubsets of Q0. For any q 2 Q, the point distribution �q denotes the distribution whi
h assignsprobability 1 to q.2.2 Dis
rete Time Markov ChainsDe�nition 1 A DTMC is a tuple DTMC = (S;P;L) where:� S is a �nite set of states;� P : S � S ! [0; 1℄ is a transition probability matrix, su
h that: Ps02S P(s; s0) = 1 forall states s 2 S;� L : S ! 2AP is a labelling fun
tion assigning atomi
 propositions to states.Ea
h element P(s; s0) of the transition probability matrix gives the probability of making atransition from state s to state s0. An exe
ution of a DTMC is represented by a path !, thatis, a non-empty sequen
e of states s0s1s2 : : : where si 2 S and P(si; si+1) > 0 for all i > 0.We denote by !(i) the ith state of a path !, j!j the length of ! and if ! is �nite, the laststate by last(!). We say that a �nite path !�n of length n is a pre�x of an in�nite path ! if!�n(i) = !(i) for 0 6 i 6 n. The sets of all �nite and in�nite paths starting in state s aredenoted Path ful (s) and Path�n(s), respe
tively.In reason about the probabilisti
 behaviour of the DTMC, we need to determine theprobability that 
ertain paths are taken. This is a
hieved by de�ning, for ea
h state s 2 S, aprobability measure Probs over Path ful (s). Below, we give an outline of this 
onstru
tion. Forfurther details, see [KSK76℄. The probability measure is indu
ed by the transition probabilitymatrix P as follows. First, for any �nite path !�n 2 Path�n(s), we de�ne the probabilityPs(!�n): Ps(!�n) def= � 1 if n = 0P(!�n(0); !�n (1)) � � �P(!�n(n� 1); !�n(n)) otherwisewhere n = j!�n j. Next, we de�ne the 
ylinder of a �nite path !�n as:C(!�n) def= f! 2 Path ful (s) j!�n is a pre�x of !g ;and let �s be the smallest �-algebra on Path ful (s) whi
h 
ontains the 
ylinders C(!�n) for!�n 2 Path�n(s)g and set Probs on �s to be the unique measure su
h thatProbs(C(!�n)) = Ps(!�n) for all !�n 2 Path�n(s) :3



2.3 Probabilisti
 SystemsWe next re
all probabilisti
 systems whi
h are essentially equivalent to Markov de
ision pro-
esses [Der70℄ and probabilisti
-nondeterministi
 systems [BdA95℄.De�nition 2 A probabilisti
 system, PS, is a tuple (S;Steps ;L) where� S is a set of states;� Steps � S � Dist(S) is a probabilisti
 transition relation;� L : S ! 2AP is a labelling fun
tion assigning atomi
 propositions to states.A probabilisti
 transition s ��! s0 is made from a state s by nondeterministi
ally sele
ting adistribution � 2 Dist(S) su
h that (s; �) 2 Steps , and then making a probabilisti
 
hoi
e oftarget state s0 a

ording to �, su
h that �(s0)>0.We 
onsider two ways in whi
h a probabilisti
 system's 
omputation may be represented.A path, representing a parti
ular resolution of both nondeterminism and probability, is anon-empty sequen
e of transitions:! = s0 �0�! s1 �1�! s2 �2�! � � � :We use the same notation for paths as presented in Se
tion 2.2, in parti
ular, the set of in�nite(respe
tively, �nite) paths starting in the state s are denoted by Path ful (s) (respe
tively,Path�n(s)).In 
ontrast to a path, an adversary represents a parti
ular resolution of nondeterminismonly. Formally, an adversary A is a fun
tion mapping every �nite path !�n to a distribution� su
h that (last(!�n); �) 2 Steps . For any adversary A and state s, we let PathAful (s)(respe
tively, PathA�n(s)) denotes the subset of Path ful (s) (respe
tively, Path�n(s)) whi
h
orresponds to A and, using 
lassi
al te
hniques [KSK76℄, we 
an de�ne the probabilitymeasure ProbAs over PathAful (s).For a given adversary A and �nite path !, we de�ne a new adversary A! as follows:A!(!0) def= � A(! ��! !00) if !0 is of the form last(!) ��! !00A(!0) otherwise:Whenever possible, the adversary A! a
ts essentially as A assuming that the path ! hasalready taken pla
e.For a probabilisti
 system PS = (S;Steps ;L) and state s 2 S, under a given adversary A,the behaviour from state s 
an be des
ribed with the in�nite-state DTMC DTMCA = (SA;PA)where: SA = Path�n(s) and for two �nite paths !�n ; !0�n 2 SA:PA(!�n ; !0�n) = ( �(s0) if !0�n is of the form !�n A(!�n )����! s0 and A(!) = �0 otherwise.There is a one-to-one 
orresponden
e between the paths of DTMCA and the set of pathsPathAful (s), and hen
e using the 
onstru
tion given in Se
tion 2.2 we 
an de�ne a probabilitymeasure ProbAs over PathAful (s). 4



For a probabilisti
 system PS = (S;Steps ;L), state s 2 S, set F � S of target states, andadversary A 2 AdvPS, let:ProbRea
hA(s; F ) def= ProbAs f! 2 PathAful (s) j 9i 2 N : !(i) 2 Fg ;then the maximal rea
hability probabilities of rea
hing the set of states F from s is de�ned as:MaxProbRea
h(s; F ) def= supA2AdvPS ProbRea
hA(s; F ) :2.4 Timed Probabilisti
 SystemsWe now introdu
e timed probabilisti
 systems, an extension of probabilisti
 systems and avariant of Segala's probabilisti
 timed automata [Seg95℄.De�nition 3 A timed probabilisti
 system, TPS, is a tuple (S;Steps ;L) where:� S is a set of states;� Steps � S�R�Dist(S) is a timed probabilisti
 transition relation, su
h that, if (s; t; �) 2Steps and t>0, then � is a point distribution;� L : S ! 2AP is a labelling fun
tion.The 
omponent t of a tuple (s; t; �) is 
alled a duration. As for probabilisti
 systems, we 
anintrodu
e paths and adversaries for timed probabilisti
 systems, ex
ept transitions are nowlabelled by duration-distribution pairs and an adversary maps ea
h �nite path to a duration-distribution pair.We restri
t attention to time-divergent adversaries; a 
ommon restri
tion imposed in real-time systems so that unrealisable behaviour (i.e. 
orresponding to time not advan
ing beyonda bound) is disregarded during analysis. For any path! = s0 t0;�0���! s1 t1;�1���! s2 t2;�2���! � � �of a timed probabilisti
 system, the duration up to the n+1th state of !, denoted D!(n+1),equalsPni=0 ti, and we say that a path ! is divergent if for any t 2 R, there exists j 2 N su
hthat D!(j)>t.De�nition 4 An adversary A of a timed probabilisti
 system TPS is divergent if and only iffor ea
h state s of TPS the probability under ProbAs of the divergent paths of PathAful (s) is 1.Let AdvTPS be the set of divergent adversaries of TPS.For motivation on why we 
onsider probabilisti
 divergen
e, as opposed to the stronger notionwhere an adversary is divergent if and only if all its paths are divergent, see [KNSS02℄. Arestri
tion we impose on probabilisti
 timed systems is that of non-zenoness, whi
h stipulatesthat there does not exist a state from whi
h time 
annot diverge, as we 
onsider this situationto be a modelling error.De�nition 5 A probabilisti
 timed system is non-zeno if and only if there exists a divergentadversary. 5



3 Probabilisti
 Timed AutomataIn this se
tion we review the de�nition of probabilisti
 timed automata [KNSS02℄, a modellingframework for real-time systems exhibiting both nondeterministi
 and sto
hasti
 behaviour.The formalism is derived from 
lassi
al timed automata [AD94, HNSY94℄ extended withdis
rete probability distributions over edges.3.1 Clo
ks and ZonesLet X be a �nite set of variables 
alled 
lo
ks whi
h take values from the time domain R(non-negative reals). A point v 2 RjX j is referred to as a 
lo
k valuation. For any 
lo
kx 2 X , we use v(x) to denote the proje
tion of v on the x-axis. For any v 2 RjX j and t 2 R,we use v+t to denote the 
lo
k valuation de�ned as v(x)+t for all x 2 X . We use v[X:=0℄ todenote the 
lo
k valuation obtained from v by resetting all of the 
lo
ks in X � X to 0, andleaving the values of all other 
lo
ks un
hanged.The set of zones of X , written Zones(X ), is de�ned indu
tively by the syntax:� ::= x 6 d j
 6 x jx+ 
 6 y + d j :� j � _ �where x; y 2 X and 
; d 2 N. We only 
onsider 
anoni
al zones ensuring equality betweentheir synta
ti
 and semanti
 (subsets of RjX j) representations. This enables us to use theabove syntax inter
hangeably with set-theoreti
 operations.The 
lo
k valuation v satis�es the zone �, written v.�, if and only if � resolves to true aftersubstituting ea
h 
lo
k x 2 X with the 
orresponding 
lo
k value v(x) from v. We requirethe following 
lassi
al operations on zones [HNSY94, Tri98℄. For any zones �; � 0 2 Zones(X )and subset of 
lo
ks X � X , let:.�0 � def= fv j 9t > 0: (v + t . � ^ 8t0 6 t: (v + t0 . � _ � 0))g[X := 0℄� def= fv j v[X := 0℄ . �g�[X := 0℄ def= fv[X := 0℄ j v 2 �g :3.2 Syntax and Semanti
s of Probabilisti
 Timed AutomataDe�nition 6 A probabilisti
 timed automaton is a tuple (L;X ; inv ; prob;L) where:� L is a �nite set of lo
ations;� the fun
tion inv : L! Zones(X ) is the invariant 
ondition;� the �nite set prob � L� Zones(X )� Dist(2X�L) is the probabilisti
 edge relation;� L : L! 2AP is a labelling fun
tion assigning atomi
 propositions to lo
ations.A state of a probabilisti
 timed automaton PTA is a pair (l; v) 2 L�RjX j su
h that v . inv(l).Informally, the behaviour of a probabilisti
 timed automaton 
an be understood as follows.In any state (l; v), there is a nondeterministi
 
hoi
e of either (1) making a dis
rete transitionor (2) letting time pass. In 
ase (1), a dis
rete transition 
an be made a

ording to any(l; g; p) 2 prob with sour
e lo
ation l whi
h is enabled; that is, zone g is satis�ed by the
urrent 
lo
k valuation v. Then the probability of moving to the lo
ation l0 and resetting all6



true x63x>1x62di
sr six>20.9 0.1 x:=0x:=0 0.95x:=0 x:=00.05Figure 1: A probabilisti
 timed automaton modelling a probabilisti
 proto
ol.of the 
lo
ks in X to 0 is given by p(X; l0). In 
ase (2), the option of letting time pass isavailable only if the invariant 
ondition inv(l) is satis�ed while time elapses.An edge e of PTA is a tuple of the form (l; g; p;X; l0) su
h that (l; g; p) 2 prob andp(X; l0)>0. Let edges denote the set of edges and edges(l; g; p) the set of edges 
orrespondingto (l; g; p) 2 prob.Example. Consider the PTAmodelling a simple probabilisti
 
ommuni
ation proto
ol givenin Figure 1. The nodes represent the lo
ations: di (sender has data, re
eiver idle); si (sendersent data, re
eiver idle); and sr (sender sent data, re
eiver re
eived). The automaton starts inlo
ation di in whi
h data has been re
eived by the sender. After between 1 and 2 time units,the proto
ol makes a transition either to sr with probability 0.9 (data re
eived), or to si withprobability 0.1 (data lost). In si after 2 to 3 time units, the proto
ol will attempt to resendthe data, whi
h again 
an be lost, this time with probability 0.05.We now give the semanti
s of probabilisti
 timed automata de�ned in terms of timed proba-bilisti
 systems.De�nition 7 Let PTA = (L;X ; inv ; prob ;L) be a probabilisti
 timed automaton. The seman-ti
s of PTA is de�ned as the timed probabilisti
 system TPSPTA = (S;Steps ;L0) where:� S � L� RjX j and (l; v) 2 S if and only if v . inv(l);� ((l; v); t; �) 2 Steps if and only if one of the following 
onditions holdstime transitions: t>0, �=�(l;v+t) and v+t0 . inv(l) for all 06t06tdis
rete transitions: t=0 and there exists (l; g; p) 2 prob su
h that v . g and for any(l0; v0) 2 S: �(l0; v0) = XX�X &v0=v[X:=0℄ p(X; l0);� L0(l; v) = L(l) for any (l; v) 2 S.We say that PTA is non-zeno if and only if TPSPTA is non-zeno.

7



3.3 Probabilisti
 Timed Computation Tree Logi
 (PTCTL)We now des
ribe the probabilisti
 timed logi
 PTCTL whi
h 
an be used to spe
ify propertiesof probabilisti
 timed automata. PTCTL is a 
ombination of two extensions of the tempo-ral logi
 CTL, the timed logi
 TCTL [ACD93, HNSY94℄ and the probabilisti
 logi
 PCTL[HJ94℄. The logi
 TCTL employs a set of formula 
lo
ks, Z, disjoint from the 
lo
ks X ofthe probabilisti
 timed automaton. Formula 
lo
ks are assigned values by a formula 
lo
kvaluation E 2 RjZj . The logi
 TCTL 
an express timing 
onstraints and in
ludes the resetquanti�er z:�, used to reset the formula 
lo
k z so that � is evaluated from a state at whi
hz = 0. PTCTL is obtained by enhan
ing TCTL with the probabilisti
 quanti�er P��[�℄.De�nition 8 The syntax of PTCTL is de�ned as follows:� ::= a �� � �� :� �� � _ � �� z:� �� P��[� U �℄where a 2 AP , � 2 Zones(X [Z), z 2 Z, �2f6; <;>;>g and � 2 [0; 1℄.In PTCTL we 
an express properties su
h as `with probability at least 0.95, the system
lo
k x does not ex
eed 3 before 8 time units elapse', whi
h is represented as the formulaz:P>0:95[(x63) U (z=8)℄.We write v; E to denote the 
omposite 
lo
k valuation in RjX[Zj obtained from v 2 RjX jand E 2 RjZj . Given a state and formula 
lo
k valuation pair (l; v); E , zone � and duration t,by abuse of notation we let (l; v); E . � denote v; E . �, and (l; v)+t denote (l; v+t).De�nition 9 Let TPS = (S;Steps ;L0) be the timed probabilisti
 system asso
iated with theprobabilisti
 timed automaton PTA. For any state s 2 S, formula 
lo
k valuation E 2 RjZjand PTCTL formula �, the satisfa
tion relation s; E j= � is de�ned indu
tively as follows:s; E j= a , a 2 L0(s)s; E j= � , s; E . �s; E j= � _  , s; E j= � or s; E j=  s; E j= :� , s; E 6j= �s; E j= z:� , s; E [z := 0℄ j= �s; E j= P��[� U  ℄ , pAs;E(� U  ) � � for all A 2 AdvTPSwhere pAs;E(� U  ) = ProbAs f! 2 PathAful (s) j!; E j= � U  g for any A 2 AdvTPS, and, forany path ! 2 Path ful (s), we have that !; E j= � U  if and only if there exists i 2 N andt 6 D!(i+1)�D!(i) su
h that� !(i)+t; E+D!(i)+t j=  ;� if t0 < t, then !(i)+t0; E+D!(i)+t0 j= � _  ;� if j < i and t0 6 D!(j+1)�D!(j), then !(j)+t0; E+D!(j)+t0 j= � _  .In the following se
tions we will also 
onsider the dual of the sub-formula � U  , namely therelease formula :� V : , where for any formulae �;  , path ! and formula 
lo
k evaluationE : !; E j= � V  if and only if for all i 2 N and t 6 D!(i+1)�D!(i), if� !(i)+t0; E+D!(i)+t0 6j= � ^  for all t0 < t and� !(j)+t0; E +D!(j)+t0 6j= � ^  for all t0 6 D!(j+1)�D!(j) and j < i,8



then !(i)+t; E+D!(i)+t j=  .Furthermore, we use use the abbreviation 2� for the formula false V �, that is, !; E j=2 if and only if !(i)+t; E+D!(i)+t j=  for all i 2 N and t 6 D!(i+1)�D!(i). In thestandard manner, we refer to � U  , � V  and 2 as path formulae.We now present a number of lemmas 
on
erning PTCTL that we will require in theremainder of the paper.Lemma 10 Let PTA be a timed probabilisti
 automaton, TPS = (S;Steps ;L0) be the 
orre-sponding timed probabilisti
 system and �,  1 and  2 PTCTL formulae. If s; E j=  1 impliess; E j=  2 for all state and formula 
lo
k valuation pairs s; E 2 S � RZ , then for any stateand formula 
lo
k valuation pair s; E 2 S � RZ :� s; E j= P.�[� U  2℄ implies s; E j= P.�[� U  1℄,� s; E j= z: 1 implies s; E j= z: 2.Proof. The proof follows from the semanti
s of PTCTL (see De�nition 9). utLemma 11 Let PTA be a probabilisti
 timed automata, PS = (S;Steps ;L0) be the 
orrespond-ing timed probabilisti
 system and � and  are PTCTL formulae. If s; E j=  implies s; E j= �for all state and formula 
lo
k valuation pairs s; E 2 S � RjZj , then for any (in�nite) path !of TPS and formula 
lo
k valuation E:!; E j= � U  if and only if !; E 6j= : U :� :Proof. Let PTA be a probabilisti
 timed automaton, TPS = (S;Steps ;L0) be the 
orrespond-ing timed probabilisti
 system and � and  be PTCTL formulae su
h that s; E j=  impliess; E j= � for all state and formula 
lo
k valuation pairs s; E 2 S � RjZj . For the `if' dire
tion,
onsider any in�nite path of TPS and formula 
lo
k valuation E su
h that !; E j= � U  . ByDe�nition 9, there exists an i > 0 and t 6 D!(i+1)�D!(i) su
h that:� !(i)+t; E+D!(i)+t j=  ;� if t0 < t, then !(i)+t0; E+D!(i)+t0 j= � _  ;� if j < i and t0 6 D!(j+1)�D!(j), then !(j)+t0; E +D!(j)+t0 j= � _  .Therefore, using the fa
t that s; E j=  implies s; E j= � for all s; E 2 S � RjZj , there existsan i > 0 and t 6 D!(i+1)�D!(i) su
h that:� !(i)+t; E+D!(i)+t 6j= : _ :�;� if t0 < t, then !(i)+t0; E+D!(i)+t0 6j= :�;� if j < i and t0 6 D!(j+1)�D!(j), then !(j)+t0; E +D!(j)+t0 6j= :�.and hen
e !; E 6j= : U :�. Sin
e this was for any path ! of TPS the `if' dire
tion holds.The `only if' dire
tion follows similarly, using the identity ::� � � and sin
e, from thehypothesis, s; E j= :� implies s; E j= : for all s; E 2 S � RjZj . utThe lemma below use the measure 
onstru
tion for probabilisti
 systems given in Se
tion 2.3and re
all that, the states of the DTMC 
orresponding to an adversary A and state s are the�nite paths of A that start in state s. Furthermore, it follows from this 
onstru
tion that a�nite path (state in the DTMC) satis�es a formula when the last state of the path satis�esthe formula. 9



Lemma 12 Let PTA be a probabilisti
 timed automaton and TPS = (S;Steps ;L0) be the
orresponding timed probabilisti
 system. For any PTCTL formulae � and  , adversaryA 2 AdvTPS and state and formula 
lo
k valuation pair s; E 2 S � RjZj :pAs;E( U (� ^  ) _ pA>1(2(:�^ ))) = pAs;E(� V  )where for any !; E 2 PathA�n(s)� E jZj :!; E j= pA>1(2(:�^ )) if and only if pA!last(!);E (2(:�^ )) = 1 :Proof. Consider any probabilisti
 timed automata PTA with asso
iated timed probabilisti
system TPS = (S;Steps ;L0), adversary A 2 AdvTPS and PTCTL formulae � and  . First,for any �nite path ! of PathA�n and formula 
lo
k valuation E , if !; E j= pA>1(2(:�^ )), then!0; E j= 2(:�^ ) for all (in�nite) paths !0 2 PathA!ful (last(!)). Therefore, for any �nite path! of PathA�n and formula 
lo
k valuation E :!; E 2 pA>1(2(:�^ )) ) !0; E 6j= :� U : for all !0 2 PathA!ful (last(!))) : (1)Now by De�nition 9, for any (in�nite) path !0 of TPS and formula 
lo
k valuation E 2 RjZj :!0; E j= :� U : , !0; E j= (:� _ : ) U : , !0; E j= �(:� _ : ) ^ :pA>1(2(:�^ ))� U : by (1).Therefore, by the duality � U  � :(:� V : ) and the de�nition of A! (sse Se
tion 2.3), itfollows that for any state and formula 
lo
k valuation pair s; E 2 S � RjZj :pAs;E(� V  ) = 1� pAs;E(((:� _ : ) ^ :pA>1(2(:�^ ))) U : )= 1� pAs;E(:((� ^  ) _ pA>1(2(:�^ ))) U : ) (2)where the last step follows from the following derivation:((:� _ : ) ^ :pA>1(2(:�^ ))) � (:(� ^  ) ^ :pA>1(2(:�^ )))� :((� ^  ) _ pA>1(2(:�^ ))) :Finally, sin
e for any �nite path ! and formula 
lo
k valuation E we have !; E j= : implies!; E j= :((�^ )_pA>1(2(:�^ ))), applying Lemma 11 to (2) we have that for any state andformula 
lo
k valuation pair s; E 2 S � RjZj :pAs;E(� V  ) = 1� (1� pAs;E( U (� ^  ) _ pA>1(2(:�^ ))))= pAs;E( U (� ^  ) _ pA>1(2(:�^ )))as required. ut
10



algorithm PTCTLModelChe
k(PTA; �)output: set of symboli
 states [[�℄℄ su
h that[[a℄℄ := f(l; inv (l)) j l 2 L and l 2 L(a)g;[[�℄℄ := f(l; inv (l) ^ �) j l 2 Lg;[[:�℄℄ := f(l; inv (l) ^ :W(l;�)2[[�℄℄ �) j l 2 Lg;[[� _  ℄℄ := [[�℄℄ _ [[ ℄℄;[[z:�℄℄ := f(l; [fzg:=0℄�) j (l; �) 2 [[�℄℄g;[[P��[� U  ℄℄℄ := Until([[�℄℄; [[ ℄℄;� �);Figure 2: Symboli
 PTCTL model 
he
king algorithm4 Symboli
 PTCTL Model Che
kingIn this se
tion, we show how a probabilisti
 timed automaton may be model 
he
ked againstPTCTL formulae. In order to represent the state sets 
omputed during the model 
he
kingpro
ess, we use the 
on
ept of symboli
 state: a symboli
 state is a pair (l; �) 
omprising alo
ation and a zone over X[Z. The set of state and formula 
lo
k valuation pairs 
orre-sponding to a symboli
 state (l; �) is f(l; v); E j v; E . �g, while the state set 
orrespondingto a set of symboli
 states is the union of those 
orresponding to ea
h individual symboli
state. In the manner standard for model 
he
king, we progress up the parse tree of a PTCTLformula, from the leaves to the root, re
ursively 
alling the algorithm PTCTLModelChe
k,shown in Figure 2, to 
ompute the set of symboli
 states whi
h satisfy ea
h subformula. Han-dling observables and Boolean operations is 
lassi
al, and we therefore redu
e our problemto 
omputing Until([[�1℄℄; [[�2℄℄;��), whi
h arises when we 
he
k probabilisti
ally quanti�edformula.Our te
hnique depends on the following, whi
h is a dire
t 
onsequen
e of the semanti
sof PTCTL (De�nition 9):fs; E j s; E j= P��[� U  ℄g = � fs; E j pmaxs;E (� U  ) � �g if �2 f<;6gfs; E j pmins;E (� U  ) � �g if �2 f>; >g (3)where for any PTCTL path formula ':pmaxs;E (') def= supA2AdvTPS pAs;E(') and pmins;E (') def= infA2AdvTPS pAs;E(') :We begin by introdu
ing operations on symboli
 states. In Se
tion 4.2, we review algorithmsfor 
al
ulating maximum probabilities, while in Se
tion 4.3 we present new algorithms for
al
ulating minimum probabilities. In ea
h 
ase we in
lude spe
ialised algorithms for qual-itative formulae (� 2 f0; 1g), as, for su
h formulae, veri�
ation 
an be performed throughonly an analysis of the underlying graph [HSP83, Pnu83℄. Then in Se
tion 4.4 we show howto ensure that the probabilisti
 timed automaton is non-zeno and, �nally, in Se
tion 4.5, weapply our approa
h to the example given in Figure 1.Note that the 
ases P>0[�℄ and P61[�℄ are trivially satis�ed by all states, while the 
asesP<0[�℄ and P>1[�℄ are trivially not satis�ed by any state, and therefore we omit these 
ases inour analysis. 11



algorithm pre0(V)Y := [[false℄℄for e 2 edgesY := Y _ dpre(e; V)endreturn Y
algorithm pre1(U; V)Y := [[false℄℄for (l; g; p) 2 probY0 := [[true℄℄Y1 := [[false℄℄for e 2 edges(l; g; p)Y0 := dpre(e; U) ^ Y0Y1 := dpre(e; V) _ Y1endY := (Y0 ^ Y1) _ Yendreturn YFigure 3: The fun
tions pre0 and pre14.1 Operations on Symboli
 StatesIn this se
tion we extend the time prede
essor and dis
rete prede
essor fun
tions tpre anddpre of [HNSY94, Tri98℄ to probabilisti
 timed automata. For any sets of symboli
 statesU; V � L�Zones(X[Z), 
lo
k x 2 X [ Z and edge (l; g; p;X; l0):x:U def= f(l; [fxg:=0℄� lU) j l 2 LgtpreU(V) def= f(l;.�lU^inv(l) (� lV ^ inv(l)) j l 2 Lgdpre((l; g; p;X; l0); U) def= f(l; g ^ ([X := 0℄� l0U ))g :where � lU = Wf� j (l; �) 2 Ug, i.e � lU is the zone su
h that v; E . � lU if and only if (l; v); E 2 ufor some u 2 U. Furthermore, we de�ne the 
onjun
tion and disjun
tion of sets of symboli
states as follows:U ^ V def= f(l; � lU ^ � lV) j l 2 Lg and U _ V def= f(l; � lU _ � lV) j l 2 Lg :Finally, let [[false℄℄ = ? and [[true℄℄ = f(l; inv(l)) j l 2 Lg, the sets of symboli
 states repre-senting the empty and full state sets respe
tively.4.2 Computing Maximum ProbabilitiesIn this se
tion we review the methods for 
al
ulating the set of states satisfying a formula ofthe form P.�[� U  ℄ whi
h, from (3), redu
es to the 
omputation of pmaxs;E (� U  ) for all stateand formula 
lo
k valuation pairs s; E . Note that, sin
e we 
onsider only non-zeno automata,when 
al
ulating these sets we 
an ignore the restri
tion to divergent adversaries. This issimilar to verifying the same type of properties against (�nite state) probabilisti
 systemswith fairness 
onstraints [BK98℄ and verifying (non-probabilisti
) non-zeno timed automataagainst formulae of the form � 9U  (`there exists a divergent path whi
h satis�es � U  ')[HNSY94℄. 12



algorithm MaxU>0(U; V)Z := [[false℄℄repeatY := ZZ := V _ (U ^ pre0(Y))Z := Z _ tpreU_V(Y)until Z = Yreturn Z
algorithm MaxU>1(U; V)Z0 := [[true℄℄repeatY0 := Z0Z1 := [[false℄℄repeatY1 := Z1Z1 := V _ (U ^ pre1(Y0; Y1))Z1 := Z1 _ tpreU_V(Y0 ^ Y1)until Z1 = Y1Z0 := Z1until Z0 = Y0return Z0Figure 4: MaxU>0 and MaxU>1 algorithmsWe �rst re
all the results for 
omputing maximum qualitative probabilities of �nite stateprobabilisti
 systems, whi
h requires the introdu
tion of the following fun
tions. For a prob-abilisti
 system PS = (S;Steps ;L0) and X;Y � S let:pre0(X) = fs 2 S j 9(s; p)2Steps :9s02X:p(s0)>0gpre1(Y;X) = fs 2 S j 9(s; p)2Steps : (8s02S: (p(s0)>0! s02Y ) ^ 9s02X: p(s0)>0)g :Intuitively, s 2 pre0(X) if one 
an go from s to X with positive probability and s 2 pre1(Y;X)if one 
an go from s to X with positive probability and with probability 1 rea
h Y . Usingthese fun
tions we have the following proposition1.Proposition 13 [dA97℄ If PS = (S;Steps ;L) is a �nite state probabilisti
 system and �;  are PCTL formulae, then� fs 2 S j pmaxs (� U �)>0g equals the �xpoint �X:( _ (� ^ pre0(X)));� fs 2 S j pmaxs (� U  )>1g equals the double �xpoint �Y:�X:( _ (� ^ pre1(Y;X))).We adapt this approa
h to probabilisti
 timed automata. First, using the fun
tion dpre, theanalogues of pre0 and pre1 for the dis
rete transitions of a PTA are given in Figure 3. Ittherefore remains to 
onsider the time transitions of a PTA. For su
h transitions, we musttake into a

ount the state and formula 
lo
k valuation pairs that are passed through astime elapses. More pre
isely, for PTCTL, when using the time prede
essor fun
tion we mustensure that we remain in the set of symboli
 states satisfying �_ , that is, take the timeprede
essor tpre[[�℄℄_[[ ℄℄(�). Following this observation, Figure 4 presents the algorithms for
omputing fs; E j pmaxs;E (� U  )>0g and fs; E j pmaxs;E (� U  )>1g.In the 
ase of 
omputing quantitative maximum probabilities we use the approa
h de-s
ribed in [KNS01℄. The algorithm is given in Figure 5. The key observation is that to1See [BdA95℄ for the de�nitions of PCTL, pmaxs (� U  ) and pmins (� U  ).13



preserve the probabilisti
 bran
hing one must take the 
onjun
tions of symboli
 states gener-ated by edges from the same distribution. Lines 1{4 deal with the initialisation of Z, whi
h isset equal to the set of time prede
essors of V, and the set of edges E(l;g;p) asso
iated with ea
hprobabilisti
 edge (l; g; p) 2 prob. Lines 5{20 generate a �nite-state graph, the nodes of whi
hare symboli
 states, obtained by iterating timed and dis
rete prede
essor operations (line 8),and taking 
onjun
tions (lines 12{17). The edges of the graph are partitioned into the setsE(l;g;p) for (l; g; p) 2 prob, with the intuition that (z; (X; l0); z0) 2 E(l;g;p) 
orresponds to atransition from any state in z to some state in z0 when the out
ome (X; l0) of the probabilisti
edge (l; g; p) is 
hosen. The graph edges are added in lines 11 and 15. The termination of lines5{20 is guaranteed (see [KNS01℄). Line 21 des
ribes the manner in whi
h the probabilisti
edges of the probabilisti
 timed automaton are used in 
ombination with the 
omputed edgesets to 
onstru
t the probabilisti
 transition relation Steps . Finally, in line 22, model 
he
k-ing is performed on the resulting �nite-state probabilisti
 system PS to obtain the maximumprobability of rea
hing tpreU_V(V) for ea
h z 2 Z. Note that we write z 6= ? if and only if zen
odes at least one state and formula 
lo
k valuation pair. The following proposition statesthe 
orre
tness of this algorithm.Proposition 14 For any probabilisti
 timed automaton PTA, 
orresponding timed probabilis-ti
 system TPS = (S;Steps ;L0) and PTCTL formula P.�[� U  ℄, if PS = (Z;Steps) is theprobabilisti
 system generated by MaxU([[�℄℄; [[ ℄℄;& �) then for any s; E 2 S � RjZj :� pmaxs;E (� U  )>0 if and only if s; E 2 tpre[[�_ ℄℄(Z);� if pmaxs;E (� U  )>0, then pmaxs;E (� U  ) equalsmaxnMaxProbRea
h(z; tpre[[�_ ℄℄[[ ℄℄) ��� z 2 Z and s; E 2 tpre[[�_ ℄℄(z)o :Proof. See Appendix A. utCombining the above results we set Until([[�℄℄; [[ ℄℄;. �) equal to:� [[true℄℄ nMaxU>0([[�℄℄; [[ ℄℄) if .=6 and � = 0;� [[true℄℄ nMaxU>1([[�℄℄; [[ ℄℄) if .=< and � = 1;� [[true℄℄ nMaxU([[�℄℄; [[ ℄℄; 6& �) otherwise.As in the 
ase of �nite state probabilisti
 model 
he
king, we 
an use the qualitative algorithmsas pre
omputation algorithms when 
omputing quantitative probabilities. In parti
ular, we
an set Until([[�℄℄; [[ ℄℄;. �), for � 2 (0; 1), equal to:[[true℄℄ nMaxU(MaxU>0([[�℄℄; [[ ℄℄) nMaxU>1([[�℄℄; [[ ℄℄);MaxU>1([[�℄℄; [[ ℄℄); 6& �) :4.3 Computing Minimum ProbabilitiesWe now 
onsider the problem of verifying formulae of the form P&�[� U  ℄ whi
h, using (3),redu
es to 
omputing pmins;E (� U  ) for all state and formula 
lo
k valuation pairs s; E . Asin the 
ases for (non-probabilisti
) timed automata and (�nite-state) probabilisti
 systemswith fairness 
onstraints, when 
onsidering properties whi
h have universal quanti�
ationover paths/adversaries the standard algorithm 
an no longer be applied. For example, for14



algorithm MaxU(U; V;& �)1. Z := tpreU_V(V)2. for (l; g; p) 2 prob3. E(l;g;p) := ?4. end for5. repeat6. Y := Z7. for y 2 Y ^ (l; g; p) 2 prob ^ e = (l; g; p;X; l0) 2 edges(l; g; p)8. z := U ^ dpre(e; tpreU_V(y))9. if (z 6= ?) ^ (z 62 tpreU_V(V))10. Z := Z [ fzg11. E(l;g;p) := E(l;g;p) [ f(z; (X; l0); y)g12. for (�z; ( �X; �l0); �y) 2 E(l;g;p)13. if (z ^ �z 6= ?) ^ (( �X; �l0) 6= (X; l0)) ^ (z ^ �z 62 tpreU_V(V))14. Z := Z [ fz ^ �zg15. E(l;g;p) := E(l;g;p) [ f(z ^ �z; (X; l0); �y); (z ^ �z; ( �X; �l0); y)g16. end if17. end for18. end if19. end for20. until Z = Y21. 
onstru
t PS = (Z;Steps) where (z; �) 2 Steps if and only ifthere exists (l; g; p) 2 prob and E � E(l;g;p) su
h that� (z0; e; z00) 2 E ) z0 = z� (z; e; z0) 6= (z; e0; z00) 2 E ) e 6= e0� E is maximal� �(z0) =Pfj p(X; l0) j (z; (X; l0); z0) 2 E jg 8z0 2 Z22. return WftpreU_V(z) j z 2 Z ^MaxProbRea
h(z; tpreU_V(V)) & �gFigure 5: Algorithm MaxUntil(�; �;& �)any formula 
lo
k z 2 Z, under divergent adversaries the minimum probability of rea
hingz>1 is 1; however, if we remove the restri
tion to time divergent adversaries the minimumprobability is 0.The te
hniques we introdu
e here are based on those for non-probabilisti
 timed automata[HNSY94℄, whi
h we now re
all. In [HNSY94℄, it is shown that verifying � 8U  (`all divergentpaths satisfy � U  ') redu
es to 
omputing the �xpoint:�X:( _ :z:((:X) 9U (:(� _X) _ (z>
))) (4)for any 
 2 N greater than 0. The important point is that the universal quanti�
ation overpaths has been repla
ed by a existential quanti�
ation, allowing one to ignore the restri
tionto time divergen
e in the veri�
ation pro
edure.For the analysis of probabilisti
 timed automata it is 
onvenient to 
onsider, instead of15



until, the dual, release, formula � 9V  (`there exists a divergent path satisfying � V  ').Using (4), it follows that verifying the formula � 9V  
an be performed by 
omputing the�xpoint: �X:( ^ z:(X 9U ((� ^X) _ (z>
)))) : (5)Now, from the semanti
s of PTCTL and the duality � U  � :(:� V : ), we have, for anystate s of TPSPTA and formula 
lo
k valuation E :pmins;E (� U  ) = infA2AdvTPS pAs;E(:(:� V : ))= infA2AdvTPS 1� pAs;E(:� V : )= 1� supA2AdvTPS pAs;E(:� V : )= 1� pmaxs;E (:� V : ) :Therefore, to verify P&�[� U  ℄, it suÆ
es to 
al
ulate pmaxs;E (:� V : ) for all state and for-mula 
lo
k valuation pairs. In the 
ase when �=1, by repla
ing the 9 operator with :P<1[�℄in (5), we arrive at the following proposition.Proposition 15 For any positive 
 2 N and PTCTL formulae �;  , if z 2 Z does notappear in either � or  , then the set fs; E j pmaxs;E (� V  )>1g is given by the �xpoint �X:( ^z::P<1[X U ((X ^ �) _ z>
)℄).Proof. Consider any positive 
 2 N, PTCTL formulae �;  , and z 2 Z su
h that z does notappear in either � or  . To ease notation we let:pmax>1 (� V  ) = fs; E j pmaxs;E (� V  ) > 1g ;and prove the proposition by showing:1. the set pmax>1 (� V  ) is a �xpoint of G1(�; 
);2. if G1(Y; 
) = Y , then Y � pmax>1 (� V  )where G1(X; 
) =  ^ z::P<1[X U ((X ^ �) _ z>
)℄. First, sin
e, for any X � S � RjZj ,X � [[z::P<1[X U ((X ^ �) _ z>
)℄℄℄ it follows that: X � G1(X; 
) for all X � S � RjZj .Therefore, to prove that pmax>1 (� V  ) is a �xpoint it is suÆ
ient to show that:G1� pmax>1 (� V  ); 
 � � pmax>1 (� V  ) :Now, by de�nition of � V  (see Se
tion 3.3) we have that:� For any s; E 2 S �RjZj , if s; E j= �^ , then !; E j= � V  for all paths ! 2 Path ful (s),and hen
e s; E j= �^ implies s; E 2 pmax>1 (� V  ). It follows that s; E j= (�^ ) _ z>
implies s; E j= � pmax>1 (� V  ) ^ � � _ z>
 and therefore, using Lemma 10, for any s; E 2S � RjZj : s; E j= z::P<1 � pmax>1 (� V  ) U ((� ^  ) _ z>
) �) s; E j= z::P<1 � pmax>1 (� V  ) U ��pmax>1 (� V  ) ^ �� _ z>
� � : (6)16



� For any s; E 2 S � RjZj and ! 2 Path ful (s), if !; E j= � V  , then s; E j=  , and hen
e:s; E 2 pmax>1 (� V  ) ) s; E j=  : (7)� As the satisfa
tion of PTCTL is with respe
t to divergent adversaries, for any s; E 2pmax>1 (� V  ), there exists an adversary A su
h that, from s; E with probability 1, oneremains in pmax>1 (� V  ) until either a state satisfying � ^  is rea
hed or more than
 time units pass. Therefore, sin
e the 
lo
k z does not appear in � or  , for anys; E 2 S � RjZj :s; E 2 pmax>1 (� V  ) ) s; E [z := 0℄ j= :P<1 � pmax>1 (� V  ) U ((� ^  ) _ z>
)� : (8)By de�nition of G1:G1(pmax>1 (� V  ); 
) =  ^ z::P<1 � pmax>1 (� V  ) U ��� ^ pmax>1 (� V  )� _ z>
� ��  ^ z::P<1 � pmax>1 (� V  ) U ((� ^  ) _ z>
) � by (6)�  ^ pmax>1 (� V  ) by (8) and De�nition 9= pmax>1 (� V  ) by (7)and hen
e pmax>1 (� V  ) is a �xpoint of G1(X; 
).To 
omplete the proof it remains to show that, if G1(Y; 
) = Y , then Y � pmax>1 (� V  )whi
h we prove by 
ontradi
tion. Therefore, suppose that there exists a of states Y su
h thatG1(Y; 
) = Y and pmax>1 (� V  ) � Y . Now for any s; E 2 Y n pmax>1 (� V  ), and adversary A,under A starting from s; E the probability of satisfying � V  is less than 1, and thereforethe probability of satisfying the dual formula :� U : is greater than 0. It then follows thatthere exists a path ! 2 PathAful (s) su
h that !; E j= :� U : , and sin
e z does not appearin either � or  , !; E [z := 0℄ j= :� U : . Hen
e, there exists some duration tA su
h that atsome point along this path : ^ (z = tA) is true and at all pre
eding points :�_: is true.However, sin
e s; E 2 Y , and therefore s; E 2 G1(Y; 
) it follows that there exists anadversary su
h that with probability 1 from s; E [z := 0℄ one remains in Y while z 6 
 unlessa state in Y whi
h satis�es � is rea
hed. Sin
e the above holds for any s0; E 0 2 Y and z doesnot appear in � or  , iterating the above result, we have that for any n 2 N we 
an 
onstru
tan adversary A0 su
h that, for any n 2 N, under A0 from s; E one remains in Y while z 6 n � 
unless a state in Y whi
h satis�es � is rea
hed. Furthermore, sin
e Y = G1(Y; 
) it followsthat Y �  , and hen
e under A0, for any n 2 N, with probability 1, from s; E one remainsin states satisfying  while z 6 n � 
 unless a state satisfying � ^  is rea
hed. From above,there exists some duration tA0 and path !0 2 PathA0ful (s) su
h that at some point along thispath : ^ (z = tA) is true and at all pre
eding points :�_: is true. However, 
onsideringany n su
h that n � 
 > tA (whi
h exists sin
e 
 > 0) leads to a 
ontradi
tion. utThe algorithm for 
al
ulating the set fs; E j pmaxs;E (� V  )>1g follows from Proposition 15and is given in Figure 6. Note that we 
annot use the same approa
h for 
al
ulating the setfs; E j pmaxs;E (� V  )>0g, i.e. in (5) repla
e 9 with :P60[�℄. This is be
ause the greatest �xpointin this 
ase yields the set of state and formula 
lo
k valuation pairs for whi
h, under somedivergent adversary, there exists a path whi
h satis�es � V  , whi
h does not imply that theprobability of satisfying � V  is greater than zero.Instead, we employ the following proposition, whi
h together with Proposition 15 providesus with a method for verifying P&�[� U  ℄ when � 2 [0; 1).17



algorithm MaxV>1(
; U; V)Z:=[[true℄℄repeatY:=ZZ:=V ^ z:MaxU>1(Y; (U^Y) _ [[z>
℄℄)until Z = Yreturn Z
algorithm NonZenoZ:=[[true℄℄repeatY:=ZZ:=z:MaxU>1([[true℄℄; Y^ [[z=1℄℄)until Z = Yreturn Z0Figure 6: MaxV>1(
; U; V) and NonZeno algorithmsProposition 16 For any probabilisti
 timed automata PTA, 
orresponding timed probabilisti
system TPS = (S;Steps ;L0), s 2 S, formula 
lo
k valuation E 2 RjZj and PTCTL formulae�;  : pmaxs;E (� V  ) = pmaxs;E ( U :P<1[� V  ℄) :Proof. Consider any PTCTL formulae � and  and let Amax be an adversary su
h that forany s; E 2 S � RjZj :pAmaxs;E ( U ( ^ �) _ :P<1[2(:�^ )℄) = pmaxs;E ( U ( ^  ) _ :P<1[2(:�^ )℄)and if one rea
hes any s0; E 0 satisfying :P<1[2(:�^ )℄, then Amax behaves like the adversaryA for whi
h: pAs0;E 0(2 (:� ^  )) = pmaxs;E (2(:� ^  )) = 1sin
e s0; E 0 j= :P<1[2(:�^ )℄. Note that, this adversary is well de�ned (and divergent) sin
efor any adversary A, on
e a state satisfying :P<1[2(:�^ )℄ is rea
hed, the behaviour of A hasno in
uen
e on the probability of satisfa
tion of the formula  U ( ^  ) _ :P<1[2(:�^ )℄.Furthermore, for any s0; E 0 su
h that pmaxs;E (2(:� ^  )) = 1, the fa
t that there exists anadversary A su
h that pAs;E(2(:� ^  )) = 1 follows from Proposition 15.Now, sin
e for any s; E 2 S � RjZj and A 2 AdvTPS we have pAs;E(2 (:�^ )) = 1 if andonly if !; E j= 2 (:�^ ) for all ! 2 PathAful (t), it follows from the 
onstru
tion of Amax that,for any s; E 2 S � RjZj and path ! 2 PathAmaxful (s), if !; E j=  U (� ^  ) _ :P<1[2(:�^ )℄,then !; E j= � V  . Therefore, for all s; E 2 S � RjZj :pAmaxs;E ( U (� ^  ) _ :P<1[2(:�^ )℄) 6 pAmaxs;E (� V  ) ;and hen
e, by the de�nition of Amax, it follows thatpmaxs;E ( U (� ^  ) _ :P<1[2(:�^ )℄) 6 pmaxs;E (� V  ) 8s; E 2 S � RjZj : (9)On the other hand, from Lemma 12 and the fa
t that for any s; E 2 S � RjZj and adversaryA: pAs;E(2(:�^ )) = 1 implies s; E j= :P<1[2(:�^ )℄ we have for any adversary A ands; E 2 S�RjZj : pAs;E( U ( ^ )_:P<1[2(:�^ )℄) > pAs;E(� V  ), and hen
e it follows that:pmaxs;E ( U (� ^  ) _ :P<1[2(:�^ )℄) > pmaxs;E (� V  ) 8s; E 2 S � RjZj : (10)18



Combining (9) and (10) we have:pmaxs;E ( U (� ^  ) _ :P<1[2(:�^ )℄) = pmaxs;E (� V  ) 8s; E 2 S � RjZj : (11)Now using (11) we have s; E j= :P<1[ U (� ^  ) _ :P<1[2(:�^ )℄℄ if and only if s; E j=:P<1[� V  ℄, and sin
e for any formulae �1; �2 and s; E 2 S � RjZj :pmaxs;E (�1 U �2) = pmaxs;E (�1 U :P<1[�1 U �2℄) ;using (11) again, we have:pmaxs;E ( U :P<1[� V  ℄) = pmaxs;E (� V  ) :as required. utCombining the above results, we set Until([[�℄℄; [[ ℄℄;& �) to:� [[true℄℄ nMaxV>1(
; [[:�℄℄; [[: ℄℄) if & = > and �=0;� [[true℄℄ nMaxU>0([[: ℄℄;MaxV>1(
; [[:�℄℄; [[: ℄℄)) if & = > and �=1;� [[true℄℄ nMaxU([[: ℄℄;MaxV>1(
; [[:�℄℄; [[: ℄℄);> 1��) if & = > and � 2 (0; 1);� [[true℄℄ nMaxU([[: ℄℄;MaxV>1(
; [[:�℄℄; [[: ℄℄); > 1��) if & = > and � 2 (0; 1).4.4 Che
king Non-ZenonessWe now 
onsider how to 
he
k that the probabilisti
 timed automaton under study is non-zeno. In the non-probabilisti
 
ase 
he
king non-zenoness 
orresponds to �nding the greatest�xpoint �X:(z:(true 9U ((z=1)^X))). For probabilisti
 timed automata, we 
an repla
e9 with :P<1[�℄, i.e repla
e `there exists a path that rea
hes (z=1) ^ X' with `there existsan adversary whi
h rea
hes (z=1) ^ X with probability 1'. Following this approa
h, thealgorithm for 
al
ulating the set of non-zeno states is given in Figure 6. A probabilisti
 timedautomata is then non-zeno if and only if the algorithm NonZeno returns the set of symboli
states [[true℄℄. Formally, we have the following proposition.Proposition 17 A probabilisti
 timed automaton PTA is non-zeno if and only if f(l; inv (l) j l 2Lg equals the �xpoint �X:(z::P<1[true U ((z=1) ^X)℄).Proof. Consider any probabilisti
 timed automata PTA and suppose that PSPTA = (S;Steps ;L)is the 
orresponding timed probabilisti
 system. To ease notation we let:Snz = �s 2 S ��ProbAs f! 2 PathAful (s) j! is divergentg = 1 for some adversary A 	 :We prove the proposition by showing that:1. the set Snz is a �xpoint of Gnz(�);2. if Gnz(Y ) = Y , then Y � Snz
19
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Figure 7: Probabilisti
 system PS generated by the algorithm MaxUwhere Gnz(X) = z::P>1[true U (z=1) ^ X℄. First, Snz � Gnz(Snz), and therefore to proveSnz is a �xpoint of Gnz it remains to show that Snz � Gnz(Snz). Considering any s 2 Gnz(Snz),by de�nition of Gnz there exists an adversary A under whi
h, with probability 1, from s onerea
hes a state in Snz after 1 time unit. Therefore 
onsidering the adversary whi
h behavesas A ex
ept that when a state in Snz is rea
hed, and in su
h a 
ase the adversary lets timediverge with probability 1 (su
h 
hoi
es exists by the de�nition of Snz). It follows that, underthis adversary, time diverges from s with probability 1, and hen
e s 2 Snz as required.It therefore remains to show that, if Gnz(Y ) = Y , then Y � Snz whi
h we prove by
ontradi
tion. Therefore, suppose that there exists Y su
h that Gnz(Y ) = Y and Y � Snz.Now, by de�nition of Snz, if s 2 Y n Snz there does not exist an adversary for whi
h timediverges from s with probability 1. However, sin
e Gnz(Y ) = Y , there exists an adversary forwhi
h with probability 1 one rea
hes a state in Y after 1 time unit. Iterating this fa
t, wehave that for any n 2 N, there exists an adversary whi
h with probability 1 rea
hes a statein Y after n time units. Therefore s 2 Snz whi
h is a 
ontradi
tion. utSimilarly to [HNSY94℄, the algorithm 
an be used to 
onvert a `zeno' probabilisti
 timedautomaton into a non-zeno automaton by strengthening invariants. More pre
isely, supposingNonZeno returns Z, we 
an 
onstru
t a new invariant 
ondition by letting invnz(l) = � lZ forea
h lo
ation l of the automaton under study.4.5 ExampleWe now return to the PTA in Figure 1 and verify the property z:P>�[� U  ℄, where � = trueand  = (sr^ z<6), whi
h involves 
omputing the set of states for whi
h minimal probabilityof a message being 
orre
tly delivered before 6 time units have elapsed is greater than �.In parti
ular, we 
onsider this minimum probability when starting from the lo
ation di withthe 
lo
k x equal to 0. In parti
ular, we 
onsider the minimum probability of 
orre
tlydelivering before 6 time units have elapsed starting from the lo
ation di with the 
lo
k xequal to 0. In this example, we do not distinguish between the name of a lo
ation and theatomi
 proposition with whi
h it is labelled. A

ording to our methodology, the set of statessatisfying P>�[� U  ℄ is given by the following set of symboli
 states:[[true℄℄ nMaxU([[: ℄℄;MaxV>1(
; [[:�℄℄; [[: ℄℄);> 1��) :20



Next, applying MaxU([[: ℄℄; Z;> 1��) returns the probabilisti
 system PS given in Figure 7(for details on the 
omputations performed by MaxU see Appendix D), from whi
h we �ndthat, using Proposition 14, starting from di with x equal to 0, the maximum probability ofsatisfying : U (:P<1[:� V : ℄) is 0.005 (
orresponding to the maximum probability for(di; 16x62) in PS). Therefore, using Proposition 16, starting from di with x equal to 0, theminimum probability of 
orre
tly delivering before 6 time units have elapsed is 1�0:005 =0:995.5 Con
lusionsWe have presented the theoreti
al foundations for the symboli
 model-
he
king of probabilisti
timed automata and PTCTL. For quantitative formulas, our algorithm is expensive, as, inthe worst 
ase, the MaxU algorithm 
onstru
ts a powerset of the region graph, whi
h itselfis exponential in the largest 
onstant used in zones and number of 
lo
ks. However, weexpe
t this 
ase to arise rarely in pra
ti
e. Note that we do not 
onstru
t a partition of thestate spa
e, but rather a set of overlapping symboli
 states to avoid potentially expensivedisjun
tion operations on zones within MaxU. Future work will address the implementationof the presented algorithms, and adaptations to probabilisti
 polyhedral hybrid automata andsymboli
 probabilisti
 systems [KNS01℄.Finally, observe that many of the results are relevant to other veri�
ation methods forprobabilisti
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A Proof of Proposition 14Before we give the proof we require a number of de�nitions and lemmas. First, for anyadversary A of a probabilisti
 timed automaton PTA we introdu
e the sequen
e of fun
tions(UAn )n2N . Intuitively, for s; E 2 S�RjZj , the value UAn (�;  ; s; E) equals the probability ofrea
hing from s; E , under the adversary A, a state whi
h satis�es  in at most n dis
retetransitions, while passing through only � states. Sin
e adversaries 
an 
hoose on the basis ofhistory, we de�ne UAn over paths, then restri
t to the 
ase of states (paths of length 0).De�nition 18 Let PTA be a probabilisti
 timed automaton and TPS the 
orresponding timedprobabilisti
 system. For any PTCTL formulae �;  , adversary A 2 AdvTPS, E 2 RjZj and�nite path ! 2 PathA�n where last(!) = (l; v) and A(!) = (t; �):� if t > 0, � = �(l;v+t) and there exists t0 6 t su
h that (l; v+t0); E+t0 j=  and(l; v+t00); E+t00 j= � _  for all t00 6 t0, then UA0 (�;  ; (l; v); E) = 1;� else if t = 0 and (l; v); E j=  , then UA0 (�;  ; !; E) = 1;� otherwise, UA0 (�;  ; !; E) = 0.and for any n > 0:� if t > 0, � = �(l;v+t) and there exists t0 6 t su
h that (l; v+t0); E+t0 j=  and(l; v+t00); E+t00 j= � _  for all t00 6 t0, then UAn+1(�;  ; !; E) = 1;� else if t > 0, � = �(l;v+t) and (l; v+t0); E + t0 j= � ^ : for all t0 6 t, thenUAn+1(�;  ; !; E) = UAn (�;  ; ! t;���! (l; v+t); E+t)� else if t = 0 and (l; v); E j= � ^ : , thenUAn+1(�;  ; !; E) = P(l0;v0)2Q�(l0; v0) �UAn (�;  ; ! t;p�! (l0; v0); E)� otherwise, let UAn+1(�;  ; !; E) = 0.Lemma 19 For any probabilisti
 timed automaton PTA, 
orresponding timed probabilisti
system PS, A 2 AdvTPS, s; E 2 S�RjZj and PTCTL formulae � and  : the sequen
ehUAn (�;  ; s; E)in2N is an in
reasing in [0; 1℄ and 
onverges to pAs;E(� U  ).Next, for any adversary B of a probabilisti
 system PS, we de�ne a sequen
e of fun
tions(RBn )n2N , where RBn (F; s) equals the probability, of rea
hing, from s under the adversary B,a state in F in at most n steps.De�nition 20 Let PS = (S;Steps ;L0) be a probabilisti
 system PS. For any subset of statesF , adversary B 2 AdvPS and � 2 PathB�n , if last(�) = s and B(�) = �, let:RB0 (F; �) = � 1 if s 2 F0 otherwiseand for any n > 0:RBn+1(F; �) = 8<: 1 if s 2 FPs02S �(s0) �RBn (F; � ��! s0) otherwise:24



Lemma 21 For any probabilisti
 system PS = (S;Steps ;L), adversary B 2 AdvPS, states 2 S and subset of states F � S: hRBn (F; s)in2N is an in
reasing sequen
e in [0; 1℄ whi
h
onverges to MaxProbRea
h(s; F ).We are now in a position to prove Proposition 14 whi
h states:For any probabilisti
 timed automaton PTA and PTCTL formula P.�[� U  ℄, if PS = (Z;Steps)is the probabilisti
 system generated by MaxU([[�℄℄; [[ ℄℄;& �) then for any s; E 2 S � RjZj :� pmaxs;E (� U  )>0 if and only if s; E 2 tpre[[�_ ℄℄(Z);� if pmaxs;E (� U  )>0, then pmaxs;E (� U  ) equalsmaxnMaxProbRea
h(z; tpre[[�_ ℄℄[[ ℄℄) ��� z 2 Z and s; E 2 tpre[[�_ ℄℄(z)o :Proof of Proposition 14. We split the proof into proving a sequen
e of properties: (a),(b), (
) and (d). First 
onsider the following:(a) If (z; (X; l0); z0) 2 E(l;g;p) and (l; v); E 2 z, then (l; v); E j= � _  , v . inv(l), v . g, and(l0; v[X:=0℄); E 2 tpre[[�_ ℄℄(z0).The result follows from the de�nition of dpre and tpre. Next we prove that the following
ondition holds.(b) For any s; E 2 S�RjZj , pmaxs;E (� U  ) > 0 if and only if s; E 2 tpre[[�_ ℄℄(Z).The proof follows by indu
tion on the shortest path to rea
h a state satisfying  passingthrough only � states.The main step in the proof involves showing the following 
orresponden
e between the valuesof UAn for A 2 AdvTPS and RBn for B 2 AdvPSZ for all n 2 N.(
) For any B 2 AdvPSZ , z 2 Z and (l; v); E 2 tpre[[�_ ℄℄(z), there exists A 2 AdvTPS su
hthat: UA2n(�;  ; (l; v); E) > RBn (tpre[[�_ ℄℄[[ ℄℄; z).(d) For any A 2 AdvTPS and (l; v); E 2 S�RjZj , if pmax(l;v);E(� U  ) > 0, then z 2 Z and B 2AdvPSZ su
h that (l; v); E 2 tpre[[�_ ℄℄(z) and RBn (tpre[[�_ ℄℄[[ ℄℄; z) > UAn (�;  ; (l; v); E).It follows from (b), Lemma 19 and Lemma 21 that to prove Proposition 14 it is suÆ
ient toshow that (
) and (d) hold. We now prove (
) and (d) by indu
tion on n 2 N.Proof of (
). Consider any B 2 AdvPSZ , z 2 Z and (l; v); E 2 tpre[[�_ ℄℄(z). If n = 0, then byDe�nition 20 we have the following two 
ases to 
onsider.� If RB0 (tpre[[�_ ℄℄[[ ℄℄; z) = 1, then z 2 tpre[[�_ ℄℄[[ ℄℄ and by de�nition of tpre there existst 2 R su
h that (l; v+t); E+t j=  and (l; v+t0); E+t0 j= � _  for all t0 6 t0, thereforeletting A be the adversary su
h that A(l; v) = (t; Æ(l;v+t)), it follows that:UA2�0(�;  ; (l; v); E) = UA0 (�;  ; (l; v); E) = 1 = RB0 (tpre[[�_ ℄℄[[ ℄℄; z) :25



� If RB0 (tpre[[�_ ℄℄[[ ℄℄; z) = 0, then 
hoosing any A 2 AdvTPS we have:UA2�0(�;  ; (l; v); E) = UA0 (�;  ; (l; v); E) > 0 = RB0 (tpre[[�_ ℄℄[[ ℄℄; z) :Next, suppose that (
) holds for some n 2 N and 
onsider UA2(n+1)(�;  ; (l; v); E). If z 2tpre[[�_ ℄℄([[ ℄℄) the result follows as in the 
ase for n = 0. We are therefore left to 
onsider the
ase when z 62 tpre[[�_ ℄℄([[ ℄℄).By 
onstru
tion, B(z) = � for some (z; �) 2 Steps , and from the 
onstru
tion of PSZ, thereexists (l; g; p) 2 prob and set of edges E� � E(l;g;p) su
h that for any z0 2 Z:�(z0) = X(z;(X;l0);z0)2E� p(X; l0):If B0 is the adversary su
h that RB0n (tpre[[�_ ℄℄[[ ℄℄; z0) = RBn (tpre[[�_ ℄℄[[ ℄℄; z ��! z0), then fromDe�nition 20 and the 
onstru
tion of � we have:RBn+1(tpre[[�_ ℄℄[[ ℄℄; z) = Xz02Z �(z0) �RB0n (tpre[[�_ ℄℄[[ ℄℄; z0)= X(z;(X;l0);z0)2E� p(X; l0) �RBn+1(tpre[[�_ ℄℄[[ ℄℄; z0) : (12)Sin
e (l; v); E 2 tpre[[�_ ℄℄(z), it follows that there exists t 2 R su
h that (l; v+t); E+t 2 zand ((l; v); (t; Æ(l;v+t))) 2 prob . Now, for any (z; (X; l0); z0) 2 E� using (a) we have that(l0; (v+t)[X:=0℄); E+t 2 tpre[[�_ ℄℄(z0). Therefore, by indu
tion, for any e = (z; (X; l0); z0) 2 E�there exists Ae 2 AdvTPS su
h that:UAe2n (�;  ; (l0; (v+t)[X:=0℄); E + t) > RB0n (tpre[[�_ ℄℄[[ ℄℄; z0) : (13)Let A 2 AdvTPS be the adversary su
h that� A(l; v) = (t; Æ(l;v+t));� A�(l; v) t;Æ(l;v+t)�����! (l; v+t)� = (0; �p) where for any (l0; v0) 2 S:�p(l0; v0) = XX�X &v0=(v+t)[X:=0℄ p(X; l0);� for any e = (z; (X; l0); z0) 2 E�:A�(l; v) t;Æ(l;v+t)�����! (l; v+t[X:=0℄) 0;���! (l0; (v+t)[X:=0℄)� = Ae(l0; (v+t)[X:=0℄) :
26



Note that, the existen
e of the above distributions follows from De�nition 7. It then followsfrom De�nition 18 and the 
onstru
tion of A that:UA2(n+1)(�;  ; (l; v); E) = X(X;l0)2edges(p) p(X; l0) �UA(X;l0)2n (�;  ; (l0; (v+t)[X:=0℄); E+t)> X(z;(X;l0);z0)2E� p(X; l0) �UA(X;l0)2n (�;  ; (l0; (v+t)[X:=0℄); E+t) by de�nition of E�> X(z;(X;l0);z0)2E� p(X; l0) �RBn (tpre[[�_ ℄℄[[ ℄℄; z0) by (13)= RBn+1(tpre[[�_ ℄℄[[ ℄℄; z) by (12)and sin
e z and B are arbitrary, (
) holds by indu
tion.Proof of (d). Consider any A 2 AdvTPS and (l; v); E 2 S�RjZj su
h that pmax(l;v);E (� U  ) > 0.If n = 0, then by De�nition 18 we have the following two 
ases to 
onsider.� If UA0 (�;  ; (l; v); E) = 1, then there exists t 2 R su
h that (l; v+t); E+t j=  and(l; v+t0); E+t0 j= � _  for all t0 6 t. By de�nition of tpre it follows that (l; v); E 2tpre[[�_ ℄℄[[ ℄℄, and hen
eRB0 (tpre[[�_ ℄℄[[ ℄℄; z) = 1 = UA0 (�;  ; (l; v); E) :� If UA0 (�;  ; (l; v); E) = 0, then the result follows by 
hoosing any B 2 AdvPSZ and z 2 Zsu
h that (l; v); E 2 tpre[[�_ ℄℄(z) (the existen
e of z follows from (b)).Now suppose that (d) holds from some n 2 N. If UAn+1(�;  ; (l; v); E) = 0, then the re-sult follows as in the 
ase when n = 0. It therefore remains to 
onsider the 
ase whenUAn+1(�;  ; (l; v); E) > 0 and from De�nition 18 we have the following 
ases to 
onsider.� If A(l; v) = (t; Æ(l;v+t)) su
h that (l; v+t); E+t j=  and (l; v+t0); E+t0 j= � _  for allt0 6 t the result follows similarly to when n = 0.� If A(l; v) = (t; Æ(l;v+t)) su
h that (l; v+t0); E+t0 j= � ^ : for all t0 6 t, thenUAn+1(�;  ; (l; v); E) = UAn (�;  ; (l; v+t); E+t) :and the result follows by indu
tion and Lemma 21.� If A(l; v) = (0; �), then by De�nition 18 we have:UAn+1(�;  ; (l; v); E) = X(l0;v0)2S �(l0; v0) �UAn (�;  ; (l; v) t;p�! (l0; v0); E)and (l; v); E j= �^ . Now, from De�nition 7, there exists (l; g; p) 2 prob su
h that v . gand for any (l0; v0) 2 S: �(l0; v0) = XX�X &v0=v[X:=0℄ p(X; l0) :27



Letting A(l0;X) be the adversary su
h that A(l0;X)(l0; v[X:=0℄) = A((l; v) 0;���! (l0; v[X:=0℄)),it follows from above that:UAn+1(�;  ; (l; v); E) = X(X;l0)2support(p) p(X; l0) �UA(l0;X)n (�;  ; (l0; v[X:=0℄); E) (14)Now 
onsider any (l0;X) 2 support(p) su
h that UA(l0;X)n (l0; v[X:=0℄); E) > 0, then byde�nition (l; g; p;X; l0) 2 edges and by indu
tion and Lemma 19 there exists (l0; � 0l0;X) 2 Zand adversary B(l0;X) su
h thatRB(l0 ;X)n (tpre[[�_ ℄℄[[ ℄℄; (l0; � 0l0;X)) > UA(l0;X)n (�;  ; (l0; v[X:=0℄); E) (15)and (l0; v[X:=0℄); E 2 tpre[[�_ ℄℄(l0; � 0l0;X). Letting:(l; �l0;X) = dpre((l; g; p;X; l0); tpre[[�_ ℄℄(l0; � 0l0;X));sin
e (l; v); E j= � ^  , it follows that ((l; �l0;X); (X; l0); (l0; � 0l0;X)) 2 E(l;g;p), (l; �l0;X) 2 Zand (l; v); E 2 (l; �l0;X). Therefore, from the 
onstru
tion of PS setting z equal to:�l;^f�l0;X j (l0;X) 2 support(p) and pmax(l0;v[X:=0℄);E(� U  ) > 0g�we have z 2 Z and (l; v) 2 z. Furthermore, by 
onstru
tion of PS there exists (z; �) 2Steps su
h that for any z0 2 Z:�(z0) > X(l0;X)2support(p); �0=�l0;X&UA0n (�; ;(l0;v[X:=0℄);E)>0 p(X; l0): (16)Now, setting B to be the adversary of PS su
h that B(z) = � and B(z ��! (l0; � 0l0;X)) =B(l0;X)(l0; � 0l0;X), by De�nition 20 we have:RBn+1(tpre[[�_ ℄℄[[ ℄℄; z) = Xz02Z �(z0) �RBn (tpre[[�_ ℄℄[[ ℄℄; z ��! z0)> X(l0;X)2support(p)&UA0n (l0;v[X:=0℄);E)>0 p(s;X) �RBn (tpre[[�_ ℄℄[[ ℄℄; z ��! (l0; � 0l0;X)) by (16)= X(l0;X)2support(p)&UA0n (l0;v[X:=0℄);E)>0 p(s;X) �RB(l0 ;X)n (tpre[[�_ ℄℄[[ ℄℄; (l0; � 0l0;X)) by 
onstru
tion> X(l0;X)2support(p)&UA0n (l0;v[X:=0℄);E)>0 p(s;X) �UA(l0;X)n (�;  ; (l0; v[X:=0℄); E) by (15)= X(l0;X)2support(p) p(s;X) �UA(l0;X)n (�;  ; (l; v[X:=0℄); E) rearranging= UAn+1(�;  ; (l; v); E) by (14).Sin
e these are all the 
ases to 
onsider (d) holds by indu
tion as required. ut28



B MaxV>1(
; [[false℄℄; [[si_di_z>6℄℄)Z := [[true℄℄repeatY := ZZ := [[si_di_z>6℄℄ ^ y:MaxU>1(Y; ([[false℄℄ ^ Y)_[[y>
℄℄)= [[si_di_z>6℄℄ ^ y:MaxU>1([[true℄℄; [[y>
℄℄)= [[si_di_z>6℄℄Y := ZZ := [[si_di_z>6℄℄ ^ y:MaxU>1(Y; ([[false℄℄ ^ Y)_[[y>
℄℄)= [[si_di_z>6℄℄ ^ y:MaxU>1(Y; [[y>
℄℄)= [[si_di_z>6℄℄ ^ y:f(sr; z>6_y>
); (si; x63^(z>x+3_y>x+
�3)); (di; x62^(z>x+4_y>x+
�2))g= f(sr; z>6); (si; x63^(z>x+3_x<3�
)); (di; x62^(z>x+4_x<2�
))gY := ZZ := [[si_di_z>6℄℄ ^ y:MaxU>1(Y; ([[false℄℄ ^ Y)_[[y>
℄℄)= [[si_di_z>6℄℄ ^ y:MaxU>1(Y; [[y>
℄℄)= [[si_di_z>6℄℄ ^ y:f(sr; z>6_y>
); (si; x63^(z>x+3_y>
_y>x+2�
�3)); (di; x62^(z>x+4_y>
_y>x+2�
�2))g= f(sr; z>6); (si; x63^(z>x+3_x<3�2�
)); (di; x62 ^ (z>x+4_x<2�2�
))grepeating n� 2 times su
h that n�
 > 3 and (n�1)�
 < 3 (whi
h exists as 
> 0)Y := ZZ := [[si_di_z>6℄℄ ^ y:MaxU>1(Y; ([[false℄℄ ^ Y)_[[y>
℄℄)= [[si_di_z>6℄℄ ^ y:MaxU>1(Y; [[y>
℄℄)= [[si_di_z>6℄℄ ^ y:f(sr; z>6_y>
); (si; x63^(z>x+3_y>
_y>x+n�
�3)); (di; x62^(z>x+4_y>
_y>x+n�
�2))g= f(sr; z>6); (si; x63^(z>x+3_x<3�n�
)); (di; x62^(z>x+4_x<2�n�
))g= f(sr; z>6); (si; x63^z>x+3); (di; x62^z>x+4)gendrepeat
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C MaxU>1([[si_di_z>6℄℄; [[y>
℄℄)Z0 := [[true℄℄repeatY0 := Z0Z1 := [[false℄℄repeatY1 := Z1Z1 := [[y>
℄℄_([[si_di_z>6℄℄ ^ pre1(Y0; Y1)) = [[y>
℄℄_([[si_di_z>6℄℄ ^ [[false℄℄)Z1 := Z1_tpre[[si_di_z>6℄℄_[[y>
℄℄(Y0^Y1) = Z1_[[false℄℄ = [[y>
℄℄Y1 := Z1Z1 := [[y>
℄℄_([[si_di_z>6℄℄ ^ pre1(Y0; Y1)) = [[y>
℄℄_([[si_di_z>6℄℄^f(si; 26x63^y>
); (di; 16x62^y>
)g)Z1 := Z1_tpre[[si_di_z>6℄℄_[[y>
℄℄(Y0^Y1) = Z1_f(sr; z>6_y>
); (si; x63^y>x+(
�3)); (di; x62^y>x+(
�2))g= f(sr; z>6_y>
); (si; x63^y>x+(
�3)); (di; x62^y>x+(
�2))gY1 := Z1Z1 := [[y>
℄℄_([[si_di_z>6℄℄ ^ pre1(Y0; Y1))= [[y>
℄℄_([[si_di_z>6℄℄ ^ f(si; 26x63 ^ (y>
�3_z>6)); (di; 16x62 ^ (y>
�3_z>6))g)Z1 := Z1_tpre[[si_di_z>6℄℄_[[y>
℄℄(Y0^Y1) = Z1_f(sr; z>6_y>
); (si; x63^y>x+(
�3)); (di; x62^y>x+(
�2))g= f(sr; z>6_y>
); (si; (26x63 ^ (y>
�3_z>6))_(x63 ^ y>x+(
�3));(di; (16x62 ^ (y>
�3_z>6))_(x62 ^ y>x+(
�2))gY1 := Z1Z1 := [[y>
℄℄_([[si_di_z>6℄℄ ^ pre1(Y0; Y1))= [[y>
℄℄_([[si_di_z>6℄℄ ^ f(si; 26x63 ^ (y>
�3_z>6)); (di; 16x62 ^ (y>
�3_z>6))g)Z1 := Z1_tpre[[si_di_z>6℄℄_[[y>
℄℄(Y0^Y1)= Z1_f(sr; z>6_y>
); (si; x63 ^ (y>x+
�6_z>x+3); (di; x62 ^ (y>x+
�5_z>x+4))g= f(sr; z>6_y>
); (si; x63 ^ (y>x+
�6_z>x+3); (di; x62 ^ (y>x+
�5_z>x+4))gY1 := Z1Z1 := [[y>
℄℄_([[si_di_z>6℄℄ ^ pre1(Y0; Y1))= [[y>
℄℄_([[si_di_z>6℄℄ ^ f(si; 26x63 ^ (y>
�6_z>3)); (di; 16x62 ^ (y>
�6_z>3))g)Z1 := Z1_tpre[[si_di_z>6℄℄_[[y>
℄℄(Y0^Y1)= Z1_f(sr; z>6_y>
); (si; x63 ^ (y>x+
�6_z>x+3); (di; x62 ^ (y>x+
�5_z>x+4))g= f(sr; z>6_y>
); (si; (26x63 ^ (y>
�6_z>3)))_(x63 ^ (y>x+
�6_z>x+3)));(di; (16x62 ^ (y>
�6_z>3))_(x62 ^ (y>x+
�5_z>x+4)))gY1 := Z1Z1 := [[y>
℄℄_([[si_di_z>6℄℄ ^ pre1(Y0; Y1))= [[y>
℄℄_([[si_di_z>6℄℄ ^ f(si; 26x63 ^ (y>
�6_z>3)); (di; 16x62 ^ (y>
�6_z>3))g)Z1 := Z1_tpre[[si_di_z>6℄℄_[[y>
℄℄(Y0^Y1)= Z1_f(sr; z>6_y>
); (si; x63 ^ (y>x+
�9_z>x); (di; x62 ^ (y>x+
�8_z>x+1))g= f(sr; z>6_y>
); (si; x63 ^ (y>x+
�9_z>x); (di; x62 ^ (y>x+
�8_z>x+1))gY1 := Z1Z1 := [[y>
℄℄_([[si_di_z>6℄℄ ^ pre1(Y0; Y1))= [[y>
℄℄_([[si_di_z>6℄℄ ^ f(si; 26x63); (di; 16x62)g)Z1 := Z1_tpre[[si_di_z>6℄℄_[[y>
℄℄(Y0^Y1)= Z1_f(sr; z>6_y>
); (si; x63 ^ (y>x+
�9_z>x); (di; x62 ^ (y>x+
�8_z>x+1))g= f(sr; z>6_y>
); (si; (26x63)_(x63 ^ (y>x+
�9_z>x))); (di; (16x62)_(x62 ^ (y>x+
�8_z>x+1)))gY1 := Z1Z1 := [[y>
℄℄_([[si_di_z>6℄℄ ^ pre1(Y0; Y1)) = [[y>
℄℄_([[si_di_z>6℄℄ ^ f(si; 26x63); (di; 16x62)g)Z1 := Z1_tpre[[si_di_z>6℄℄_[[y>
℄℄(Y0^Y1) = Z1_f(sr; z>6_y>
); (si; x63); (di; x62)g= f(sr; z>6_y>
); (si; x63); (di; x62)gY1 := Z1Z1 := [[y>
℄℄_([[si_di_z>6℄℄ ^ pre1(Y0; Y1)) = [[y>
℄℄_([[si_di_z>6℄℄ ^ f(si; 26x63); (di; 16x62)g)Z1 := Z1_tpre[[si_di_z>6℄℄_[[y>
℄℄(Y0^Y1) = Z1_f(sr; z>6_y>
); (si; x63); (di; x62)g= f(sr; z>6_y>
); (si; x63); (di; x62)gendrepeat
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Z0 := f(sr; z>6_y>
); (si; x63); (di; x62)gY0 := Z0Z1 := [[false℄℄repeatY1 := Z1Z1 := [[y>
℄℄_([[si_di_z>6℄℄ ^ pre1(Y0; Y1)) = [[y>
℄℄_([[si_di_z>6℄℄ ^ [[false℄℄)Z1 := Z1_tpre[[si_di_z>6℄℄_[[y>
℄℄(Y0^Y1) = Z1_[[false℄℄ = [[y>
℄℄Y1 := Z1Z1 := [[y>
℄℄_([[si_di_z>6℄℄ ^ pre1(Y0; Y1))= [[y>
℄℄_([[si_di_z>6℄℄ ^ f(si; 26x63^y>
)_(di; 16x62^y>
)gZ1 := Z1_tpre[[si_di_z>6℄℄_[[y>
℄℄(Y0^Y1) = Z1_f(sr; z>6_y>
); (si; x63^y>x+
�3); (di; x62^y>x+
�2)g= f(sr; z>6_y>
); (si; x63^y>x+
�3); (di; x62^y>x+
�2)gY1 := Z1Z1 := [[y>
℄℄_([[si_di_z>6℄℄ ^ pre1(Y0; Y1))= [[y>
℄℄_([[si_di_z>6℄℄ ^ f(si; 26x63^(z>6_y>
))_(di; 16x62^(z>6_y>
))gZ1 := Z1_tpre[[si_di_z>6℄℄_[[y>
℄℄(Y0^Y1) = Z1_f(sr; z>6_y>
); (si; x63^y>x+
�3); (di; x62^y>x+
�2)g= f(sr; z>6_y>
); (si; (26x63^z>6)_(x63^y>x+
�3)); (di; (16x62^z>6)_(x62^y>x+
�2))gY1 := Z1Z1 := [[y>
℄℄_([[si_di_z>6℄℄ ^ pre1(Y0; Y1))= [[y>
℄℄_([[si_di_z>6℄℄ ^ f(si; 26x63^(z>6_y>
))_(di; 16x62^(z>6_y>
))gZ1 := Z1_tpre[[si_di_z>6℄℄_[[y>
℄℄(Y0^Y1)= Z1_f(sr; z>6_y>
); (si; x63^(z>x+3_y>x+
�3)); (di; x62^(z>x+4_y>x+
�2))g= f(sr; z>6_y>
); (si; x63^(z>x+3_y>x+
�3)); (di; x62 ^ (z>x+4_y>x+
�2))gY1 := Z1Z1 := [[y>
℄℄_([[si_di_z>6℄℄ ^ pre1(Y0; Y1))= [[y>
℄℄_([[si_di_z>6℄℄ ^ f(si; 26x63^(z>6_y>
))_(di; 16x62^(z>6_y>
))gZ1 := Z1_tpre[[si_di_z>6℄℄_[[y>
℄℄(Y0^Y1)= Z1_f(sr; z>6_y>
); (si; x63^(z>x+3_y>x+
�3)); (di; x62^(z>x+4_y>x+
�2))g= f(sr; z>6_y>
); (si; x63^(z>x+3_y>x+
�3)); (di; x62 ^ (z>x+4_y>x+
�2))gend repeatZ0 := f(sr; z>6_y>
); (si; x63^(z>x+3_y>x+
�3)); (di; x62 ^ (z>x+4_y>x+
�2))gY0 := Z0Z1 := [[false℄℄repeatY1 := Z1Z1 := [[y>
℄℄_([[si_di_z>6℄℄ ^ pre1(Y0; Y1)) = [[y>
℄℄_([[si_di_z>6℄℄ ^ [[false℄℄)Z1 := Z1_tpre[[si_di_z>6℄℄_[[y>
℄℄(Y0^Y1) = Z1_[[false℄℄ = [[y>
℄℄Y1 := Z1Z1 := [[y>
℄℄_([[si_di_z>6℄℄ ^ pre1(Y0; Y1))= [[y>
℄℄_([[si_di_z>6℄℄ ^ f(si; 26x63^y>
)_(di; 16x62^y>
)gZ1 := Z1_tpre[[si_di_z>6℄℄_[[y>
℄℄(Y0^Y1) = Z1_f(sr; z>6_y>
); (si; x63^y>x+
�3); (di; x62^y>x+
�2)g= f(sr; z>6_y>
); (si; x63^y>x+
�3); (di; x62^y>x+
�2)gY1 := Z1Z1 := [[y>
℄℄_([[si_di_z>6℄℄ ^ pre1(Y0; Y1))= [[y>
℄℄_([[si_di_z>6℄℄ ^ f(si; 26x63^(z>6_y>
))_(di; 16x62^(z>6_y>
))gZ1 := Z1_tpre[[si_di_z>6℄℄_[[y>
℄℄(Y0^Y1) = Z1_f(sr; z>6_y>
); (si; x63^y>x+
�3); (di; x62^y>x+
�2)g= f(sr; z>6_y>
); (si; (26x63^z>6)_(x63^y>x+
�3)); (di; (16x62^z>6)_(x62^y>x+
�2))gY1 := Z1Z1 := [[y>
℄℄_([[si_di_z>6℄℄ ^ pre1(Y0; Y1))= [[y>
℄℄_([[si_di_z>6℄℄ ^ f(si; 26x63^(z>6_y>
))_(di; 16x62^(z>6_y>
))gZ1 := Z1_tpre[[si_di_z>6℄℄_[[y>
℄℄(Y0^Y1)= Z1_f(sr; z>6_y>
); (si; x63^(z>x+3_y>x+
�3)); (di; x62^(z>x+4_y>x+
�2))g= f(sr; z>6_y>
); (si; x63^(z>x+3_y>x+
�3)); (di; x62 ^ (z>x+4_y>x+
�2))gY1 := Z1Z1 := [[y>
℄℄_([[si_di_z>6℄℄ ^ pre1(Y0; Y1))= [[y>
℄℄_([[si_di_z>6℄℄ ^ f(si; 26x63^(z>6_y>
))_(di; 16x62^(z>6_y>
))gZ1 := Z1_tpre[[si_di_z>6℄℄_[[y>
℄℄(Y0^Y1)= Z1_f(sr; z>6_y>
); (si; x63^(z>x+3_y>x+
�3)); (di; x62^(z>x+4_y>x+
�2))g= f(sr; z>6_y>
); (si; x63^(z>x+3_y>x+
�3)); (di; x62 ^ (z>x+4_y>x+
�2))gend repeatZ0 := Z1end repeat 31



D MaxU([[si_z>6℄℄; f(sr; z>6); (si; x63 ^ z>x+3); (di; x62 ^ z>x+4)g)Z := f(sr; z>6); (si; x63 ^ z>x+3); (di; x62 ^ z>x+4)grepeatY := Zbegin forz = (sr; z>6) [two edges (from si and di) taking prede
essors℄y1 = (si; 26x63 ^ z>6)y2 = (di; 16x62 ^ z>6)z = (si; x63 ^ z>x+3) [two edges (from si and di) taking prede
essors℄y3 = (si; 26x63 ^ z>3)y4 = (di; 16x62 ^ z>3)z = (di; x63 ^ z>x+4)[no edges℄end forZ := f(sr; z>6);(si; x63 ^ z>x+3); (si; 26x63 ^ z>6); (si; 26x63 ^ z>3);(di; x62 ^ z>x+4); (di; 16x62 ^ z>6); (di; 16x62 ^ z>3)gY := Zbegin forz = (si; 26x63 ^ z>6) [subset of target states℄z = (si; 26x63 ^ z>3) [two edges (from si and di) taking prede
essors℄y1 = (si; 26x63)y2 = (di; 16x62)z = (di; 16x62 ^ z>6) [no edges℄z = (di; 16x62 ^ z>3) [no edges℄end forZ := f(sr; z>6);(si; x63 ^ z>x+3); (si; 26x63 ^ z>6); (si; 26x63 ^ z>3); (si; 26x63);(di; x62 ^ z>x+4); (di; 16x62 ^ z>6); (di; 16x62 ^ z>3); (di; 16x62)gY := Zbegin forz = (si; 26x63)[two edges (from si and di) taking prede
essors℄y1 = (si; 26x63)y2 = (di; 16x62)z = (di; 16x62) [no edges℄end forZ := f(sr; z>6);(si; x63 ^ z>x+3); (si; 26x63 ^ z>6); (si; 26x63 ^ z>3); (si; 26x63);(di; x62 ^ z>x+4); (di; 16x62 ^ z>6); (di; 16x62 ^ z>3); (di; 16x62)gend repeat
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